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Abstract

A collection of functional quantiles offers a comprehensive portrayal of an individual’s
distinct physical activity patterns, characterizing the distributions of activity at specific time
points over a defined duration. However, the potential to present such a collection as a
unified, complete activity surface for each individual remains unexplored in current literature.
In this paper, we rectify this shortcoming by proposing functional quantile surface estimation
(FQSE), a methodology designed to calculate fully parameterized activity surfaces at the
participant level. We embed practical and theoretical requirements by imposing constraints
that guarantee non-negativity and non-crossing properties in the direction of the quantile
order, respectively. We achieve this by employing a dimensionality reduction algorithm that
enforces non-negativity throughout and incorporates a parametric spline-based score structure
that is monotonic across different quantile levels. We assess the proposed methodology in terms
of the precision and stability of the estimated quantile surfaces. Our findings indicate that
our estimations are not only more rational but also more accurate compared to alternative
approaches.

1 Introduction

1.1 Motivation

Wearable devices are an attractive tool for data collection due to their ability to measure a broad
range of biosignals relevant to the study of health, often at high temporal resolution and low
cost. Accelerometers, for example, provide continuous monitoring of physical activity behaviors
in free-living settings, and thereby can be used to characterize 24-hour activity profiles. Modern
accelerometers collect 30 or more measurements per second, which can be combined to produce
epoch-level summaries of activity like the Euclidean Norm Minus One (ENMO) and the Monitor-
Independent Movement Summary (MIMS) (e.g., Bai et al. 2014). In a common analytic approach,
epoch-level measurements are categorized as sedentary (≤ 1.5 metabolic equivalents or METS),
light (1.5 to 3 METS), moderate (3 to 6 METS), and vigorous (≥ 6 METS); the total time spent in
these intensity categories are then associated with health outcomes. However, emerging evidence
suggests that both the timing and intensity of physical activity behaviors are important in a
range of settings, including all-cause mortality and outcomes related to Alzheimer’s disease (e.g.,
Smirnova et al. 2020; Ghosal et al. 2022). These results underscore the need for nuanced biomarkers
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that rigorously summarize engagement in physical activity behaviors across intensity levels while
preserving the informative temporal structure of measurements made by wearable devices.

Functional Principal Components Analysis (FPCA) is an established framework for modeling
participant-level mean curves (Crainiceanu et al. 2024) but is unable to capture other distributional
features. Recently, Méndez Civieta et al. (2024) combined ideas from quantile regression (e.g.,
Koenker and Bassett 1978) and FPCA to estimate participant-level quantile curves at fixed quantile
levels through a method called Functional Quantile Principal Components Analysis (FQPCA).
As in FPCA, the approach borrows information across participants to estimate population-level
temporal patterns and then estimates scores that reflect the contribution of these patterns to
participant-level quantile curves. When applied to accelerometer data, this approach enabled the
quantification of participant-level 10th, 50th, and 90th quantile curves, expanding on the more
traditional focus on expected value curves. However, the approach by Méndez Civieta et al. (2024)
can only be applied at discrete quantile levels. Monotonicity over estimated quantile curves is
not enforced, resulting in crossing quantile curve estimates that are theoretically impossible and
difficult to interpret. In the context of physical activity data, the lack of a non-negativity constraint
allows estimates that are below zero and therefore unreasonable. Lastly, the need to estimate each
quantile level separately precludes careful inspection of the full time-by-distribution surface to
understand activity profiles in their entirety.

We introduce Functional Quantile Surface Estimation (FQSE) to address current methodologi-
cal gaps and provide a detailed, complete quantification of participant-level activity from wearable
devices. Our approach constructs time-by-distribution surfaces at the participant level to capture
physical activity behaviors across a range of intensities. Figure 1 illustrates the goals of our ap-
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Figure 1: Example estimates by proposed FQSE (top row) in comparison to standard FQPCA
(bottom row).

proach. The left and right columns show observed activity data for two participants who have
similar low-intensity activity levels but different moderate- and vigorous-intensity physical activ-
ity behaviors. In the top row, we overlay the time-by-intensity surfaces produced by our FQSE
approach, and in the bottom row, we show results obtained using FQPCA. Although results are
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presented at the same discrete collection of quantiles, we emphasize that our methods allow the
evaluation of the full time-by-intensity surface while the method in Méndez Civieta et al. (2024)
has to be re-applied at each level. Moreover, our methods address the issues discussed above: the
quantile surfaces obtained by our approach are non-negative and monotonically increasing in the
direction of the quantile level, while the results from existing methods show both negative values
and crossing quantile curves. Lastly, we note that our approach is flexible enough to capture
distinctive participant-level behaviors.

At the participant level, data consist of single measurements of activity intensity in each epoch.
Our perspective is that the observed data point in an epoch represents an individual draw from
the participant- and time-dependent distribution of possible activity intensities, and our goal is to
reconstruct these distributions in a way that enforces scientifically meaningful constraints. To ac-
complish this, we construct participant-level time-by-quantile surfaces that are bivariate functions
of time and quantile level which can be evaluated for any combination of these. We assume that
temporal patterns describing differences across participants are non-negative and the same for all
quantile levels, and that participant-level scores on these patterns are monotonically increasing
in quantile level. This combination ensures that the participant-level surface estimates are non-
crossing and non-negative, and provides a parametric representation of the surface that can be
evaluated at any desired quantile level.

Before providing details of the FQSE model construction, we will provide an overview of pre-
vious work in the different areas that inform our work.

1.2 Review of Literature

Our work builds on the FQPCA algorithm by Méndez Civieta et al. (2024), which poses a model
for participant-level quantile curves that mimics the truncated Karhunen-Loève (KL) expansion
commonly used to model expected value curves in FPCA. The model includes a quantile-specific
population-level intercept function, quantile-specific principal components, and participant-level
scores. While many conventional FPCA methods use an eigendecomposition of a (smoothed)
covariance surface (e.g., Yao et al. 2005), FQPCA employs a variation of the probabilistic princi-
pal components analysis framework introduced by Tipping and Bishop (1999). That is, FQPCA
estimates the quantile-specific parameters in the expansion – the intercept, functional quantile prin-
cipal components, and scores – through an iterative algorithm that bypasses the need to estimate
and decompose a covariance matrix.

We add constraints to FQPCA first by utilizing non-negative matrix factorization (NMF); see
Lee and Seung (1999) for an introduction and Wang and Y.-J. Zhang (2013) for a comprehensive
review. In NMF, data are decomposed into a product of two non-negative matrices, one of which
captures shared features among participants and the other of which represents the contribution
of each shared feature to a specific observation. The non-negativity constraints imposed by NMF
are intuitive in many settings and often produce more interpretable results than other dimension
reduction methods. When analyzing wearable device data, for example, Backenroth et al. (2020)
combined NMF methods and a functional data approach to estimate participant-level expected
value curves; the approach yielded population-level patterns that were more interpretable than
those obtained through (generalized) FPCA. While the conditions guaranteeing that NMF solutions
are unique are strict and may not be met in practice (Huang et al. 2014), in many cases the results
are numerically stable, accurate in simulations, and robust to random starting conditions.
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Next, we take steps to ensure that participant-specific estimated surfaces are monotonically
increasing across quantile levels; that is, we require that the participant-level quantile curves do
not overlap. Methods to produce non-crossing quantiles have been extensively studied in the non-
functional data settings, and popular approaches can be roughly divided into three categories. In
post-estimation rearrangement, quantiles are first estimated via a standard procedure resulting in
crossing curves, and then are transformed to follow a monotone structure (e.g., Chernozhukov et al.
2010) Next, in constrained stepwise estimation, inequality constraints are established to guarantee
monotonicity in the quantile direction (e.g., Bondell et al. 2010). In a simultaneous estimation
framework Schnabel and Eilers (2013) proposed to estimate multiple non-crossing quantile curves
jointly using scalar covariate and outcome data across participants to produce a so-called quantile
sheet. This sheet is a bivariate function of the (single, scalar) covariate and the quantile order; it
is estimated using a penalization strategy that ensures the sheet is monotonically increasing in the
direction of the quantile order.

There are no existing methods in functional data analysis to rigorously estimate participant-
specific time-by-intensity surfaces that are non-negative and non-crossing across quantile levels.
We have previously noted the work by Méndez Civieta et al. (2024), which only estimates individ-
ual quantile curves but not surfaces and does not include non-negativity constraints for data on
physical activity behaviors. In order to obtain time-by-distribution surfaces that could be used as
predictors of scalar outcomes, Ghosal et al. (2022) estimated quantile levels in a moving window
and using data from multiple days, but did not pose a model for time-by-intensity surfaces or bor-
row information across participants. Staicu et al. (2012) addressed within-function correlation and
temporally and spatially varying skewness, but their quantile model used a parametric approach
that estimated time-varying shape parameters with the main purpose of characterizing the depen-
dence of functional processes. Other methods that combine functional data analysis and quantile
modeling focus on inherently different problems, mostly situated within regression contexts. These
include scalar-on-function regression models (e.g., Cardot et al. 2005), semiparametric approaches
for functional linear models (e.g., Lu et al. 2014), and function-on-scalar regression models (e.g.,
Brockhaus et al. 2015) that focus on covariate effects.

The rest of the paper is organized as follows. The next section covers the model structure and
the estimation procedure, including a conceptual perspective and the computational estimation
algorithm. The following simulation section evaluates the new method and compares it to existing
approaches using simulations. We then apply the algorithm to accelerometer data gathered as
part of the National Health and Nutrition Examination Survey (NHANES) data set (Troiano et al.
2008). Lastly, results and further research questions are discussed.

2 Models

2.1 Model structure

Let Xi(t) be a function observed over t ∈ T , where T is a bounded closed interval. For participants
1 ≤ i ≤ I, we will model the relationship between observed functions and underlying quantile
surfaces through

Xi(t) = Qi(t, τ) + ui(t, τ),

where the smooth bivariate surface Qi(t, τ) depends on t and the quantile level τ ∈ [0, 1], and
ui(t, τ) is the time- and quantile-specific idiosyncratic error.
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For each fixed t, Qi(t, ·) characterizes the complete participant-specific distribution at that time
point. The observed valueXi(t) is a single draw from the time- and participant-specific distribution
described by Qi(t, ·), which we will model without making parametric assumptions. Meanwhile, for
each fixed τ , Qi(·, τ) captures the diurnal patterns at a certain quantile level. Put differently, for a
fixed τ , Qi(·, τ) is the participant-specific function over t that describes diurnal activity patterns at
a specific intensity level. This framing poses observed data Xi(t) as arising from a smooth latent
process with additional noise; unlike most models in FDA, however, the latent smooth curve is
quantile-dependent rather than an expected value.

Quantile surfaces Qi(t, τ) will be estimated using a combination of population- and participant-
level components. Specifically, let

Qi(t, τ) =

Kϕ∑
k=1

λik(τ)ϕk(t) =: λi(τ)
′ϕ(t), (1)

where ϕ(t) = [ϕ1(t), . . . , ϕKϕ(t)]
′ is a population-level collection of Kϕ non-negative loadings and

λi(τ) = [λi1(τ), . . . , λiKϕ(τ)]
′ is the corresponding participant-level collection of Kϕ non-negative

and monotonically increasing score functions. We note that the loadings ϕk(t) depend only on
t and are fixed across quantile levels; these are understood to collect the features shared among
participants. The score functions λi(τ) depend only on τ and do not vary with respect to t, and
represent the contribution of the loadings ϕk(t) to a specific participant i. The loadings ϕk(t)
and score functions λik(τ) are assumed to be smooth curves in the spaces L2T and L2[0, 1] of
square-integrable functions, respectively. Although this assumption is in general not sufficient to
guarantee that Qi(t, τ) is in L2T × [0, 1], we will model loadings and scores in a way that the
resulting surface is indeed smooth.

Model parameters can be estimated by minimizing the cumulative quantile loss over both time
t and quantile τ , i.e., by choosing loadings and scores so that the objective function

M(Λ(τ),ϕ(t)) =
1

I

I∑
i=1

∫ 1

0

∫
T
ρτ (Xi(t)− λi(τ)′ϕ(t))dtdτ (2)

is minimized. Here, ρτ (u) = u(τ − 1(u < 0)) denotes the quantile regression check loss function or
tilted absolute value function as introduced by Koenker and Bassett (1978), 1(·) is the indicator
function, and Λ(τ) = {λ1(τ), . . . ,λI(τ)} the collection of score functions for all participants and
any τ ∈ (0, 1).

Our model specification, which estimates the bivariate surface over t and τ through two collec-
tions of univariate functions, facilitates a straightforward sequential estimation strategy. First, the
non-negative loadings ϕk(t) are estimated by fixing the quantile level at a pre-specified value; ϕ(t)
does not depend on τ , and estimates obtained for a specific value can then be used to construct
the surface in (1). For this step, described in Section 2.2, we use a quantile-specific model that is
similar to the one in Méndez Civieta et al. (2024) but which incorporates non-negativity constraints
and thus requires a new estimation strategy. Second, using techniques described in Section 2.3, we
estimate participant-level score functions λi(τ) given the loading functions ϕ(t) obtained in the
first step. We again constrain non-negativity and further enforce monotonicity across quantiles to
ensure the resulting quantile surfaces have the desired properties.

5



2.2 Estimating non-negative loadings at a pre-specified quantile level

We first set a reference quantile level τ0 in order to estimate the population-level loadings ϕ(t).
In principle, because the loadings are assumed to be constant across all values of τ , any choice
of τ0 is valid; in practice, we recommend τ0 = 0.5, i.e., the median, and encourage the use of
sensitivity analyses to examine robustness to this choice. By focusing on a single quantile, the
objective function in (2) is simplified as we do not require score functions evaluated across the
entire quantile domain.

Denote by ti = (ti1, . . . , tiJi) the vector of length Ji that is the discrete time grid over which
the trajectory Xi(t) is observed in practice. Correspondingly, denote by Xi(ti) the vector of
length Ji where each element is the evaluation of the function Xi(t) over the elements of ti. Let
ϕ(ti) ∈ RKϕ×Ji be the matrix of loadings ϕ(t) evaluated over the grid ti. We employ a basis
representation for the population-level loadings. Specifically, let ψ(ti) ∈ RKψ×Ji+ be the evaluation
of spline basis functions ψ(t) = [ψ1(t), . . . , ψKψ (t)]

′ over the observation grid ti. We use cubic
B-spline basis functions for which ψk(t) ≥ 0 for all k and t. By constraining each coefficient vector
bk,ϕ ∈ RKψ+ corresponding to factor ϕk(t) to be non-negative, we ensure that the estimated factors
are non-negative as well.

Notationally, define Bϕ ∈ RKϕ×Kψ+ as the spline coefficient matrix with column k containing
bk,ϕ so that

ϕ(ti) = Bϕψ(ti).

Let vec(B)ϕ ∈ RKϕKψ be the vector created by stacking rows of the matrix Bϕ and [λi,τ0 ⊗ψ(tij)]′

the vector of length KϕKψ that is the participant-specific Kronecker product with subentries
λij(τ0)ψ(tij)

′. We estimate spline coefficients Bϕ leveraging an iterative algorithm that optimizes
the objective function

M(Λτ0 ,Bϕ) =
1

I

I∑
i=1

Ji∑
j=1

ρτ0
(
Xi(tij)− λ′

i,τ0Bϕψ(tij)
)
. (3)

This objective function differs from that in (2) through the use of a single reference quantile τ0 and
corresponding score vectors Λτ0 := (λ1,τ0 , . . . ,λI,τ0), as well as the use of a spline expansion for
loading functions. Our iterative procedure alternates between the estimation of spline coefficients
Bϕ and of the score matrix Λτ0 :

• Given current values of spline coefficients B̂ϕ we estimate scores λi using

λ̂i,τ0 = arg min
1

Ji

Ji∑
j=1

ρτ0

(
Xi(tij)− λi,τ0

′B̂ϕψ(tij)
)
, subject to: λi,τ0 ≥ 0 ∀i.

• Given the current score estimates Λ̂τ0 , we estimate spline coefficients using

vec(B̂)ϕ = arg min
1

I

I∑
i=1

1

Ji

Ji∑
j=1

ρτ0

(
Xi(tij)− [λ̂i,τ0 ⊗ ψ(tij)]vec(B)ϕ

)
subject to : vec(B)ϕ ≥ 0.

Both estimation steps are standard quantile regressions with additional non-negativity con-
straints. The initial values for spline coefficients B̂ϕ are taken to be random non-negative values
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drawn from a folded Normal distribution. After each iteration, the objective value (3) is measured,
and the algorithm is repeated until the difference between successive objective values falls below
a pre-defined convergence threshold. In our implementations, we use the absolute threshold of
0.0001, but note that a measure of relative change in quantile error is a plausible alternative. The
selection of tuning parameters Kϕ and Kψ is described in section 2.4.

To promote numeric stability, we set ∫ 1

0

ϕj(t)
2dt = 1

as an additional constraint, which is enforced by rescaling spline coefficients B̂ϕ at each iteration.
Unlike FPCA methods, the estimated loading functions are not constrained to be orthonormal. Like
NMF and similar methods, formal requirements for uniqueness and identifiability of the estimated
loadings may not be realistic in practice. That said, our empirical results suggest that loadings
can be stably and reliably estimated in a range of settings. We also emphasize that our primary
interest is in estimating quantile surfaces, and loading functions obtained through this algorithm
are useful for that purpose even without formal results for uniqueness and identifiability.

2.3 Estimation of score functions given non-negative loadings

After obtaining estimates of the non-negative loadings ϕ̂(ti) = B̂ϕψ(ti) shared across quantile
levels, we now estimate the collection of participant-level score functions λi(τ) in the specification
of quantile surfaces Qi(t, τ) in (1). The score functions must be monotonically increasing and non-
negative to ensure that quantile surfaces have the desired structure, and are estimated separately
for each participant.

Estimation requires that score functions λik(τ) are observed over a discrete grid of τ -values
τ := (τ1, . . . , τG). Unlike the grids ti, which are determined by the sampling design of observed
data, the grid τ is selected by the user to balance estimation accuracy and computational feasibility.
Monotonicity in score functions will be achieved by using I-Splines (i.e., integrated B-Splines), de-
noted by Θ(τ) = [Θ1(τ), . . . ,ΘKΘ

(τ)]
′, with corresponding discrete measurements Θ(τ ) ∈ RKΘ×G

+ .
When combined with non-negative coefficients Bλi ∈ RKϕ×KΘ

+ , the resulting score functions are
non-negative and monotonically increasing by design. After implementing this spline expansion
for each of the Kϕ participant-specific score functions λi(τ), we have the compact expression

λi(τ ) = BλiΘ(τ ).

Combining this expansion for participant-level score functions and the estimates of population-
level loading functions obtained in Section 2.2 yields the estimation problem

B̂λi = arg min
1

Ji

Ji∑
j=1

G∑
g=1

ρτg (Xi(tij)− (BλiΘ(τg))
′ϕ̂(tij)), subject to: Bλi ≥ 0.

In contrast to the estimation of spline coefficients for the population-level loadings, this is not a
simple quantile regression. The overall optimization function is instead a sum across quantile-
specific local optimization functions determined by the grid τ . However, as a sum of standard
convex quantile regressions, the proposed optimization function is itself convex. The grid τ is
required to be dense enough to allow score functions λi(τ) to be modeled with sufficient flexibility,
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and KΘ should be chosen to ensure that participant-specific variability can be flexibly modeled.
Recommendations for these tuning parameters are provided in section 2.4.

After obtaining the estimated spline coefficients for participant-level score functions, we can
produce complete quantile surfaces using

Q̂i(t, τ) = λ̂i(τ)
′ϕ̂i(t) = (B̂λiΘ(τ))′B̂ϕψi(t).

Again, given the structure of the spline bases and the constraints on spline coefficients, these
surfaces are non-negative and monotonically increasing in τ at every time point t. We also note
that the surfaces can be evaluated at any combination of t and τ without any additional estimation
or model fitting.

2.4 Computational aspects and tuning parameter settings

Our estimation algorithm was implemented using R. The estimation of the loading functions at
the reference level τ0, as outlined in Section 2.2, uses the quantreg package (Koenker 2022),
which allows direct incorporation of the necessary non-negativity constraints in the quantile loss
function. Because estimation of the score functions sums loss functions over the grid τ as discussed
in Section 2.3, we could not leverage standard quantreg tools. Instead, we use R’s built-in optim

method, which also allows the incorporation of non-negativity constraints. Because estimation is
done separately for each participant, it is possible to parallelize this step. Our methods are stored
in a publicly available repository.

The collection of tuning parameters consists of the number of factors Kϕ; the degrees of freedom
Kψ in the B-spline basis used to model the factors; the degrees of freedom KΘ in the I-spline basis
used to model score functions; and the grid τ . Our analyses of the motivating data suggest
that results are consistent across a range of choices for KΘ and τ because the underlying score
functions λi(τ) are generally smooth. In particular, setting setting KΘ to define a reasonably
rich basis expansion (i.e., KΘ = 10 or 15) and choosing a dense grid τ that roughly spans the
quantile axis (i.e., τ = [0.05, 0.1, . . . , 0.9, 0.95]) yielded reasonable estimates without inducing
excessive computational demands. We encourage the use of sensitivity analyses when selecting
these parameters in other settings.

Smoothness in the direction of time t depends on the number of factors Kϕ and the degrees of
freedom Kψ used to model the factors; choosing these parameters is somewhat more difficult than
selecting parameters related to the fit over τ . First, we note that the smoothness-inducing penalties
often used in functional data analysis were numerically unstable and computationally inefficient.
Next, because loading functions are non-orthogonal and therefore non-sequential, we are unable to
directly use a percent variance explained threshold. Instead, we tuned these parameters using a
5-fold cross-validation procedure. Each fold selects four-fifths of the observed time points of each
curve as training data, treating the remainder as the testing set. Loadings and score functions are
estimated as described in 2.2 and 2.3 for a specific quantile τ0 using the training data, and the fit

is evaluated by calculating the quantile error
∫ 24

0

ρτ

(
Xi(t)− Q̂i(t, τ)

)
dt on the remaining testing

points. Averaging across participants and folds then yields a single error value for each Kψ and
Kϕ. In our applications, we observed that a small selection/range of Kψ ∈ {10, 15, 20, 25} appears
to be enough to capture the main proportions of variability in the data. Furthermore, while we
again recommend setting τ0 = 0.5, the choice of τ0 did not affect results significantly.

8



As we aim to retain enough components to get reasonable fits but also stay parsimonious in our
estimates, we propose to then create scree-like plots that depict the percentage of quantile error
explained when using a specific Kϕ ≥ 1, compared to an intercept-only model, i.e.,

Qi(t, τ) = ϕ0(t)

where ϕ0(t) is a non-negative loading function of time t and estimated analogously to the estima-
tion procedure described in 2.2 with scores being equal to 1 throughout. This procedure allows
us to assess how much quantile error is explained sequentially until it plateaus, allowing for an
appropriate setting of Kϕ that does not necessarily results in the lowest overall quantile error but
balances the accuracy of fits and parsimony. Corresponding visualizations for our simulations and
the real data example are presented in supplementary Figures 5and 6.

3 Simulations

We aim to assess the estimation accuracy of the proposed FQSE approach on simulated datasets
that are designed to mimic key features of activity profiles observed in practice. We also compare
the performance of our novel approach to that of the existing FQPCA method Méndez Civieta
et al. (2024).

3.1 Simulation Design

Observed activity trajectories in simulated datasets are generated to reflect typical activity pat-
terns. Levels are lower at the beginning and end of the domain (i.e. in the "early morning" and
"nighttime" periods of the "day"). Higher activity levels are observed in two peaks, centered in
the mid-morning and mid-afternoon, which are separated by a mid-day dip. Lastly, activity levels
differ across participants.

We construct latent quantile surfaces that underlie simulated trajectories Xi(t), i = 1, . . . , I,
by setting

Qi(t, τ) = λi(τ)
′ϕ(t).

The non-negative loading functions ϕ(t) and corresponding score functions λi(τ), described below,
generate data with the desired diurnal activity patterns. Given these, we sample data by setting
the time grid t = (t1, . . . , tJ), common across participants, to consist of equally-spaced time points
over [0,24]. For each participant and time point tj , we sample a single observation from the time-
specific distribution by sampling a quantile τ from a uniform distribution over [0,1], evaluating the
participant-specific score functions at that quantile, and combining with population-level loadings:

Xi(tj) = λi(Ui(tj))
′ϕ(tj) Ui(tj) ∼ U [0, 1].

We create the two peaks intended to mimic diurnal activity patterns by setting ϕ(t) = [ϕ1(t), ϕ2(t)],
where ϕ1(t) = P1(t)cos(t/3)2 controls a peak in morning activity, and ϕ2(t) = P2(t)sin(0.6(t/3)−
4.7)2 affects afternoon activity. In defining these functions, P1 is a skewed normal density func-
tion with scale 4.5, location 13.5, and α = −3, and P2 is a skewed normal density function
with scale 6, location 10.5 and α = 5. We then generate score functions to induce variability
across simulated participants. We let λi1(τ) = 15S(τ, αi1, βi2) and λi2(τ) = 9S(τ, αi2, βi2), where
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S(x, a, b) = 1/(1 + e−a(x−b)) is the sigmoid function; αi1, αi2 ∼ U [0, 30] are factors affecting the
sigmoidal slope; and βi1, βi2 ∼ U [0, 2] are sigmoidal shifting effects regulating the presence of low-
level activity across samples. Note that the range of the sigmoid function S is [0, 1], no matter
how a, b are chosen.

Figure 2 illustrates some key features of our data generation process. The top row shows
example curves taken from a single simulated data with I = 50 curves observed over a grid of
length J = 100. There is a relatively narrow peak corresponding to initial (morning) activity and
a wider peak corresponding to afternoon/evening activity. There is variability across participants
in the magnitude of each peak as well as in the distribution of observed data under each peak.
There are low levels of activity in the early morning and late night for each participant. The second
row displays the true underlying quantiles and illustrates the sigmoidal structure used to induce
differences across subjects. For instance, note that subjects S3 and S5 have similar 90th quantiles
but the lower quantiles are more compressed for S5 than for S3; these differences are reflected in
the observed data.

We create 100 datasets for each combination I = {50, 100, 200} and grid lengths J = {100, 200}
in order to investigate the performance of our proposed method. For each dataset, we deploy the
methods described in 2.2 to estimate quantile surfaces using tuning parameters informed by
the cross-validation procedure for the illustrative data set; information on this tuning parameter
selection is stated below. We compare our approach to the methods of Méndez Civieta et al. (2024)
in terms of estimation accuracy over a discrete grid of quantile levels, with accuracy evaluated in
terms of mean integrated squared error (MISE). For each participant i and quantile level τ , the

integrated squared error computes
∫ 24

0

[
Qi(t, τ)− Q̂i(t, τ)

]2
dt. The MISE is taken across all

subjects in each dataset.
We choose the tuning parameters Kϕ,Kψ, KΘ and the discrete grid τ following the recommen-

dations in section 2.4. Determining a plausible number of loading spline coefficients Kψ involves
leveraging a 5-fold cross-validation procedure on a single simulated dataset for each combination
I, J . We vary the number of factors and use the quantile error, see section 2.4, as a goodness of
fit metric on the test data to select the optimal number of spline coefficients among the choices
of Kψ ∈ {10, 15, 20, 25} by comparing mean errors across samples for the median quantile, i.e.,
τ = 0.5. A robustness check confirmed that setting Kψ ≥ 15 and Kϕ ≥ 2 effectively captures the
majority of the activity variability across samples, compare Figure 5 in the supplement. After en-
suring that the accuracy and stability of the final estimates are comparable for all these settings, we
select Kψ = 15 and Kϕ = 3 for the subsequent analyses below. We then tested different settings for
KΘ ∈ {10, . . . , 15}. As the choice does not affect the accuracy of our results, we opt for KΘ = 11,
representing a reasonably high number of score spline coefficients, and τ = 0.05, 0.1, . . . , 0.95. For
the comparative results provided by the method by Méndez Civieta et al. (2024), we chose tuning
parameters according to the cross-validation routine suggested in their paper which is an analog
to ours.

3.2 Simulation results

FQSE and FQPCA estimates corresponding to the illustrative samples in the top row of Figure 2
can be found in the third and fourth rows in that Figure, respectively. To facilitate visual inspection
and comparison, we limit the number of displayed quantile levels to τ ∈ {0.1, . . . , 0.9}. Heuristically
speaking, our method yields visually reasonable results that closely align with the true participant-
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Figure 2: Example estimated curves with true quantiles.

specific quantile surfaces shown in the second row. As anticipated, FQSE yields quantile curves
that are both non-negative and non-crossing, which can improve estimation accuracy especially
for quantiles near 0. While FQPCA is able to capture the main features, the estimated quantile
curves appear to be less accurate in general; the estimated curves can also be negative (samples
S1 and S2) or crossing (S1, S3, S4, and S5).

Figure 3 shows the distribution of MISE across 100 simulated data sets for each combination of
sample sizes and grid lengths. As in Figure 2, we report MISEs for quantile levels τ ∈ {0.1, . . . , 0.9}.

These results, which are consistent with those shown in Figure 2, suggest that FQSE reliably
outperforms FQPCA in terms of estimation accuracy. We attribute this improvement in perfor-
mance to the borrowing of information across quantiles when estimating scores, as well as to the
non-negativity and non-cross contraints. For both methods, estimation errors are lowest for small
and large quantile levels due to the sigmoidal structure of the score functions. Increases in the
sample size and the grid length improve estimation accuracy for both methods. We also note
that the error distributions are skewed and contain a number of outliers; this is somewhat more
pronounced for FQPCA than for FQSE, as well as for smaller sample sizes and grid lengths.

4 Analysis of Accelerometer Data from the NHANES

We apply our method to accelerometer data gathered in the National Health and Nutrition Ex-
amination Survey (NHANES) (Troiano et al. 2008), in which data are collected on a nationally
representative sample of adults and children in the United States. In two waves in 2003-2004 and
2005-2006, participants were asked to wear uniaxial ActiGraph GT1M accelerometers at the hip
and the respective minute-level activity step counts were tracked over the course of seven consec-

11



50 samples 100 samples 200 samples

100 tim
e points

200 tim
e points

0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9

0.00

0.01

0.02

0.000

0.005

0.010

0.015

Quantile

M
ea

n 
M

IS
E Method

FQPCA

FQSE

Figure 3: Average MSE across 100 data sets of simulated data with varying numbers of sample
sizes and time points. For each data set, the sample-specific MSE was computed and the average
taken across samples.

utive days. We access and organize the NHANES data using the R package rnhanesdata (Leroux
et al. 2018). We summarize them by averaging across days and include only samples with data
available across all seven days for consistency throughout the analysis data, resulting in I = 6849
participants to consider. The minute-level recordings result in 1440 observations per participant.

To restrain the computational demand, we did not run a full 5-fold cross-validation procedure as
in the simulations, but opted for evaluating tuning parameters on a single training and testing split
of a reduced data set. Specifically, we selected 500 participants and downsampled their recordings
by extracting one sample point per 10-minute interval, performed a rough 80/20% split on the
remaining points, and conducted training and testing as before, see section 2.2. This selection
of tuning parameters therefore involves a reduced sample size and employs a thinning technique.
Upon thorough investigation of the dataset, we determined that the sample size is sufficiently
large for accurate assessment of out-of-sample prediction errors and that increasing the sample size
is unlikely to alter the chosen tuning parameters. In any case, our results indicated robustness
against variations in the parameters. Moreover, the number of time points remains significantly
higher than the number of basis functions, Kψ. This favorable ratio allows us to identify poor fits
and achieve satisfactory out-of-sample prediction accuracy.

Inspecting the scree plot of explained quantile error when adding factors, see Figure 6 in
the Supplement, revealed, again, that a choice of Kψ ≥ 10 for the spline degrees of freedom
yielded good estimation results independent of the choice of the number of factors Kϕ. The scree
plot furthermore suggests that a representation using only Kϕ ≥ 4 factors already explains the
vast proportion of overall quantile error (≥ 90%) that cannot be improved much when adding
more factors. Therefore, we set Kϕ = 4 and Kψ = 15, with the additional benefit that the
computational effort is reduced to a few hours, allowing a fast investigation of the most essential
data set characteristics.

Figure 4 visualizes the results of our analysis in a way that emphasizes the connection be-

12



F1 F2 F3 F4

0 6 12 18 24 0 6 12 18 24 0 6 12 18 24 0 6 12 18 24
0.000

0.025

0.050

0.075

Time

Factor
1
2
3
4

S1 S2 S3 S4 S5

0.1 0.5 0.9 0.1 0.5 0.9 0.1 0.5 0.9 0.1 0.5 0.9 0.1 0.5 0.9
0

10000

20000

30000

40000

Quantile

Factor
1
2
3
4

S1 S2 S3 S4 S5

0 6 12 18 24 0 6 12 18 24 0 6 12 18 24 0 6 12 18 24 0 6 12 18 24
0

1000

2000

3000

4000

Time

observed data
τ = 0.1
τ = 0.2
τ = 0.3
τ = 0.4
τ = 0.5
τ = 0.6
τ = 0.7
τ = 0.8
τ = 0.9

Figure 4: Estimated loadings (top), corresponding scores (middle), and example estimated curves
(bottom).

tween our model specification and the estimated quantile surfaces. Estimated loading functions
ϕk(t), which are shared across participants and do not depend on τ , are shown in the top row;
participant-specific loading functions λk(τ) are shown for five participants in the middle row. The
combination of the loading and score functions as in (1) yields estimated quantile surfaces, which
are shown for the same collection of participants in the bottom row of Figure 4. A visual compar-
ison of the estimated surfaces and the observed data (shown in grey in the bottom row) suggests
that the surfaces capture relevant features. Moreover, an interrogation of the loading and score
functions connects these with key charateristics in the data. For participant S2, the score function
corresponding to the first factor shows a rapid increase for τ > .7, while all other factor curves
remain relatively low. This is reflected in the clear peak for the upper quantiles during the early
day, and is consistent with the distribution of observed data in those times. For participant S1,
each factor is present to varying degrees. This participant is most active in the late afternoon
and early evening, which is reflected in ordering of the score functions (i.e. those associated with
factors 2 and 3 have higher magnitudes). Similar observations connecting score functions, recon-
structed surfaces, and underlying data distributions can be made for participants S3, S4, and S5,
who generally have more moderate activity levels. Our model specification poses bivariate quantile
surfaces as the combination of loading functions that are continuous in t and participant-level score
functions that are continuous in τ . These continuous functions are shown in the top and middle
rows of Figure 4, and can be used to reconstruct the participant-specific quantile surfaces at any
combination of t and τ . The display of these surfaces using functions over t at a grid of τ values
in the bottom row of Figure 4 is intended to facilitate visual comparisons, and we emphasize that
obtaining similar curves using FQPCA would require fitting separate models.
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In this example, the interpretation of the different factors is straightforward; they each empha-
size activity during a specific time period of the day, and were ordered according to the timing
of their most prominent peak. The contribution of these factors in individual quantile surfaces is
evident in the corresponding score functions which can be interpreted as above. While estimated
factors may not always be so easily understood, interpretability is often a strength of NMF-style
methods and similar findings have been observed in related settings (Backenroth et al. 2020).
Meanwhile, we reiterate that our primary goal is not to identify interpretable factors but to build
a model for quantile surfaces by separating population-level and participant-specific components.
Our results indicate that this approach allows for a detailed and scientifically compelling quantifi-
cation of participant-level activity data. This lays the groundwork for future investigations into
the nuanced role of the timing and intensity of physical activity behaviors in health.

5 Discussion

FQSE introduces a novel approach for the estimation of latent participant-level quantile surfaces
to simultaneously understand the timing and intensity of physical activity behaviors. We use an
NMF-like model structure to facilitate the population-level loading functions that capture pat-
terns of variation across time. We additionally model participant-level scores as non-negative and
smooth monotonic functions of the quantile level. Simulations support both visual plausibility
and quantitative effectiveness, and our analysis of accelerometer data from the NHANES yields
detailed participant-level quantification of activity timing and intensity.

Our method leverages a two-step estimation approach: Loading functions are calculated at
a fixed quantile, and subsequently score functions are derived given the loading functions. We
considered a joint estimation but found the sequential approach to be notably more computation-
ally feasible and effective in practice. We employ a single reference quantile to estimate loading
functions, but integrating over the quantile level could contribute to better function and surface
estimates. Lastly, we note that translating the stepwise or additive constrained estimation pro-
cedure as proposed by Bondell et al. (2010) and Muggeo et al. (2013) to a functional PCA-style
framework would circumvent the need to choose a reference quantile level but would not lead to a
fully parameterized bivariate surface function.

Nonparametric assumptions could further enhance the flexibility of the model in terms of cap-
turing participant-specific variation. Adopting alternative models for the score functions may also
mitigate the need for additional tuning parameters. In general, finding an "optimal" number of
loadings in NMF is difficult to determine as opposed to PCA as factors are not estimated sequen-
tially. Here, we recommend choosing Kψ using cross-validation for a few values of Kϕ for some
fixed quantile level τ . Altering this level did not influence the outcome notably in our analyses.
Further discussions on this topic can be found in Wang and Y.-J. Zhang (2013). Additionally, our
model requires setting the number KΘ and the grid τ of quantile levels to consider for the estima-
tion of the score functions. However, we found that the number of KΘ can be chosen moderately
without compromising explained variation, and that the grid τ can be chosen comprehensively
without increasing computational time drastically.

While we also found that in our applications, the estimated loadings and scores were consistent
across random initializations, future work may incorporate constraints to enforce the uniqueness
of solutions. However, as stated by Backenroth et al. (2020), existing approaches can be onerously
restrictive. Incorporating roughness penalties may also encourage sparsity. Here, we controlled
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the smoothness of estimates by varying the degrees of freedom Kψ which led to accelerated com-
putational speed. In general, we would argue that a much faster computational time compensates
for this limitation, especially if one is interested in investigating the resulting individual activity
surfaces as opposed to the loading functions themselves.

Possible extensions of the model may consider pre-registration of the underlying functional data
(Wrobel et al. 2019; Marron et al. 2015). Participant-specific schedules are likely to cause tempo-
ral misalignments and shifts in activity intensities within data sets. Our method expresses these
different impacts of temporal variations in the score functions, but additional registration could
lead to a more parsimonious basis representation for amplitude and phase variation. However, it
is unclear how large the effect on computational cost is. Our model could also be extended to a
multilevel or multivariate perspective (Di et al. 2009; Goldsmith et al. 2015; Happ and Greven
2018; J. Zhang et al. 2021). Analyzing the NHANES data from a multilevel perspective would
allow to depict participant-level day-to-day variation or day-level deviations. Data sets that in-
clude processes from multiple accelerometers could benefit from assessing the joint variation of the
involved elements.

In general, all these modifications aim at creating even more profound representations of func-
tional physical activity data, ultimately enabling us to connect temporal and distributional effects
with underlying human conditions.
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Figure 5: Cross-validated mean quantile error reduction for τ = 0.5 for different numbers of
factors. The figure shows the percentage of quantile error explained when increasing the number
of factors in reference to the quantile error that occurs when using an intercept-only model (i.e.,
zero factors). 0% explained error refers to the overall highest occurring error across factors and
degrees of freedom Kψ ∈ {10, 15, 20, 25}. Means are taken across samples and folds.
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Figure 6: Quantile error for τ = 0.5 for different factors. A subset of I = 500 NHANES sample
curves was downsampled extracting one value per 10-minute interval resulting in 144 observations
per participant. These time points were split into a training (roughly 80%) and a testing portion
(roughly 20%). After deploying FQSE on the training curves, the quantile error was calculated on
the remaining testing curves, and the average was calculated across participants. The figure shows
the percentage of quantile error explained when increasing the number of factors in reference
to the quantile error that occurs when using an intercept-only model (i.e., zero factors). 0%
explained error refers to the overall highest occurring error across factors and degrees of freedom
Kψ ∈ {10, 15, 20, 25}.

Figure 5 and 6 show the quantile error plotted against the varying number of spline degrees of
freedom and its robustness with regard to the number of factors for simulated data and a subset
of NHANES, respectively.
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