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Abstract

Formation control has been one of the important topics covered in the researches on
the multi-agent systems. The applications of the multi-agent systems are significant in va-
riety of tasks such as search and rescue missions, forest fire detection, reconnaissance, sur-
veillance, etc. Inspired by the cooperative ability as well as the intelligence of natural ani-
mal groups such as schools of fishes, flocks of birds, swarm of ants, etc., this dissertation
develops the artificial vector field method for formation control of autonomous robots

while tracking one or more moving targets in a dynamic environment.

In our approach, the proposed artificial vector fields, which consist of the attractive,
repulsive, and rotational force field, are combined with the damping term in the formation
control laws in order to control the velocity, heading, connectivity, as well as the obstacle
avoidance of a swarm of autonomous robots while in motion. Using this approach, auton-
omous robots are not only controlled to move along a desired trajectory towards the target,
but are also held in a specified formation without collisions during movement. In other
words, under the effects of the proposed artificial vector fields, the member robots of a
swarm will move together in a specified formation with the velocity matching, without
collisions among them while tracking the target. In addition, the free robots will them-
selves approach the created formation from their swarm in order to obtain the fixed posi-
tion in this formation. Especially, the thesis then explains that by using the proposed hybrid
force field in the obstacle avoiding controller, the local minima problems that still exist in
the traditional potential field method (for example, when a robot is trapped in U-shape ob-
stacle, etc.) will be solved. In the proposed hybrid force field, the local repulsive force field
surrounding obstacles, which is stronger when the robot is closer to the obstacles, is uti-
lized to repel the robot away from the obstacles, while a local rotational force field is add-
ed to surround the obstacles in order to drive robot to escape the obstacles in the direction
of the target’s trajectory. Therefore, robots can easily and quickly avoid obstacles, as well
as escape complex obstacles along their moving trajectory in order to complete the as-

signed tasks with their swarm.

The thesis focuses on two main issues in formation control, namely, (i) formation
control following the desired formations and (ii) cooperative formation control. The first
issue concerns how robots are controlled by the proposed formation control algorithm in
order to approach the coordinated virtual nodes in the desired formation (for example, V-
shape, line or circular shape), and to maintain following these virtual nodes during track-
ing; while the second issue showcases the use of the proposed cooperative formation con-
trol law, where robots will automatically cooperate with each other in their neighboring

relationship in order to generate and maintain the cohesion in their formation.
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1 | ntr oduction

1.1 Motivation

In recent years, researches on multi-agent systems have widely been conducted in
physic [6, 7, 8], chemistry [9, 10], biology [11], and especially in control and cybernetic
science [24]-[94] over the world. Formation control is one of the necessary and important
problems in the research field on the multi-agent systems. The formation control of auton-
omous robots, such as the formation of autonomous underwater vehicles [21, 84], un-
manned aerial vehicles [29, 30, 31, 83], flocking control [34]-[42], mobile sensor networks
[43]-[57], etc., and its potential applications into a variety of tasks including search and
rescue missions, forest fire detection, reconnaissance, and surveillance, etc., have attracted

a lot of attention from researchers worldwide.
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Figure 1.1: Examples of the special swarms in nature: the V-shape flying formation of
birds (a) (Source: http://www.grahamowengallery.com/photography/geese.html), the circu-
lar formation of fish (b) (Source: http://www.simontuckett.com/ Portfolio/PortPages Hi
/Tl_FishSchool.html), the collinear formation of ants (c) (Source: http://www.e-swarm.org /

images/ant-trail.png).
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In observing the animal groups in nature, such as schools of fish, flocks of birds,
swarm of ants, etc., we can see the intelligences as well as the several interesting features
of these animal groups. Moreover, from the natural animal groups we can also find some
special formations that are organized into the particular shapes such as V-shape, line or
circle, etc., see figure 1.1. Natural features as well as the intelligences of a swarm [1]-[14]
that have suggested our designing the control laws for the multi-agent systems, are ex-

pressed as follows:

e A swarm can still search and track a source of food (a target) efficiently while avoid-
ing obstacles. This natural phenomenon helps us to design the target tracking control

algorithm for a swarm of autonomous robots in a dynamic environment.

e A swarm can also split into smaller sub-groups in order to search and approach mul-
tiple food sources (targets) and avoid obstacles simultaneously. If any food source
runs out, the individuals that are using this food source will continue to search and
approach other food sources. This situation directs us to the building of sensor merg-
ing and splitting in a mobile sensor network when the number of the targets changes.
This control law guarantees that all free sensors can easily and quickly approach their
swarm as well as some sensors will be split from a main group into a sub-group to

track a new target.

e A swarm has the ability to change its size to adapt to the environment. Based on this
feature, we can design the adaptive formation control algorithm for a swarm of au-
tonomous robots while escaping obstacles to track a moving target. Using this con-
trol law, the swarm’s size shrinks into the smaller size in order to adapt to the com-

plex environment while maintaining the formation connectivity.

e Each member in a swarm can communicate and interact with its neighbors within its
limited sensing range in order to avoid the collisions with its neighbors, and generate
the robust connectivity in its formation. Moreover, based on this organization, the in-
formation that each member obtains from the environment can be sent to all other
members in formation. Hence, in cases where only some members in the swarm de-
tect the obstacles or the food source, etc., but all other members in the swarm can still
avoid these obstacles, or approach this food source with their swarm. This natural fea-
ture motivates us as researchers to design the formation cooperative control algo-
rithm. This control algorithm guarantees that the formation of a swarm is maintained
without collisions among the members in the swarm while tracking the dynamic tar-

get.
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e Each member in a swarm can still combine and move with its neighbors in the cohe-
sive formation, although it may not sense the position as well as the velocity of its
neighbors accurately. This natural feature has inspired the authors to think about the

formation control of a swarm of autonomous robots in the noisy environments.

e A swarm can move in the particular formations such as V-shape, line or circle, etc.,
see figure 1.1. This special ability encourages us to study the formation control of a
swarm of multiple autonomous robots following the desired formations. If successful,
this control law will ensure that multiple autonomous robots can uphold a specific
formation while traversing a trajectory and avoiding collisions among them simulta-
neously. The potential applications of this approach in the specific tasks or missions
such as search, observation, supervision or surrounding, etc., play the important roles

in reality.

Finally, motived by the features, the abilities, and the intelligences of the animal
groups in the nature with the potential applications from multi-agent systems in reality, this
thesis focuses on the research and the design of the control algorithms for multi-agent sys-
tems, such as: formation connection control; path planning for the formation of a swarm in
a dynamic environment; formation control of autonomous robots in a noisy environment;

adaptive and cooperative formation control in complex environments, etc.

1.2 Problem statement

Although there are many research directions on the multi-robot systems, but the main
issue is that the member robots in a group have to collaborate in order to achieve the de-
sired tasks, such as observing, tracking or encircular a moving target, etc. As presented in
the preceding passages, formation control of autonomous robots is observed in various
kinds of the animal groups in the nature, such as schools of fishes, flocks of birds, swarm
of ants, etc., [1]-[7]. This guarantees that the members in the formation of a group have to
move together in a desired organization under the velocity matching without collisions
among them. In addition, the free robots in a group, which still do not have the cohesion
with their formation, must themselves approach their formation in order to obtain the fixed
position in their formation. Moreover, the formation of a swarm must be maintained while
moving in a free environment as well as in a dynamic environment. All of these analyses

have identified our research concentration issues as follows:

e “Formation control following the desired formations”, the content of this issue is to
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control the formation of autonomous robots following the particular shapes such as
V-shape, line or circle, etc., while observing and tracking the dynamic target. In this
method, the desired formation, which consists of the coordinated virtual nodes, is first
generated. The shape of the desired formation is decided on its potential application
in the specific tasks or missions such as search, observation, supervision, tracking or
surrounding, etc. Then, the robots are controlled to approach the coordinated virtual
nodes in the desired formation and to maintain at these virtual nodes while moving
simultaneously. Using this method, robots can easily uphold a specific formation
while traversing a trajectory and avoiding collisions among them simultaneously.
Although this topic is very interesting and important in the field of the research on the
multi-robot systems, but the research results in this field are still very limited. There-
fore, this research direction will be developed in this thesis, such as the adaptive
shape-formation control while tracking a moving target under the influences of the

varying environments.

“Cooperative formation control”, the content of this issue is to control the formation
of a group of autonomous robots based on the stable and robust connections among
neighboring members to complete the specific tasks or missions such as search, ob-
servation, supervision or tracking the dynamic targets. In this method, the neighbor-
ing robots are linked to each other by the attractive/repulsive force fields among them
to create a robust cohesion in a formation and avoid collisions among them simulta-
neously. The success of the cooperative formation control method based on the con-
nections among neighboring members in a swarm as an o-lattice configuration has
been published in some literature, such as flocking control [34]-[42]. The published
results show that this topic is very interesting, and has potential applications in mili-
tary areas as well as in civilian areas. However, there are some constraints on the ap-
proach, such as: when the cohesion in the formation of the swarm is broken while
avoiding obstacles, while we need the maintaining of the formation in order to per-
form a certain job. Moreover, the formation adaptation of a swarm in the complex
environments such as U-shape or the narrow space between obstacles, etc., is also an
important issue that needs attention. Additionally, the thesis addresses other arising
issues namely the swarm—finding of the free robots that have not been offered a fixed
position in a formation (for example: the robots that get lost, or are separated from

their formation for certain cause).
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1.3 Method of approach

There are many methods to generate and control the formation of a swarm of auton-
omous mobile robots. One of the simple and effective methods utilized to control the coor-
dination, the motion, the formation connectivity, as well as the obstacle avoidance for a
swarm in order to track the dynamic targets is the artificial vector field tool. This vector
field tool is built on the relative positions and velocities among the targets, robots, and ob-

stacles in the environment.

In this thesis, the proposed solution for formation control of autonomous robots is
based on the improved vector fields that consist of the artificial potential fields and the
artificial rotational fields. The proposed potential fields, which include the attractive and
repulsive force fields and are generated by negative gradient of the corresponding potential
functions, are not only used to control autonomous robots moving on a desired trajectory
(path planning for a swarm), but are also used to hold these robots in a specified formation
without collisions during movement (formation connection control). The attractive force
field is generated surrounding the goals such as the target of the swarm, the virtual nodes
in the desired formation, etc., to drive robots towards these goals (for example the target
tracking control or the swarm-finding control, etc.,) with the velocity matching. Further-
more, surrounding the neighboring robots in a formation, the local attractive force field is
combined with the local repulsive force field in order to create and keep the formation
connectivity, as well as to avoid collisions among the members of the swarm. Moreover,
using the hybrid force field, which consists of the repulsive force field and the rotational
force field surrounding obstacles, robots can easily and quickly avoid and escape obstacles
along their moving trajectory while maintaining their formation. In this obstacle avoiding
control law, the repulsive force field that is stronger when the robot is closer to the obsta-
cles is utilized to repel the robot away from the obstacle, while a rotational force field is
added to drive the robot to escape the obstacles in the direction of the target’s trajectory.
Especially, this added rotational force field will solve the local minima problems in the
traditional potential field method such as when robots are trapped in the complex obstacles

(for example U-shape obstacle, etc.), [22], [24].

Finally, the proposed artificial vector fields combined with the damping term in the
formation controller will generate the desired velocities and headings, as well as the stable
formation connectivity for the robots of a swarm while tracking the dynamic targets.
Moreover our proposed formation controller also guarantees that the formation adaptation

in different tasks and missions, and in varied environments is performed.
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1.4 Research contributions

As presented above, “formation control following the desired formations™ and “coop-

erative formation control” are the main contributions of our research in this dissertation. As

such, the research is expected to indicate:

Formation control following the desired formations

The content of this contribution is to control the formation of autonomous robots fol-
lowing the desired shapes including V-shape, line and circle, while observing and
tracking a dynamic target under the influence of the dynamic environment. In this ap-
proach, the desired formations, which consists of the equidistant neighboring virtual
nodes, is first generated based on the relative position between the swarm’s virtual
leader and the target. The swarm’s virtual leader is randomly chosen from a swarm’s
member that is closest to the target. This leader plays an important role to create and
lead its formation moving towards the target in a stable direction. Hence, in many un-
desired cases, such as the leader is broken or trapped in the obstacles (for example U-
shape obstacle) one new leader is replaced in order to continue to lead the swarm
tracking the target. Further, the motion of the robots towards the desired positions in
the desired formation is controlled by the artificial force fields that consist of the local
and global potential fields surrounding the virtual nodes. Under the effect of these ar-
tificial force fields, robots will automatically find their desired position at the virtual
nodes in the desired formation. Additionally, the local repulsive force field surround-
ing each robot is used to avoid the collision with each other. Moreover, using the re-
pulsive vector field combined with the rotational vector field in the obstacle avoiding

controller, robots can easily escape the obstacles while tracking a moving target.

In summary, this main contribution is performed as follow: firstly, the desired for-
mation (V-shape, line or circular shape) of the virtual nodes, which are equally
spaced, is designed on the relative position between the swarm’s virtual leader and
the target. Secondly, the control algorithms, which are developed based on the artifi-
cial vector fields, guarantee that the motion of robots always converges to the created
virtual nodes in the desired formation under the effects of the dynamic environment
and avoid collisions simultaneously. Furthermore, the formation adaptation and the
target approaching direction are decided by the target’s position sense of the virtual

leader. Using our proposed control algorithms, all robots can easily approach the de-
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sired formation and maintain their formation connectively while tracking a moving

target in a dynamic environment.

e Cooperative formation control

The content of this contribution is to control the formation of a group of autonomous
robots based on the stable and robust connections among the neighboring members in
order to track the dynamic targets in the various environments. In this approach, the
neighboring robots are first linked to each other by the artificial attractive/repulsive
force fields among them in order to create a robust cohesion in a formation and avoid
collisions among them simultaneously. Further, in order to adapt to the changing en-
vironments, for example in the case when a group of multi robots must pass through a
narrow space among obstacles, we propose the adaptive formation control algorithm.
Using this control algorithm, the members in a formation can cooperatively learn the
swarm’s parameters to decide the size of their formation so that the formation con-
nection and the target tracking performance can be improved. Furthermore, in order
to solve the local minima problems in the traditional potential field method as pre-
sented in [20, 21, 22], and help robots find a good way to approach the moving target
while maintaining their formation simultaneously, we propose the developed obstacle
avoiding controller. In this proposed obstacle avoiding controller we also utilize the
repulsive/ rotational force fields combined with the direction of the target’s trajectory
to drive the robot formation so as to escape the obstacle. Moreover, in order to solve
the problems of the robot contribution and distribution in the scenario of multiple dy-
namic target tracking, we use the robot splitting/merging control algorithm. Using our
control law, the free robots can easily approach their formation, as well as some

member robots from a main group can be split into smaller subgroup.

Finally, this main contribution is built as follows: the formation’s connectivity is first
developed on the local attractive and repulsive force fields among the neighboring
members of a group. Furthermore, the cooperation control algorithm for the for-
mation maintenance of a group while avoiding obstacles is built on the data that are
collected and updated by the sensing of each member about the environment around

it.
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1.5 Literaturereview

In this section, the current formation control methods, which will be evaluated and
compared with our proposed approach, are reviewed. The topic of formation control of a
group has been introduced extensively in the literatures with its applications to path plan-
ning or navigation for autonomous mobile robots [23]-[28], autonomous underwater vehi-
cles (AUVs) [21, 84], unmanned aerial vehicles (UAVs) [29, 30, 31, 83]. Formations,
which are discussed and compared in this section, include both cooperative formations and
specific geometric formations. The different control topologies are designed and utilized
for specific formations. An overview of previous and relevant studies of the topic is pre-

sented below as a framework that comprises the main focus of the research.

1.5.1 Specific geometric formation contr ol

In this subsection, we review existing works in the area of specific geometric for-
mation control [82]-[95] including virtual structure formation control, dynamic region fol-

lowing formation control, formation control following desired shapes.

Firstly, in the virtual structure or a framework formation control method [82]-[88] the
formation of a group of robots is designed as a rigid structure or a fixed framework, in
which the agents are assumed that they do not connect to each other, but they can move
together in a continuous space. The concept of the virtual structure or a fixed framework
has been introduced in [82]. Results from this literature have shown that this approach is
capable of achieving high precision movement which is fault tolerant and exhibits graceful
degradation of performance. In addition, this proposed algorithm does not require the lead-
er selection as in other cooperative robotic strategies. Moreover, in [83], a dynamic virtual
structure formation control scheme is also proposed to enable a formation of fixed-wing
UAVs to execute coordinated formation manoeuvres along a planned formation trajectory.
In [85], the authors described a framework for controlling and coordinating a group of mo-
bile robots for cooperative tasks ranging from scouting and reconnaissance to distributed
manipulation. This approach shows that the proposed control algorithm to composition
also guarantees stability and convergence in a wide range of tasks. The main advantage of
the virtual structure method for formation control is that it is simple to generate a rigid
formation structure. The members in the formation can still move together along a speci-
fied linear trajectory while maintaining a rigid geometric relationship among them, alt-

hough there is no the leadership in the formation. The main limitation of this approach is
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that the rigidity of the virtual structure or a fixed framework affects the formation’s turning

performance when moving along a curvature trajectory.

Another approach for the specific geometric formation control is to use a dynamic re-
gion. In this method, all member robots of a group are controlled to move together in a
given dynamic region [89], [90]. The published results in this approach have shown that
robots stay within a moving region, and are able to adjust their formation by rotating and
scaling during movement together simultaneously. This method does not require specific
ordering or positioning of the robots inside the given dynamic region. The motion of each

robot in formation depends on the motion of its neighbors and the given dynamic region.

One positive approach, which has also attended the growing attention from research-
ers worldwide, for the specific geometric formation control is the formation control follow-
ing desired shapes [91]-[95]. In this approach, robots are independently controlled to move
towards the virtual nodes in the designed desired formation (V-shape, line, or circle) and
converge at these virtual nodes simultaneously during movement. Moreover, the designed
virtual nodes in the desired formation must guarantee that the robots that are occupying the

neighboring virtual nodes do not interact with each other.

1.5.2 Cooperative control

Cooperative control is also known as an interesting research direction in multi robot
systems. This research direction has received a lot of attention from researchers in recent
years [32]-[76]. It has been used for a variety of application fields, however, in this section
we only review the existing works that relate to our research in this thesis, including: coop-
erative control while tracking a moving target; cooperative control in the dynamic targets

tracking; adaptive flocking control in a dynamic environment.

Firstly, cooperative control of multi robot while tracking a moving target [32]-[63]
can be split into the different research sub-issues based on the knowledge of graph theory,

potential field, network communication, and system stability analysis.

In [32]-[37], the approach for the flocking control of multi agent with a virtual leader
is introduced. In this approach, the organization of a group and its motion depend on the
position, velocity, and trajectory of the leader. In [32, 33], the leader robot of a group
tracks a predefined trajectory, and the other member robots in the group will follow this
leader while maintaining a particular formation. Further, a method, which is built based on

the extension of the flocking control algorithm in [41], for flocking control of multi-agents



10 1 Introduction

with a virtual leader was also presented in [34]-[36]. In addition, in [37], the authors inves-
tigated the dynamic properties of the group for the case where the state of the virtual leader
may be time-varying and the topology of the neighboring relations among agents is dy-
namic. Although this approach is simple, but its main disadvantage is that the group’s mo-
tion is dependent on the leader, so any failures from the leader will influence on the motion

of the whole system.

In [38]-[62], the approach for the flocking control of multi agent without any leader is
presented. In this approach, all robots of a group are controlled together to achieve a target,
in other words, all these robots take a similar role while in motion. Each agent of a group
will connect with other agents in its communicating range while it moves towards the tar-
get position. Thus, the formation’s cohesion of a group will be automatically generated on
the local connectivity among the neighboring agents in group. Using this control method
the stability and robustness of a formation are attained [77]-[81], but the quick swarm-
approach of the free agents in the global workspace is still limited. In [39, 40, 41, 49, 50,
51], the algorithm for the quick swarm-approach of the free agents utilizes the parabolic
attractive potential function, so the corresponding attractive force will converge linearly
towards zero as the free agents will approach the target position with their decreasing ve-
locity. These have demonstrated that the cooperation among the free agents in the local
workspace has been well maintained. However, in the global workspace when the free
agents that are far from the target will be acted by a large attractive force from the target,
thus they will move with the very high speed to the target. In addition, in [50], a distributed
flocking algorithm for mobile sensor network to track a moving target is also presented. In
this literature, the author used an extension of a distributed Kalman filtering algorithm for
the sensors to estimate the target’s position. Moreover, the cooperative sensing and learn-
ing in a mobile sensor network have been studied by many researchers in recent years. The
cooperative sensing in a mobile sensor network can be applied in many different fields
such as target tracking, monitoring, observation, or environmental mapping, etc., and can
be found in [51, 56, 57, 58,]. The approaches to the cooperative learning in a mobile sensor
network including game theory, evolutionary computation or reinforcement learning, etc.,
are introduced in [54, 60, 86]. The published results around this topic show that the prob-
lems of the environment mapping as well as estimation based on the multi agent coopera-

tive sensing and learning are very interesting and still open research directions.

Secondly, cooperative control in the dynamic targets tracking is presented in [64]-
[70]. In [64], the problem of motion planning and sensor assignment strategies for tracking

multiple targets with a mobile sensor network is discussed. The authors focused on triangu-
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lation based tracking where two sensors merge their measurements in order to estimate the
position of a target. Further, in [66], robots equipped with sensors and communication de-
vices discover and track as many evasive targets as possible in an open region. Additional-
ly, a technique for multiple moving objects tracking with a mobile robot is discussed in
[68]. In this approach, the authors have introduced a sample-based variant of joint proba-
bilistic data association filters to track features originating from individual objects, and to
solve the correspondence problem between the detected features and the filters. Moreover,
the control algorithms for the dynamic targets tracking in a mobile sensor network are also
discussed in [69, 70].

Thirdly, adaptive flocking control in a dynamic environment [71]-[76] is also an in-
teresting issue in cooperative control. In [71], the authors presented a distributed approach
for adaptive flocking of the swarms of mobile robots that enables the robots to navigate
autonomously in complex environments populated with obstacles. In this approach, an
integrated algorithm that allows a swarm of robots to navigate in a coordinated manner,
split into multiple swarms, or merge with other swarms according to the environment con-
ditions is proposed. However, the problems for controlling the size of a group were not
considered in this literature. In [75], four novel collision avoidance processes for mobile
robots to generate effective collision-free trajectories when forming and maintaining a
formation are discussed. In addition, robust adaptive flocking control of multi-agent sys-
tems with nonlinear dynamics is introduced in [76]. In this method, the coupling weights,
which are perturbed by asymmetric uncertain parameters, are dynamically updated while

the network topology for velocity is fixed.
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1.6 Organization of this dissertation

The rest of this dissertation is formed by separated chapters, in which:

Chapter 2 introduces the approach to path planning for a single mobile robot in a dy-
namic environment. This approach is based on the artificial vector fields that include the

developed potential force fields and the proposed rotational force field.

Chapter 3 presents the approach for formation control of the autonomous robots fol-
lowing the desired formations while tracking a moving target under the influence of the

dynamic environment.

Chapter 4 proposes the cooperative formation control algorithms for a group of multi

robots while avoiding obstacles as well as tracking a moving target.

Chapter 5 presents the sensor merging/spitting algorithm for a mobile sensor network

while tracking the moving targets in a dynamic environment.

Chapter 6 outlines the conclusion drawn from the findings, implications for practice

as well as recommendations for future researches.
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2 Path Planning For a Single Robot

2.1 Introduction

The problem of path planning for an autonomous robot in a dynamic environment is
how to plan and control the robot to move towards the target position in a desired path
while avoiding obstacles in the environment. Therefore, navigation or path planning for the
autonomous mobile robot is one of the most important applications for robot control sys-

tems. This interesting topic has attracted the attention from researchers in recent years.

Obstacle avoidance is an important issue in path planning for autonomous robots
while reaching the target position. The artificial potential field as shown in [14]-[23] is
known as a positive method in order to solve this problem. Recently, the potential field
method has been widely studied and applied powerfully to path planning or navigation for
autonomous mobile robot to reach the position of the target in a simple environment, see
[14]-[20]. However, in a complex environment, in which the U-shaped obstacles or con-
nected walls exist, the application of the potential field method to path planning for the
autonomous robots is very difficult. Robot can be trapped in these obstacles before reach-

ing the target position.

This chapter presents a novel improved artificial vector field method (AVFM) for
path planning for a single robot to reach a target, which can be stationary or dynamic, in a
dynamic environment. This approach is developed based on the traditional potential field
method combined with the rotational field method. Using this approach, the robot can easi-
ly avoid and escape the obstacles in the environment without collision while reaching a
stationary target. Furthermore, when the target moves in an unknown environment, the
obstacle avoiding direction of the robot has a great influence on finding the fastest way
towards the target. Following approach, a global attractive force field, which is built sur-
rounding the target, is used to drive the robot towards the target. On the other hand, the
repulsive force field, which is stronger when the robot is closer to the obstacle, is also de-
signed surrounding the obstacles to repel the robot away from the obstacle. This repulsive
force helps the robot to avoid the collision with the obstacles. Moreover, the rotational vec-
tor field is added to control the robot to avoid and escape the obstacles in the direction of
the target’s trajectory. Under the effect of this blended vector field, the robot can easily
escape the obstacles to continue tracking the target. However, in order for the robot to

quickly exit the complex obstacles, the computed rotational force must be larger than the
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sum of the repulsive forces of the obstacles and the attractive force of the target. The direc-
tion of the target’s movement is determined on the relative position between the current

position and the future position of the target with the preselected time-step At.

The rest of this chapter is organized as follows: The basic potential field method is
reviewed in section 2.2. Then, from the basic potential fields we propose the control algo-
rithms for path planning of a single robot while tracking a moving target under the effects
of the dynamic environment in section 2.3. The effectiveness of the proposed approach is

verified in simulations in section 2.4. Finally, section 2.5 summarizes this chapter.

2.2 Background

This subsection presents the background of the artificial vector field method that will
be extended, and applied to path planning for an autonomous robot in a dynamic environ-
ment. Firstly, the idea for this method is presented in subsection 2.2.1. Then, the tradition-
al potential fields are introduced as background for the artificial vector field method in

subsection 2.2.2.

2.2.1 ldeaof theartificial vector field method

The idea of the artificial vector field method is based on Newton’s law of universal
gravitation [98], [99]. According to Newton’s law of universal gravitation, any two objects
in space exert gravitational forces on each other along the line connecting the centers of
these objects. These gravitational forces are attractive, equal in magnitude, and have oppo-
site directions. The magnitude of these gravitational forces is proportional to the product of
the masses of these objects and inversely proportional to the square of the distance between

them, see figure 2.1.

Consider the gravitational force of a point mass m;, located at the position
T ) o T
D, =(x,,¥,,2,) acting on a point mass m, located at the position p, =(X,,¥,,2,)" . As pre-

sented in [98], [99], this gravitational force is given by

fro=-G22| L= g2, 2.1)
I Ul @

Where G is the gravitational constant, and 7. =I”/ HVH is the unit vector along the direction

from the point mass m, to the point mass m;. The relative position vector and the distance
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between these point masses are described as follows: 7 =(p, —pz) and HI”H ZH P~ p2H =

2 2 2
=\/(X1 —Xz) +(y1 —yz) +(21 —Zz) , respectively. As shown in [98], [99], the gravita-

tional force (2.1) is a potential field, which is a negative gradient field of a scalar function

W, =—Gmm, / HI” H . Hence, equation (2.1) can rewritten as follows:
Jo =V (22)

The proof of this algorithm is given in the Appendix. In contrast, we have f21 =—f12. For

more details of this consensus design please refer to [98], [99].

J21 _
____.4_.~ i, D2
h

i

Jiz

?

Figure 2.1: Description of Newton’s law of universal gravitation [98], [99]

Based on Newton’s law of universal gravitation, we design and apply the artificial
force fields to path planning for the autonomous robots in a dynamic environment in the

next sections.

2.2.2 Potential field method

The artificial potential field is known in control technology as an effective method for
robot’s path planning. This potential field is the combination of the attractive force field to
the target and the repulsive force fields away from the obstacles. In order to generate these
control forces, some literatures such as [14]-[23] gave the method by using the negative

gradient of the respective attractive/repulsive potential functions.

In this subsection, we review the basic vector fields used in the traditional potential
field method [14]-[23]. In this traditional potential field method, the target is surrounded
by a global attractive potential field that produces the attractive force on the robot. Under
the action of the attractive force from the target, the robot will move towards the target

position along the direction of this attractive force. On the other hand, in order to avoid the
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collision with the obstacles, the local repulsive potential field, which produces the repul-
sive force on the robot, is built surrounding each obstacle. Therefore, the robot’s motion is
driven towards the target position by a total force field that consists of the attractive force
from the target combined with the sum of the repulsive forces from the obstacles in the

environment. The robot’s motion is depicted in figure 2.2.

As shown in figure 2.2, a mobile robot is controlled to reach the target while avoiding
the obstacle. We assume that the robot and target are as the moving point masses, and they
move in two-dimensional (2-D) space. The robot’s position and the target’s position are
denoted by P, =(x,,y,)T, )2 =(x,,yt)T, respectively. The obstacle’s position p, =(x0,y0)T
is denoted as a point mass on the obstacle such that the distance between this point and the

robot is minimal.

Target

Obstacle

Figure 2.2: Description of the schematic diagram of forces exerting on a mobile robot: the
attractive force to the target frt (p.) , the repulsive force from the obstacle f, (p.) and the
robot control force fm, (pr)
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A. Attractive potential field

As shown in [15]-[23], the most commonly used attractive potential function is given

as follows
| -
Va,,(p,.)ZEk p"(p,,p,)- (2.3)

The corresponding attractive force field is given by the negative gradient of the potential

function (2.3) as follows

f;t(p;~) = _VVatt(pr)

_pp=p) if m=1 (2.4)
_ pp,.p,)
—k'"(p.—p,), if m=2.

b/ nd (0-p) ar

the distance and the relative position vector between the robot and the target, respectively.

Where £’ is a positive scaling factor, and m=1 or 2. P(p,, pt)=‘

The equation (2.4) shows that: For m=1, the attractive potential is conic in shape, and the
corresponding attractive force has constant amplitude. For m=2, the attractive potential is
parabolic in shape, and the corresponding attractive force converges linearly towards zero

as the robot approaches the target.

B. Repulsivepotential field

Similarly, one commonly used repulsive potential function is given in [15]-[23] as

2
11 1
—k (—)—r—ﬁj ., p(p,.p,)SrP

v, (p)=12 \PPP, (2.5)

0 , otherwise.

Taking the negative gradient of the potential function (2.5), we obtain the corresponding

attractive force as follows
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S(p)==-VV,,(p)
(2.6)

1 1 1
K| =T |, p(p,.p) S
(p(pr’po) rﬁjpz(prﬁpo)

0, otherwise.

Where k° is a positive constant, »’ >0 is the influence range of the obstacle, and
n =(p.-p, )/ P(p.,p,) is a unit vector along the direction from the obstacle to the robot.
The magnitude of the relative position vector (p,, —po) between the robot and the obstacle

is p(p,.p,)=|p, - P,

, which is the distance from the robot to the obstacle.

C. Total potential field

Finally, the total force, which is used to control a mobile robot to move towards the
target while avoiding an obstacle of the environment as depicted in figure 2.2, is the sum of

the attractive force from the target and the repulsive force from the obstacle as
Suad @)=L D)L (D). 2.7)

In general, the total force on the robot is given by
M .
t 01
Soa(P= LD+ D17 (D). 2.8)
i=1

Where M is the number of the obstacles in the environment, and f. (p,) is the repulsive

force generated by the i”" obstacle.

£@)  fua®)=0 £ @)

Figure 2.3: Description of the local minimum problem in case: the attractive force from the
target and the repulsive force from the obstacle are equal and collinear but on the opposite

direction.
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2.2.3 Conclusion

Although artificial potential field is known as a positive method for path planning of
mobile robots, but in several cases of local minimum problems this approach has demon-
strated limitations; for instance, when the attractive force of the target and the repulsive
force of the obstacles are equal in magnitude and collinear but on the opposite direction,
the total force on the robot is equal to zero, leading to a halt in the robot’s motion is
stopped. Moreover, in complex environments, such as U-shaped obstacles or long walls,
etc., the application of the traditional potential field method for path planning of autono-
mous robots is very difficult. Robots can be trapped in these obstacles before reaching the

target, as seen in figure 2.3.

2.3 Path planning algorithm for a maobile robot

2.3.1 Problem statement

In this sub-section, we consider a mobile robot that moves in a two-dimensional Eu-
clidean space {R?} with M obstacles of the environment. The robot’s motion, which is as-

sumed as a moving point in the space, is described by the dynamic model as follows

(2.9)

In which p , v € {Rz} are the position vector, the velocity vector of the robot i, respec-

tively. The control input u, is given as
u =u +u’ . (2.10)

In this equation, the first component Mﬁ is used to control the target tracking, and the se-
cond component U, is used to drive robot out of the obstacles without the collision. These

controllers are presented in subsections below.
In order to simplify the analysis, it is assumed that:

Assumption 1. The position p, =(x,,y,)T and the velocity v, =(v_, Vyr)T of the robot are

known. The robot is equipped with sensors such as cameras, sonars, laser sensors, GPS
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sensors, and associated algorithms, etc., to estimate the trajectory (position p, = (x,, v,)",

and velocity v, =(v,,, Vyt)T) of the target precisely.

Assumption 2. The velocity of the moving target is limited by the maximum velocity of
the robot HV,H <V e

Assumption 3. The robot can sense the position p, =(x0,y0)T and the velocity

v, =V, VW)T of the obstacles in the environment precisely.

2.3.2 Target tracking control algorithm

In order to control an autonomous mobile robot as it moves towards the target posi-

tion, the control law Mﬁ is proposed as follows
= [} (p) =, 0, =)+, @.11)

In this equation, the relative velocity vector (v, — v;) between the robot and the target is

added as a damping term with the damping scaling factor kiv.

'y

NNNANAN VAV VY S SS S S f‘(p)l
SNNNNN NV S S r i\
~NNNNNN VS S S S
~~N~ NN NV AV /S s
N NN Y I A A
i A B BN N i >
Pl A L L U N N NN r*
777/ PV NN NN M’H)
770000V NNNN
A A A A A 4 4 b AN XN X X X
a) b)

Figure 2.4: The sketch of the attractive force field frt (p,)directed toward the target posi-
tion (a), and the dependence of the value of this force field on distance ,O(n, p,) (b).
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Under the effect of the attractive force f,t (p,)from the target, the robot will move
towards the target position along the direction of this attractive force until it reaches the

target. This attractive force is designed as follows:

— ki, (p,—p)[r", if p(p,,p)<r
f(p)= (2.12)
— ki, (p,—p)/pP(p,.p,), otherwise.

Herer® > 01s the range around the target, at which the robot’s speed is reduced before
reaching the target, and (p, — p,) is the relative position vector between the robot and the
target. The magnitude of this force is dependent on the control factor k,; and the distance

P(p,.p,)=|
figure 2.4.

p.— ptH between the robot and the target. This attractive force is depicted in

Theorem 2.1. Consider a mobile robot (P,,V, ) with its dynamic model (2.9) and control
input M; given in equation (2.11). If the given assumptions in sub-section 2.3.1 are satis-

fied, then the system (2.9) will be stable at the equilibrium state (P.=pP, and V.=V)).

Pr oof of theorem 2.1

In order to analyze the convergence of the system (2.9) to the equilibrium state, at
Which(pr =p,V. =Vt), we first let X, =p.—Pp,, X, =V, —V, be the relative position and
velocity between the robot and the target, respectively. The error dynamic model of the

system is given as follows

X =X,
(2.13)
X, =V, =V, =u. —v,
Substitute Mﬁ in (2.11) into (2.13) we obtain the error dynamic model of the system
X, =X
b (2.14)

xz =_VV (pr)_krfv(vr _vt)‘

att

Where VVM (pr)is the gradient field of the potential function Vat, (pr)that is described in
(2.3).

To analyze the stability of model (2.14) at the equilibrium position (P, =pD,V. =Vt),

the positive definite function is selected as follows
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1
V:Vatt(pr)+5x2Tx2 (215)

Consider the potential function (2.3) we have the relationship as follows (97, (p,)/dp, )T
=(dV,,(p,)/o(p, - p,))T. Taking the time derivative of (2.15) along the trajectory of the

system (2.14), we obtain:
V(e)=(VV, (p ) % +x; %,
:sz (VV:ztt(pr)+x2)
(2.16)
=x2T (VVatt(pr)_VVatt(pr)_krtvxz)

_ gt T
=—k,x x,<0.

Equation (2.16) shows that the selected positive definite function V' is a Lyapunov func-
tion [95], which guarantees that the system (2.14) is stable at the equilibrium point

(D.=Pp. v, =V).
2.3.3 Obstacle avoidance control

A. Control algorithm

This sub-section presents the control algorithm for a mobile robot passing through M
obstacles to reach a target. As analyzed above, the obstacle avoidance control algorithm is

also proposed as follows

M

u =Y (£ (P ()R, -v,)). 2.17)

o=l

Where, the relative velocity vector (v, — v,) between the robot and its neighbor-obstacle o is
used as a damping term with the damping scaling factorkfv. Let Nf (Y)be the set of the ob-
stacles in the neighborhood of the robot at time ¢, such that:

N (0)={Yo: p(p,.p,) =

p,—p.|sr’, oe{l. .M}]. (2.18)

In (2.18), »* >0 and P(p..p,)=|p.—P,

clidean distance between the robot and the obstacle o, respectively. The scalar ¢,’ is de-

are the influence range of obstacle and the Eu-

fined as:
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{ 1 if oe N°(t) 2.19

0 otherwise.

The repulsive force field f.” is created to drive the robot i away from its neighboring ob-

stacle, see figure 2.5. This force field is designed as follows:

1 1 k°
* =c|| ———— | —L—-k, Lp)=1r") n”. (220
/7 (p,) Cr[(P(PraPa) rﬂj(p(pr’po))z r (,0(19 D,)—F ))n (2.20)

Wherein, the positive factors K, k., are used to control the fast obstacle avoidance, and

n” =(p,-p,)/|p.- P,

is a unit vector from the obstacle to the robot.

r

7 (p,)

h P'F p(.pr’ po)

a) b)

Figure 2.5: The description of the repulsive force field /. (p,) surrounding the neighboring
17 (p,)||(0).

obstacle o of the robot (a), and its magnitude

In control law (2.17), the rotational force field fror(pr)is added to combine with the
repulsive force to drive the robot out of its neighboring obstacle quickly. While the poten-
tial force field is used to drive the robot away from its neighboring obstacle, the rotational
force field is used to solve the local minimum problems that are still constrained in the
potential field method, such as, when robot meets the trapping point, at which the repulsive
force of the obstacles and the attractive force of the target are balanced. Under the effect of
the added rotational force field, the robot always escapes this trapping point. Furthermore,
when the robot is trapped in complex obstacles (for example U-shape or long wall) the

rotational vector field will help it to find a new path to escape these obstacles. The direc-
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tion of the rotational force can be clockwise or counter-clockwise (see figure 2.6). Hence,

this rotational force is built as:
S (p)=wcn’. (2.21)

Wherein, the unit vector 7. is given as:

n = (0, =2/ P(pap)s ~5,=x)[p(p,.p,) - (2.22)

In this equation, the scalar Cror is used to define the direction for the rotational force: the
rotational force is clockwise if ¢, =1,and counter-clockwise if¢; =—1. Let o be the an-
gle between the unit vector 7 and the Vector( D — po) , we obtain a relationship as fol-

lows:

cos o = ((x, = x,)v, = 3,) =0, = ), —x))/(p(p,. )’
=0.

(2.23)

Equation (2.23) shows that the unit Vectorn:r is always perpendicular with the vector

(p,—po). The positive gain factor W >0, which is the magnitude of the rotational force

/7 (p.) acting on the robot, is used as a control element to drive the robot to quickly es-

cape obstacles. Therefore, this control element is designed such that the total force on the

robot always has the direction in the selected rotational direction. Now, in order to deter-
tol

. . / / T
mine this control element, we let f,lo (P,,)=(X;O ,V."") be the total force on the robot. We

obtain the relationships as follows

T
(x, ) :(xmp Bl L—x)j P
p(pr’pg) p(pr’po)

Where X?p ZXJr +x” and y“’” =yﬁ +3” are the coordinates of the force f:oP(p,)Z

7

Z(X;OP,)/;OP)Tthat is the sum of the attractive force f,l (Pr)=(x,t,,y;)Tfrom the target and
the repulsive force f. (p.)=(x", " )T from the obstacle on the robot. X, =

n

=c’(y, —yo)/ Pp.,p,) and ¥V == (x —XO)/ P(p,,p,) are the coordinates of the unit

vector 7. as proposed in (2.22).
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Let &, =Z(f,ml (), n,(,)p) be the desired angle between the total force f,,ml (pr) and the
> (yr - ya )/|

)T, see figure 2.7,

unit vector n?” =(x?, ysp)r =((x,—x,)/|p. - P,

we have the relationship as

b, —Pp,

or _.or or or

xZ (X +wx )+ yP(p +w ye) (2.25)

cos(x,) =
( ¢ ) top or _.or 2 top or _ or 2
(xr +Wr xn ) +(yr +Wr yn )

This equation can be rewritten as follows

7

a(w’) +bw +c=0, (2.26)

Here: a = (005(0(01))@‘1”)2 + (cos(O(d)yZ’)2 —(x"x” + y;”y,‘;”)2 ,

n

r r r r

b= 2eoste)) (4755 43757 )27+ (447
c= (cos(ad )X )2 +(cos(0(d )x? )2 —(x;’p X7+ y? yr )2 .

r 7

The control element W' is proposed in Algorithm 2.1.

Algorithm 2.1: Determination the control element W'

The control element W is determined as follows

if b>—4ac>0 then

—b+\b—4
if ac >0 then
2a
e
4 2a
else
4 2a
end
else
W' =(1+ck)(\/(xi +x) (L) +4,

end
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In the Algorithm 2.1, the positive factor /10 guarantees that if the sum of the attrac-
tive force and the repulsive force on the robot is equal to zero, then the added rotational
force is large enough in order to drive the robot quickly escaping the trapped point as de-
scribed in figure 2.3. The scaling factor C;, which depends on the angle a between the
sum vector fimp (p,.)and the unit vector 7. (see figure 2.7), is described as follows:

¢, if a<x/2
¢, = (2.27)

c otherwise.

2

Where, two constants ¢; and ¢, can be chosen as follows: -1 <q, 0<Cz, and G <G,. Algo-
rithm (2.1) also shows that the robot is driven in the direction of the rotational force
J7(p.) when it meets the obstacle. Hence, it can easily escape the obstacles in order to

continue to reach the target, see figure 2.7.
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Figure 2.6: Description of the clockwise rotational force field (a) and the counter-

clockwise rotational force field (b).

B. Obstacle avoiding direction

As introduced in section 2.1, the obstacle avoiding direction for the mobile robot has
a great influence on finding the fastest way towards the moving target. The path planning
for a mobile robot to track a moving target in an unknown environment is shown in figure
2.7. The robot has to overcome the U-shaped obstacle in order to track the moving target.

In an unknown environment, it is very difficult to determine the desired direction of
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movement for the robot to easily escape obstacles and simultaneously reach the target
quickly. Hence, a positive method to solve this problem is to control the robot to escape

obstacles following the direction of the target’s trajectory. This method is built on the ge-
ometry, as depicted in figure 2.7 and figure 2.8.

Robot’s trajectory

U-shaped obstacle
Target’s

Y directiot

"
Y L ) 1)

Target
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‘ Target ~7 N
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/- Target’s
S __ s direction
U-shaped obstacle Robot’s trajectory
a) b)

Figure 2.7: The geometric description of the obstacle avoidance and escape for a mobile

robot while reaching the target: clockwise (a) and counter-clockwise (b).
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Figure 2.8: The geometric description of the obstacle avoiding direction of a mobile robot

according to the clockwise direction in case 0 < f< 7 /2.

In figure 2.8, the points B and C are denoted as the position of the target at time (t)
and at time (t+At), respectively. The positive constant At is a preselected time-step used to
determine the relative position between B and C. Point A is the robot’s position at time (t).
The line f{x,y)=0 through points A and B (see in [96], [97]) is used as the basis to deter-

mine the moving direction of the target. Here f(x,y) is described as follows:

flry)=—d 20 (2.28)
Xp=Xy Ve~ V4

The angle S between the vector BA and the unit vector along the coordinate x-axis is used
to determine the direction of the relative position vector between B and A. As shown in
[96], the constituted line from two points A and B f(x,)=0 will split the coordinate plane
xy into two half-planes. One side of this boundary line consists of all points that satisfy the
inequality f{x,y)<0. Otherwise, all points on the opposite side satisfy the inequality
f(x,y)>0. In order to know which side of the boundary line f{x,y)=0 the target is moving
towards, we choose a test point D=(x ,yA)T. This test point is used for comparison
against the position of the target (point C) at time (t+At), see figure 2.8. If point C lies on
the half-plane containing the test point D then f(C)f(D)>0. In contrast, if C and D lie on the
different sides of the boundary line f{x,))=0 then f(C)f(D)<0. In figure 2.8, the rotational
direction C of the rotational force is depicted in the case 0 < B <z /2. This rotational di-

rection is determined by the moving direction of the target. It is described as follows:

(2.29)

or
¢ =

{ 1 if fIC)f(D)<0

1 otherwise .

However, in practice the angle f can change in the quadrants of the coordinate system xy.
Moreover, if the target does not move or the test point D sits on the boundary line f(x,))=0,
then f(C)f{D)=0. In these situations, the scalar Cfrcan be chosen arbitrary as ¢ =1or

¢” =—1. In summary, the obstacle avoiding direction for the robot is proposed in table 2.1.
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TABLE 2.1: DETERMINATION ROTATIONAL DIRECTION

b JOND) ¢
0<B<r/2 f(O)f(D)<0 1
f(C)f(D)>0 1

7Z'/2SIB<7Z' f(C)f(D)ZO 1
/(©)f(D)<0 y

T<B<3m/2 f(O)f(D)<0 1
/(©)f(D)>0 N

3r/2< f<2r f(©O)f(D)=0 1
/(C)f(D)<0 "

2.4  Simulation results

In this section we test our proposed theoretical results for the target tracking of a mo-
bile robot. For the simulations, we assume that the initial velocities of the robot and the

target are set to zero, and the general parameters are listed as follows:»* =100, 7” =20,

K =3k =21 k=80 k% =6,k =16,c,=0.7,¢c,=3,8 4 =2.

24.1 Thetarget trackingin afreeenvironment

In this sub-section, we test the control algorithms for a mobile robot tracking a mov-
ing target in a free environment, in which no obstacle exists. The parameters for this simu-
lation are given as follows: The initial position of the robot is set at the position

p, =(50, 200)", and the target moves along the trajectory p, = (0.7t +200, —0.5t+800)" .

The results of the simulations in figure 2.9, figure 2.10 and figure 2.11 show that the
target tracking of a mobile robot is successful, the robot approaches the position of the tar-
get very well. At the initial time, the position of the robot is far from the target, but after a
period of circa 400s the robot can catch up the moving target and then continue to track
this moving target. The trajectory of the robot is always to follow up the trajectory of the
target with very small error (the position error between the robot and the target, see figure
2.10). Moreover, the state of the robot (p,,,V,) as described in (2.9) always converges to the
equilibrium state, at which . =p, and V.=V, see figure 2.10 and figure 2.11. These simu-

lation results confirm the theory stated in Theorem 2.1.
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Figure 2.10: Tracking error between the mobile robot and the moving target.
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Figure 2.11: The velocities of the robot and the target while tracking.

24.2 Thetarget tracking under the influence of the obstacles

In this sub-section, we test the control algorithms for a mobile robot reaching a target
in an environment, in which there are the obstacles. For this simulation, we assume that the
obstacles of the environment are stationary, and their position and shape (U-shape and long

wall) are also determined.

Case 1. Consider a stationary tar get.

First of all, the obstacle avoidance control algorithm is tested when the target is sta-
tionary. The parameters for this simulation are specified as follows: The position of the
target is set at the position p, = (100, 450)" , and the initial position of the robot is set at the
position p, = (50, 450)" .

The result of the simulation in figure 2.12 shows that the robot is trapped in the U-
shape obstacle while reaching the target when we use only the repulsive potential field in
the obstacle avoidance controller. In this situation, the attractive force of the target and the
sum of the repulsive forces from the obstacles at the local minimum point are equal and
collinear but on the opposite direction. Hence, the total force on the robot is equal to zero,

and the motion of the robot is stopped before the robot can approach the target position.
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Figure 2.12: Path planning for a mobile robot reaching a stationary target in a dynamic
environment using only the repulsive potential field in the obstacle avoidance controller.

The motion of the robot is stopped before the robot can approach the target position.
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Figure 2.13: Path planning for a mobile robot reaching a stationary target in a stationary
environment using the clockwise rotational vector field combined with the repulsive poten-

tial field in the obstacle avoidance controller.
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In contrast, the result of the simulation in figure 2.12 shows that using the blended
force field, which consists of the rotational vector field (in this simulation the clockwise
rotational vector field is applied) combined with the repulsive potential field in the obstacle
avoidance controller, the local minimum problem as shown in figure 2.12 is solved. This
blended force field drove the robot to get out the U-shape obstacle when it is trapped in
this U-shape obstacle. In other words, the obstacle avoidance of a mobile robot is success-
ful without the collisions with these obstacles. The robot easily escaped the trapping point
at which the sum of the repulsive forces of the obstacles and the attractive force of the tar-
get are balanced as shown in figure 2.12. Then, it followed the direction of the clockwise
rotational force around the obstacles to find a path to exit these obstacles. After the robot

overcame the obstacles, it continued to move towards the target, see figure 2.13.

Case 2. Consider a moving tar get.

In this case, the obstacle avoidance control algorithm is tested when the target is dy-
namic. The parameters for this simulation are specified as follows: The target moves along
the trajectory p, = (0.1t +200, —0.4t+800)", and the initial position of the robot is also set
at the position p, = (50, 450)" .
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Figure 2.14: Path planning for a mobile robot to track a moving target in a stationary envi-
ronment using the rotational vector field combined with the repulsive potential field in the

obstacle avoidance controller.



34 2 Path Planning For a Single Robot

The result of the simulation in figure 2.14 shows the intelligence of a mobile robot
while pursuing a moving target. When this robot detects the obstacle it changes its moving
direction to avoid collision with this obstacle and searches the new path to chase the target
simultaneously. Figure 2.14 also shows that the obstacle avoidance of a mobile robot ac-
cording the moving direction of the target is successful. The movement direction of the
robot is driven towards the left of the U-shape and the wall-shape obstacles by the counter-
clockwise rotational force field from these obstacles. Hence, this mobile robot can easily
and quickly escape the U-shaped and the wall-shape obstacles in order to move towards the

target without collisions.

25 Summary

This chapter has presented an approach to path planning for a mobile to reach a target
in a dynamic environment based on the combination of the traditional potential fields and
the rotational vector field. In this approach, the artificial attractive force field from the tar-
get is used to drive the robot towards the target position. The repulsive force field sur-
rounding the obstacles is used to drive the robot away from the obstacles, while the rota-
tional force field is added surrounding the obstacles to help the robot to quickly escape the
balance point at which the sum of the attractive force from the target and the repulsive
forces from the obstacles is equal to zero. Especially, in case the robot is trapped in com-
plex obstacles, such as U-shaped obstacles, this added rotational vector field also plays an
important role in helping the robot to find a new path to escape these obstacles. The obsta-
cle avoiding direction for the mobile robot is designed to be in the moving direction of the
target, such that the robot can easily escape the obstacles and find the fastest path towards
the target. The results of the simulations have shown that, under the effect of the blended
force field, an autonomous robot can easily find a path to reach a target in a dynamic envi-

ronment.

The development of this proposed approach to path planning for the formation of a
swarm of multi robots to track a moving target in a dynamic environment, as an interesting

research topic, will be examined in the next chapters.
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3 Formation Control Following Desired Formations

3.1 Introduction

This chapter presents a method for formation control of the autonomous robots fol-
lowing the desired formations while tracking a moving target under the influence of the
dynamic environment. This method is built and developed based on the artificial potential
field method. Formation-shape control of the autonomous robots has been one of the posi-
tive research directions in robotics control. This interesting research direction has attracted
the attention from researchers in recent years. Some of the typical researches focusing on
the topic include: “Formation control following a dynamic framework” is presented in [85]
- [87], “Formation control following dynamic region” is published in [88], [89]. In these
approaches, all robots in the group move together inside a given framework or region.
They stay within a moving region and are able to adjust the formation by rotating and scal-
ing during movement together. This method does not require specific orders or positions of
the robots inside the given region. Each robot’s motion depends on the motion of its neigh-
bors and framework or region. Furthermore, formation control of the autonomous robots
following desired shapes has also been a positive research direction, however it is still lim-
ited. In this approach, robots are controlled to achieve the given positions in the desired
shape [90] - [92].

In this chapter, this formation control following the desired formation is developed
and applied for the formations in practice, such as collinear, V-shape or circular shape
formation, see figure 3.2. In our approach, the desired formation (collinear, V-shape or
circular shape formation) with the constant distances between neighboring virtual nodes is
firstly generated based on the relative position between the leader and the target. Then,
robots are independently controlled by the attractive potential field from the virtual nodes
in the desired formation. Moreover, the designed virtual nodes in the desired formation
guarantee that the neighboring robots do not interact with each other. Hence, robots can
easily converge to these virtual nodes under the velocity matching without collisions. The
leader is randomly chosen from a member robot which is closest to the target. This leader
plays an important role to create and lead its formation moving towards the target in a sta-
ble direction. Hence, in many undesired cases, such as the leader is broken or trapped in
the obstacles (for example U-shape obstacle) one new leader is replaced in order to contin-
ue to lead the swarm tracking the target. Furthermore, the motion of the robots to the de-

sired positions in the desired formations is controlled by the artificial force fields, which
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consist of local and global potential fields surrounding the virtual nodes. Under the effect
of these artificial force fields, robots will automatically find their desired position at the
virtual nodes in the desired formation. Additionally, the local repulsive force field sur-
rounding each robot is used to avoid the collision with each other. Moreover, using the
repulsive vector field combined with the rotational vector field in the obstacle avoiding
controller, robots can easily escape the obstacles while tracking a moving target. The con-

trol architecture for each autonomous robot is depicted in figure 3.1.

Noises —3'3—‘. _ Desired formation
P Ve % <.
~ i Vi =
Formation |P*"“ o\ i > o C%—‘
—p| control : ! ‘ :Q’—; /
}/‘ 1]
I Robot e d
l =
\ Y }
| : 1
| iV P |

Figure 3.1: Illustration of the architecture for formation control of autonomous robots fol-

lowing desired formation.

(a) (b)

Figure 3.2: The V-shape flying formation of birds (a) (Source: http://www. grahamow-
engallery.com/photography/geese.html), and the collinear flying formation of aircraft (b)
(Source: http://avioners.net/2013/03/breitling-acrobatics-team-using-1-39.html/).
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The main contributions of this chapter are as follows:

e “Formation adaptation while tracking a moving target” is presented in section 3.4. In
this content, we consider an approach for the adaptive formation control of autono-
mous robots following desired shapes under the influence of the environment, such as
noises, obstacles, etc. In this approach, the V-shape and circle-shape formation are
used as the desired formations. Firstly, the V-shape formation is used to track a mov-
ing target in the global potential field from the target. As analyzed in literatures [4]-
[7], the V-shape formation of birds (for example the formation flight of the Canada
geese during migration, see figure 3.2a) has a lot of advantages, such as energy sav-
ings during flight. The research results in these published literatures indicated that the
members in the V-shape formation realized up to 51% in energy savings over solo
flight. Moreover, by flying in V-shape formation the members in the formation can
easily communicate with each other, etc. Additionally, the circular shape formation
with its advantages, such as, the members in the formation can easily cooperate with
each other in tasks for example the encirclement, surveillance of the target [93], [94],

is used to approach the target in the local potential field surrounding the target.

e “Direction control for collinear formation” is presented in section 3.5. In this
content, we consider an approach to control autonomous robots to achieve a de-
sired collinear formation during movement towards the target position. As pre-
sented in [91], the collinear formation has a lot of advantages, such as the
members in the formation can easily cooperate to each other in tasks for exam-
ple the observation, monitoring and tracking the targets, see figure 3.2b. In this
approach, one robot, which has the closest distance to the target, is firstly se-
lected as the leader of the swarm. The desired formation is built based on the
relative position between this leader and the target. Secondly, the trajectory of
the remaining robots towards the desired positions in the desired formation is
driven by the artificial force fields. These force fields consist of the local and
global attractive potential fields surrounding each virtual node in the desired
formation. Furthermore, an orientation controller is added in order to guarantee
that the desired formation is always headed in the invariant direction to the tar-
get position. In addition, the local repulsive force fields around each robot and
obstacle are employed in order to avoid collisions during movement. The stabil-
ity of a swarm following a desired collinear formation in invariant direction to-

wards the target position is verified in simulations.
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The remaining sections of this chapter are organized as follows: the problem formula-
tion is presented in the section 3.2. Section 3.3 presents the method in order to build the
desired formations. In section 3.4, the formation adaptation control algorithm for a swarm
while tracking a moving target is presented. The direction control for a collinear formation

is discussed in section 3.5.

3.2 Problem formulation

In this section, we consider a swarm of N robots that has the mission to track, encircle

: . . ) T T ..
a moving target in two-dimensional space. Let p, =(x,-,y,-) » Y, =(VDC,V,-y) be the position,
velocity vector of the robot i (i=1,2,..,N), respectively. The dynamic model of the robot i is

described as:

3.1)

As introduced above, the aim of this chapter is to control the formation of autono-
mous robots following desired formations that are generated based on the relative position
between the leader and the target. While tracking the moving target, robots must avoid the
collisions with each other, avoid the obstacles, and their formation must be maintained and
kept stable under the influence of the environment. Hence, in order to solve these condi-

tions we propose the control input u; for each robot as:

u; +u’, if robot i is the leader /; i,/=1,..,.N

1

u, = (3.2)
w/+u’+u, otherwise.

Where, the first controller I/l;-j is used to control the formation connection. The second con-
trollert; is used to drive robots avoiding obstacles. The controlleruik is added to help ro-
bots avoid the collision during movement. Using the tracking controller M,t the leader can
easily drive its swarm towards the target. Now, in order to design these controllers, firstly,

we have some definitions and remarks as follows:

Definition 3.1. The desired collinear formation is the locus of all virtual nodes that lie on a

line and equidistant to each other.
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Definition 3.2. The desired V-shape formation is a formation that is linked by two linear
formations. These line formations are driven by a selected leader, and connected by a for-

mation angle ¢. In each line formation, the virtual nodes are equidistant to each other.

Definition 3.3. The desired circular shape formation is the locus of all virtual nodes that

are equidistant to each other and equidistant from the target.

Definition 3.4. Robot i (i=1,2,..,N; p;=(x; yi)T; vie=(Vix, viy)T) is called an active robot at
time ¢ if the distance from it to the virtual node j (j=1,2,..,N) of the desired formation is
smaller than the radius of the active circle surrounding each virtual node (d,-j <1, =d/2-\a,

Aa 1s a positive constant), see figure 3.3. Otherwise, it is a free robot.

Definition 3.5. Virtual node j (j=1,2,..,N; ¢;/=(x;, )" vi=(v, v;»)") of the desired formation
is active if there is a robot i (i=1,2,..,N) in the active circle of this virtual node. In contrast,

it is free.

Definition 3.6. Desired position for each robot i in the desired formation is a virtual node j
at whichlim (p,()—q;(1)) =0, and the virtual node (j-1) is also active.
{—oo b

Remark 3.1. Consider a desired formation (V-shape or circular shape formation) of N vir-
tual nodes as shown in figure 3.3. Each Robot must find an desired position in this desired
formation. Firstly, each free robot i will pursue the closest free virtual node j in order to be
active at this virtual node. If the position of this active robot at the active node j is still not
desired (for example robot k (k=1,2,..,N, k#/ in figure 3.3), then this active robot will au-
tomatically move into the virtual nodes (j-/) until it achieves an desired position in the

desired formation.

Remark 3.2. The motion of the formation depends on the relative position between the
leader and the target. At initial time, one robot, which is closest to the target, is chosen as
the leader, and then it is saved to lead its formation towards the target. During the move-
ment, if this leader encounters any risk, such as it is broken or hindered by the environ-
ment, then a new leader is replaced. This new leader will reorganize the formation and

continue to lead the new formation tracking the target.
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Figure 3.3: Description formation control following the V-shape and circular shape desired

structure.

3.3 Building desired formations

This section presents methods in order to build the desired formations (Collinear, V-
shape and circular formation) based on the relative position between the target and the
leader combined with the coordinate system rotation and translation. Assume that the lead-
er’s position and the target’s position are located at the positions p, = (xl, v )T ,
p,=(x.y, )T , tespectively. The relative position vector between the leader and the target

is (p,—p)=(x,=x.,y,—-») , and the distance between them is determined as

dl =\J(x,~x) + (v~ ) -
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3.3.1 Collinear desired formation

In order to build the collinear desired formation including the virtual nodes j
(G=12,...N; g;=(x;, yj)T ;Vi=(V, vjy)T), which are equidistant from each other with the con-

stant distance d, and deviating from the vector (p, —p;) at desired angle d,, one base node

q,,=(xﬂ,yﬂ)Tis firstly  generated with the  distance d:Hqﬂ— pll, and

0, =Z(qﬂ —p).(p,— D)), see figure 3.4.

As depicted in figure 3.4, the coordinates of the base node g, on the coordinate sys-

tem x'y’ (q, = (x,,,)") are determined as follows:

X, L cos o, . 33
[yEJ o p’”[sin 5dj G
By rotating and translating equation (3.3) according to coordinate systems x''y" and xy,

see [96], [97], we obtain the position of the desired node g, on the coordinate system xy as

follows:
q,=Dp+Rq,. (3.4)

The rotational matrix R, which depends on the rotational angle theta 6, is determined as

follows:

cos@ —sind
if @ rotates clockwise,
sind cosé@
R= (3.5
cos@ sin@

otherwise.
—sind cos@

From the base node g, and the leader we obtain a unit vector along the line connecting

, see figure 3.4. Now, a virtual node j (dj =jd ;

from g, to prasn,, =(p,—q,)/ HP, —-q,
q, =(xj, yj)T v, :(ij, ij)T ;7 =L12,.,N) is determined by the unit vector 7, as follows:

(4, - )= Jjdn, . (3.6)

Substituten,, = ( D =P, ) / H D — pﬂu into equation (3.6) we obtain:

q,=(1+j)pi—Jja, . (3.7)
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Equation (3.7) can be rewritten as follows:

X, (1+j)x ) (Jx

J H

= —~ . (3.8)
yi) \U+0)y ) \Uu

Equation (3.8) shows that when j changes from j=1 to j=N we get the formation of the N
virtual nodes, which lie on a line through p; and ¢,, and are equally spaced see figure 3.4.
However, in this solution, the leader always has the outer position of the formation, so this
situation is suitable for the row formation. For the parallel formation, the leader is posi-
tioned as the center of the formation, so the algorithm to generate desired formation is re-

designed as follows:

{jp, —-(j-Dq,, if jSN/2+1
= (3.9)

(I-&)p, +E&q,, Otherwise,

where & is described as &= j- floor(N/2)-1. Using this algorithm, the virtual nodes will
be evenly distributed to both sides of the leader as depicted in figure 3.5.

Figure 3.4: The description of the method to build the collinear desired formation.
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Figure 3.5: The description of the distributed virtual nodes j (j=1,2,..,N) in the collinear

desired formation.

3.3.2 V-shapedesired formation

As presented in definition 2, the desired V-shape formation is generated by two linear
formations. These linear formations use a leader together and are connected by a formation
angle ¢(?). In the linear formations, the virtual nodes are equidistant from each other.
Therefore, in order to build the V-shape desired formation we firstly use equation (3.7) to
create the right side of this desired V-shape formation, see figure 3.6. Similarly, the virtual
nodes j on the left side of the desired V- shape formation is also designed based on the de-

sired formation angle ¢, and the relative position between the leader and the target as
(q,—p)=jdn, . (3.10)

Wherein, the unit vector7,is calculated as 7, =(q,7 - p,)/ “q,, - le. Substituting this unit

vector into (3.10) we obtain as follows:
q,=U-)ptjq, . (3.11)

In Equation (3.11), g, is the position of the base node on the line deviates with the line
through the leader and the target an angle (7- d,), see figure 3.6. This base node is deter-

mined similarly to equation (3.4) as follows:

Using equation (3.12), we obtain the formation of the virtual nodes j(j =1,2,..,N) that lie
on the line through p; and ¢, and are equally spaced (the left side of the V-shape desired

formation), see figure 3.6.
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Finally, the algorithm to generate the desired V-shape formation of the virtual nodes

j (7=1,2..,N) is proposed as:

(I+&)p—&4,. if JSN/2+1
q;,= ' (3.13)
(I-&)p,+&,q,, otherwise.

Where, & =j—1 and & =j—1- floor(N/2)are the positive constants. Using equation
(3.13), the virtual nodes j (j=1,2,..,N) will be evenly distributed to both sides of the leader.
Hence, we obtain a V-shape formation owning these desired virtual nodes and a constant

formation angle ¢, =20, as depicted in figure 3.7.

Left side of the

desired V-formation

-~ @ Right side of the
. , desired V-formation

Figure 3.6: The description of the method to build the V-shape desired formation.
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~s dfloor(N/2+3)

dfloor(N/2+2)

oF i
qfloor(N/2+1)

Figure 3.7: The description of the distributed virtual nodes j (j=1,2,..,N) in the V-shape

desired formation.

In some real cases, such as under the influence of the environment (noises, wind, ob-
stacle avoidance, etc.,), the formation angle needs to change in order to adapt to the effect

of this environment. Thus, generally, we propose the formation angel as follows:
AN =@, +&d0). (3.14)

In this equation, ¢; is a positive factor, and ¢(z) is used as a sensing function that decides
the formation angle ¢(?). However, this formation angle ¢(#) must guarantee that there are
no collisions among the members in the formation. In other words, it depends on the repul-

sive radius around each robot. Hence, the smallest formation angle is computed as

@,. =arccos(1-r*[2d’ ).

3.3.3 Circular desired formation

As presented above, the circular desired formation is used to encircle the moving tar-
get when the distance between the leader and the target is shorter than the target approach-
ing radiusd,t =H D= ptH <r'. Hence, this desired formation is designed based on the rela-
tive position between the target and the leader as in figure 3.8. The position of the virtual
node j (j=1,2..,N) on the circle that has the central point at the target’s position p, and the

radius d,t = ‘ ) p,H is computed as follows:
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q,=p+Rq, j=L2.N. (3.15)

In equation (3.15), the rotation matrix R is determined similarly to equations (3.5). The
position of the virtual node j on the coordinate system x'y’ (q; = (x},y/)") is computed as
follows:

t
- "

X (cos(Zjn’/N)]
, j=12.N. (3.16)

¥, sin(2j/N)

Substitute equation (3.16) into (3.15) and let the virtual node that is being owned by the
leader be the first position in the circular desired formation, we have the circular formation

of the virtual nodes j as follows:

X, X, cos(2{r/ N)
| |+ra . j=L2NC=j—1.  (3.17)
v,) W sin(2¢r/N)

Equation (3.17) shows that the distributed virtual nodes j (j=1,2,..,N) on the circular de-
sired formation are equidistant from each other, and the distance from them to the target is
t
d'=|p-p
neighboring members, the distance dlt must satisfy I’,Zi,, Sd; , here I”,;n =7, / \/5 Sin(4ﬂ'/ N)is

, see figure 3.9. However, in order to avoid the collision between the active

the allowed minimum radius of the desired circular shape formation.

Figure 3.8: The description of the method to build the circular desired formation.
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Figure 3.9: The description of the distributed virtual nodes j (j=1,2,..,N) in the desired cir-

cular shape formation.

3.4 Formation adaptation while tracking a moving tar get

This section presents an approach for the adaptive formation control of autonomous
robots following the given desired shapes (V-shape or circular shape) under the influence
of the environment, such as noises, obstacles, etc. Firstly, the proposed control algorithms
have to guarantee that: The motion of robots always converges to the created virtual nodes
in the desired formation under the effects of the dynamic environment. While tracking the
moving target, the stability of the formation must be maintained, and there are no collisions
among members. Additionally, robots must also automatically escape the obstacles in or-
der to continue to track the moving target with their swarm. Secondly, the adaptation of
formation is decided by the target position sense of the leader. Finally, simulation results

are provided to verify the effectiveness of the proposed algorithms.

3.4.1 Formation connection control algorithm

A. Noinfluence of the noises

Firstly, surrounding the virtual nodes j (j=1,2,...N) of the desired formation, the at-
tractive force fields are created to drive the free robots towards the desired positions in the
desired formation. Then, these free robots will occupy these desired positions, and become
the active robots. The tracking task is to make the distanced; = H )2 —qu approach to zero as

fast as possible. This means thatlim(p,(2)—q,(1)) =0 andlim(v,(2)-v;(1))=0.
t—o0 t—o0 -
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Algorithm 3.1: Reaching the desired position at the virtual nodes in the desired for-

mation.

Consider: A robot i and virtual nodes j (i,j=1,..,N, i#l). Determine the shortest dis-
tance from p; to all the virtual nodes g; and the scalar factor ¢/ given as follows:

d/™ = min{d,:" = Hpi —qu, j= ],..,N}, ¢/ =11if q; is active, ¢/ =0 if ¢; is free.

|f Cll-jml S’/;l& ci/'ml—l =1 then

R = I T

dse if ™ <r,& ™" =0 then

ul = _ki;ﬁ (».—q jm1-1)_kijv v, “Vimi-1 ) +‘>f’”"1

dseif d™ >7 then
it ¢™ =0 then

u ==kl (0, =4, | P = @m

_kl{/ (vi - ijl) + ‘}jml

ese

Determine the shortest distance from p; to the free virtual nodes g;

in the desired formation as:

d[jmz = min{dij = Hpi -9,

¢/ =0,j=1,,N,j* jml}

”z] = _ki;3 (p,— ) )/Hp, Y2 H - kii v - ijz) + “}jm2
end

end

Based on the above analyze, the formation control law for formation connection is
proposed as in Algorithm 1. Where, k;,pkli,z;k;yki, (pl-—q_,-)and v —Vj)are the positive
gain factors, the relative position vector, the relative velocity vector between the robot i
and the virtual node j, respectively. In this algorithm, we use two potential fields
fil==k(p,—q,) / H 2 —qu and [y =—k,(p;—q;) as the artificial attractive forces. The
constant potential field f;] is used to drive the free robots towards the desired formation,

while the linear potential field f;/is used to control the active robots approaching to the
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virtual nodes of the desired formation. Additionally, the component— (V =V, ) is is also
utilized as the damping term. Therefore, using the desired position finding algorithm (Al-
gorithm 3.1) robots can quickly approach their desired position at the virtual nodes in the

desired formation.

Theorem 3.1. Consider the active robot i with its dynamic model (3.1) and control input
Mlj given in Algorithm 3.1 at the active node j in the desired formation. If the velocity of the
node j is smaller than the maximum velocity of the robot i, and the node j-1 is also active,
then the system (3.1) will be stable at the equilibrium point, at which P; ={; and V; =V,
for alli and j.

Proof of theorem 3.1

In order to analyze the stability of the robot i at the active node j when the node j-7 is

also active, we rewrite the control law U ,‘-j as follow:
J— £ _IJ y
u = 21'_kiv(vi _Vj)+vj‘ (3.18)

Consider the vector field 21_—/{] 1@9 —q, )= ﬂ) Q O) here ,- _kj 1(x —X; )
@) =—k’1(y, ~y;),and Z =0. According to [96], [97], we obtain:

%_E’ E_%, &_Bi =(0, 0, 0).
dy, dz, 0z, Odx, OJx, OJy,

i

curl (fzf;):[ (3.19)

Equation (3.19) shows that the vector field fzf is irrotational. Now, we consider the scale

function as follows:
v =3kpa,) (n-a) (320)

Taking the negative gradient of the function W we obtain:

VY= V( kl,(p, qj)r(pi—%)j
_ v( kl;,((x,-—x,-)2+(yi‘yf)2)j

(3.21)



50 3 Formation Control Following Desired Formations

:_kl';;l(pi —qj):f‘zj[j .

So, (3.19) and (3.21) show that the vector field fzjl is a potential field, and its potential
function is V.

1

Let X, =P, —q;, X, =V, —V; be the relative position and velocity of the robot i and

node j. We have the error dynamic model of the system as follows:

X, =X,

(3.22)
X,=ul-v, i, j=12.,N.
Substitute M,] in (3.18) into (3.22) we obtain the error dynamic model as:
X, =x
b (3.23)

X, = -V V[j - k[{» (v[ - v_/)-
To analyze the stability of model (3.23) at the equilibrium position (2, -9, =0, v, -V, = 0),
the positive definite function is selected as follows:

V,=Vv/ +%x§x2. (3.24)

Consider the potential function (3.20) we have the relationship as follows (8 v/ / ap, )T =
= (aVij / a(p,—q j))r. Taking the time derivative of (3.24) along the trajectory of the sys-
tem (3.23), we obtain:
V()= (VV)) i +x]%, =x" (VV/ +1,)
=x (V vV, -vv/ - ki{xz) (3.25)

v

=—k/x"x, <0.
2
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Equation (3.25) shows that the selected positive definite function V, is a Lyapunov func-
tion [95], which guarantees that the system (3.22) is stable at the equilibrium point
(2 =4V, =v)).

Vi Target
/// p[
N Leader .
/// ®\\ V[ - -

Figure 3.10: The description of the velocity of the node j under the influence of the lead-

er’s velocity v; and the angular velocity 8 (t).

Now, in order to allow the robot i to approach to the node ;j as fast as possible, we use
the attractive force from the node j proportional with its velocity. This means that factor

kl-; ; in Algorithm 1 depends on the velocity V; . This factor is given as

Ky =kle v || (3.26)

ipl ipd

In equation (3.26), kl-j , & are the positive constants. Moreover, while tracking a moving
target, the velocity of the node j is also dependent on the velocity of the leader v; and the

formation angle ¢(?) (see figure 3.10). This relation is calculated as
v, =V, (3.27)

In this equation, V, is the robot’s velocity when the formation angle ¢(#) changes, and it is

computed as follows:

v,=0(t)d'A,. (3.28)
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Where, the angular velocity of the formation angle ¢(2)/2 is 5(t ) =d(et)/ 2)/ ot . The dis-
tance between the leader and the node j is di =qu. - p,” . The unit vector 72 ;> which is per-

pendicular with the vector (C[j - p,), is given as:

iy =e (-, -fdl. (g -xp/dl) (3.29)

Where, the scalar ¢ ; 1s dependent on the rotational direction of the formation angle. Con-
sider the robots on the left side of the V-shape formation (see Fig.7), the scalar c ; 1s de-

fined as:

(3.30)

¢ =

{ 1 if p(t)<g,

1 otherwise.

Similarly, for the robots on the right side of the V-shape formation the scalar c ; 1s also

defined as:

1 if
5i={ if (1) > @, (3.31)

-1 otherwise.

B. Influence of the noises

To consider the stability of the formation under the influence of the noises, which
cause the position errors between the robot i and the virtual node j, we assume that the es-
timates of the position and the velocity of the robot i are: ]A?l =p*z, and\A/,- =v.+z,,
where Z,;and Z,; are the position and velocity measurement errors of the robot i, respective-
ly. Similarly, the estimates of the position and the velocity of the virtual node j are also
defined as: @j =q;+Zz,and f/j =V;+2z,, where Z;and Z,; are the position and velocity noises
of the node j, respectively. Now, we propose the new control law for the robot i at the ac-

tive node j in noisy environment as:
! ==k} (=4, ~R G, = )+, =2, (3:32)

Where lél; =k, tE, Hﬁ /H and & are the positive factors. Let & =P, —§;, = p,—¢q;+2z,; and
JACz =\A/l- —\A/j =V, —V; T2z, be the relative position and velocity of the robot i and node j in
noisy environment, here Z,; =2, =2, and Z,; =2, —Z,. We have the error dynamic of the

system as:
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(3.33)

However, in order to guarantee that the active neighboring robots while moving in a for-
mation do not repel, the noise Z, must satisfy”zpiuﬂgﬂ, here 7,;is a noise radius. This
noise radius can be selected as depicted in figure 3.11a, such that: 7, Zﬂ/ 2, here the posi-
tive constant A=d —7F. as shown in figure 3.11a. Moreover, the noise’s amplitude must
also guarantee that robots do not collide to each other during movement. Thus, we can
choose another noise radius?,, Zﬁ*/ 2, see figure 3.11b, here A" > 0 is a region used to

detect the collision among robots. Finally, in order to solve both above conditions the noise

Zp; has to satlsfyHZpiH <min(r,, r,).

Collision

region

Collision

detection region >

Figure 3.11: Description the noise’s boundary guarantees that there is no effect to each
other between two active neighboring robots i and & (a), and there is no collision between
robots i and k (b). Where d¥ and d¥ are the actual distance and the estimate distance be-

tween robots, respectively.

Proposition 3.1. Consider the active robot i with its dynamic model (3.1) and control in-
putul-j given as (3.32) at the active node j of the desired formation in noisy environment. If
the velocity of the node j is smaller than the maximum velocity of the robot i, and the node
J-1 is also active, and the noise is bounded by”zpi H < min(/l/ 2,4 / 2), then the system
(3.33) is stable at the equilibrium state (ﬁi =éj,\3,~ =\A’J~) foralliandj.
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Proof of proposition 3.1

Similar to the proof of theorem 1, to analyze the stability of the system (3.33) we
choose the Lyapunov function as:
1 "j AT A l AT A
V.= Ek,.px1 X, +5x2 X, . (3.34)
Taking the time derivative of equation (3.34) along the trajectory of the system (3.33), we

obtained as follows:
V(O = k&% +30%, =3 (k)3 +X,) (3.35)

Substitute )%2 in (3.33) into (3.35) we obtain:

A,

V.(0) =k %%, <0, (3.36)

So, equation (3.36) shows that the system (3.33) is stable with the control law (3). Howev-
er, this stability is limited by the boundary of the noise. If Hzp[ H > min (/1/ 2,4"/ 2) , then the
active neighboring robots can repel to each other or the robots can collide, so the stability

is broken, see figure 3.11.

3.4.2 Collision avoidance control algorithm

This section presents a method for the collision avoidance among the robots during
movement based on the artificial repulsive potential field. Let N,k (Y)be the set of the robots
in the neighborhood of the robot i at time 7, such that:

N0 ={Vk:d} =|p,—p,||<r.ke{l.N}k=i]. (3.37)

Where, 7, is the repulsive radius surrounding each robot, andd; is the Euclidean distance
between robot k& and robot i. Now, in order to avoid the collision between robots i and & (i,
k=1,2,..,N; i#k, i#l), the local repulsive force field is created surrounding each robot within

the repulsive radius r, as:

k i_l k,ﬁ ok (gk k. k
f _([dk rJ—(d.k)z klz(d[ r,)]cin[. (3.38)
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. ko 7k ) : .

Where, the positive factors k;;, K, are used to control the fast interaction. The unit vector
k Ce k .

n; from robot k to robot i is given as 7 =( D =D ) / H D — pkH.The scalar ¢/ is defined as

follows:

(3.39)

0 otherwise.

{ 1 if ke NF(1)

The algorithm for the collision avoidance is built based on the repulsive vector field (3.38)
combined with the relative velocity vector kli(vl —V,) between robot k and robot i as fol-

lows:

N
ui= 3 (i =ciki =), (3.40)
k=1ki
The controller (3.40) shows that the neighboring robots are always driven to leave each
other. In other words, this controller guarantees that there are no collisions among robots in

the swarm.

3.4.3 Obstacle avoidance control algorithm

This sub-section presents the control algorithm for robots passing through M obsta-
cles to track a moving target. As analyzed in chapter 2, this obstacle avoidance control

algorithm is also proposed as follows:

W=y (f7+f kW, -,). (3.41)

o=l,0#k

Where, the linear repulsive force field f,” and the rotational force field f,” surrounding
obstacles are presented in chapter 2. The relative velocity vector (v;— v,) between the robot
i and its neighbor-obstacle o is used as a damping term with the damping scaling factor k;
Similar to definition (3.37), here we can also define the set of the obstacles in the neigh-

borhood of the robot 7 at time ¢ as follows:

N ()={Vo:d’ <+’ , 0e{l,.M},0=k]. (3.42)

In 3.42), »” >0 and d’ =H P, — D, | are the obstacle detection range and the Euclidean

distance between the robot i and the obstacle o, respectively. The scalar ¢;” is defined as:
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{ 1 if oe N’(1) (3.43)

0 otherwise.

As presented in chapter 2, using the control law (3.41) robots can easily escape obstacles to

continue to track the target.

3.4.4 Target tracking control algorithm

A. Leader selection

Firstly, one robot, which is closest to the target, is selected as the leader in order to
generate the desired formation. Then, this leader is saved to lead its formation to track a
moving target. In case, the leader meets risk, such as it is broken or trapped in obstacles, it
must transfer its leadership to another, and becomes a free member as other free robots in

the swarm. The leader is selected as Algorithm 3.2.

Algorithm 3.2: Leader selection

Update data: The actual position of robots p; (i=1,..,N, i#l), obstacle’s information,
the target’s position p;, the actual position of the leader (p:=p;).

if time =0 (at initial time) then
Compute the shortest distance from the robot p; to the target p, in order to

determine the leader as follows:

djpyy = min{|p, = p,||.i= 1s N 5 D= D

else

if the actual leader meets obstacle or is broken then

Leadership is transferred to other member that is free and has the closest

distance to the target.

ditminZ = mln{”pz _pt

i=1,N,i#& free}s D= P
else

Maintain the leadership of the actual leader.

P =P

end

end
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B. Noinfluence of the noises

The target tracking controller, which is designed based on the relative position be-
tween the leader and the target, has to guarantee that the formation’s motion is always
driven towards the target. The tracking task is to make the distance between the leader and
the target d,t =H D~ ptH approaching to the radius of the desired circular formation " as fast
as possible. This means that 1{1}}3(\/1(1‘)—\/[ t)=0 al’ld}i_{g(p[(t)—pt(t)) = r’(p,(t)—pt(t))/d,’ .

Based on the above analysis, the control law for the target tracking is proposed as follows:
th =i =k, (;=v)+7,. (3.44)

Where, k,tv and Vt are the positive factor and the acceleration of the target, respectively.
(Vz —Vt) is the relative velocity vector between the leader and the target. The potential field

f,t from the target is used to drive the leader moving towards the target, and it is given as:

(4—%] o K= ey <
ro=y\\d, rt)d) =) (3.45)

—k/;n], otherwise.

Where, k,tz, 7 and I’,,tm <r’ <rare the positive constant, the target approaching radius, and
the desired radius of the circular formation, respectively. k,t] =k,t]d+€3HV,H, here kztw &
are the positive constants. The unit vector along the line connection from the target to the
leader is computed as n,t =(p,—-p,)/ H D - ptH. In the equation (3.45), the constant attrac-
tive force f;l =—k,tlnf is sued to track the target when d,t > 7' On the other hand, the at-
tractive/repulsive force field f,t, =(k;2(1/ d,t —l/l”r)/ (d,t )2 —k,tl (d,t —I”T)/ (7’[ —I’T))I”llt surround-
ing the equilibrium position, at which H D= p,H =r, (VZ —Vt)=0 is used to encircle the
target when d,t <r. Hence, using this combined vector field the leader can easily ap-

proach to the target at the equilibrium position.

Theorem 3.2. Consider the leader [ is described by the model (3.1) and controlled by the
control law (3.44) when d; <r. If the velocity of the target is smaller than the maximum
velocity of the leader, then the system (3.1) will be stable at the equilibrium state, at which
V=V, and (p,=p)=r"(0,~p)/|p.~pl.

Pr oof of theorem 3.2
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Firstly, we consider the vector field f]t,=Kl(p, —pt)/ Hp,— p,” in (3.45). Let

KlZ(kztz/dlt_l‘jz/rr)/(dlt)z_kltl(dzl_VT)/(rt_rT), Bsz(xz_xz)/sz_Pt , £,=0 and
g=K®, _y;)/Hp; —p,||, we have:
T
curl (fltl): %_E’ E_%’ g_% =0. (3.46)
dy, 0z, 0Jz; Oox, dx, Iy,

Equation (3.46) shows that the vector field f;, is not rotational.

Consider the scale function as follow:

2 t t_ T2
=t 2oL Al o) (3.47)
2 d, r’ (r'=r"

Taking the negative gradient of V,-t we obtain:

Ju==VV/

2
=-V k_;z i_i +M
2\d, r* 2(r' —r")

N 7P T O 1 C et RV RN (3.48)
d d (' =r) !

= k_;Z_k_;2 1 ZVd;_k,tl(d;—rT)Vd;
d r")d) " =r")

_ L_L kztz _kztl(d;_’”r) V'
di )y (-r) )

Similar to equation (3.21), here we also obtain a gradient field Vd,’ =(p—p)/ H D - p,”.
So, (3.46) and (3.48) show that the vector field ﬂl is also a potential field, and its potential

. . t
function is V] .

In order to analyze the stability of the leader at the equilibrium position, at which
H D - ptH =r"and (V, _V,)=O, we let fl be the position error between the Vector(p, —p,)
and the vector 7’ (pl - p,) / H )/ 2
the target. We get: X; =ﬂ,t(p, —p,)and)?z Z(Vl —Vt), here ﬂ,t =(1-r"/

dynamic of the system is described as follows:

, and 3?2 be the relative velocity between the leader and

‘ D= ptH). The error
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X, =A%
o (3.49)
X, =7, -7,
Substitute (3.44) into (3.49), we obtain:
X, =A%
Lo (3.50)

. ' t ~
X, ==VV' -k, x,.

To analyze the stability of the system (3.50), we choose the Lyapunov function as follows:
. B
V.=V, +5x2x2. (3.51)

Let)?lk =(p—-p)=x / ﬂ,t be the position error between the leader and the target, and note
that the relation in (3.47)(3¥, /op,) = (3, /a(p,~ p,)) - Taking the time derivative of
equation (3.51) along the trajectory of the system (3.50) we obtain:

Vo) = (V) 5= %(vw)fwzfcz

(3.52)

=X (VV! +X,)=—k. X1 %, <O0.

v

So, this equation guarantees that system (3.50) is stable at the equilibrium position when
using the control law (3.44). In other words, using the controller (3.44) the leader will be
driven towards the desired position, at which the distance between leader and the target is

equal to the radius of the desired circular formation.

C. Influenceof the noises

Now, we consider the influence of the noisy environment to the stability of the leader
at the equilibrium position. Firstly, we assume that the estimates of the position and the
velocity of the leader are: D=p +z, and\~/] =V, +Z,, where Z,yand Z, are position and ve-
locity noises of the leader, respectively. Similarly, the estimates of the position and the
velocity of the target are also defined as: D=p +z, and\~7, =V, +Z,, where Zyand Z, are
position and velocity noises of the target, respectively. Then we have:
(»-p)=(p—p, +sz;) and (=)=, =V, +2,), here Zy=Zy—ZyandZ, =Z,—Z,.
Based on these definitions, we propose the new control law for the leader’s tracking in

noisy environment as follows:
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U =1~k (7)) +0, -7, (3.53)

Where, k,tv is a positive factor. The force field ﬁ is given as:

) ((%_é} ]fltzz_k“(fil _:’ )Jﬁl’ ifd~lt<rt
1= d, r)(d) (r'=r’) (3.54)

—k, i, , otherwise.

, ki, and d! =|| D — ﬁ,”are the positive factors, and

In this equation, /gfl =k, t&, ”‘7:
the FEuclidean distance, respectively. The unit vector ﬁ,t is computed as
i =(p,—p)|| P~ B

Letz, be the position error between the vector(p, - p,)and the vector
r(5=p)/|B~P,
get: 5 =2, —p)—r B=B)|B—B|=A W~ +Z,) 5, = (5, -5) = (v, = v, +2.,)
here 4/=1-r" /B, ~p,

,and #, be the relative velocity between the leader and the target. We

, and the error dynamic of the system is given as:

X, =A%
b (3.55)

X, =V, =V, +Zvlt'

Proposition 3.2. Consider the leader [ is described by the model (3.1) and controlled by
the control law (3.53) in noisy environment when d; <r. If the velocity of the target is
smaller than the maximum velocity of the leader, and the noise is bounded by a radius
r, =I71in(/1/ 2,1*/ 2) as given in theorem 2, then system (3.55) is stable at the equilibrium
state (¥, ~¥) = 0and (B, =D)=r"(B,~B)/ |, ~ B,

Proof of proposition 3.2

Similar to the proof of theorem 2, to analyze the stability of the system (3.55) we

choose the Lyapunov function as:

V.=V +%x§xz , (3.56)

Where V' =V;(C?;) with 67; =||]3, —fﬂt”. Let )?T =(p—p+z )2121//1; be the position error

i 'plt

between the leader and the target, and note that the relation as follows:(afi’ /op, )T =
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= (8171,’ / dp,—p +z p,t))T .Taking the time derivative of equation (3.56) along the trajecto-
ry of the system (3.55) we obtain:
; S\l 2 7 s 1 AU
V() = (VK’) X +EX= z(VV’) X, + % %,
(3.57)

= (V' +%,)=—k'i'%, <0.

So, this equation guarantees that system (3.55) is stable at the equilibrium position when

using the control law (3.53).

3.45 Simulation Results

In this sub-section, we present the simulation results of the above proposed control
algorithms. For these simulations, we assume that the initial velocities of the robots and the
target are zero. The initial positions of the robots are random. Each robot is able to sense
the position of other robots as well as the position of the target and obstacles. The target
moves on a sine wave trajectory as p, =(0.9¢+640, 160sin(0.017)+250)" . The general param-

eters of the simulations are listed in table 3.1.

TABLE 3.1: PARAMETER VALUES

Parameter Definition Value

N Number of robots 9

04 Desired formation angle 27/3 (rad)
r Desired radius of circular formation 60 (m)

s Target approach radius 100 (m)
Tq Radius around each active node 25 (m)

ry Collision radius around each robot 45 (m)

€1, €2, €3 Positive constants 1,0.5,0.7
ki, ki’ Factors for approaching to target 9,0.6
k,~1k, k; k Positive factors for fast repulsion 80, 12
kil ki’ Constants for fast obstacle avoidance 90, 15
kil kif, kif Positive constants 3,4,9
kil ki kivk Damping factors 1.4
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A. Test theintelligence of the swarm

For this simulation, the formation angle is selected. Firstly, we test the proposed al-
gorithms to generate the desired formations (V-shape and circular), and the proposed algo-
rithm to control the robots towards the virtual nodes in the desired formation (Algorithm
3.1). Moreover, the stability of a swarm following the desired formations under the influ-

ence of the environment, in which there are stationary obstacles, is also tested.

The results of the simulations in figure 3.12 show that the desired formations are easi-
ly created. Robots, which have the random initial positions, have quickly achieved the de-
sired positions in these desired formations while tracking a moving target without colli-
sions. The position permutations among the members in the formation occurred, but they
did not influence on the structure of the formation during the target tracking. At initial
time, one robot is chosen as the leader, and then it is saved in order to drive its formation
towards the target in a V-shape formation. At time ¢=70s, the V-shape formation was
made, and it was kept until the square robot detected the obstacle O;. At time ¢=160s,
while avoiding the obstacle O, the virtual node, which was owned by the square robot,
became a free node. Then, this virtual node attracted the triangular robot to become the
active node at time r=200s. After escaping the obstacle, the square robot quickly ap-
proached to the remaining free node of the desired formation as shown in Fig.11. Similar-
ly, the rhombus robot was permuted with another robot in the formation while avoiding the
obstacle O,. At time t=250s, the V-shape formation changed to the circular formation in
order to encircle the target. In this situation, the member robots became the free robots, and
then they approached the desired circular formation to become the active robots in this
formation. Figure 3.13 shows that this circular formation was kept around the target at the
desired radius 7" at time =320s. In other words, the leader’s position is stable at the equi-

librium point, at which ||p; — p;|| = 7.
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Figure 3.12: Path planning for a swarm following the desired formations under the influ-

ence of the obstacles while tracking a moving target.
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Figure 3.13: Position error ||p; — q;|| in case the leader is not hindered while tracking a

moving target.
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Secondly, we also test the intelligence of a swarm when the leader is trapped in the
complex obstacle (for example U-shape obstacle, see figure 3.14). In this situation, the
actual leader has to transfer its leadership to another member in the swarm, and then it has
to escape this obstacle. The simulation results in figure 3.14 show that, at time ¢=0s, the
square robot is chosen as the leader, and its leadership was kept until it was trapped in the
U-shape obstacle at time =200s. While avoiding the obstacle, the square leader transferred
its leadership to the triangular robot, which was not hindered and closest to the target.
Then, this square leader became a free robot. It automatically found a way (lilac way) to
escape this U-shape obstacle in order to continue following its formation. After receiving
the leadership, the triangular robot reorganized a new formation, and continued to lead this
formation in the target tracking. The distance between the new leader and the target was
always shrunk until it achieved the active radius of the circular desired formation ||p; —
pell = r™. Then, this distance is maintained to encircle the moving target, see figure 3.15.
Moreover, figure 3.14 shows that the position permutation between the square leader and

the triangular leader does not influence on the desired structure of the formation.
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Figure 3.14: Path planning for a swarm following the desired formations while tracking a

moving target with the leader permutation.
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Figure 3.15: Position error ||p; — q.|| while tracking a moving target in case the leader is

permuted.

B. Test thestability of the formation under the influence of the noise

In this sub-section, we test the stability of the formation under the influences of noise
and the change of the formation angle. The noises used in this simulation are Gaussian

function with zero mean, variance of 1 and standard deviation of 1, see figure 3.16.

The formation angle is used for simulations as depicted in figure 3.17. The results of
the simulations show that the robot i is always close to the active node j in the desired for-
mation, and its formation was maintained following the desired formations (V-shape and
circular formation) although there are the effects of the noisy environment and the changes
of the formation angle ¢(t)/2. The position error between each robot i and the active node j,
at which this robot i was occupying, is small, see figure 3.18. The simulation results in
figure 3.19 also show that from the random initial positions, the free robots have quickly
found their desired position on the desired V-formation. Then, they tracked a moving tar-
get in a stable V-formation. At time /=70s, under the influence of the sudden change of the
formation angle from 2n/3 to ¢=( #-0.6) the stability of the formation was broken, and then
the stability of this formation was quickly redesigned to continue tracking the moving tar-
get. In contrast, when the formation angle ¢(t) changed slowly the formation of robots was
always maintained following the desired V-formation with small position errors, see figure

3.18 and figure 3.19. Moreover, the simulation results also show that the noise had influ-
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ences on the position error between the actual formation of robots and the desired for-
mation, but this influence only caused the small changes in the formation of robots, see

figure 3.18 and figure 3.19.

M

R
|

RN
| 'I! Hl |

Noise (m)

Figure 3.16 Noise effects on the system.

Formation angle ¢(t)/2 (rad)

Figure 3.17: Formation angle ¢(t)/2 while tracking a moving target.
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The simulation results in figure 3.20 also show that the robots can easily escape ob-
stacles, and always converge to the designed virtual nodes in the desired formations alt-

hough there are effects of the noise and the obstacles.

3.4.6 Conclusion

This section has proposed a novel approach to formation control of autonomous ro-
bots following the desired formations to track a moving target in a dynamic environment.
The robot team is able to form V-shape formation to track the target efficiently and then
changes its formation to the circular shape to better monitor the target. The stability analy-
sis of the proposed formation control is given. The rotational force field combining with
the repulsive force can drive the robot to quickly escape from the obstacle, more im-
portantly is to avoid the local minimum problems when the sum of the attractive and repul-

sive forces of the potential field is equal to zero in the case of concave obstacle shapes.

The results of the simulations have proved the intelligence of the swarm while track-
ing a moving target. This swarm’s intelligence expresses when the free robots automatical-
ly find the desired positions at the virtual nodes in the desired formation and occupy these
positions while tracking a moving target. Furthermore, when robots are trapped in obsta-
cles they can quickly find out the way to escape these obstacles, and continue to track the
moving target with their swarm. In addition, the leader’s intelligence is also expressed
when it transfers its leadership to other free member in the swarm in order to avoid obsta-
cles efficiently. The simulation results also show that formation’s stability is maintained
during movement, although there are influences of the noises and obstacles from the envi-

ronment as well as the changes of the formation angle.
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3.5 Direction control for collinear formation

This section considers an approach for the collinear formation control of autonomous
robots while reaching the target position in a dynamic environment. This approach is built
and developed based on the formation shape control method combined with the artificial
vector field method. In this section, we focus on the control algorithm u,t for the target
tracking. This control law has to guarantee that the movement direction of the formation
towards the target position is kept stable in the given invariant orientation. The other con-
trollers (the formation connection controller ulj , collision avoidance controller ulk , Obsta-

cle avoidance controller U, ) are built similarly to the section 3.4.

3.5.1 Target tracking control algorithm

Firstly, one robot, which has the closest distance to the target

d; =|pi=p/|=min{|p, - p,
motion of the formation. The target reaching controller, which is designed based on the

A=1,..N } , 1s selected as the leader in order to control the

relative position between the leader and the target, has to guarantee that the formation’s
motion is maintained in the stable direction to the target. This control law is designed as

follows:
“11 :Et@z)”zt _klt2@l_pﬁ)_kltv(vl_vt)+‘.}t (3.58)

This equation shows that the first component F; @l )n,t is used to control the target tracking
with the value of the attractive force Et (p, ) and the unit vector i’llt =(p,—p.)/ H D= pr-

The attractive force F,'t (p,)is computed as follows:

k, _ .
__lrlnpz_pt 0f dlt<r

Ep)=1 T (3.59)
—kj,, otherwise.

Here, klll and r" are the positive factor and the radius to reach the target, respectively. The
second component —k,tv(V, —V,)is added as a damping term. The remaining component
_k;Z@I —Pp )works as the orientation controller in order to maintain the formation’s mo-
tion in the stable direction towards the target. In other words, this controller guarantees that
lim(p, ()~ ps(#)) =0 or lim(e(#))=0. Here, ki is a positive constant, and (P, = Pj)is the
relative position vector between the leader and the desired leader position Py =(xﬂ,yﬁ)T.
This desired leader position is dependent on the rotation direction of the desired orientation

angle f,, see figure 3.21.
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Leader

.- Target p,

Figure 3.21: The desired leader position Py =(xﬁ, yﬁ)T in case the positive desired angle.

Assume that the desired orientation angle rotates clockwise is positive, and rotates
counter-clockwise is negative. Consider the case that the desired orientation angle is posi-
tive, the desired leader position is calculated as follows: We build the coordinate
tem x'y’ based on this positive desired orientation angle S, as depicted in figure 3.21. The
desired coordinates on the coordinate system x'y’, at which the leader has to reach in order
to guarantee that the movement direction towards the target is stable, is determined as
(x[';, y['g)T = (x;, 0)T. On the coordinate system xy, the coordinates of this desired leader

position are determined as follows:

AMEAN cos B, —sinf, \(x/ . (3.60)
Vs v, sin f3, cos 5, JL O
On the other hand, from figure 3.21 the coordinates of the leader is determined as follows:
)0 s ) o
i Vi sin f, cos B, )\ »

By equating (3.61), we obtain x/ as follows:
x;=(x,—x,)cos B, +(y,—y,)sin B, (3.62)
In case the desired angle is negative, we will find x/ as follows:

xl,:(xl_xt)cosﬁd_(yl_yt)Sinﬂd' (3.63)
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3.5.2 Simulation results

In this section, we give the simulation results in order to verify the function of the

above presented control algorithms. The target is assumed stationary. The general parame-

ters for simulations are listed in the table 3.1.

Firstly, we test the algorithms to generate the collinear desired formation, and the al-

gorithm to drive the robots towards the collinear desired formation. The results of the sim-

ulations in figure 3.22 show that the collinear desired formation can easily be created with

the different formation angles Jd,. Robots, which have the random initial positions, have

achieved the desired positions in this desired formation while reaching the target.
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Figure 3.22: Simulations on the angle d, change of the collinear desired formation and the

desired formation follower of robots in order to reach the target. Plots a), b), ¢), d) depict

the formation’s motion with angle d,=n/2, 6,=n/3, 6,=2n/3, 04=0, respectively.
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Secondly, the stability of the swarm following the desired collinear formation in an
invariable direction towards the target under the influence of the environment is tested. For
this simulation, the target’s position, the formation angle, and the desired orientation angle
are chosen as p, =(700, 350)T, oqs=n/2, and f; =0, respectively. Obstacles o;, 0, and the
initial position of the robots are depicted in figure 3.23, and figure 3.24.
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Figure 3.23: The influence of the environment on the collinear formation of robots during
reaching towards the target. The red circles, blue shapes, and black shapes are the desired

formation, robots, and the obstacles, respectively.
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Case 1. The position per mutation between member robots while avoiding obstacles.

The simulation results in figure 3.23 and figure 3.24 show that the collinear for-
mation of robots, which follows a desired formation, is maintained during flight towards
the target without collisions. At time t=0s, one robot is chosen as the leader of the swarm,
and then it is saved in order to drive its formation to the target in the stable motion direc-
tion a, see figure 3.24a. At time t=87s, the formation of a swarm is made based on the de-
sired structure, and it is kept until the squares robot detects the obstacle 0;. While avoiding
obstacle o,, the virtual node, which the square robot has owned, became a free node, and it
attracted the triangle robot to become the active node. After escaping the obstacle, the
square robot quickly reached the remaining free node of the desired formation, see figure
3.23. Similarly, at time t=230s, the rhombus robot is permuted with other robots in the
swarm. In this simulation, the obstacles of the environment can permute the position of the
member robots in the formation, but they do not influence on the formation angle J, and

the motion direction o of the swarm.

800
© Desired formation )
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Figure 3.25: Simulation on the leader permutation of a collinear formation while moving
towards the target in a stationary environment. The red circles, blue shapes, and black

shapes are the desired formation, robots, and the obstacles, respectively.
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Case 2. Theleader permutation while avoiding obstacles.

The leader change influences on the organization of the formation during movement
towards the target. Figure 3.25 shows that, at time t=0, the square robot is chosen as the
leader and it also saved to lead the swarm to the target. Using the orientation controller
—k,,(p, — Dy )as given in (3.58), this leader quickly achieved the desired direction s =0 to
the target (t=50s to t=150s), see figure 3.24b. The formation’s organization is changed
when the square leader (old leader) is trapped in the U-shape obstacle at time t=160s. In
this situation, the square leader lost the leader role. It became a free robot and automatical-
ly found a way to escape this obstacle and continued to track its formation. The triangle
robot, which is a free robot and closest to the target, is used as a new leader in order to con-
tinue to lead the swarm towards the target. Figure 3.24b shows the new leader has quickly

led its formation in the desired direction before reaching the target.

3.5.3 Conclusion

In this section, we have proposed a novel approach to formation control of autono-
mous robots following a desired collinear formation to reach a stationary target. The de-
sired formation with the different formation angles is built on the relative position between
the target and the leader of the swarm. The trajectory of member robots is driven by the
artificial force fields from the virtual attractive nodes of the desired formation. The mission
of the leader is to lead the formation towards the target in a desired direction. Furthermore,
the repulsive force fields between robots are used to guarantee that there are no collisions
in the swarm during movement. Moreover, in order to avoid obstacles of the environment,
the repulsive and rotating force fields are also added. The results of the simulations have
shown that using the proposed control algorithms the member robots have quickly
achieved the desired positions in the desired formation. In some cases, such as obstacle
avoidance, the position of some robots in formation can be permuted, but the structure and

the motion direction of the formation are kept.
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4 Cooperative Control for Multi Robot Systems

4.1 Introduction

Formation control of multi-robot systems has been one of the interesting research top-
ics in the control community all over the world in recent years. Its potential applications in
many areas, such as search and rescue missions, forest fire detection and surveillance, is
the motivation and reason for this attraction. In the formation control of multi-robot sys-
tems, the moving trajectory determination of each member-robot and the control of its mo-
tion along this determined trajectory are crucial problems. One of the effective and inter-
esting methods to solve these problems is the artificial vector field method as presented in
chapter 2. In this method, the motion of the robots is controlled by the artificial force fields
that are built based on the relative positions of the robots, target and obstacles of the envi-

ronment.

In recent years, the artificial potential field method has been widely studied and used
to control the formation of multi-agent systems to reach the position of the goal in a dy-
namic environment, see [14]-[33]. One of the main issues in the formation control of multi-
agents to track a moving target is that all the member robots have to move together without
collisions among them in an ordered swarm. Moreover, the whole swarm must avoid ob-
stacles along its trajectory, which has a big influence on the target reaching. In order to
solve these problems, the motion of each member robot is controlled by a total force field
which includes the interactive forces between neighboring robots, the repulsive forces from
the environment obstacles, and the attractive force of the target. Under the effect of this
total force, the formation of the swarm is stably maintained while the swarm reaches the
target position in the free environment. In contrast, this stability is broken when the swarm
avoids the obstacles of the dynamic environment. In this situation, the agents of the swarm
are split, and each agent will itself determine its direction to avoid the obstacle. After the
swarm has overcome the obstacles, its organization is redesigned; however, its formation is
possibly changed, see [34]-[50]. This problem can be resolved, if the swarm maintains its
formation in a smaller size. This is an interesting topic that attracts the attention from re-
searchers in recent years. Some research results around this topic are presented in [74]-
[76]. In this approach, each agent can cooperatively learn the network’s parameters to de-
cide the size and the split of the network in a decentralized fashion so that the connectivity,

formation and tracking performance can be improved when avoiding obstacles.
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In this chapter, we present a control method for the cooperation among the members
of a swarm under the effect of the dynamic environment. The stability and robustness of
the formation of a swarm are maintained while avoiding obstacles and tracking a moving
target. Moreover, in a complex environment where the space among obstacles is narrow,
we suggest that the swarm’s size can change, so the swarm can easily pass through this
space. In addition, in order to avoid collisions and maintain the stability in the formation of
a swarm, the neighboring robots will be connected to each other by the attractive and re-
pulsive vector field between them. Information about obstacles in the environment will be
sent to all other member robots in the swarm. Therefore, the velocity of the robots in a

formation while avoiding obstacle is the same.
The main contributions of this chapter are as follows:

e “Connection between neighboring robots” is presented in section 4.3. In this content,
we propose an approach for the connection between neighboring robots in a swarm.
The main aim of this approach is to generate the stable and robust links among the
neighboring robots in the formation of a swarm. These connections are controlled by
the attractive/repulsive forces among them. Hence, using the attractive/repulsive forc-
es, the neighboring robots will quickly approach the equilibrium position, at which
the distances among them are constant (that is the sum of the attractive/repulsive

forces are equal to zero).

e  “Adaptive formation control in a dynamic environment” is presented in section 4.4.
In this content, we consider an approach for the adaptive formation control of the au-
tonomous robots while tracking a moving target in a dynamic environment. The main
aim of this approach is to control the formation of a swarm that can easily and quick-
ly escape the obstacles of the environment without the collisions (especially, in an
environment, in which the space between the obstacles is narrow). While avoiding the
obstacles, the formation structure of the swarm can change, but it is not broken. In
order to perform this idea, an applied active method is to shrink the swarm’s size into
the smaller size. Hence, the adaptive formation control algorithm is designed such
that the swarm’s size is inversely proportional to the sum of the repulsive forces from

the obstacles acting on the swarm.

e “Cooperative formation control in a dynamic environment” is presented in section
4.5. In this content, we consider an approach for the cooperative formation control of
the autonomous robots while tracking a moving target in a dynamic environment. The

main aim of this approach is to control the formation of a swarm to quickly avoid and
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overcome the obstacles of the environment following the direction of the target’s tra-
jectory while keeping the formation. This approach is built based on the repulsive

force combined with the rotational force surrounding the obstacles.

The rest of this chapter is organized as follows: The problem statement is given in the next
section. Section 4.3 presents the cooperative control algorithm for two neighboring robots.
In section 4.4, the adaptive control method for the formation of a swarm while avoiding
obstacles to track a moving target is presented. Finally, section 4.5 presents the coopera-
tive control algorithm for the neighboring robots in the formation of a swarm while track-

ing a moving target in a dynamic environment.

4.2 Problem statement

In this section, we consider a swarm of N robots (/N =2) that moves in a two-
dimensional Euclidean space {R2 } with M obstacles of the environment. Each robot’s mo-
tion, which is assumed as a moving point in the space, is described by the dynamic model

as follows:

4.1)
V.=u., i=1,.., N.
Where (p,, v, u,)e {Rz} are the position, the velocity, and the control input of the robot i,

respectively.

In the formation of a desired swarm, the neighboring robots have to link with each
other to generate the constant distances among them (example in figure 4.1). Let N,a (H)be

the set of the robots in the neighborhood of the robot i at time (¢), such that:
N ={Vj:d] <r,je{l..N},j#i}. (4.2)

Wherez,' >0, »* >0, and d’ =“p,- —pj“ are the collision range surrounding each robot, the
interaction range (radius of neighborhood circle, see figure 4.1), and the Euclidean distance
between the robot i and the robot j, respectively. For example, in figure 4.1, the robot R,

has three neighbors: R,, R3, Ra.

Similarly, let Nlﬂ (¢) be the set of the obstacles in the neighborhood of the robot i at
time (¢), such that:

]\flfg(t):{‘v’o:d;’Srﬁ,oe{l,..M},o;tj}. (4.3)
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Herer” >0 and d/ :‘

D, —PD,|| are the obstacle detection range and the Euclidean distance

between the robot i and the obstacle o, respectively.

Figure 4.1: Configuration of a desired swarm of seven member-robots.

4.3  Connection between neighboring robots

Consider robot (p,, v,) and robot (pj, vj) that move with the dynamic model as de-

scribed in (4.1). The control input u, is proposed as
w,= 1 (p) kel (v =v))+9,. (4.4)

In this equation, the relative velocity (v, —vj) between the robot 7 and its neighbor ; is used
as damping term with the damping scaling factor kijv'. The scalar ¢/ is used to determine if

the robot j is a neighbor of robot i. It is defined as:

(1 ifje N
¢l = (4.5)
0 if je N°(0).
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To create the attractive/repulsive force field ﬁj (p,) between the robot i and its neighbor j,

a respective potential function is proposed as:
¢/ 1 1Y )
Vi(p,)= 7 k) (T—TJ AT (4.6)

Taking the negative gradient of this potential function at p, (see in the Appendix), we ob-

tain the attractive/repulsive force, which is depicted in figure 4.2, as follows

fij(pi) :_VVij(pi)
i 4.7)
=c/ ([i—ia]—k? 5 —klff (dij —roa)]n,.j.
& @)

Where n/ = ( pi—D; ) / H p,—Pp JH is a unit vector along the line connecting p, fo p;, and dl.j
is the Euclidean distance as shown in equation (4.2). The positive constants (kl.g,klff,) are
used to regulate the fast collision avoidance and the stability in the set of the a neighbors

of the robot i.
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Figure 4.2: The description of the attractive/repulsive force field surrounding the robot j (

J€ N(¢)) that acts on the robot i (a) and its amplitude (b).
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The interacting ranges (7,7 >0,shown in figure 4.1) describe the influence of the
force fl’ (p;) on the robot i. When0< dl’ <1y, then robots i and j repel each other to avoid
the collision between them. Otherwise, when7,” < dij <r”, they attract each other to
achieve the equilibrium position (d/ =7) in the set of a neighbors of robot i. In case
dl:/ >r“ there is no interaction between these members. As depicted in figure 4.2, the ef-
fect of the attractive/repulsive force f/(p,) of the robot j (j€ N7(¢)) on the robot i is de-
pending on the relative position between robot j and robot i. Under the effect of this attrac-
tive/repulsive force, the neighboring robots will quickly approach the equilibrium position

(d’ =r"), at which the force f;’(p,)is equal to zero.

Theorem 4.1. Consider the robot i is described by the model (4.1), and controlled by the
control law (4.4). If the robot j € N; (t), then robot i will approach to the equilibrium posi-

tion, at which v, =Vv; and le_ _pr =1

Pr oof of theorem 4.1

Consider a point pjlies on the line connecting p, to p;, and satisfies H Dy~ ij =r,

see figure 4.3. The position of this point p; is calculated as follows:
(py—p)=15(p,—p)/ |2 =P, - (4.8)
This equation can be rewritten as
py=Ap+(1=-A)p; . (4.9)

Where A/ =1/ H p,—D ]H . Now, in order to analyze the stability of the robot i at the equi-
librium position, at which v, =v; and Hp[ —ij =1, weletx, =p,—p, =(1 —A)(p, -p;)

and x, =Vv; —V;. The error dynamic of the system is described as follows:

% =(1-4)x,
(4.10)
X, =V, =V,
Substitute (4.4) into (4.10) we obtain:
5 =(1-4)x,
(4.11)

X, ==V Vij (p)- klixz'
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Choose the Lyapunov function as follows:
. 1,
V:Vl.’(pi)+§x2x2. (4.12)

Letx, =( pi—P;))=X / (1— A7) be the position error between the robot i and the robot j, and
note that the relation in (4.6): (aV;j(pi)/api)T = (BW(pl.)/a(pi —pj))T. Taking the time
derivative of equation (4.12) along the trajectory of the system (4.11) we obtain:

. . T *
V() =(VV/(p)) % +x %,

= —(VV/(p, T.l 2T'2
G\ ) e (4.13)

ZxTz(VV;‘/(pi)+)'c2)

=—k/x]x, 0.
So, this equation guarantees that the system (4.11) is stable at the equilibrium position, at
which p, = p;and v, =V, when the control law (4.4) is used. In other words, using the con-
troller (4.4) the robot i will approach the equilibrium position, at which H p,—Pp ]H =7, and

V=V,

Figure 4.3: The description of the approach of the robot i towards the equilibrium position,

at which” p,—Pp ]H =7, along the direction of the attractive force field from its neighbor ;.
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4.4  Adaptive formation control in a dynamic environment

441 Problem formulation

This chapter presents an approach for the adaptive formation control of multi-agent
systems while tracking a moving target in a dynamic environment. In this approach, while
the swarm reaches the target position, if it detects obstacles on the way, its size will change
in order to quickly avoid these obstacles, but its formation is maintained. In special cases,
such as when the space among the obstacles is narrow, then the swarm’s size of the robots
will automatically shrink into a smaller size. Hence, the swarm can easily pass through this
space, while the swarm’s connection is still kept, see figure 4.4. However, when the swarm
reaches a minimum desired size, at which the swarm cannot overcome the obstacles, its
formation will be broken. The robots will automatically split from their swarm in order to
escape the obstacles as the free robots, and avoid the collisions with each other. After the
swarm has overcome the obstacles, its formation is reorganized to continue tracking the
target. In other words, these free robots will themselves find their swarm and they link to
each other in a new formation. In our approach, the information, which is obtained from
the changing environment, is concurrently sent to all robots in the swarm. Therefore, the
swarm’s size will quickly be adapted to the changes of the environment. In order to handle
these problems, the adaptive formation control algorithm is built based on the change of
the desired distance between the neighboring robots. This desired distance depends on the

sum of the repulsive forces from obstacles acting on the swarm.

The idea for the formation adaptation of a swarm in a complex environment while
tracking a moving target is depicted in figure 4.4. When some robots in the swarm detect
obstacles then the swarm’s size will automatically shrink into smaller size so that the
swarm can easily pass through these obstacles, but the formation of the swarm is main-
tained (example figure 4.4c). However, in order to avoid collisions among the robots in a
formation the swarm’s size is only allowed to reduce to a minimum desired size. Then, the
member robots in the formation will automatically split from its formation to become the
free robots to avoid obstacles in the direction toward the target (example figure 4.4d). After
the robots have overcome the obstacles, the swarm’s structure will be redesigned in a new
desired swarm. The changing of the swarm’s size to adapt to a complex environment is
controlled based on the desired radius 7, (see figure 4.1 and figure 4.2) between the neigh-

boring robots. The control algorithm for this adaption is presented in section 4.2.2.
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Reduce into smaller size Back to original size
Form a formation Split into free agent
o
o
[
=) =) o000 #
o
Initial Formation Obstacles Obstacles Formation
a) b) c) d) ¢)

Figure 4.4: The description of the adaptive formation control of a swarm while avoiding
obstacles in a narrow space: the original formation (b) and (e), the smaller reduced for-

mation (c), and the formation splitting (d).

4.4.2 Adaptive formation control algorithm

This sub-section presents the adaptive control algorithm for the formation of a swarm
of N robots, which pass through M obstacles of the environment to track a moving target.

The control law for each robot i (i=1,..,N) is given as follows:

u =u’ +ul +u. (4.14)

A. Obstacle avoidance control

The first component u; of (4.14) is used to control the obstacles avoidance for the ro-

bot i of the swarm while tracking a moving target. This component is proposed as:

Ma

(£ (p) =kl (v,=,)). (4.15)

=

Where the relative velocity vector (v, —v,) between the robot i and its neighboring obstacle

o (o€ Niﬁ (¢)) is used as a damping term with the damping scaling factor k; . The scalarc/,
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which is used to determine that an obstacle o is a neighboring obstacle of robot i or not, is

defined as follows:

1 ifoe Niﬁ(t)
¢’ = (4.16)
0 ifoe N°(t).

The repulsive force f;° ( D ) is created surrounding the obstacles to drive the robot i away

from these obstacles. It is designed as:

fiu (pi) ==V Vio (pi)

. . (4.17)
0 1 1 ki 5 0 Vj 0
=¢; [(F—r—ﬂJ—(dOP)z _kip (dl —-r )Jni

In this equation, the positive constants &, Kk’ are applied to control the fast obstacle avoid-

ip> “ip
ance. n} =(p,=p,)/|p.— P,
ent vector field f,°(p,) is characterized by a respective potential function, which is given

is the unit vector from the obstacle to the robot i. The gradi-

as follows:

2
[ cO o 1 1 o 2
v (pl)=?’[klp(d0 ——ﬂj A J (4.18)

B. Swarm-connection control

The second component u,:j of (4.14) is used to control the connection of the neighbor-
ing robots to avoid collisions and to keep the constant distances among them in an ordered

swarm as depicted in figure 4.1. This control component is designed as:

i (£ (p)—Hic] (vi=v,)+v,). (4.19)

J=1,j#i

In this equation, the relative velocity (v, —v;) between the robot i and its neighbor j is used
as damping term with the damping scaling factor k,]v The scalar c,.j is also defined similar
to (4.5). To create the attractive/repulsive force field f ( p,.) between the robot i and its

neighbor j, a corresponding potential function is proposed as:
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1

. C:j ki]j ’ 27 . 2
Hp)==| |tk +h) (d) 1) ] (4.20)

Taking the negative gradient of this potential function at p,, we obtain the attrac-

tive/repulsive force as follows:

fij (p)=-V Vzl (p)

(( k2 Koo | @.21)
=c/|| L+k P __ kI (d!—r") |n.
i d] d (dj )2 ip i 1 i

where n/ = ( pi—p; ) / H p—p ]H is a unit vector along the line connecting p; f0 p;, d,.j is the

Euclidean distance shown in equation (4.2). The positive constants kg, klff are used to reg-
ulate the fast collision avoidance, and the stability in the set of the a neighborhood of the
robot i. The distance7;”is a minimum desired distance at which the attractive/repulsive
forces are equal. The positive factor k,is used as an adaptive control element to control
the balance position between the attraction and the repulsion. Hence, when the swarm’s

size changes the formation of the swarm will be maintained.

|7y @)
e ré re e
Tl.la \ dij ] T‘I,g‘ rla Y. I dlj ]
a) b)

Figure 4.5: The amplitude of the force of the robot j acting on the robot i when
1Y <r? <r’(a) and when 7 <" (b).



4.4 Adaptive formation control in a dynamic environment 87

By equating ((klg /dl.j +k, ) kl.g /(dl.j ) —kl.ff (dl.j —rf’)) =0, one can find a valued/ =r"
at which the sum of the attractive force and the repulsive is equal to zero. In other words, if
there is a given valuer;” 27" and the line —klff (dij —1’1“) is not changed, then the adaptive
control element k, is determined as a function of the 77 . This function is calculated as

. 2
K (r —r®)(r® kY
k:’”(k 1)(;{)_&. (4.22)

d 1j o
k; r

p

This equation shows that when the desired distance ;" changes from the minimum desired
value #” to the maximum desired value 7, then the adaptive control element k, will au-
tomatically change in order to find the balance position, at which the connection between
robot j and i is stable (see figure 4.5a). When 0 < d[j <1, then the robots i and j repel each
other to avoid the collisions between them. Otherwise, when 7, < dl.j <r”, then they attract
each other to achieve the equilibrium position (d/ =#%) in the set of a neighborhood of

robot i. When dij >r” there is no interaction between these members.

As described in figure 4.1, the swarm’s size depends on the links between neighbor-
ing robots in the ordered swarm. Hence, when changing these links, that is, changing the
desired distance I”k“, the swarm’s size will also change. Furthermore, the formation of the
swarm has to shrink into a smaller formation in order that the swarm can easily pass
through the narrow space between the obstacles. Therefore, the desired distance 7, is de-
signed by an adaptive control force that is the average of the sum of the repulsive forces

from obstacles to the swarm. This desired distance is proposed as:

w=r=¢ > Y |7 (n). (4.23)

i=l 0eN/ (1)

Where, the component ¢, is defined as ¢, =k, i Z ¢/, here k, is a positive constant.
The repulsive force f’ ( pl.) from the obstacle 0121(00621\,; (t)M) to the robot i is presented in
4. 1N7). The equation (4.23) shows that when the swarm does not detect any obstacle (that is
COZ Z H A p,.)H =0) then " =r)(that is, the original size of the swarm is not
chéigoé](\i)ﬂft)lf this adaptive control force increases, that is, the swarm is hindered more, then

the 7" will decrease into the smaller size until the swarm can pass through these obstacles.

However, if 7" <7;", then the connection of the swarm must be broken to avoid the colli-
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sions among the member robots in the swarm, that is, in this situation there is only the re-
pulsive force among the member robots, see figure 4.5b. In this situation, the member ro-
bots will split from their swarm to avoid obstacles. Therefore, to solve these problems, the

radius of neighborhood circle #“ is chosen as:

a : a a a
—r’, <<y

re={ 2 (4.24)

r, otherwise,

and the adaptive control element £, is also redesigned as follows:

. 2 .
k.zf(r”’—r”’)(r“) kY
k 1 k i .
z P ——, if <<y
) 7,
ip k
k,= (4.25)
Ij
k, )
-, otherwise.
h

Finally, from equations (4.21), (4.24), (4.25) we see that when 7, reduces from 7," to
1%, then the swarm’s size also shrinks into a smaller size, but the robust connections be-
tween the neighboring robots are further maintained (see figure 4.5a). Otherwise, when
r” <nr”, then the link of the swarm is broken, there is only the repulsive force among the

neighboring robots to avoid the collisions among them (see figure 4.5b).

C. Target tracking control

In order to control the robot i to reach the target position, the third component ; in

(4.14) is proposed as:
u. =1 (p,) =k (v,—v,)+7, (4.26)

Where, (v, —v,) is the relative velocity vector between the robot i and the target with a
positive constantk;, . Under the effect of the attractive force f;' (p,) of the target, the robot
i will always track the target until it approaches this target position. This attractive force is

proposed as follows:
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_ii(pi_pt), if d'<r°
fi(p)= _ (4.27)
-k M, otherwise.

t
| =P,

Here r* > 01s the target approaching range, (p, — p,) is the relative position vector between
robot i and the target, and d; = || D — pt” is the Euclidean distance between the robot i and
the target. In order to adaptively control a swarm that can better avoid obstacles, this at-
tractive force also plays an important role. The magnitude of this force is decided by the

control factor k, , which is proposed as follows:

ip oo a a
—o s s
_ k
k = t (4.28)
ip : o o
r—a , if no<n .
1

Where kl; is a positive factor. Equation (4.28) shows that when the adaptive control force
increases, that is, the desired distance I”ka decreases, then the attractive force of the target is
also increased. However, when 7" <r”, the gain of this attractive force is limited by a

maximum desired value that corresponds to &, = kl; / r?, so the swarm will avoid damage.
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D. Simulation results

This sub-section presents the results of the simulations of the adaptive formation
control algorithm of multi-robots while avoiding obstacles. For the simulations, we assume
that the initial velocities of the robots and the target are set to zero, and obstacles of the
environment are stationary. All robots know the position of other robots as well as the po-

sition of the obstacles and the target. The general parameters for the simulations are listed

in table 4.1.

TABLE 4.1: PARAMETER VALUES

Parameter Definition Value
r” Minimum desired distance for neighbors 10
o Maximum desired distance for neighbors 20
Obstacle detecting range 30
r Distance of approach to target position 50
ki’ Constant for fast approach to target position 3,6
ki Damping factor for approach to target position 1,3
ki Damping factor for approach to balance point 1,5
k,-pl-/ ;k,-,,Zj Constants for fast link between neighbors 80; 6
ki’r ki’ Constants for fast obstacle avoidance 95;7
Cy Constant 0,6
Co Constant 3,5

Firstly, we test the control algorithm for the robust connections in a swarm of four
robots, while tracking a moving target. The target moves along the trajectory
p, =(0.3t+400, —0.2t+300)" . For this simulation, the initial positions of robots and obsta-
cle are chosen as follows: p, =(40,70)", p,=(30,50)", p,=(80,10)", p,=(20,30)",
p,, = (250, 140)" .

The results of the simulations in figure 4.6 and figure 4.7 show that the formation of a
swarm is maintained while the swarm tracks a moving target. At initial time, all robots
move freely, but after a time of circa 70s they link to each other to reach the stable posi-
tions in a desired swarm. The swarm’s size is kept until the swarm meets the obstacle. At
time t=125s until t=220s the swarm’s size is shrunk into a smaller size to avoid the obsta-
cle, but the formation is not broken. After overcoming the obstacle the swarm’s size is
immediately recovered, and further maintained in an original size while tracking a moving

target.
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Figure 4.6: The robust connection in the formation of a swarm of four robots is maintained
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Figure 4.7: The size of a swarm of four robots simulated in figure 4.6 changes at time ¢.
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Figure 4.8: The formation adaptation of a swarm of four robots when the space between

obstacles changes.
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Figure 4.9: The size of a swarm of four robots simulated in figure 4.8 changes at time ¢.
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Secondly, the adaptive formation control is tested while a swarm passes through the
different narrow spaces between obstacles. Figure 4.8 and figure 4.9 depict the results of
the simulations for the adaptation of a swarm of four robots while moving in a narrow
space between the obstacles. During the period from 100s to 260s the distances between
neighboring robots are reduced to smaller values (see figure 4.8). Hence, the swarm can
easily overcome the spaces between these obstacles, while the swarm’s structure is main-
tained. From t=400s to t=560s the swarm’s link is broken and the robots become free ro-
bots in order to avoid obstacles. In this case, the obstacle avoidance of the free robots is
successful and there are no collisions among robots (the smallest distance between neigh-

bors isd! =7", see Figure 4.9).

Similar to the case for a swarm of four robots, figure 4.10 also shows that a swarm of
seven robots adapts to the changing of the environment while reaching the position of the
target. At time t=200s, the formation is shrunk in order to pass through the narrow space
between obstacles, and then it is recovered as the original formation at t=200s. At time
t=620s the formation is broken, and then it is redesigned in a different stable structure in

order to continue to move towards the target.
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Figure 4.10: The formation adaptation of a swarm of seven robots while exiting the differ-

ent narrow space between the obstacles.
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4.4.3 Conclusion

This section has presented an approach for the adaptive formation control of a swarm
of autonomous robots that pass through the obstacles of the dynamic environment to reach
the target position. The adaptation of a swarm to the environment is built based on the
change of the desired distance between the neighboring robots in the swarm. This desired
distance is inversely proportional to the sum of the repulsive force from obstacles to the
swarm. Information about obstacles, which each member robot detects from the environ-
ment, will be sent to all other member robots in the swarm. Therefore, the swarm’s size
will immediately change to adapt to the changing environment. The results of the simula-
tions have shown that under the proposed adaptive control algorithm, a swarm of autono-
mous robots can easily escape the obstacles of the environment in order to reach the target.
While avoiding the obstacles, the size of the swarm is automatically changed into the
smaller size, so the swarm can quickly avoid the obstacles with the formation is kept.
Moreover, the swarm’s size reduction will help swarm can easily escape the narrow space
among obstacles, but the structure of the formation of this swarm is not broken. In addi-
tion, the formation distribution to the free robots in order to avoid the collisions among the
members in the swarm while escaping the narrow space between the obstacles also proves

the success of our proposed approach.

4.5 Cooperative formation control in a dynamic environment

451 Problem formulation

This sub-section presents an approach to cooperative control for the formation of a
swarm of autonomous robots to track a moving target in an unknown environment. This
approach is based on the traditional potential fields combined with the rotational vector
field. The repulsive potential field is used to repel the robots away from obstacles while the
rotational vector field is added to drive the robots so as to overcome obstacles in the direc-
tion of the target’s trajectory. The target’s direction is determined based on the relative
position between the current position and the future position of the target with the prese-
lected time-step At, see figure 2.8 in chapter 2. Under the effect of the blended vector
field, the autonomous robots can easily escape obstacles in order to quickly reach the tar-

get. In this approach, the neighboring robots in a swarm will be linked to each other by the
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attractive and the repulsive vector field between them in order to generate the stability and
robustness of a formation. Moreover, information about obstacles, which each member
robot detects from the environment, will be sent to all other member robots in the swarm.
Hence, the formation of the swarm is maintained while tracking a moving target and the
velocity of the neighboring robots in a formation is also matched while avoiding obstacle

simultaneously.

The formation control for a swarm of the autonomous robots to track a moving target
in an unknown environment is shown in figure 4.11. This swarm must overcome the U-
shaped obstacle in order to reach the moving target. In an unknown environment, it is very
difficult to determine the desired motion direction for the robots to easily escape obstacles
and simultaneously reach the target quickly. The best way to solve this problem is to con-
trol the robots to avoid obstacles in the direction of the target’s trajectory. Moreover, while
these robots avoid obstacles, the stability and robustness of their formation must be main-
tained. Therefore, in order to execute this idea, each robot will be controlled by a total
force that consists of the attractive force fit (p,) of the target, the sum of the repulsive
forces Z S (p,) of the obstacles, the rotational force f,” (p,) surrounding the obstacles,
the coﬁenNéﬁc(?ing force fl’ (p;) between this robot with its neighbors, and the obstacle avoid-

ance forces from other member robots send to this robot.

Robot’s trajectory U-shaped obstacle
Target’s
'\, direction
\\ 1
\\ 7
N7 Target
Target P \\
\
X
Target’s
direction
U-shaped obstacle Robot’s trajectory
a) b)

Figure 4.11: The geometric description of the obstacle avoidance and escape for a swarm

of four robots while tracking a moving target: clockwise (a) and counter-clockwise (b).
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4.5.2 Formation control algorithm

This section presents the formation control algorithm for a swarm of N robots, which
passes through M obstacles to track a moving target. As stated above, the final aim of the
member robots in a swarm is to escape obstacles of the environment to reach the target
while staying together. Accordingly, the control algorithm for each member robot i of a

swarm is also given as follows:
u =u +u’ +u. (4.29)

In this control law, the first component ul’ 1s used to control the robust connection
between the neighboring robots in the formation. As shown in section 4.4, this connection
is controlled based on the combination of the attractive vector field and the repulsive vec-
tor field among the neighboring robots. Furthermore, in order to obtain the quick stability
at the balance point, at which the distance among the neighboring robots is constant, the
relative velocity vector (v;— v;) between them is added as a damping term with the scaling

factor k.

The second component u; of (4.29) is used to control the obstacle avoidance for each
member robot of the swarm. As presented above, the final aim of this sub-section is to con-
trol the formation of a swarm to quickly escape the obstacles, but this formation is always
maintained while avoiding these obstacles. In order to solve this problem, information
about obstacles, which each member robot detects from the environment, will be sent to all
other member robots in the swarm. Therefore, the obstacle avoidance control law is pro-

jected for each robot i as follows:

P I VALCA SRR R AACESBIE (4.30)

1 oeNE (1)

. N
U

pm
Where the relative velocity vector (v — v,) between the robot £ (k=1,2,..N) and its neigh-
bor-obstacle o€ Nkﬁ (#) is used as a damping term with the damping scaling factor k,’. The
local repulsive force surrounding the obstacle f,”(p,) is used to drive the robot away
from this obstacle. The local rotational force surrounding the obstacle f,” (p,) is used to
drive the robot to escape this obstacle in the direction of the target’s trajectory. As present-
ed in section 2.3, the combination of these forces will help that the robot can easily and

quickly exit the obstacles to continue tracking a moving target.
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The third component ! of (4.29) is used to control the robot to reach the target posi-
tion as represented in section 4.4. However, in order to control the formation cooperation
of a swarm while avoiding obstacles better, the attractive force surrounding the target must

have the smaller magnitude. Hence, this attractive force is proposed as follows:

k¢
__tr(pi_pz)a if dit<rT
r
S (p)= 431)
—kft(p"—m, otherwise.
pr =D

Where, the scaling factor k;’t is designed, such that:

k' if NP(t)=@ (empty set)
ke = (4.32)
k> otherwise.
i &l oo & e
Here, the selected positive constants &k, and &k~ satisfy that: k7 > k.
Finally, the control law for each member robot i of a swarm is summarized as follows

w= X (£ (p)=-kel (v-v,)+v,)

JEN{ (1)

_|_

DD (A po+ 1 (p) -kt (v —v,)) (4.33)

k=1 oe N% (1)

+ fit(pi)_kitv (Vi_vt)—i_‘)t

453 Simulation results

This sub-section presents the simulation results of the cooperative formation control
of the autonomous robots to track a moving target in a dynamic environment. The general

parameters for the simulations are listed in table 4.1.

Case 1: The keeping of the formation of a swarm of four robots while avoiding the
U-shaped obstacle to track a moving target is tested. For these simulations, the initial posi-
tions of the robots are chosen as follows: p, = (20, 180)", p,=(30, 230)",
p; = (40, 170)", p, =10, 210)".
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Figure 4.12: The keeping of the formation of a swarm of four robots while avoiding the U-

shaped obstacle in order to track a moving target, which moves along the trajectory p,, .
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Figure 4.13: The distance between robots in the swarm of four robots simulated in figure

4.12 at time ¢.
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The first situation, in which the target moves along the trajectory
p,, =(0.6t+230, 0.9t+80)", is depicted in figure 4.12 and figure 4.13. The results of the
simulations in figure 4.12 and figure 4.13 show that the formation of a swarm of four ro-
bots is maintained while the swarm tracks a moving target. At initial time, all robots move
freely, but after a time of circa 80s they are linked to each other in order to generate a de-
sired formation. Then, this formation moves towards the target position by the attractive
force field from the target until it meets the obstacles. When the swarm detects the obstacle
it changes its moving direction to avoid collision with this obstacle and searches the new
path towards the target. Figure 4.12 shows that the obstacle avoidance of the swarm ac-
cording the moving direction of the target is successful. The robots can easily escape the
U-shaped obstacle without breaking the formation. The distance between the neighboring
robots in the swarm is kept constant, see figure 4.13. After the robots overcome the obsta-
cle, they continue to chase the target until the swarm reaches this target at time t=280s, see
figure 4.12.
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Figure 4.14: The keeping of the formation of a swarm of four robots while avoiding the U-
shaped obstacle to track a moving target that moves along the trajectory as

p,, =(0.6t+230, —0.9t+320)" .
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The second situation, in which the target moves along the trajectory as
p,, =(0.6t+230, —0.9t+320)", is simulated in figure 4.14. The simulation result in this
case shows the intelligence of a swarm while pursuing a moving target. The robots in the
swarm move according to the direction of a moving target in order to quickly catch the
target. While avoiding the obstacles, the connections among the neighboring robots are

stably kept.

Case 2: The keeping of the formation of a swarm of four robots while avoiding the
wall-shaped obstacle to track a moving target is tested. In this case, the target’s trajectory
is selected as p,; =(—0.4t+150, —0.9t+250)" . For this simulation, the initial positions of
the robots are chosen as follows: p, =(270,320)", p,=(300, 300)", p,=(310, 340)",
p, =330, 310)". The simulation result depicted in figure 4.15 shows that the swarm of
four robots successfully escapes the wall-shaped obstacle. The robots can quickly exit this
wall-shaped obstacle in order to move towards the target. The directional movement of
these robots is driven towards the right of the wall-shaped obstacle (clockwise direction) at
time t=120s. The change in movement direction helps the robots avoid the collisions with
the obstacles, and find the fastest way to chase the target. Moreover, the formation of the

robots is not broken while avoiding the obstacles.
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Figure 4.15: The keeping of the formation of a swarm of four robots while avoiding the

wall-shaped obstacle to track a moving target, which moves along the trajectory p,;.
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454 Conclusion

This section has presented an approach to the cooperative control for the formation of
a swarm of autonomous robots to track a moving target in a dynamic environment based
on the combination of the potential force fields and the rotational force field. The rotational
force field is added to help the robots to quickly escape obstacles. The movement direction
for the robots to avoid obstacles is designed to be in the moving direction of the target,
such that the robots can easily escape the obstacles and find the fastest path towards the
target. The results of the simulations have shown that, under the effect of the blended force
field, a swarm of autonomous robots can easily find a path to track a moving target in a
environment, in which there are the different obstacles. Using the added rotational force
field, the obstacle avoidance of this swarm is successfully achieved. Moreover, the robots
in a swarm are connected to each other and they obtain the information about the obstacles
of the environment from other member robots. Thus, the formation of a swarm is main-

tained while avoiding the obstacles in order to track a moving target.
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5 Merging and Splitting in a M obile Sensor Networ k

5.1 Introduction

In recent years, the mobile sensor network has been an interesting research topic in
the control community all over the world [39]-[59]. Its potential applications in many are-
as, such as search and rescue missions, and forest fire detection and surveillance, is the

motivation for this attraction.

One of the interesting issues in the mobile sensor network to reach the target position
is flocking control [34]-[38]. The sensors in the network have to link with each other in
order to avoid collision and maintain their velocity during tracking. Obstacle avoidance
[16, 17] is also an interesting topic in path planning for autonomous mobile sensors to
reach the target. The artificial potential field is known as a positive method in order to
solve these problems. Recently, the artificial vector field method has been widely studied
and powerfully applied to formation control of a swarm of multi-agents to reach a target in

a dynamic environment, see [23]-[50].

Furthermore, the control of a mobile sensor network is important and presents two
main issues: sensor splitting and sensor merging. Sensor splitting arises when the new
targets appear, automatically splitting from the main group of the moving sensors into the
subgroups in order to track the new targets. In contrast, sensor merging can occur when
targets disappear, forcing those subgroups to redistribute to the remaining sensor groups
still tracking their targets. Additionally, sensor merging is required at operation start time
due to initial sensor placements. Although this topic is very interesting, and has potential
applications in military area as well as in civilian area, but the research results in this field
are still very limited. The published literature has mainly focused on the control for the
mobile sensor network to reach a single target. Using the artificial attractive potential field,
which is generated from the target and has decreasing amplitude to the target’s position,
the free sensors will automatically meet and connect to each other during tracking [39]-
[50]. However, in practice, it is very difficult to execute this method, as the velocity of a

free sensor is very high when it is far from the target.

In this chapter, we propose a novel approach to control the sensor merging/spitting in
a mobile sensor network while tracking the moving targets in a dynamic environment. This

approach is developed based on the traditional potential field method [14]-[22] combined
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with the geometry method and the energy level partitioning method. In this approach, the
invariable global attractive force field surrounding the target is used to drive all sensors in
a group towards their target. Simultaneously, a constant global attractive force field is also
generated from the virtual leader of a group in order to control the free-sensors to combine
into their group. In a group, a member-sensor, which has the shortest distance to the target
of this group, is chosen as the virtual leader. Under the effect of the total force field, which
contents the attractive force field of the target and the virtual leader, the free-sensors will
usually move towards their group during tracking because the attractive force of the virtual
leader is always designed larger than the global attractive force of the target. In contrast,
sensor splitting, wherein a sensor group is broken into subgroups in order to track the new
targets, is performed by the geometry method. In this method, when a new target appears, a
boundary line through the target position and the center of the main group is generated as
the basis for the sensor splitting. The sensors that lie together on one side of this boundary

line will form to a new subgroup with a new virtual leader

The rest of this chapter is organized as follows: The sensor merging control method based
on the energy level partitioning surrounding the virtual leader is given in the next section.
Section 5.3 presents the sensor splitting control method. In section 5.4, the general control-
ler for each sensor in a mobile sensor network is given. The results of the simulations are

given in section 5.5. Finally, section 5.6 concludes this chapter.

5.2 Sensor merging control

521 Problem statement

In this section we consider a network of N mobile sensors ( N >2) that track a mov-
ing target in a two-dimensional Euclidean space {R?} with M obstacles in the environment.
The free-sensors have to merge into the formation of a group and become new members.
The member-sensors in a swarm will connect with their neighboring sensors in order to
generate a stable formation without collisions. Each sensor, which is assumed as a moving

point in the space, is also described by the dynamic model as:

(5.1)
\'/.:u., i=],..,N

Where (p,, v;, u,)e {RZ} are the position, the velocity, and the control input of the robot i,

respectively.
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e

Level 3

Level 4

Level 5

Figure 5.1: The description of a group of the mobile sensors in the energy level partitioning

surrounding the virtual leader while tracking a moving target.

First of all, in order to simplify the analysis, we make the following remarks, defini-

tions, and assumptions:

Remark 5.1. In a mobile sensor network, each subgroup has the mission to track a respec-
tive moving target. In each subgroup, a sensor which has the shortest distance to the target
will be selected as the virtual leader of this group. This virtual leader has the mission to
attract free-sensors towards the formation of this group. Under the attractive force of this
leader, these free-sensors will quickly combine into the formation and become the new

members. Moreover, the formation of a group will be maintained by the connection be-
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tween neighboring member-sensors in this formation during tracking without collisions. A
sensor is determined as a free-sensor or member-sensor in a group which depends on the
relative position between this sensor and the leader through energy levels as described on

figure 5.1.

Definition 5.1. A sensor j is the neighbor of the sensor i if it lies in the limited communica-
tion range 7" of the sensor i (radius of neighborhood circle, shown in figure 5.1). During
the motion of the sensors in a group the relative position between them can change, hence
the neighbors of each sensor can also change. Therefore, in general we can define the set of

the sensors in the neighborhood of sensor i at time ¢ as follows:

Ne@0={j:d/ <r,je{l,.,N},j=i}. (5.2)

Whered/ = H D= ij is the Euclidean distance between sensor i and sensor j in the space.
For example, in figure 5.1, the sensor S; has three neighbors: S,, S¢ and S;. As depicted in
figure 5.1, in order to generate a stable and robust formation each member sensor in a
group is only allowed to connect with its neighboring sensor. Thus, to perform this prob-

lem the radius 7* of neighborhood circle can be chosen, such that: 7” < 7% < \/gro‘” .

Definition 5.2. A sensor i (i=1,..,N) is the member of a group if it lies in the energy level 1
of the virtual leader. In other words, it is the neighbor of the leader (the distance from this
sensor to the leader is smaller than the radius of the neighboring circle 7“). For example, in
figure 5.1, sensor Sg is selected as the virtual leader of a group, hence the sensors S;, Ss, S¢
and S; are member-sensors of this group, because these sensors lie in the energy level 1 of
the virtual leader. In case, sensor i lies in the energy level n (n # I), it will be a member-
sensor of a group if it has at least two neighbors which lie in the smaller energy level cor-
responding to (n-1), or it has at least one neighbor that lies in the energy level (n-7) and at
least two neighbors that have the same energy level n with sensor i. For example, in figure
5.1, sensor S; (S; lies in the energy level 2) is a member sensor, because it has two neigh-
bors (S;, S7) that lie in the energy level 1. Similarly, sensors S4 and S;4 also are the member
sensors in the group of the virtual leader Se. Furthermore, sensor S; (Ss lies in the energy
level 2) is a member sensor, because it has one neighbor that lies in the energy level 1 and
two neighbors (S,, S4) that lie in the energy level 2 . In other cases, sensor i is a free-
sensor, for example sensors Si;, Si2 and S3 in figure 5.1. Furthermore, sensors Sg, Sg and

S1o also are free-sensors, although they are connected in a sub-formation.
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Assumption 5.1. The position p, = (x;, y,)" and the velocity v, = (v,

X 9

Vi )" of the robot i are
known. The robot is equipped with sensors such as cameras, sonars, laser sensors, GPS
sensors, and associated algorithms, etc., to estimate the trajectory (position p, =(x,, y,)"

and velocity v, = (v, v, )') of the target precisely.

Assumption 5.2. The velocity of the moving target is limited by the maximum velocity of

the robot ||vt|| <V, o -

Assumption 5.3. The robot can sense the positionp, =(x,, y,)" and the velocity

v,=,, voy)r of the obstacles in the environment precisely.

o

5.2.2 Sensor merging control algorithm

This sub-section presents an approach for the free sensor merging control into a
group. This approach is based on the energy level partitioning method surrounding the vir-
tual leader. The main aim of this approach is to control all free robots that can quickly find
and reach a group in order to become the members in the formation of this group. Accord-
ing to the above analyses, the sensor merging control algorithm for a group of N sensors

while tracking a moving target is built by the following steps:

Step 1. Choose a sensor, which has the shortest distance to the target, as the virtual leader

of the group. The distance from the virtual leader to the target is computed as:

d =min{d! =|p,-p,|.i=1..N}. (5.3)
Step 2. Partition the energy levels from the selected virtual leader in order to determine
that the sensor 7 is a free-sensor or a member-sensor of the group. Let 7, be the radius of
the energy level n from the virtual leader. Then, the magnitude of the energy level n,
(n={1,2,...}), is described as 7, —7,_,, and it satisfies the equation 7, =7, —r, ,, see figure
5.1. Here, the positive constant 7;" is a minimum desired distance between the neighboring

sensors, at which the attractive and repulsive forces between these neighboring sensors

balance. In general, the radius of the energy level 7 is built as follows:

r,=A+nr . (5.4)

In this equation, the positive constant / is used to determine the radius of the neighborhood

circle r“(r* =A+r,"), see figure 5.1. Now, we consider a sensor i that has the relative



5.2 Sensor merging control 107

distance to the leader, such that: d/ =|| D= p1||. In order to determine the energy level 7,

at which the sensor i is existing, we build an inequality as follows:

d' <A+nr, i=1.Nand n,={1,2,3..}. (5.5)

From this inequality, the energy level 7, is proposed as follows:

n,=ceil ((d/ =)/ r{"). (5.6)

Let c. be the number of the sensors that lie in the energy level (. —1) and are the neigh-

bors of the sensor 7 at time 7. This component is described as follows:

c, = ZN: c;- (5.7)

J=1,j#i
Here, the scaling factor ¢; is defined as:

1, if n,=n,—1land je N/ (1)
‘ . (5.8)

0, otherwise

Where, n; is the energy level, at which the sensorj (j=1,2,..N; j #i) is existing. Similar
to equation (5.7), the number of the sensors that lie in the energy level n; and are the

neighbors of the sensor 7 at time ¢, is described as follows:

6= 3 ¢ (5.9)

k=1,k#i

Here, the scalar ¢ is also described as follows:
I, if n, =n;and ke N/ (t)

¢, = (5.10)
0, otherwise.

Where, n, is the energy level which the sensor k (k =1,2,..N; k #i) is owning.

Finally, a sensor that is determined to be a free-sensor or member-sensor of a group is pre-

sented on the flowing diagram in figure 5.2.
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Compute n; as (5.6)

i 1s a member-sensor

Yes

Yes

i is a free-sensor

Figure 5.2: The flowing diagram for the determination of the sensor i (i=1,..,N) thatis a

free-sensor or a member-sensor in a group.

Step 3. Design the sensor merging control law for each sensor 7 in a group as follows:

ull =k c(e,l—k?c((vi—vl). (5.11)

ip~ii v

In this control law, the relative velocity vector (v;— v;) between the sensor i and the virtual
. . . . . ] /- ..

leader is used as a damping term with the damping scaling factor0 <k, . k;,is a positive

gain factor, and € =(p,—p,)/ || D;— p,” is a unit vector from the leader to the sensor i. The

scalar c,-l 1s described as follows:
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Cc. =

1

1, if iis free—sensor
. (5.12)

0, otherwise

Equation (5.12) shows that only free-sensors are affected by the attractive force of the vir-
tual leader. In other words, using the attractive force from the virtual leader, all free sen-
sors will find and approach their group to become the new members in this group. Then,
these new members will combine with other members in the group to continue tracking

their target.

Remark 5.2. If a target disappears at time ¢, the sensors that are tracking this target will
automatically combine with the nearest existing subgroups as the free-sensors of these

subgroups.

5.3 Sensor splitting control

This sub-section presents the sensor splitting control method from a group, which is
tracking a moving target, into subgroups to track the new targets when these new targets

appear. The idea to design this method is depicted in figure 5.3.

As shown in figure 5.3 the line f{x,y)=0 through the center A of the main group and
the new target splits the main group, which is tracking the old target, into two sub-groups.
The first sub-group (subgroup 1) consists of the sensors that lie on the side that contains
the old target while the second subgroup (subgroup 2) consists of the sensors that lie on the
opposite side. Assume that in the main group there are N sensors (N > 2), and each sensor
i (i=1,.,N) is located at the position p, =(x,, y,)" . Then, the center of this main group

at time ¢ is calculated, such that:

AW =12 p,0) (5.13)

Let p, ()=(x, (0, ¥, (), p,(O)=(x_ (1), », (), and A(5) = (x,(1), y,(1))" be the posi-
tion of the target 1 (old target), the position of the target 2 (new target), and the position of
the center of the main group at time ¢, respectively. According to [96], [97], the boundary
line f(x,y)=0 is given , such that:

f(x,y)z x—x,(1) _ Y=y,

| 14
xtz(t)—xA(t) ytz(t)_yA(t) (5 )
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Figure 5.3: The description of the geometry method for the sensor splitting control from a
main group, which is tracking the old target, into two subgroups (subgroup 1 and subgroup
2) when the new target appears. The subgroup 1 continues to track the old target while the

subgroup 2 is split to track the new target.

The boundary line f(x,y)=0 will split the coordinate plane xy into two half-planes.
One side of this boundary line consists of all points that satisfy the inequality f(x,1)<0. All
points on the opposite side satisfy the inequality f(x,))>0. Hence, in order to determine if a
sensor i is lying on a particular side of the boundary line f(x,))=0, we use the old target as a
test-point as follows: if sensor i lies on the side containing the test-point, then
S(p, () f(p,(#))>0. In contrast, if sensor i and the test-point lie on the different sides of
the boundary line f{x,y)=0, then f(p, (¢))f(p,(¢)) <0 . In the special case, if the old target
lies on the boundary line f{x,y)=0, then the sensors on one side of this boundary line are
selected to track a target, while the sensors on the remaining side of this boundary line will
continue to track the remaining target. In order to solve this problem, we can choose a ran-
dom test-point (for example a test-point D(¢) =(x, (1) +A4, y, (1) +A )", here Ais a positive

constant) to determine that the sensor i is lying on which side of the boundary line f{x,y)=0.
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If the sensorsi (i=1,..,N) of the main group satisfy the inequality f(D(?))f(p,(t)) =0,
then they are selected as the members of a subgroup (for example subgroup 1) to track the
old target. The remaining sensors of the main group will be redesigned into a new group
(for example subgroup 1) to track the new target. Finally, after the sensor partitioning, the
mission of each sensor is to reach its target, and this mission is maintained until this target

disappears or some new targets appear.

Based on the above analysis, the control law for each sensor i to track its target is

proposed as follows:
;= f"(p) =k, (v, =, )+, . (5.15)

Similar to equation (5.11), in this equation, the relative velocity vector (v, —v, ) between
the sensor 7 and its target is added as a damping term with the positive factor k;, . The force
field f(p,)is designed as an attractive potential field surrounding each target 7,, with
m={1,2,3...}. Therefore, under the effect of this force field, each sensor i will always be
attracted towards its target until it reaches this target. This attractive force field is designed

as follows:

ip
T
r

pi— P |, - lf dzt <r
fim(p,)= (5.16)

~ke, otherwise.

Herer® > 0 is the close range surrounding the target, at which the sensor’s speed is reduced

is the unit vector directing from

before reaching the target, and ¢, =(p,—p, )/ H PP,
the target(p, , v, ) to the sensor (p;» v,). Equation (5.16) shows that the magnitude of the

. t, . . ., t .
attractive force f;"(p,) is depending on the positive control factor k;, and the distance

ditm = Hpi _ptm

between sensor i and its target.

Example: The sensor splitting control algorithm from a main group into two sub-groups to

track two moving targets is presented in Algorithm 5.1.



112 5 Merging and Splitting in a Mobile Sensor Network

Algorithm 5.1: Sensor splitting control

Update data: The actual state of the robots (p,, v, withi=1,..N), the targets
(p, » v, withm=1;2), and the actual position A of the center of the main group.

Build the boundary line f{x,y)=0 that satisfies equation (5.14), and calculate
f(p,)f(p).

for i=I:N

it f(p,)f(p)>0 then
Sensor i is split into the sub-group 1 to track the target 1, and the target

tracking control law is given as
uzt = fitl (pz) _kitv(vi -V ) +‘.}zl )
eseif f(p,)f(p)<0 then

Sensor i is split into the sub-group 2 to track the target 2, and the target

tracking control law is given as
up = f2(p) =k, (v, = v, )+, ;
eseif f(p,)/f(p)=0 then
Choose a test-point D =(x, +A, y, +A ), and calculate f(D)f(p,).
if f(D)f(p,)=0 then

Sensor i is the member of the sub-group 1 that will track the target 1,

and the target tracking control law is given as
uzt = fitl (pi)_kitv(vi -V )+‘.}zl )
else

Sensor i is the member of the sub-group 2 that will track the target 2,

and the target tracking control law is given as

w = 2 (p) =k, (v, =v, ) +V,

end

end

end
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54 General controller

This subsection presents the general controller for each sensor i (i =1,..,N), which
has the described dynamic model as equation (5.1), in a mobile sensor network. This con-

troller is proposed as follows:

wo= 2 (S p)=k0=v)+v,)
JENF (1)
* z (f;a(p[)_k[(\)/(vi_vo))
oeNf (1)
(5.17)
* Ci[ (_kl]lv(pi_pl)/”pi_pl||—kli(vi—vl))
+ fi(p) =k, (v, =V, )+, .

In this controller, the first component Z ( f(p)—k. (v, =V;) +\>j) is used to control the
connection between sensor (p;, V;) \;\E/f'][{lh(t)lts neighbors in the formation of a group. The
pair (p;, v;) is the position and velocity of the sensor j, j€ N/(t), see Definition 1. As pre-
sented in chapter 4, the attractive/repulsive force field f;/(p,)is given such that
£ o) =((@ =) k@)Y =k (d) =7 ) @) )(p— ;). Here, k., k. k] are
the positive factors. 7, >0, and d =“p,- —pj“ are the collision range surrounding each ro-
bot, and the Euclidean distance between the robot i and the robot j, respectively. The se-
cond component Zﬂ: ( S (p) =k (v, —vo)) is used to drive the sensor i to avoid the obsta-
e NP (1),

cles (p,, v,) of the environment. Similar to the Definition 1, the set of the obstacles in the f

neighborhood of sensor 7 at time ¢ is also defined as Nl.ﬁ(t) ={0, d’ < o0=1.M,0% j} ,

here 7 >0 and d’ =H P.—p,| are the obstacle detection range and the Euclidean distance

between the robot i and the obstacle o, respectively. The repulsive force field £ (p,)1s also
given such that £(p,)=(((d/)" = ()" )y (d? > =k (df =7 )(d) ") (p,—p,) - Here,

K,k kff are the positive factors. (p,—p,), (v,—Vv,) are the relative position and velocity

w2 Vip 2

between sensor i and its neighboring obstacle o, respectively. The third component

cl (—kilp (p.—p) /||pl. —pl”—kfv v —v,)) , which is presented in section 5.2.2, is used to con-
trol the sensor i merging into its group if it is a free-sensor. The fourth component
fi"(p,)—k., (v,—v, )+v, is used to control the sensor i tracking its target as presented in

section 5.2.3.
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55 Simulation results

This section presents the results of the simulations for the sensor merging and split-
ting control algorithm in different cases. For the simulations, we assume that the initial
velocities of the robots and target are set to zero, and the obstacles in the environment are

stationary. The general parameters for the simulations are listed in table 5.1.

TABLE 5.1: PARAMETER VALUES

Parameter Definition Value
ro” Desired distance between robots 20

A Positive constant 0.42
7’ Obstacle detecting range 25

r Target approach radius 100
ki, kl-pl Factors for approaching to target and leader  6; 7
kiplj, k,” Positive factors for fast connection 80; 7
k,-pl ° k[pzo Constants for fast obstacle avoidance 90; 8
kil k) ok k) Damping factors 1,8

A. Test the sensor merging control algorithm

First of all, we test the sensor merging control algorithm for a mobile sensor network
of four sensors while tracking a moving target in a stationary environment, in which there
are the different obstacles. For this simulation, the initial positions of the sensors and the
obstacles are selected as : p, = (10, 200)", p, = (30, 210)", p, = (60, 220)" , p, = (400, 10)"
,p,; =(230,150)", p,, = (300, 100)". The target moves along the trajectory as follows:
p, =(0.3t+200, —0.2¢+480)". The

The results of the simulations in figure 5.4 and figure 5.5 show that three free sensors
(S1, Sz, S3) have quickly found and connected each other in order to generate the robust
formation of a group. In other words, these free sensors have quickly approached to a
group and become the first members in the formation of this group at time t=200s (see fig-
ure 5.5). Then, these members have continued to track the moving target in the stability
and robustness of a formation. Moreover, their motion towards the target position is not
affected by the attractive force of the virtual leader (here sensor S; plays the role as a virtu-
al leader to attract the free sensors towards it). On the other hand, under the effect of the
attractive force from the virtual leader, the free sensor S4 passes through obstacles O;, O,

without the collision to achieve the group that was generated by the combinations among
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three sensors Si, S;, S; (see figure 5.4). As shown in figure 5.4, the free sensor S4 has easi-
ly and quickly moved towards the group that is tracking the moving target under the lead-
ership of the virtual leader. After approaching the group, the free sensor S has linked with
other members in order to become a new member in this group at time t=630s while track-
ing the moving target. Furthermore, figure 5.5 also shows that while tracking a moving
target the formation of the sensors S;, S,, Ss, S4 is maintained, and the position errors

among the members of this formation is very small, see figure 5.5.

500

450+ 6305 \Tr‘aj ectory of target .
400 t=1000s e

t=410s

350

300

250

y-Position

200

150~ Initial position o 4

of sensors: S, S», S3 o)
100" : Q@ ©: :
Initial position

. of sensor S4
Trajectory of sensor Sy

50

| | | | | I |
0 50 100 150 200 250 300 350 400 450 500

x-Position

Figure 5.4: Snapshots of a mobile sensor network of four sensors that is tracking a moving
target in a dynamic environment, and controlled by the formation control algorithm com-
bined with the sensor merging control algorithm and the obstacle avoiding control algo-
rithm. The target moves along the trajectory p, =(0.3¢+200, —0.2¢+480)" (green trajec-
tory) at time t=0s.
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Figure 5.5: Position errors among the sensors in a mobile sensor network of four sensors at

time ¢ while tracking a moving target as simulated in figure 5.4.

Secondly, we test the control algorithm for a mobile sensor network of seven sensors
while tracking a moving target in a stationary environment. For this simulation, the target
moves along the trajectory p, = (0.06t+200, —0.08t+480)" . The initial positions of sensors
and obstacles are selected as: p, = (10, 20)", p, = (20, 10)", p, = (30, 20)", p, = (40, 50)",
ps =(5,80)", p, = (300, 10)", p, = (450, 10)", p,, = (350, 100)", p,, = (280, 200)".

The results of the simulations in figure 5.6 show that the swarm-finding of two sen-
sors (Se and S7) is successfully achieved, and this swarm-finding does not change the gen-
eral trajectory of the swarm. As shown in figure 5.6, at beginning all sensors are directed to
the position of the virtual leader. The free-sensors S, s quickly find their neighbors, and
immediately they connect together to become the first member-sensors of a basic group.
The approach of the sensor S¢ into this basic group is not difficult. Furthermore, the sensor
S; also successfully reaches the basic group, although it is hindered by some obstacles of
the environment while tracking. The organization of the basic group is changed when the
free-sensors S¢ and S; become the new members of this basic group. The constant distanc-

es among member-sensors are maintained while these sensors track the moving target.
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Figure 5.6: Snapshots of a mobile sensor network of seven sensors that is tracking a mov-
ing target in a stationary environment, and controlled by the formation control algorithm
combined with the sensor merging control algorithm and the obstacle avoiding control al-
gorithm. The target moves along the trajectory p, =(0.06¢+200, —0.08¢+480)" (green
trajectory) at time t=0s.

B. Test thesensor merging and splitting control algorithm

Firstly, we test the sensor merging/splitting algorithm in the case a new target appears
while a mobile sensor network is tracking a moving old target. The old target moves in the
sine wave trajectory p,, = (7t+20, 100sin(0.06t —nt/2)+350)" at time t=0s. The new target
appears at time t=25s and it moves along the trajectory p,, = (5,4t+148, —2,5t+269)" . The
positions of obstacles are chosen as p,, = (470, 370)", p,, = (510, 440)", p,, = (400, 175)".
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Figure 5.7: Snapshots of a mobile sensor network of 30 sensors that is tracking the moving
targets in a stationary environment, controlled by the formation control algorithm com-
bined with the sensor merging/splitting algorithm. The target 1 moves in the sine wave
trajectory p,, = (7t+20, 100sin(0.06t —7/2)+350)" (red trajectory) at time t=0s, and the
target 2 moves along the line trajectory p, = (5,4t+148, —2,5t+269)" (green trajectory) at
time t=25s.

The results of the simulations in figure 5.7 show that the sensor merging/splitting
control algorithm combined with the formation control algorithm is well functioning. At
initial time, all sensors have the random position (see figure 5.7), but after a period of circa
20s they linked to each other in order to generate a desired formation, in which the distance
between the neighboring sensors is constant. In other words, these sensors are contributed
into a formation by the sensor merging control algorithm before they reach towards the old
target (target 1). At time t=25s, when a new target (target 2) appears, some sensors are split

from the generated main formation in order to track this new target, and the remaining sen-
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sors continue to track the old target. In figure 5.7, we can see that after sensors are split
they have quickly combined to each other into a new formation. At time t=74s, the for-
mation of subgroups is broken while avoiding obstacles. Then, these formations are auto-

matically redesigned while tracking the moving targets at time t=100s, see figure 5.7.

As shown in figure 5.7, the sensor splitting from a main group into subgroups based
on the geometry method has been successful. However, the number of the sensors in sub-
groups is possibly unequal (for example, in figure 5.7 there are 17 sensors in the first sub-
group while in the second subgroup there are only 13 sensors). So, to solve this problem

the sensor splitting algorithm is developed as follows:
Step 1. Split sensors into subgroups when a new target appears as represented above.

Step 2. Determine the number of the sensors in each subgroup. Assume that the number of
the sensors in the first subgroup and the second subgroup are ¢ and ¢ ({+¢=N), respective-
ly. Let 0 be the necessary number of the sensors to add into a subgroup in that the number
of the sensors is unequal to N/2. If {< {, ((=N/2 —0) and ({(=N/2+ o), then ¢ sensors of the
second subgroup that have the smallest distance to the first target will split into the first
subgroup. In contrast, if > (E=N/2+0) and ({=N/2—9), then ¢ sensors of the first sub-

group that have the smallest distance to the second target will split into the second sub-

group.

The developed sensor splitting algorithm is tested in the second case: a new target
appears in the interval time from t=25s to t=95s while a main group is tracking a moving
old target. The results of the simulations in figure 5.8 show that the developed sensor split-
ting algorithm is well working, the sensors are split equally into subgroups ( as shown in
figure 5.8, each subgroup has 15 sensors) when the new target appears at time t=25s. In
contrast, when the second target disappears at time t=95s, the second subgroup, which is
tracking this target, merges into the first subgroup and continues to track the first target as
the members of this subgroup. This sensor merging is successful and without the colli-
sions. However, the structure of the formation of the whole group after merging can be
redesigned. Each member sensor quickly finds its neighbors, and they connect to each oth-
er in order to generate and maintain the stable and robust connections in their formation

during tracking.
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Figure 5.8: Snapshots of a mobile sensor network of 30 sensors that is tracking the moving
targets in a dynamic environment, controlled by formation control algorithm combined
with the sensor splitting/merging algorithm. The first target moves in the sine wave trajec-
tory (red trajectory) at time t=0s, and the second target appears at time t=25s and runs
along line trajectory (green trajectory) until it disappears at time t=95s. The sensors in a

main group are split equally into two subgroups when the second target appears.
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In the general case, if we want to split a sensors (a =1,2,..,-1) from a group of f sen-
sors to track a new target, then we perform as follows: similar to the above developed sen-
sor splitting method, firstly we also have to determine the number { of the sensors in the
split subgroup. Then, we compare ¢ and a: if { <a, then O sensors ({+0= a), which are
close to the new target, are added into the split subgroup. On the other hand, if { >a, then &
sensors ({—¢ = a), which are close to old target, are returned into the old group. The results
of the simulations in figure 5.9 have verified the effect of this approach. In this situation,
we can see that four sensors are split from a group of 30 sensors in order to track a new
target. This target tracking is occurring with a kept formation of four sensors until this tar-
get disappears at time t=95s, and then these sensors automatically rejoin their old group

(subgroup 1) at which they were split when the new target appears.
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Figure 5.9: Snapshots of a subgroup of four sensors which are split from a main group of
30 sensors to track a new target in the interval time 25s< t <95s, and return to their main

group after the new target disappears at time t=95s to continue to track the old target.
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5.6 Conclusion

This paper has presented an approach to control a mobile sensor network to track the
moving targets in a dynamic environment. In this approach, we solve two main issues: the
sensor splitting and merging control when the number of the targets is changed. The free
sensor merging into a group is controlled by the invariable attractive force field from the
selected virtual leader in this group. In other words, under the effect of the attractive force
field from the selected virtual leader, the free-sensors can easily reach the main group and
become the new members in formation of this group. In contrast, subgroups will be split
from the existing groups to track new targets when these new targets appear. The sensor
splitting algorithm is built based on the geometry relationship between the targets and the
center of the group. The members in a split subgroup will connect with their neighbors in
order to generate a robust formation without collision while tracking their target. In addi-
tion, when a target disappears, the sensors that are tracking this target will automatically
contribute into the nearest existing subgroup. The effectiveness of this proposed approach

has been verified in simulations.

The results of the simulations have shown that this approach is one of the good con-
trol methods that can be applied to control the contribution and distribution of a mobile
sensor network while tracking the dynamic targets. The sensor merging algorithm, which is
built based on the energy level partitioning in the invariable attractive force field of the
virtual leader, works very well. Using this control algorithm, the free-sensors can easily
find and approach their group while reaching the target, and then these free-sensors will
become the new member-sensors in the formation of the group. Especially, this method
solves the speed problem that occurs when the free-sensors are away from their target. Fur-
thermore, the swarm-finding of the free sensors does not influence on the target tracking of
the swarm. On the other hand, the sensor splitting algorithm based on the geometry method
shows that this is an active method for the sensor distribution from a main group into sub-
groups to track the new targets. The sensor partitioning is quickly performed at the time
when a new target appears, and then the formation of these split sensors is maintained
while tracking their target in a free environment until this target disappears. However,
while avoiding the obstacles the formation connection of the groups are broken. In this
situation, the member-sensors of these groups are distributed to the free sensors in order to
easily escape the obstacles without the collision among them. After exiting the obstacles,
the formation of the distributed sensors is reorganized to continue tracking their target.

Moreover, the results of the simulations in figure 5.9 have also shown that the development
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and application of the proposed approach for the exact sensor splitting from a main group
into subgroups, such as the splitting a sensors from a group of f sensors, (¢ =1,2...-1,

and # < N ) into a subgroup, are successful.
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6 Conclusion and Future Work

6.1 Conclusion

This work has presented a method for controlling the formation of autonomous robots
while tracking the dynamic targets under the influence of the dynamic environment. This
approach is based on the developed artificial vector fields. In this approach, the proposed
artificial vector fields, which consist of the attractive, repulsive, and rotational force field,
are combined with the damping term in the formation control laws in order to control the
velocity, heading, connectivity, as well as the obstacle avoidance for a swarm of autono-
mous robots during movement. In addition, using the added rotational force field in the
obstacle avoiding controller, robots can easily escape the obstacles while moving towards
the target. In the preceding chapters, focuses on two main issues of formation control fol-

lowing the desired formations and cooperative formation control have been given.

In the first approach (formation control following the desired formations), a desired
formation (for example V-shape, line or circular shape), which includes the coordinated
equidistant virtual nodes, is first generated based on the relative position between the
swarm’s virtual leader and the moving target. The virtual leader of the swarm is randomly
chosen from a member that is closest to the target. This virtual leader plays an important
role in creating and driving the formation towards the target in a stable trajectory. Hence,
in undesired cases, for example, when the leader is broken or trapped in the obstacles (U-
shape obstacle), a new leader is immediately chosen, so that the swarm will continue to
track the target. The selected virtual leader is controlled by a global attractive potential
field generated from the target in order to drive its formation on a specific trajectory to-
wards the target. Furthermore, the motion of each robot is controlled by the artificial force
fields, which include the local and global attractive potential fields surrounding the gener-
ated virtual nodes in the desired formation and the local repulsive potential field surround-
ing each robot. Hence, the robot always converges to a certain virtual node in the desired
formation and avoids collisions with other robots simultaneously. In addition, using the
repulsive vector field combined with the rotational vector field in the obstacle avoiding
controller, robots can easily escape the obstacles while tracking. Using the desired position
finding algorithm, robots can quickly find their desired position at the virtual nodes in the

desired formation. Moreover, the influence of the noisy environment on the stability of the
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formation, as well as the formation adaptation of a swarm while reaching a moving target
are also studied in this topic. The results of the simulations have proved the success of the
approach. Results show that the robots quickly approached the coordinated virtual nodes in
the desired formation and maintained at these virtual nodes, although affected by a noisy
environment. Especially, upon the use of the desired position finding algorithm, the for-
mation of a swarm was not discrete. On overcoming the obstacle, the robots continued to

approach their formation and then they found the other desired positions in the formation.

In the second approach (cooperative formation control), robots are only allowed to
communicate within their neighboring relationship; however, the swarm’s cohesion must
be maintained coincidentally in tracking the moving target and as well as while avoiding
obstacle. Therefore, in order to perform the cooperative formation control for a swarm, the
neighboring robots are first linked to each other by the proposed formation connection con-
troller. These neighboring connections created the robust formation cohesion and avoided
collisions among robots in the swarm simultaneously. Further, for the formation adaptation
while passing through a narrow space among obstacles, the adaptive formation control
algorithm is built based on the size change of formation. Moreover, the splitting/merging
control algorithm is used to help the free robots to easily and quickly find their formation
as well as to split some roots from a main group into smaller subgroups when some new
targets appear. The simulations have shown that our proposed algorithms for controlling
the cooperative formation have well worked, namely: the free robots have easily merged
into the formation of their swarm; the formation connectivity was maintained while track-
ing; the formation’s size was shrunk into a smaller size while overcoming the narrow space

among obstacles to maintain formation.

Finally, our proposed control algorithms are not only to control autonomous robots
moving along a desired trajectory, but also to hold these robots in a specified formation
without collisions during movement. Especially, using the added rotational force field in
the obstacle avoiding controller, the local minima problems that still exist in the traditional

potential field method have been solved.
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6.2 Futurework

Further studies and researches can be expanded to cooperative control in a hybrid sys-
tem, cooperative learning and sensing. The first research objective is to develop a method
for formation control of autonomous robots in three-dimensional space (3-D) to model
swarms and allow heterogeneous swarms of aerial, ground, and underwater vehicles to
combine formation together in a certain task while avoiding collisions; for example, the
cooperation of the unmanned aerial vehicles with autonomous mobile robots while pursu-
ing the moving objectives. In addition, learning and sensing can also be developed and
utilized in the environment where the connectivity, the size, as well as the structure of a
swarm can be improved by environmental parameters. In a multi robot network, members
can learn to avoid the moving obstacles, while maintaining network connectivity and to-
pology, aside to find a desired configuration of network. Moreover, members in a network
can also sense the environmental parameters in order to perform the task of the environ-

ment estimation and mapping.
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7 Appendix

7.1 Vector fidd

According to [96, 97], a domain in which each point is attached a vector is called a

vector field. A more precise mathematical definition of a vector field is summarized below.

Definition 7.1. Let D be a domain in R" (n-dimensional space with n=2 or 3). A vector

field on D is a function F that assigns to each point (51, fz,..é:n) in D an n-dimensional

vector F(&, &,,..£ ). That is

F&s &8 = (/16 &8s s E00nid)onf (Gs 60008))
:fi(gl’ 52"‘§n)el+f‘2(§l’ 62"'§n)62+"'f;1(§19 §29"§n)en'

(7.1)

Where £,(&, &,,.8), (&, &,..8),.f.(&, &,,..L)) are real-valued functions, and they

are called the component functions. €, e,,..e, are the unit vectors.

7.2 Curl of avector field

Definition 7.2. Consider a vector field F = (P, Q, R)Tin three dimensional space. The
curl of this vector field at a point (x, v, Z)T is the vector field defined by

curl F= VxF
3 a2 a)
= [g, >’ gJ x(P, Q, R)'
e, e e
_|9 9 9
ox dy oz
P Q R

— a_R_a_Q e+(a_P_a_Rje+ a—Q—a—P e
dy 90z )" \dz ox)” \ox dy)~

~ (aR dQ OP OR 9Q oP jT

dy 9z dz ox Ox Oy (7.2)
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Where e, e, e, are the unit vectors in the direction of the x, y, and z axes, respectively.

The vector differential operator V (read nabla or del) is described as follows

(7.3)

T
V= —e,Jr—e+—eZ=[a J aj.

PP
Similarly, we can also take curls of the plane vector fields (the vector fields in two
dimensional space F = (P, Q)T ). Just assume that the first two component functions P and

Q are not dependent on the z and the component function R is zero simultaneously. Then

curl of plane vector fields is rewritten as follows

curl F=VxF

_ (0,0, 2Q 2P ) _(3_oP), 74
7 ox dy ox dy

Definition 7.3. The vector field F is called irrotational if its curl is zero (
curl F=(0,0,0)").

Remark 7.1. The irrotational vector field F = (P, Q, R)T has to satisfy the following

conditions in the partial derivatives of P, Q and R:

oR BQ 0P JR 8Q oP
9r oF _® nd (7.5)
d 0dz dz ox ox ay

Example: Consider the vector field as proposed in (2.21)

I p)=wien’

ZWM[@ ) qu
"\ pw,.p,) Pp..P,)

W W g 7.6
&, -y,) &(x —x)) (7.6)

ZJ@f%>+m—%f’Jme%)+m—nf

(P(x,), Q(x,»)) -

According definition 7.2, the curl of this vector field is calculated as follows
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curl /7 (p,) = 0e +0e, + 9Q_oP e,
Yo ox, 9y,

o0 cwew-x) 8 wee-v) |

o, o, —x,) + (0, -, W, &, —x,)+ 0, —y,)

(77)

2 r 2
T W 0t A W

(Vo =7+, 27 ) (Vo —x7+0-27) |

or o
= % G e.

J& —x )+, -v) |

Equation (7.7) shows that curl /" (p,) #0 V(x.,».) #(x,,,), hence f.”(p,) is a rota-
tional vector field.

7.3 Gradient vector field

Definition 7.4. If the vector field F is defined differentiable everywhere and
curl F = (O, 0, O)T , then F is a gradient vector field.

Remark 7.2. A gradient vector field F has some corresponding potential function f such
that

g aij it/ = f(x7)
ox dy
F=Vf= (7.8)
o F ¥ .
axs ay: azj lff f(x’y’Z)'

In other words, the gradient of a differentiable scalar field f < R" is a vector field. This
vector field satisfies equation (7.8).

Example: Consider the scalar function V,/(p,) as proposed in (4.6). Taking the negative

gradient of this scalar function at p, we obtain
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Where the distance between robots i and j is calculated asd! =\/(x,.—xj)2+(yi —yj)2 .

Hence, we have
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Substitute (7.10) into (7.9), we obtain

fz‘j (pi) ==V I/ij (pi)
1 _ (7.11)
=c/ ([i_iaj—k'p 5 —k,.f,’ (d,-j —VO“)J—(pi pj).
4 )@ o—p)

Equation (7.11) shows that the scalar function V,(p,) as proposed in (4.6) is the potential
function of the force field f/ (p,) as given in (4.7).
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7.4  Proof of gravitational forcefield

In this subsection, we first prove that the gravitational force field (2.1) is a gradient
vector field. In order to simplify the analysis, we assume that: the point mass m; located at
the origin attracts the point mass m; located at p, =(x, y, z)' € R3/ (0, 0, 0)" with a

force of magnitude F,, = Gmm,r / ||r||2 . Therefore, equation (2.1) can be rewrite as follows

—-Gmm

f12: — 3(-xayaZ)T

)

-Gmm,x —-Gmm -Gmm,z
_ x| 1) = (7.12)

(\/x2 +y2+22) (\/x2+y2+22 )3, (\/mf

(P(x, 3, 2), O(x, ¥, 2), R(x, y, 2))".

According to definition 7.2, the curl of this force field at p, =(x, y, Z)T is calculated as

dR 9Q OP OR 3Q aP jT

curl £, =[———, e =K

dy 0z dz dx Ox 9y (7.13)

=(0,0,0)".

Equation (7.13) shows that the force field (7.12) is a gradient vector field.

Now, in order to prove that the scalar function V, =—Gmm, / HI’H is the potential

function of the force field f,,, we take the negative gradient of V;,as follows

T
R Gm,m, 0 Gmm, 0 Gmm,
v ax\/x +y +z° ay\/x +y +z° aZ\/x +y +z°
T
_ ~Gm,m,x -Gmm,y -Gmm,z (7.14)
32 32 3 :
(\/x2+y2+22) (\/x2+y2+zz) (,/x2+y2+zz)

-Gmm,

= T(x, 0, Z)T:flz-

o)

Equation (7.14) shows that the scalar function V}, =—Gmm, / HI’ H is the potential function
of the force field f, = —Gmlmzr/”r”3 .
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