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 Introduction 

For the project described in [1], it is necessary to formulate the radiated sound power of a planar 

source in the transform domain. Commonly, the sound power of an acoustic source in free field 

or in half space can be determined by integrating the time-averaged sound intensity over a surface 

which encloses the source. Therefore, the acoustic quantities particle velocity and sound pressure 

need to be measured, which can be troublesome, see for example [2]. In a different approach just 

one acoustic quantity is measured, and the other is calculated using an acoustic mathematical 

model. The easiest model is the plane-wave model, which can be applied to sound-pressure 

measurements in the far field to obtain the particle velocity. This technique requires an appropriate 

facility like an anechoic chamber. For a vibrating plate in a rigid baffle, the structural velocity—

assumed equal to the normal surface particle velocity—is measured, and the sound pressure is 

determined using Rayleigh's velocity-based integral equation, see [3]. The main advantage of this 

technique is that measurements can be conducted in the near field of the planar sound-radiating 

structure without the need of any microphone. Nevertheless, free-field conditions are not 

necessary, if the effect of the fluid on the structure is negligible. In a further step, Rayleigh’s integral, 

as the acoustic model in use, can be replaced by its Fourier-transform representation. This requires 

the free-field Green’s function to be reformulated. For a two-dimensional source the resulting 

integral equation is fourfold, see [4]. One may wonder why this method is preferred over the 

traditional Greens function in this context. The reasoning behind this choice is the connection to 

the Fraunhofer diffraction, see [5] and [6]. The Fourier transform of a source function of a plane 

source field is proportional to the sound pressure radiated into the far field. When the radiated 

sound pressure in the far field is known, the sound power can be determined. Thus, an 

implementation using a Fast Fourier Transform (FFT) algorithm to determine the radiated sound 

pressure and the radiated sound power is possible. 

The transform representation is commonly derived by applying the Fourier transform to the 

inhomogeneous Helmholtz equation, see chapter 5 in [7], section 7.3 in [8] or section 2.11 in [9]. 

After all, one ends up with Weyl’s identity [10], which is derived here first. Second, sound-power 

formulations based on Fourier transformed particle velocities and sound pressures are derived.  

 Fourier-transform representation of the free-space Green’s function in 3D 

Regarding Figure 1, a source free acoustic field Ω is considered which obeys the inhomogeneous 

Helmholtz equation 

(∆ + 𝑘2)𝐺(𝑟Ω|𝑟Ψ) =  −𝛿(𝑟Ω − 𝑟Ψ), (1) 

with 𝑟 =  𝑥𝑒𝑥 + 𝑦𝑒𝑦 + 𝑧𝑒𝑧 . Here, ∆  denotes the Laplace operator, 𝑘 is the acoustic angular 

wavenumber. In the infinite plane Ψ the sound pressure and the particle velocity radiated by a 

source Π are assumed to be known. 
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Figure 1: Schematic of the sound radiation model 

 

The free-space Green’s function, according to chapter 8 in [11], is given with 

𝐺 =  
𝑒i𝑘𝑅

4𝜋𝑅
, (2) 

where 𝑅 = |𝑟Ω − 𝑟Ψ|  and i = √−1  represents the complex number. Accordingly, the time 

dependence is chosen with 𝑒−i𝜔𝑡 because a positive sign in the exponent in Eq. (2) is connected 

to a forward propagating wave which is related to the inverse Fourier transform used herein. The 

angular frequency is denoted by 𝜔  and 𝑡  represents the time. With the integral-transform 

formulation, one replaces the integral kernel in Eq. (2) by suitable identities. Reasons for that are 

the elimination of the singularity in Eq. (2) and the implementation of fast algorithms based on 

integral transforms like the Fourier transform. Thus, for the derivation of the Fourier-transform 

representation the Hankel-transform ℋ{⋯ }, according to page 482 in [12], with zero-order Bessel 

functions J0, is used first to eliminate the singularity in the denominator in Eq. (2), namely, 

4𝜋 ℋ{𝐺} = ∫
𝑒i𝑘𝑅

𝑅
J0(𝛾𝑅) 𝑅 d𝑅

∞

0

. (3) 

The cylindrical wavenumber is denoted by 𝛾. The integral in Eq. (3) can be calculated using page 

411 in [13] with 

∫ 𝑒i𝑘𝑅J0(𝛾𝑅) d𝑅
∞

0

=
i

√𝑘2 − 𝛾2
𝑒i√𝑘2−𝛾2|𝑧Ω−𝑧Ψ|. (4) 

Cylindrical wavenumbers lying within the radiation circle (supersonic, 𝛾2 < 𝑘2) contribute to the 

net power transport into the far field whereas the condition 𝑘2 < 𝛾2  produces subsonic or 

evanescent waves that do not radiate into the far field. Consequently, the medium of propagation 

acts as a low-pass filter. Comparing Eq. (2) with Eq. (3) and applying the inverse Hankel transform 

ℋ−1 leads to 
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𝑒i𝑘𝑅

𝑅
= ∫

i

√𝑘2 − 𝛾2
𝑒i√𝑘2−𝛾2|𝑧Ω−𝑧Ψ|J0(𝛾𝑅) 𝛾 d𝛾

∞

0

. (5) 

This equation is the result of a Hankel transform with a subsequent inverse Hankel transform. 

Consequently, just the path of integration has been changed. To switch to Cartesian coordinates a 

transform representation 𝛯 of a two-dimensional radially symmetric wave propagation function, 

with 𝑟(𝑥, 𝑦), is considered. With the general expression 

∫ 𝛯(𝛾)J0(𝛾𝑟)𝛾 d𝛾
∞

0

=
1

2𝜋
∫ ∫ 𝛯(𝑘𝑥, 𝑘𝑦)𝑒i𝑘𝑥𝑥𝑒i𝑘𝑦𝑦d𝑘𝑥d𝑘𝑦

∞

−∞

∞

−∞

, (6) 

from section 2.11 in [14], together with the wavenumber relation 𝛾2 = 𝑘𝑥
2 + 𝑘𝑦

2, Eq. (5) yields 

𝑒i𝑘𝑅

𝑅
=

i

2𝜋
∬

𝑒i𝑘𝑥(𝑥Ω−𝑥Ψ)𝑒i𝑘𝑦(𝑦Ω−𝑦Ψ)

√𝑘2 − 𝑘𝑥
2 − 𝑘𝑦

2
𝑒

i√𝑘2−𝑘𝑥
2−𝑘𝑦

2  |𝑧Ω−𝑧Ψ|
d𝑘𝑥d𝑘𝑦

∞

−∞

. (7) 

This equation is referred to as Weyl’s identity, see [10]. For the integration over the two-

dimensional 𝑘-space, a shorthand notation is used here. The right side of Eq. (6) is part of a two-

dimensional inverse Fourier transform, namely, 

ℱ−1{𝛯} =
1

4𝜋2
∬ 𝛯(𝑘𝑥, 𝑘𝑦)𝑒i𝑘𝑥𝑥𝑒i𝑘𝑦𝑦d𝑘𝑥d𝑘𝑦

∞

−∞

. (8) 

Its counterpart is defined with 

ℱ{𝜉} = ∬ 𝜉(𝑥, 𝑦)𝑒−i𝑘𝑥𝑥𝑒−i𝑘𝑦𝑦d𝑥d𝑦
∞

−∞

, (9) 

where 𝜉 is an arbitrary integrable function. The subsonic part of radiation (𝑘2 < 𝑘𝑥
2 + 𝑘𝑦

2)  from 

Eq. (7) generates evanescent waves, due to a real negative exponent appearing in the propagation 

term, see section 2.6.3 in [11]. Comparing Eq. (7) with Eq. (2) leads to transform representation 

of the free-space Green’s function 

𝐺 =  
i

8𝜋2
∬

𝑒i𝑘𝑥(𝑥Ω−𝑥Ψ)𝑒i𝑘𝑦(𝑦Ω−𝑦Ψ)

√𝑘2 − 𝑘𝑥
2 − 𝑘𝑦

2
𝑒

i√𝑘2−𝑘𝑥
2−𝑘𝑦

2  |zΩ−zΨ|
d𝑘𝑥d𝑘𝑦

∞

−∞

. (10) 

Its meaning becomes more evident when a plane wave with an arbitrary amplitude 𝑝̂, i. e., 

𝐺 = 𝑝̂𝑒i𝑘𝑥𝑥𝑒i𝑘𝑦𝑦𝑒i𝑘𝑧𝑧, (11) 

is inserted into the homogeneous part of Eq. (1). This gives the relation for the wavenumber 𝑘𝑧 in 

the denominator in Eq. (7), namely, 

𝑘𝑧 = √𝑘2 − 𝑘𝑥
2 − 𝑘𝑦

2. (12) 

With Eq. (10), the spherical wave is replaced by plane waves integrated over the solid angle of 

a unit hemisphere via the 𝑘𝑥-𝑘𝑦 plane. To make this clear, the wave vector 𝑘⃗⃗ = [𝑘𝑥, 𝑘𝑦, 𝑘𝑧] can 

be substituted by 𝑘𝑛⃗⃗Γ = 𝑘[𝑛𝑥, 𝑛𝑦, 𝑛𝑧], according to [15], where 𝑛⃗⃗Γ contains the direction cosines. 
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Subsequently, with the surface element d𝑆Γ  of a unit hemisphere, parameterized with the 

coordinates of the (𝑛𝑥, 𝑛𝑦)-plane, i. e., 

d𝑆Γ = |
𝜕𝑛⃗⃗Γ

𝜕𝑛𝑥
×

𝜕𝑛⃗⃗Γ

𝜕𝑛𝑦
| d𝑛𝑥d𝑛𝑦 =

d𝑛𝑥d𝑛𝑦

√1 − 𝑛𝑥
2 − 𝑛𝑦

2
, (13) 

Eq. (7) can be rewritten as 

𝑒i𝑘𝑅

𝑅
=

i𝑘

2𝜋
∬ 𝑒i𝑘𝑛⃗⃗Γ𝑅d𝑆Γ

∞

−∞

, (14) 

compare Eq. 7’ in Debye’s diffraction integral formulation in [16]. With Eq. 5.13 in [7], it is shown 

that the angular spectrum approach fulfills Sommerfeld’s radiation condition. It should be kept in 

mind that no other boundary condition is assumed until now. The Fourier-transform 

representation of the free-space Green’s function forms the basis for the angular spectrum 

approach. 

 Sound power using the transform representation of Rayleigh’s integrals 

Adopted to the problem at hand, the velocity-based Rayleigh integral is given, see Eqs. (8) and (9) 

in [17], 

𝑝Ω = 2i𝑘𝑐0𝜚0 ∬ 𝑣Ψ 𝐺(𝑟Ω|𝑟Ψ) d𝑥Ψd𝑦Ψ

∞

−∞

. (15) 

This integral representation, derived by Lord Rayleigh in [18] (Eq. 3 on page 95), connects the field 

sound pressure to a velocity source function 𝑣Ψ(𝑥Ψ, 𝑦Ψ)  through the Neumann boundary 

condition 

𝜕

𝜕𝑛⃗⃗Ψ
𝐺(𝑟Ω|𝑟Ψ) = 0. (16) 

The sound power 𝑃 of a plane radiator is given by the integral over the normal components of the 

time averaged sound intensity vectors on that plane with 

𝑃 =
1

2
∬ ℜ(𝑝Ψ𝑣𝑧

∗) d𝑥Ψd𝑦Ψ

∞

−∞

, (17) 

which can be rewritten as 

𝑃 =
1

4
∬ (𝑝Ψ𝑣𝑧

∗ + 𝑝Ψ
∗𝑣𝑧) d𝑥Ψd𝑦Ψ

∞

−∞

. (18) 

ℜ denotes the real part of a complex number and (… )∗ is the conjugate complex operator. The 

particle velocity 𝑣𝑧 is a function of the coordinates 𝑥Ψ and 𝑦Ψ, i. e. 𝑣𝑧(𝑥Ψ, 𝑦Ψ), and represents 

one dimension of the vector 𝑣⃗ = [𝑣𝑥, 𝑣𝑦, 𝑣𝑧]. To express the sound power in the form of angular 

spectra, the conjugate complex particle velocity is defined using the inverse Fourier transform in 

Eq. (8) of a transformed velocity 𝑣̃′ = 𝑣̃(𝑘𝑥
′  , 𝑘𝑦

′ ), i. e., 

𝑣𝑧
∗ =

1

4𝜋2
∬ 𝑣̃′∗

𝑒−i𝑘𝑥
′ 𝑥Ψ𝑒−i𝑘𝑦

′ 𝑦Ψd𝑘𝑥
′ d𝑘𝑦

′
∞

−∞

, (19) 
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where 𝑘𝑥
′  and 𝑘𝑦

′   share the same wavenumber space as 𝑘𝑥  and 𝑘𝑦  but differ in symbol for 

mathematical clarity. The Green’s function for 𝑧Ω = 0, with 𝑟Ω = 𝑟Ψ
′ , can be replaced by using 

Eq. (10), i. e., 

𝐺(𝑟Ψ
′ |𝑟Ψ) =  

i

8𝜋2
∬

𝑒i𝑘𝑥(𝑥Ψ
′ −𝑥Ψ)𝑒i𝑘𝑦(𝑦Ψ

′ −𝑦Ψ)

√𝑘2 − 𝑘𝑥
2 − 𝑘𝑦

2
d𝑘𝑥d𝑘𝑦

∞

−∞

. (20) 

Again, 𝑥Ψ
′  and 𝑦Ψ

′   share the same coordinates as 𝑥Ψ and 𝑦Ψ. Thus, substituting the integral kernel 

in Eq. (15) by Eq. (20) leads to 

𝑝Ψ
′ =

𝑘𝑐0𝜚0

4𝜋2
∬ ∬ 𝑣z 

𝑒i𝑘𝑥(𝑥Ψ
′ −𝑥Ψ)𝑒i𝑘𝑦(𝑦Ψ

′ −𝑦Ψ)

√𝑘2 − 𝑘𝑥
2 − 𝑘𝑦

2
d𝑥Ψd𝑦Ψ

∞

−∞

∞

−∞

d𝑘𝑥d𝑘𝑦. (21) 

This equation describes the mutual radiation impedance. Inserting Eq. (19) and Eq. (21), with 

𝑝Ψ
′ = 𝑝Ψ, into Eq. (18) yields 

𝑃 =
𝑘2𝑐0𝜚0

8𝜋2

1

4𝜋2
∬ ∬ ∬ 𝑣̃ 𝑣̃′∗

𝑒i(𝑘𝑥−𝑘𝑥
′ )𝑥Ψ𝑒i(𝑘𝑦−𝑘𝑦

′ )𝑦Ψd𝑥Ψd𝑦Ψ d𝑘𝑥
′ d𝑘𝑦

′  d𝑆Γ

∞

−∞

∞

−∞

∞

−∞

. (22) 

With the sifting property of the Dirac delta function 𝛿 and its relation to the Fourier transform, 

see Eq. 15 on page 75 in [19], i. e., 

∬ 𝑒i(𝑘𝑥−𝑘𝑥
′ )𝑥Ψ𝑒i(𝑘𝑦−𝑘𝑦

′ )𝑦Ψd𝑥Ψd𝑦Ψ

∞

−∞

= 4𝜋2𝛿(𝑘𝑥 − 𝑘𝑥
′ )𝛿(𝑘𝑦 − 𝑘𝑦

′ ), (23) 

the sound power can be expressed by 

𝑃 =
𝑘2𝑐0𝜚0

8𝜋2
∬ 𝑣̃ 𝑣̃∗d𝑆Γ.

∞

−∞

 (24) 

The geometric relations are depicted in Figure 2. As the parametrization of 𝑆Γ using Cartesian 

coordinates leads to singularities in the path of integration during numerical implementation, i. e. 

when 𝑛𝑥
2 + 𝑛𝑦

2  approaches one, spherical coordinates can be introduced instead by 

𝑛𝑥 = sin(𝜃) cos(𝜑) , 

𝑛𝑦 = sin(𝜃) sin(𝜑) . 

(25) 

This coordinate transformation provides spectral wavenumbers in the direction of the far-field 

stationary phase point and, hence, a suitable parametrization to integrate without singularities. 

Because the acoustic wavenumber is always positive and the integration is performed over 

homogeneous waves in the range 0 ≤  𝜃 ≤  
𝜋

2
, the unit hemisphere surface element is given with 

d𝑆Γ = sin(𝜃) d𝜃d𝜑. (26) 

According to Eq. (24), the radiated sound power is determined through the two-dimensional 

Fourier transform of the particle velocity source function. 
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Figure 2: Geometric relations for radiation direction coordinates [20] 

The second solution for the sound pressure in the plane Ω = Ψ, derived by Lord Rayleigh ([18], 

Eq. 10 on page 97), is the pressure-based integral, see [17]. It is given with  

𝑝Ψ
′ = −2 ∫ 𝑝Ψ 

𝜕

𝜕𝑛⃗⃗Ψ
𝐺(𝑟Ψ

′ |𝑟Ψ)d𝑥Ψd𝑦Ψ

∞

−∞

. (27) 

Within that formulation, the Dirichlet boundary condition 

𝐺(𝑟Ω|𝑟Ψ) = 0, (28) 

is assumed. Accordingly, Euler’s equation from [17] 

𝜕

𝜕𝑧Ψ
′ 𝑝Ψ

′ = i𝑘𝑐0𝜚0𝑣𝑧, (29) 

can be used to derive the sound pressure from the particle velocity in the plane Ψ. It should be 

highlighted here, that when the Neumann boundary condition is applied to a source plane Ψ 

instead, Euler’s equation is not directly applicable to the source function. Inserting the Green’s 

function 

𝐺(𝑟Ψ
′ |𝑟Ψ) =  

i𝑘

8𝜋2
∬ 𝑒i𝑘𝑥(𝑥Ψ

′ −𝑥Ψ)𝑒i𝑘𝑦(𝑦Ψ
′ −𝑦Ψ)𝑒i𝑘𝑧|𝑧Ψ

′ −𝑧Ψ|d𝑆Γ

∞

−∞

, (30) 

into Eq. (27) and performing the derivative, with 
𝜕

𝜕𝑛⃗⃗Ψ
= −

𝜕

𝜕𝑧Ψ
, yields 

𝑝Ψ
′ =

𝑘

4𝜋2
∬ ∬ 𝑘𝑧𝑝Ψ 𝑒i𝑘𝑥(𝑥Ψ

′ −𝑥Ψ)𝑒i𝑘𝑦(𝑦Ψ
′ −𝑦Ψ)𝑒i𝑘𝑧|𝑧Ψ

′ −𝑧Ψ|d𝑥Ψd𝑦Ψd𝑆Γ

∞

−∞

∞

−∞

. (31) 

This solution in the source plane (𝑧Ψ = 0) is the inverse Fourier transform of the transformed 

sound pressure 𝑝, i. e., 

𝑝Ψ
′ =

1

4𝜋2
∬ 𝑝 𝑒i𝑘𝑥𝑥Ψ

′
𝑒i𝑘𝑦𝑦Ψ

′
𝑒i𝑘𝑧𝑧Ψ

′
d𝑘𝑥d𝑘𝑦

∞

−∞

. (32) 

Applying this equation to Eq. (29), with 𝑧Ψ
′ = 0, and performing a Fourier transform on both sides 

yields 
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𝑣̃ =
𝑘𝑧

𝑘𝑐0𝜚0
𝑝. (33) 

Thus, by replacing 𝑣̃ in Eq. (24), the sound power based on the Fourier transform of the sound 

pressure is given with 

𝑃 =
1

8𝜋2𝑘𝑐0𝜚0
∬ 𝑝 𝑝∗𝑘𝑧

∗d𝑘𝑥d𝑘𝑦.
∞

−∞

 (34) 

 MATLAB-Example 

In this example the sound power of a two-dimensional velocity source function, with length 𝑎 and 

width 𝑏, is calculated using the velocity-based Rayleigh integral. The source function is similar to 

the structural mobility connected to one normal structural velocity profile from a simply supported 

plate, see [21]. The velocity distribution is transferred to the central origin coordinate, namely, 

𝑣𝑧 = i𝑘𝑐0 sin (𝑘𝑚 (𝑥Ψ +
𝑎

2
)) sin (𝑘𝑛 (𝑦Ψ +

𝑏

2
)) , (35) 

where 𝑘𝑚 = 𝑚𝜋 𝑎⁄  and 𝑘𝑛 = 𝑛𝜋 𝑏⁄  represent modal wavenumbers. The Fourier transform 

according to Eq. (9) is 

𝑣̃ = ∫ ∫ 𝑣𝑧 𝑒−i𝑘𝑥𝑥Ψ𝑒−i𝑘𝑦𝑦Ψd𝑥Ψ d𝑦Ψ

𝑎

0

𝑏

0

. (36) 

The integration can be performed by using the convolution theorem, see page 45 in[22] (here for 

one dimension), 

∫ sin (𝑘𝑚 (𝑥Ψ +
𝑎

2
))

𝑎

0

𝑒−i𝑘𝑥𝑥Ψd𝑥Ψ =
1

2𝜋
ℱ {sin (𝑘𝑚 (𝑥Ψ +

𝑎

2
))} ∗ ℱ {rect [

𝑥

𝑎
]} , (37) 

where rect[… ]  is the rectangular function and ∗  is the convolution operator. The Fourier 

transforms of the two terms on the right in Eq. (37) are defined as, see table 5.2 in [23], 

ℱ {sin (𝑘𝑚 (𝑥Ψ +
𝑎

2
))} = iπ𝑒−i𝑘𝑚

𝑎
2 (𝛿(𝑘𝑥 + 𝑘𝑚) − 𝑒i𝑘𝑚a𝛿(𝑘𝑥 − 𝑘𝑚)) , (38) 

and 

ℱ {rect [
𝑥

𝑎
]} = 𝑎 sinc (

𝑘𝑥 𝑎

2
) , (39) 

where the sinc function of a general variable 𝜖 is defined with 

∫ sinc(𝜖)𝑑𝜖 = 𝜋
∞

−∞

. (40) 

By inserting Eqs. (38) and (39) into Eq. (37) and performing the same method of integration in the 

y-direction, Eq. (36) yields 
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𝑣̃ = −i𝑘𝑐0

𝑎𝑏

4
𝑒−i𝑘𝑚

𝑎
2𝑒−i𝑘𝑛

𝑏
2 (sinc ((𝑘𝑚 + 𝑘𝑥)

𝑎

2
) − 𝑒i𝑘𝑚𝑎sinc ((𝑘𝑚 − 𝑘𝑥)

𝑎

2
)) × 

(sinc ((𝑘𝑛 + 𝑘𝑦)
𝑏

2
) − 𝑒i𝑘𝑛𝑏sinc ((𝑘𝑛 − 𝑘𝑦)

𝑏

2
)) 

(41) 

This result is the analytic solution for the Fourier-transformed particle velocity. The result of 

Eq. (41) is now inserted into Eq. (24) to calculate the sound power. To perform the integration in 

Eq. (24), the wavenumbers 𝑘𝑥 and 𝑘𝑦 can now be replaced by spherical coordinates from Eq. (25). 

As mentioned in [1], a near-field sound power can be calculated as a reference solution using 

Eqs. (4) and (19) in [24], written in its integral form, i. e., 

𝑃 =
𝑘2𝑐0𝜚0

4𝜋
∫ ∫ ∫ ∫ 𝑣𝑧

sin(𝑘|𝑟Ψ
′ − 𝑟Ψ|)

𝑘|𝑟Ψ
′ − 𝑟Ψ|

𝑣z
′d𝑥Ψd𝑦Ψd𝑥Ψ

′ d𝑦Ψ
′

𝑎

0

𝑏

0

𝑎

0

𝑏

0

, (42) 

with 𝑣z
′ = 𝑣𝑧(𝑥Ψ

′ , 𝑦Ψ
′ ). The same result is obtained for the far-field sound power when Eq. (17) 

is applied to the far-field sound pressure 𝑝∞ = 𝑝(𝑟∞), with 𝑟∞ ≫  𝑟Ω. The integration is performed 

over a surface enclosing the source, i. e., 

𝑃 =
1

2𝑐0𝜚0
∯ ℜ(𝑝∞𝑝∞

∗ ) d𝑟∞ . (43) 

This result is used is a reference solution and is based on the free-field acoustic impedance. 

 

clear; clc; close all; 
c0 = 343; % speed of sound [m s^-1] 
freq = 465; % frequency [s^-1] 
lambda = c0/freq; % wavelength [m] 
a = 1.25; % aperture length [m] 
b = 0.75; % aperture width [m] 
v0 = 1e-5; % velocity amplitude [m/s] 
rho0 = 1.2; % density of air [kg m^-3] 
w = 2*pi*freq; % angular frequency [rad s^-1] 
k = w/c0; % angular wave number [rad m^-1] 
h_ab = 0.01; % desired spatial step on aperture [m] 
N_samples_a = round(a/h_ab); % spatial source resolution 
N_samples_b = round(b/h_ab); % spatial source resolution 
deltaX_a = a/N_samples_a; % spatial source resolution 
deltaY_b = b/N_samples_b; % spatial source resolution 
x_a = linspace(1/2*deltaX_a-a/2,(N_samples_a-1/2)*deltaX_a-a/2,N_samples_a); % 
spatial source resolution 
y_b = linspace(1/2*deltaY_b-b/2,(N_samples_b-1/2)*deltaY_b-b/2,N_samples_b); % 
spatial source resolution 
[X_a, Y_b] = meshgrid(x_a,y_b); % spatial source resolution 
XX_a = X_a(:); YY_b = Y_b(:); % spatial source resolution 
iSfX = 3; % index for sinusoidal source function 
iSfY = 2; % index for sinusoidal source function 
km = iSfX*pi/a; % x wavenumber of source function  
kn = iSfY*pi/b; % y wavenumber of source function  
vz = 1j*w*v0*sin(km*(x_a+a/2)).*sin(kn*(y_b+b/2)).'; % source function Eq.(35) 
%% field points on hemisphere 
rHs = lambda*10; % radius of a far-field hemisphere 
rMs = lambda/10; % distance between points 
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nSt = floor(pi/2*rHs/(2*rMs)); % number of latitudes 
jj = 1; % initial step 
xFar(jj,:) = 0; % starting on the top of the hemisphere 
yFar(jj,:) = 0; % starting on the top of the hemisphere 
zFar(jj,:) = rHs; % starting on the top of the hemisphere 
for kk = 1:nSt % for each latitude 
theta = (rMs+(kk*2-1)*rMs)/rHs; % creating equally spaced points on hemisphere 
aMk = rHs * sin(theta);  % creating equally spaced points on hemisphere 
hK = rHs-sqrt(rHs^2-aMk^2);  % creating equally spaced points on hemisphere 
zMk = rHs-hK; phi = 0;  % creating equally spaced points on hemisphere 
nK = floor(2*pi*aMk/2/rMs);  % creating equally spaced points on hemisphere 
for ii = 1:nK % for each longitude 
jj = jj+1; % next step 
phi = 2*pi/nK*ii; % angular segment 
xFar(jj,:) = rHs*sin(theta)*cos(phi-pi/2); % allocation 
yFar(jj,:) = rHs*sin(theta)*sin(phi-pi/2); % allocation 
zFar(jj,:) = zMk; % allocation 
end 
end 
%% velocity based Rayleigh integral equation (vbRie) on far-field hemisphere 
R_a = sqrt((xFar-XX_a.').^2+(yFar-YY_b.').^2+(zFar-0).^2); % position vector 
p_N = -1j/2/pi*k*c0*rho0*a*b*(exp(1j*k*R_a)./R_a)*vz(:)/length(XX_a); % Eq. (15) 
%% Sound power near-field reference according to [Johnson 1995] 
r0 = sqrt(abs(bsxfun(@minus,XX_a,XX_a')).^2+abs(bsxfun(@minus,YY_b,YY_b')).^2); % 
position vector on surface 
R = w^2*rho0*(deltaX_a*deltaY_b)^2/4/pi/c0.*sinc(1/pi*k.*r0); % radiation 
resistance matrix 
P_refN = vz(:)'*R*vz(:); % reference near-field sound power in [W] Eq. (42) 
%% Sound power far-field reference 
P_refF = 1/2/rho0/c0*(p_N'*p_N)*4*pi*rHs^2/2/length(xFar); % reference far-field 
sound power in [W] Eq. (43) 
%% Sound power using the Fourier transform of the source field 
nP = 50; % wavenumber field resolution parameter 
thetaMin = 0; thetaMax = pi/2+0; phiMin = 0-0; phiMax = 2*pi+0; % integration 
domain 
theta = linspace(thetaMin+(thetaMax-thetaMin)/nP/2,thetaMax-(thetaMax-
thetaMin)/nP/2,nP); % equally spaced theta  
phi = linspace(phiMin+(phiMax-phiMin)/nP/2,phiMax-(phiMax-phiMin)/nP/2,nP); % 
equally spaced phi 
KX = reshape(k*sin(theta).'.*cos(phi),[],1); KY = 
reshape(k*sin(theta).'.*sin(phi),[],1); % Eq. (25) times k 
vk =  -1j*w*v0*a*b/4*(exp(-1i*km*a/2)*(sinc((km+KX)/pi*a/2)-exp(1i*km*a)*sinc((km-
KX)/pi*a/2))).*... % Eq. (41) 
(exp(-1i*kn*b/2)*(sinc((kn+KY)/pi*b/2)-exp(1i*kn*b)*sinc((kn-KY)/pi*b/2))); % Eq. 
(41) 
Pk = 
real(vk'*diag(rho0*c0*k/8/pi^2*k*sin(repmat(theta,1,nP)))*2*pi*pi/2/(nP^2)*vk); %  
Fourier-based sound power in [W] Eq. (24) 
disp(['near-field sound power = ' num2str(P_refN) ' W']); % display 
disp(['far-field sound power = ' num2str(P_refF) ' W']); % display 
disp(['Fourier-based sound power = ' num2str(Pk) ' W']); % display 
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