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Danksagung

Die vorliegende Arbeit entstand während meiner Tätigkeit als freier Mitar-
beiter der Robert Bosch GmbH in Stuttgart und in Zusammenarbeit mit
der Fakultät für Elektrotechnik der Helmut-Schmidt-Universität (Univer-
sität der Bundeswehr Hamburg).

Allen, die zum Gelingen dieser Arbeit beigetragen haben, möchte ich an
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Υ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . empirical parameter to describe the

dependence of the contact area with the load and the hardness
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Chapter 1

Introduction

Today, electric motors are present in many aspects of our live. They are
found in household appliances, computers, power tools, and automobiles.
The average car is equipped with about 120 small electric drives. Most of
them are still working with the same principle as the first electric drive. The
reason is, that this principle is still the most efficient solution regarding spec-
ifications and costs for small and medium size electric motor applications.
Electric motors and generators in general convert electric energy in mechan-
ical energy and vice versa. Electric energy is used to build up magnetic
fields which are reversed periodically. This is done - for this dominant num-
ber of motor types - by a sliding contact between carbon and copper. This
sliding contact can lead - when improperly designed - to increased radio
frequency electromagnetic noise produced by arcing at the motor brushes.
The same effect reduces the lifetime of the motor significantly by eroding
the brushes. To avoid this effect on the one hand a proper electromagnetic
design is needed to reduce the remaining energy in the coils specially during
commutation of the electromagnetic fields. On the other hand, a careful de-
sign of the brush contact is necessary to avoid abrupt changes and drifting
of the contact’s properties.
In practice, the DC motors are subject to different environmental situations,
influencing their performance. Changes in atmospheric temperature and hu-
midity have a significant influence on the electrical and mechanical properties
of a sliding contact and thus on the motor’s performance and lifetime.
Therefore these influences have to be taken into account when designing a
new motor in order to fit the requirements given by the respective applica-
tion.
For up-to-date engineering approaches by system simulation a model de-
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scribing the behaviour of a sliding contact in all its relevant parameters is
needed. This would lead to the possibility to optimise the motor within
its application already before time-consuming and expensive practical tests.
This work deals with the brush slip ring contact modelling, regarding the
environmental variables like humidity, temperature and angular speed as
parameters.
This report is divided in four sections as follows:
Chapter 2, “Theoretical Basis” approaches the sliding contact problem with
the constriction theory as basis. The explanation starts with the contact
definition, clarifying its mechanical characteristics as real area of contact,
contacting spots and oxide layer. After this introduction, the electrical conse-
quences of these contact properties are explained as the conduction through
small spots and the existence of an electric breakdown effect through the
oxide layer. The breakdown effect is explained as a combination of the clas-
sical contact theories (fritting) and the semiconductor theory. Then, the
constriction theory is explained summarising the different equations. They
are based on the constriction theory applied to a circular spot, an elliptical
spot and a cluster of spots. Then, all these equations are checked for a sliding
contact, comparing the static contact with the sliding one. Finally, possible
variable influences and dependencies are discussed, referring to bibliographic
sources.
Chapter 3, “Numerical Verification of the Theory” deals with the simulation
of the different analytical equations given in the previous chapter. These
simulations are performed by using a FEM-simulator, reaching numerical
solutions for different contact geometries. These numerical results are based
on the Maxwell equations and boundary conditions. The different constric-
tion equations that will be used in the model are checked. These checked
resistance equations correspond to a circular spot, an elliptical spot and
a cluster of spots. In all cases, a comparison between the analytical and
numerical results is done, calculating the different errors between results.
Thus, the applicability of the analytical equations is tested comprising the
different constriction equations. Finally, the applicability of the constriction
theory is confirmed through the numerical simulations.
Chapter 4, “Test Bench” presents the measurements, going from the exper-
imental set-up to the measured results. The experimental set-up is intro-
duced, explaining the electric circuit and the devices used. Taking into
account the set-up characteristics, the involved parameters are explained,
clarifying their regulation and measurement. Then, the first measurement
steps are described as reproducibility, hysteresis cycle, error calculation, pro-
gramming characteristics, and finalising with the test algorithm. All the
systematic measurements are done by applying this test algorithm. Before
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presenting the summarised results, a selected measurement is given in de-
tail. Afterwards, the measurements are presented in two describing forms:
on the one hand as UI-curves, and on the other hand as a tendency analy-
sis. With these two presentations, the measurements are analysed. Finally,
the observed influences and dependencies of the different parameters are
summarised.
Chapter 5, “Model” discusses the implemented model and its results. First,
the model is introduced showing its equivalent circuit. The clarification
follows with each electric device, explaining each represented effect as con-
striction, ohmic, channel and cluster resistances. In addition, each device
takes into account different influences as temperature increase at rotor sur-
face, specific resistivities of copper and graphite, spot radius, oxide thickness
and contact load. In order to know the model in detail, a list of all the rele-
vant equations for the devices and influences is given. After all the equations
used are summarised, the model parameters are presented and classified. To
adjust the model to the measurements, the free parameters of the model
are optimised by a hierarchical optimisation process. The model results are
presented following the optimisation steps, comparing the UI-curves of the
measured and modelled values. Finally, the optimised range is presented
and discussed.
Chapter 6, “Conclusions” summarises the accomplished facts along the in-
vestigation. Finally possible extensions of the investigation are proposed.
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Chapter 2

Theoretical Basis

2.1 Introduction

Although the electric motor was first patented by Davenport in 1837, a
functional-physical brush-sliding ring contact model has not been developed
yet. The contact voltage drop between brush and rotor is a key parameter
in the design of an electric motor. However, the quantity of parameters
involved in its analysis, together with its non-linear behaviour, lead to an
accentuated complexity of its study.
A previous step necessary to explain a sliding contact main characteristics
is to describe a stationary contact. Then, the general concepts of electric
contacts have to be introduced. Firstly, a definition of the electric contact
will be provided. Secondly, the surface in contact will be described. The fact
that the solid surfaces are not flat surfaces produces an effect of conduction
through small spots. These small spots do not have a constant resistance.
As a consequence of this, resistance will have to be specifically calculated for
every spot’s case. Another factor to be taken into account when analysing
a metallic contact is the oxide barrier. Since an electric motor is usually
exposed to atmospheric conditions, its metal surfaces are oxidised. Moreover,
an insulating layer initially stops the conduction, so a breakdown effect is
present on the contact behaviour. This is why the third point is based
on the explanation of the electric breakdown. The breakdown theory of
electric contacts is an old attempt to explain this effect. In order to have
a newest and alternative point of view, two different theories are outlined.
The first one is the classical electric contact theory. The second one is a
modern breakdown theory developed in the microelectronic field. After the
explanation of the related physical effects, resistances for different geometries
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Fig. 2.1: Typical contact areas.

will be calculated. Still dealing with the electrical implications of the spots
existence, the next point is about the influence between the spots. After this
stationary contact explanation, the case of sliding contacts will be discussed.
Finally, a relation between macroscopic and microscopic parameters which
influence the electric contact will be established.

2.2 Electric Contact

The electric contact is the junction between two conductors, which are able
to carry electric current. When an insulating layer separates the contact
conductors, it is called open contact. In this case, the contact is not able to
carry the electric current. In order to have a stable electric contact a force is
needed. This force presses and maintains the two parts together. This force
is named load.
All solid surfaces are rough on the microscale. Surface microroughness con-
sists of peaks and valleys whose shape, height variations, average separation
and other geometrical characteristics depend on fine details of the surface
generation process. Contact between two bodies thus occurs at discrete spots
produced by the mechanical contact of protuberances on the two surfaces.
For all solid materials, the area of true contact is thus a small fraction of the
nominal contact area. The apparent area Aa is defined as the whole covered
area. The load bearing area Ab is the area where the two materials involved
in the contact are in touch. The contact area Ac is the part of the Ab where
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Fig. 2.2: Schematic of rough surfaces in a normal contact.

the electric current is able to flow.
The mode of deformation of contacting protuberances is either elastic, plas-
tic or mixed elastic-plastic depending on local mechanical contact stresses
and on material properties such as elastic modulus (Young’s modulus) and
hardness.
In an electrical interface where the mating components are metals, the con-
tacting surfaces are often covered with oxide or other electrically insulating
layers. Thus, the Ab is covered by insulating films called tarnish films. In
general, the interface becomes electrically conductive only when metal-to-
metal contact spots are produced. This is achieved where:

� electrically insulating films are ruptured or displaced at contacting
surface protuberances by mechanical stress or because

� an electric breakdown occurs due to the applied electric field.

It can be said that every contact is composed of a finite number of contact
points which are carrying the current (Fig. 2.2). These points are called a-
spots. In fact, only a much smaller part of the Ab is electrically conducting,
and it is called conducting area Ac. This means that on every contact there
are three different areas. Taking their definitions into account, they can be
ordered as follows: Ac < Ab < Aa.
A two spot’s contact is shown in Fig. 2.3. The current comes from the
conductor C1, goes through the two spots and outlets through the conductor
C2. The conductors are semi-infinite, so C1 continues infinitely above the
figure and C2 continues infinitely below the figure. Thus, all current lines go
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Fig. 2.3: Schematic diagram of a bulk electrical interface.

inside and outside parallel to each other. However, as the current lines come
closer to the spots, they become increasingly bent. The flow lines bundle
together to pass through the separate contact spots. As the current lines
are bent together through narrow areas, an increase of resistance is caused.
This increase of resistance is the constriction resistance Rc (see section 2.5).

(a) Taper section of finely turned Cu surface.
Irregularities are about 5µm high.

(b) Taper section of steel surface polished in
600 grade carborundum paper. Irregularities
are about 0.1µm high.

Fig. 2.4: Taper sections of different materials [13].

2.3 Contact Surface

When two bodies are pressed together, the roughness of their surfaces causes
the contact to be restricted to a set of microscopic real contact areas. The
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Fig. 2.5: Taper section of deep indentation in annealed grooved Cu
surface showing persistence of grooves after extensive bulk deforma-

tion [13].

early studies of Greenwood and Williamson and also of Holm found out
that Hertz’s theory could also be applied to describe the mechanical con-
tact between surfaces [30, 34, 13]. Hertz’s theory relates the real contact
area to Young’s modulus (E), Poisson’s ratio (ν) and curvature radius (r).
According to this theory, the size and spatial distribution of actual con-
tact areas depend on the detailed geometry of the contacting rough sur-
faces [5, 34, 30, 71, 23, 13, 43].
The contact between two surfaces is composed by microspots. Even the hills
& valleys found on carefully polished surfaces are large compared with the
size of a molecule. For example, on a polished aluminium surface there are
little hillocks of about 1 µm [11]. Bowden and Tabor polished different ma-
terial surfaces [13]. In Fig. 2.4 there are two examples of this. The first one
is Cu that has gone through an oblique sectioning, a standard method devel-
oped in order to improve the study of surface irregularities. The irregularities
are 5 µm high. The second one is polished steel. The difference between the
humps found on this polished surface and those on the non-polished Cu is
about of one order of magnitude.
Then, when two bodies are in contact, the contact area agrees with the Hertz
law [34, 71, 76, 11, 13, 43]. Some surface irregularities behave in a plastic
manner with a light load. For example, with tool steel the load necessary
to initiate plastic deformation is of the order of 1·10−5 N [11]. When metal
surfaces are in contact, even under quite small loads, the material around the
finer surface protuberances is subjected to stresses that readily exceed the
elastic limit. There is an example of this in Fig. 2.5, where a high load has
been applied to the central zone. We can see that the protuberances keep
the same shape along the surface. These plastic zones appear where the two
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Fig. 2.6: Sketch of two conductors making contact with the presence
of one oxide layer.

conductors are in contact, then the conduction is achieved through these
zones. The size of these zones determines the size of the a-spots [11, 43, 76].

2.4 Breakdown of an Insulating Layer

In an air environment the conductors suffer from oxidation. This oxidation
develops a surface oxide layer. A Graphite-Cu contact represents the stan-
dard brush-slip ring contact. Fig. 2.6 shows a sketch of the situation in which
C1 is Graphite and C2 is Cu. In this case Cu undergoes oxidation, whereas
Graphite does not develop this insulating surface layer. In this case the con-
duction is then obstructed by this layer. When an electric field is applied,
the charges accumulate on the conductor surface. When this accumulation
is huge enough a breakdown happens and current can flow.
Breakdown in solids can be caused by different mechanisms. The discharge
of the electrostatic energy stored in the material through the conducting
channel determines mainly where the insulating layer will be removed. The
critical parameter is the field strength

−→
E in the insulating layer. If it is

too large, breakdown occurs. After reaching the critical electric field, a
sudden flow of current may destroy the dielectric to a mass of non-regular
structure, within very short times (10–8 s) [25]. The critical electric field
depends on many parameters. The most important ones (besides the basic
material itself) are the production process, thickness, temperature, internal
structure (defects), age, characteristics of the environment where it is used
(especially humidity) and the time during which it experienced field stress.
It is usually found that destruction of the insulating layer occurs at applied
fields larger than 107 V/m [34, 71]. Lower fields do not lead to destruction,
but to sporadic, non-permanent discharges.
Thermal breakdown is caused at low frequencies by the Joule heat of the
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leakage current and at very high frequencies by dielectric losses. At low
frequencies, the Joule heat leads to thermal instability and current runaway
due to rapid, often exponential, rise of the conductivity with temperature.
The breakdown fields decrease rapidly with increasing temperature and time
of voltage application [24].

Reference
∣∣∣−→E

∣∣∣(V/m) Material

[25] 2 ·107 Oil
[25] 2-4·107 Glass, ceramics
[25] 2-7·107 Mica
[25] 18 ·107 Oiled paper
[25] 5-90 ·106 Polymers
[34] 0.6-1.6 ·108 Cu2O
[16] 2.5 ·108 PMMAa

[58] 4.75 ·108 SiCO
[58] 4.5 ·108 SiN
[58] 4 ·108 SiCN
[16] 3-12 ·108 SiO2

aPolymethylmethacrylate

Table 2.1: Literature data of electric field values of breakdown.

Electric breakdown can be initiated by a variety of processes such as impact
ionisation, field emission, double injection, and, possibly by insulator-to-
metal transition. Breakdown in insulators is usually ascribed to the inter-
action of impact ionisation, charge carrier injection into the insulator, and
the effect of space charges. In thin regular films, breakdowns are found to
occur randomly in space and in time, involving only a very small part of the
insulator. The typical range of electric field at which breakdown occurs in
insulators varies from 107 to more than 109 V/m [8, 58].

2.4.1 Electric Contact Theory: Fritting

The electric breakdown theory in electric contacts was elaborated by Holm
and used as standard in all subsequent publications by other authors.
An ideal situation can be seen in Fig. 2.7. The scenario can be described
as follows: two conductors are separated by a high resistivity tarnish film
of about 100 Å thickness [71, 36]. The starting voltage is low but increases
constantly with time. In this initial situation the resistance is high because
of the high specific resistivity of the film. As the voltage steps up the electric
field in the insulator increases. When there is a voltage of about 1 V, the
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Fig. 2.7: Transient current and voltage on a stationary contact (Ag-
Graphite) [70].

fritting happens. At that moment there is an electric field of 108 V/m in the
film. With an electric field of this range, a sudden increase of the current and
a decrease of the voltage is observed [9, 34, 71]. This effect is called fritting
and is a kind of electric breakdown. This film breakdown, leading to im-
mediate melting of the insulating layers [34, 9, 71, 36], is usually referred to
as A-fritting. A-fritting occurs when the voltage across the metallic compo-
nents through the insulating film is larger than the so-called melting voltage.
This melting voltage is usually of the order of 1V [40, 34, 71]. After this
oxide breakdown has taken place, a huge current density flows through a
small area. Then, by means of the Joule effect, a high heat is generated.
Thus, the oxide of the tarnish film is released, and a metal channel appears
through the film. In Fig. 2.7 two voltage decreases are shown. The second
one in time is a slow one with some ripples. For small change of the incom-
ing current there is an adaptation of the channel geometry. This adaptation
effect is named B-fritting.
Two measured examples of A-fritting are shown in Fig. 2.8. The measure-
ments were carried out between Cu and Au, with Cu carrying the tarnish
film (tarnish film thickness of 100 Å) [34, 71, 36]. The crossed rod contact
had a diameter of 3mm. The resistance was constant at low voltages. As
the current increases, the resistance decreases by the tunnel effect (line A
and B). The current intensifies and when the voltage is about 1.8V the A-
fritting is activated. At this point there is a decrease of the voltage as well as
a decrease of the resistance (lines D and C). These drops cannot be caused
by a temperature effect, since the undamaged film is not exposed to high
temperatures.
The B-fritting is depicted in Fig. 2.9. The scenario is an Au contact with
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Fig. 2.8: RU -characteristics of a crossed rod metal contact (Cu
against Au) with a film, finally subjected to A-fritting [34, 71, 36].

a steadily increasing current. The A-fritting already happened before the
start point. In this figure the B-fritting seems to appear at 0.2 V. The first
B-fritting phase is the rough channel adaptation: there is a gross voltage
increase and a resistance decrease. After this rough channel adaptation, a
reversible phase appears. At this point, the channel has a stable structure
and a reversible adaptation. Then, resistance and voltage decrease at the
same time and the RU -curve is reversible [36]. This physical phenomenon
is explained by the increase in the diameter of the channel between conduc-
tors [36, 34, 71, 70, 9, 66]. The measurements indicate that, once a metallic
channel is formed through the film between two conductors, the increase of
current causes an increase in the channel diameter. If the current decreases,
the effective cross-sectional area decreases too.
In summary, there are two effects: on the one hand, the breakdown itself
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Fig. 2.9: RU -characteristics of a crossed rod metal contact (Cu
against Au) with a film, finally subjected to B-fritting [36].

and, on the other hand, the adaptation of the channel geometry:

A-fritting: It is the formation of a new spot. The process is originated
by the injection of electrons into a path in the undamaged film and is
accomplished with the formation of one channel.

B-fritting: It is the adaptation of an existing spot to increasing currents
through widening of the conducting areas. This type of fritting is the
result of the Joule heat.
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(a) Before stress (b) One spot

(c) Several spots (d) Immediately prior to breakdown

Fig. 2.10: Formation of spots in a capacitor [22]. Spots form on the
surface of the aluminium, covered by polysilicon gate material, every
time a partial discharge occurs. This oxide was 80 nm thick and the
applied voltage was 87 V. The time between the observation of the
first breakdown event and final dielectric breakdown was about 100 s.

2.4.2 Semiconductor Theory: Oxide Breakdown

There is another field in which the oxide breakdown has been a recently
focused topic, namely, the CMOS technology, which has studied the break-
down of the oxide gate. By innovations in the CMOS process (lithography,
etching, deposition), the size of structures in this technology has been re-
duced dramatically. The size of the gate oxide is comparable to the range
of the tarnish film thickness. In a microelectronic technology, if the oxide
is thick and the gate materials are thin, it is possible to see the individual
spots. Fig. 2.10 contains an example of spot formation during each partial
discharge. There is a capacitor where the oxide is 80 nm thick. A series of
individual discharges (87V) was applied for about 100 s. After each partial
discharge, a spot appears showing the melting process associated with the
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breakdown region [22]. Each partial discharge was accompanied by a fast
transient discharge-charge signal. During the partial discharge events the
gate voltage temporarily dropped to a lower voltage, typically about 10% of
the stress voltage.

(a) Formation of traps in the oxide. (b) Creation of conduction path through
traps in the oxide.

Fig. 2.11: Soft breakdown formation.

The theory of the breakdown is based on trap1 generation. The process
is as follows: at high electric fields, the electrons arriving at the gate have
been accelerated in a high electric field (6 ∼ 8 ·108 V/m) [59]. When these
hot electrons reach the gate electrode, some of them transfer their entire
energy to a deep-valence band electron. As soon as an electron receives this
energy, it is then promoted to the lowest available electron energy state,
which is the conduction band edge of the anode [69, 35]. Once the electron
reaches the conduction band, it creates a hot hole, which tunnels into the
oxide [69, 73]. The holes that enter into the oxide are trapped in it [69, 47, 73].
Once the trap has been created, there is an increase of current density.
Therefore, there are more high-energy electrons entering into the gate, which
can create more hot holes. Thus, there is positive feedback until breakdown
occurs [35, 73].
The density of traps is treated with a percolation model [74, 19, 10, 22].
The basic idea is that traps are spawned in random locations in the oxide
and a conduction path is formed when adjacent traps span the thickness
of the gate oxide. This phenomenon is modelled using spheres in a Monte
Carlo simulation. Every time a sphere touches another, the spheres conduct.
When there is a continuous chain of linked spheres connecting the top and
bottom surfaces of the gate oxide, breakdown occurs. Degraeve used this
model to verify that the distribution of breakdown behaved according to

1Defects within the oxide are usually called traps because the degraded oxide can trap
charges. Traps are usually neutral, but quickly become positively charged near the anode,
and negatively charged near the cathode [22, 61, 69].
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Weibull curve [19], and also showed the dependence of Weibull slope on oxide
thickness.
Oxide breakdown starts when traps are formed in the oxide. At first, the
traps are non-overlapping and thus do not conduct (Fig. 2.11(a)), but as
more and more traps are created in the oxide, they start to overlap. The
traps concentration increases until a percolation limit is reached [50]. At
that point, there is a high probability that the traps overlapping creates a
conducting path through the oxide [19]. Once these traps form a conduction
path from the gate to the substrate, breakdown occurs [19], as shown in
Fig. 2.11(b). This type of breakdown is called Soft Breakdown (SBD).

(a) Increased traps in oxide after conduction. (b) Cross section of the oxide after HBD.

Fig. 2.12: Formation of the hard breakdown.

Once there is conduction, new traps are created by thermal damage, which
consequently allows an increasing conductance as shown in Fig. 2.12(a) [46].
There is a cycle of conduction, producing increased heat and increased con-
duction, as well as producing thermal runaway [46]. Finally, there is a lateral
propagation of the breakdown spot [20]. The silicon within the breakdown
spot starts to melt, and oxygen is released. Then, a Cu filament is formed in
the breakdown spot [46]. This type of breakdown is called Hard Breakdown
(HBD) and can pictorially be seen in Fig. 2.12(b).
Baitun applied this theory through an experiment obtaining the results
shown on Fig. 2.13. In this experiment, Baitun applied a constant current
on a capacitor for 30 min. After that, a high voltage was applied. The
number of occurring breakdowns cases were counted in order to obtain the
probability of breakdown. The line represents the calculated value of the
breakdown probability. The discrete values are measured. We can observe
that the theory predicts the experimental data.
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Fig. 2.13: Probability of a breakdown effect vs. the electric field
through the oxide [4].

2.4.3 Comparison of the Two Models

The two models describe an electric breakdown. In both models, the electric
field through the oxide reaches a huge value with a low voltage, as a conse-
quence of the tiny thickness of the oxide. This huge electric field is the origin
of the breakdown. In this situation, the electrons have a high probability
to go through the conductor-insulator potential barrier. In both cases, the
consideration of the current through the oxide is the first step to achieve the
charge trap. This current leaves trap holes in the oxide.
Moreover, in both theories, the high electric field causes an increase of tem-
perature although it cannot be considered as the origin of the breakdown. In
addition, in both descriptions the charges in the insulator cause the electric
field to increase. Having a positive loop, a growing electric field leads to an
increasing charge trapping.
Furthermore, there is another similarity concerning the melting of the chan-
nel. The two theories describe a release of the oxide after the breakdown. As
soon as the oxide disappears from the conducting channel, a metal channel
is formed. In Fig. 2.10, the different originated spots can be easily noticed.
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Thus, there has to be a difference between the material where the channel
has been created and the other insulator zones.
Finally, after the conducting path is formed, the situation changes, and this
high current generates heat. Together with the current, the heat causes an
excitation of the oxide material. The final conducting path after a B-fritting
is in fact a mixture of all the materials present in the environment.
The two models distinguish between two types of breakdown effect. Also,
both models lead to the same result: a first channel is developed by the high
electric field: after this, a positive cycle generates a metallic channel through
the oxide. Thus, an analogy could be established between both theories:

� A-Fritting = Soft Breakdown (SBD)

� B-fritting = Hard Breakdown (HBD)

The second step (B-fritting) results from of the Joule heat. This current
generates heat in order to cause the oxide runaway and a stable conducting
channel through the film. The geometry of the channel varies depending on
the current value.

2.5 Constriction Resistance of a Single Spot

In order to predict the contact resistance, the constriction resistance of one
spot is going to be calculated. It will be shown that the total resistance
is dominated by this constriction value. The first attempt is made with a
spherical symmetry. The only target of this scenario is to show the best
procedure to calculate the resistance of one spot. It is an ideal situation and
it is as close to reality as possible.

2.5.1 Spherical Spot

In the following case, two symmetrical and semi-infinite conductors of the
same material and a spherical contact (S) (Fig. 2.14) are considered.
The contact is a sphere S with an infinite conductivity and radius d. The
lines of current flow are distributed radially and symmetrically around S.
Thus, the equipotential lines are concentric spheres around sphere S.
The constriction resistance dR in one conductor between the hemispheres
with the radii r and r + dr is

dR =
ρ dr

2πr2
. (2.1)
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Fig. 2.14: Current constriction with spherical symmetry. Where C1

and C2 are the conductors 1 and 2 respectively, S is the contacting
sphere of radius d, and B is the radius of the external sphere with

area A1.

To calculate the constriction resistance of one spot in one conductor, the
integration goes from d to B (where B >> d), so

R =
ρ

2 π

B∫

d

dr

r2
=

ρ

2 π

(
1
d
− 1

B

)
≈ ρ

2 π d
. (2.2)

The final result shows that the resistance is inversely proportional to the
spot size. Thus, the more the spot size decreases, the more the resistance
increases.

2.5.2 Circular Spot

The case of two cylindrical conductors of radius r and made of the same
material is closer to reality. The two conductors are connected with each
other through their circular base areas. The contact is assumed as a circular
a-spot between two cylindrical conductors. All the contact components are
concentric. The a-spot has a radius a, and the two conductors have a radius
r >> a (Fig. 2.15).
The mathematical problem of constricted current flow is handled in several
textbooks [72, 42]. For a circular constriction between two semi-infinite solids
with r >> a, it is found that the equipotential surfaces in the conductors
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Fig. 2.15: Electrically conducting cylinder of radius r carrying a
circular constriction of radius a.

consist of ellipsoids defined by the equation

r2

a2 + µ2
+

z2

µ2
= 1, (2.3)

where µ is the height of the equipotential ellipse and r, z are cylindrical
coordinates. The resistance between the equipotential surface µ and the
spot is given as

Rµ =
ρ

2 π

µ∫

0

dµ′

(a2 + µ′2)
=

ρ

2 π a
arctan

(µ

a

)
, (2.4)

where ρ is the specific resistivity of the conductor.
Fig. 2.16 shows the different equipotential lines for different µ. These µ
values are expressed as functions of the spot radius. We can see the described
equipotential ellipsoids around the spot. Furthermore, the different current
fractions are shown as function of the integration angle with the vertical
central axis. The bigger fraction of the current concentrates in big angles.
In case that µ is large compared with a, the constriction resistance for each
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Fig. 2.16: Equipotential surfaces and current flow lines near an elec-
tric constriction. The parameter µ is the vertical axis of the vertical
ellipsoidal surface, and a is the radius of the spot. The curves corre-
sponding to current flow identify the boundaries enclosing the current

fraction indicated.

conductor (called spreading resistance Rs) becomes

Rs =
ρ

4 a
. (2.5)

The difference between this result and the one in Eq. 2.2 is a consequence of
the different conducting geometries.
In the case of different contact materials, the electric constriction resistance
then becomes

Rc =
(ρ1 + ρ2)

4 a
, (2.6)

where ρ1 and ρ2 being the specific resistivity of the respective materi-
als. In our case we have Graphite and Cu as contact materials. As
ρgraphite >> ρcopper, the total constriction resistance of the contact Graphite-
Cu is determined by the Graphite [71].

2.5.3 Ellipticity Spot

In conditions where the surface microtopography of mating bodies is not
isotropic, the a-spots could not be treated as circular “on the average”. The
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a-spot is approximately an elliptic bridge, so the influence of the shape has
to be investigated.
From the point of view of the mathematical problem of a constricted current
flow but this time through an elliptical spot, Smythe [72] found that the
equipotential surfaces in the conductors are semi-ellipsoids with the equation

x2

α2 + µ2
+

y2

β2 + µ2
+

z2

µ2
= 1 , (2.7)

where µ is the height of the semi-ellipsoids and the elliptical architecture
has as semi-axes α and β. For the sake of simplicity, the axes coincide with
directions of x and y.

Fig. 2.17: The function f(γ) in a general case [34].

The spreading resistance between the equipotential surface with vertical axis
of length µ and the spot is given as [34]

Rs = Rµ =
ρ

2π

µ∫

0

dµ′√
(α2 + µ′2)(β2 + µ′2)

. (2.8)

With µ −→ ∞, this equation may be expressed similarly to the spreading
resistance of the circular case in Eq. 2.5 as

R(α, β) =
ρ

2π

∞∫

0

dµ′√
(α2 + µ′2)(β2 + µ′2)

=
ρ

4 ac
f(γ) , (2.9)



24 Chapter 2. Theoretical Basis

where γ is the square root of the aspect ratio of the spot axes2. The function
f(γ) is a form factor and the quantity ac is the radius of a circular spot with
an area identical to that of the elliptical a-spot.
The form factor f(γ) for the case of µ = ∞ is shown in Fig. 2.17. The
ellipticity factor γ is 1 when a circular spot is considered. In the case of a
circular spot, the factor f is the unit, so the resistance is a circular one. The
more elliptical the spot is, the more the factor γ grows. However, as the
spot’s ellipticity increases, the form factor decreases; this decrease results in
a decrease of the resistance.
In the case of a large elliptic spot (γ >2), Eq. 2.9 could be written as [34]

f(γ) =
4

πγ
ln(2γ) . (2.10)

The shape function of this formula is shown in Fig. 2.18. It can be com-
pared with Fig. 2.17, where, for a circular spot, the figures do not coincide.
However, for a great γ there is the same form factor.

Fig. 2.18: The shape function f(γ) from Eq. 2.10.[34]

2.6 Cluster of Spots

Ac is a function of the unevenness of the surfaces. For a constant number of
a-spots, a smaller Ac implies a higher spot density. This situation is possible

2 γ2 = α/β or γ = ac/β = α/ac
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on a contact [34, 71, 23]. In this case the interaction between spots has to be
taken into account. The total resistance consists of two parts [34, 71, 30, 15]:

� the individual resistances of each spot,

� the interaction of each spot with the other ones.

On the first steps of his theory, Holm [33] derived an equation taking into
account the cluster contribution. The total resistance was the sum of the
self resistance of each spot and the interaction resistance. This equation is
rarely used perhaps because it cannot be found in Holm’s more accessible
publications. Another attempt to find out the resistance of one spot’s cluster
was made by Greenwood [30]. On next steps, we are going to see different
approximations in order to reach these equations.
Contact between nominally flat surfaces is made on small zones. Within
these zones, there are clusters of microcontacts (Fig. 2.1). The position of
the clusters is determined by the large-scale waviness of the surface, and
the microcontacts, by the small-scale surface roughness. As a result of this,
the constriction resistance will be partly determined by the number and
size of the microcontacts and partly by their grouping into clusters. So the
resistance can be described as a summation of the self resistance and the

Fig. 2.19: Cluster and spot current bend in an Ac.
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interaction resistance [33, 30, 6, 32, 17, 15, 18, 41].

2.6.1 Holm’s Calculation

The scenario is a cluster of spots far away from all the other clusters. The two
conductors are made of different materials, one of them with higher specific
resistivity than the other (upper material). So the voltage drop is mainly lo-
cated in the upper one. Far away from the contact, the current is distributed
along the conductor area. As the current is coming closer to the contact,
there is a change in the distribution (Fig. 2.19). The current bends towards
the cluster, increasing the current density on the cluster vertical. This first
current bend is named cluster current bend. This first accumulation of the
current is produced by the effect of all the spots together; in other words,
this cluster current bend is an effect caused by the presence of the cluster.
When the current is in the closest area to the contact, it is distributed in
each spot. This new distribution will be known as the spots current bend.
This spot current bend is equivalent to the constriction resistance of a single
spot calculated above. From the point of view of the potential, the general
effect originated by a cluster is shown in Fig. 2.20. As a first approximation,
a circular cluster can be treated as one big spot. Thus, in analogy with the
spot’s constriction resistance, the cluster resistance becomes

Rcl =
ρ

4 ξ
, (2.11)

where ξ is the radius of the cluster. Holm defines the cluster radius as the
surface radius where all the spots are uniformly distributed. So the final
constriction resistance is

R = Rs + Rcl = ρ

(
1

4 N a
+

1
4 ξ

)
, (2.12)

where a is the mean radius of a-spots and N the number of spots. Holm
calculated an error of 10%. Greenwood estimated that this was pessimistic

Fig. 2.20: Potential lines of the cluster current bend.
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and that the error is smaller [30]. Greenwood’s calculations also suggested
that the details concerning the number and the spatial distribution of the
a-spots are irrelevant for the evaluation of contact resistance in many appli-
cations where electric contact occurs reasonably uniformly over the nominal
contact area. Greenwood defined ξ as Holm radius.

2.6.2 Greenwood’s Calculation

Greenwood studied the influence between spots. Our scenario is a cluster
that is far away from other clusters and whose size is small. Its dimensions
are small enough to make the different spots interact between each other.
The cluster consists of N microspots. The current flowing through k contact
is Ik. In order to analyse the influence of the current, we define ϕij (i 6= j)
as the influence on the spot i made by the current of the spot j. So ϕij

stands for the mutual resistance of contacts i and j, and the term ϕii stands
for the self-resistance of the contact i.
Greenwood determined that the influence of the spot j on the spot i is
ϕij ∼ ρ/2πSij where Sij is the distance between the contacts. Also, if we
suppose that the self-influence of a spot on its current is proportional to the
self-resistance, then the self-influence of the spot i is ϕii ∼ ρ/4ai.
For a cluster of resistances, the distribution of current is one that minimises
the energy, or, in other words, the factor that minimises the heat generation.

W =
∑

i

UiIi =
N∑

i=1

N∑

j=1

ϕijIiIj . (2.13)

When the spots are far apart they have no interaction between each other
and the current through each spot will be proportional to the self-resistance
inverse 1/ϕii so Ii ∼ k/ϕii. Assuming this to be approximately true in the
general case, the relation becomes

I =
N∑

i=1

Ii ∼ k

N∑
1

1
ϕii

, W = k2
N∑

i=1

N∑

j=1

ϕij

ϕiiϕjj
, (2.14)

and finally

R =
W

I2
=




N∑

i=1

N∑

j=1

ϕij

ϕiiϕjj




/ (
N∑

i=1

1
ϕii

)2

. (2.15)
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Bearing in mind the parameter values

ϕii =
ρ

4ai
and ϕij =

ρ

2πSij
(i 6= j) , (2.16)

Eq. 2.15 becomes by substituting

R =
ρ

4
∑

ai
+

ρ

2 π




N∑

i=1

N∑

j=1

i 6=j

aiaj

Sij




/(
N∑

i=1

ai

)2

. (2.17)

Eq. 2.17 is called the position Greenwood equation. This expression is simple
but for a big spot number its application is impracticable. If no correlation
between the size of a contact and its position is assumed, the individual radii
in the double summation can be replaced by their mean value. The equation
of the resistance becomes

R = Rs + Rcl =
ρ

4 N a
+

ρ

2 π N2

N∑

i=1

N∑

j=1

i6=j

1
Sij

. (2.18)

Where a is the mean contact radius. Eq. 2.18 is called the statistical Green-
wood equation. Taking Eq. 2.18 into account and considering a cluster com-
prising a very large number of spots uniformly distributed within a circle of
radius ξ (Holm’s radius) the equation becomes

R = Rs + Rcl = ρ

(
1

4 N a
+

8
3 π2 ξ

)
. (2.19)

Since 8/3π2 = 0.2702, this seems to be close to Holm’s cluster equation 2.12.
The cluster results obtained by Greenwood have been tested with different
simulation tools and different empirical data [55, 56, 15]. Nakamura made
an evaluation with a Finite Element Analysis (FEM) [55]. Clusters of two
and four conducting spots were simulated. All the spots had the same radius
and the distance between the spots was the parameter. All the simulations
agreed with Greenwood’s results.
H. Nishiyama made a thorough study using simulations methods [56]. A
comparison between these equations and a simulation within a Boundary
Element Method (BEM) was established. In the study the sizes of spots were
varied as well as the distances between each other. For distances between
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Fig. 2.21: Comparison between measured and calculated voltage vs.
current. The voltage was calculated considering the variation of the
a-spot radius according to the influence of the Joule heat [77, 71].

spots bigger than the double of their mean radius, the Greenwood and Holm
equations agree with the real value.
Then the conclusion of Greenwood, Nakamura and Nishiyama was that the
exact location of a-spots can be neglected when the a-spot distribution is
not limited to the boundary of the apparent area. The results of the in-
vestigations mentioned above suggest that for many engineering purposes,
a knowledge of the Holm radius may be sufficient to estimate the contact
resistance.
Also, Timsit compared the results of the measured UI- curve with the stan-
dard Holm and Greenwood cluster equations [77, 71]. The results were that
for a spot radius of about 50 nm the cluster models are not valid. With an
a-spot radius of 8 µm the results fulfil the measurements. Moreover, Timsit
tested the dependence of the spot radius on the contact temperature and
current. In Fig. 2.21 we can find the measured and calculated voltage values
vs. the applied current. In the upper graphic the mean a-spot radius is
shown for different currents. The spot radius was constant up to a value of
about 30 A.

2.7 Sliding Contact

Up to now the stationary contact has been introduced. The most part of its
concepts also are applicable to the sliding contact [36, 34, 71]. In Fig. 2.22 a
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comparison between a stationary contact and a sliding one is shown [80]. This
test was done between Cu and Graphite. The parameters of the experiment
were a speed of 2.6m/s, a current density of 6 A/cm2 and a contact load of
2.5N/cm2. Taking into account these measurements, we can see that the
general behaviour of the contact is the same. The main difference between
the two cases is that the voltage drop in the sliding contact is bigger. That
also was measured in different research works [34, 71, 36].

Fig. 2.22: Comparison curves of an stationary and a sliding contact.
(Ar 80% + O2 20%) [80].

In addition, the rotors were cleaned with different emery papers (#600,
#2000). In the stationary contact, that is not relevant as far as results are
concerned. In the sliding contact, differences appear at low currents. The
contact voltage drop depends on the surface roughness conditions due to a
low lubricating effect. A higher roughness leads to a higher clearing effect
(wear). This great wear makes the oxide layer thinner [71, 36], and causes a
greater number of lost particles [48, 27]. These lost particles make possible a
major number of bridges between the surfaces. Therefore, there is a smaller
voltage drop when the roughness of the surfaces is bigger. In the stationary
contact this difference does not exist, as the clearing effect is not present.
A different effect can be observed at the higher range of currents. Consider-
ing this phenomenon, it can be supposed that the oxide film, which causes
the lubricating effect, is hardly formed on the surface in low current levels.
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When a high level of current is achieved, the oxide layer is wide enough not
to follow the conductor surface roughness. So in both cases the oxide wavi-
ness is the same. The waviness of the surfaces was tested after the sliding
with an O2 atmosphere composition of 20%. The final waviness in both cases
(#2000, #600) was the same.
Regarding the wear rate, a low friction coefficient is needed in order to have
a lower wear rate. The tribological metal-metal contact does not fulfil this
condition. In a common sliding contact, the rotor of a motor is always made
of a metallic material. As the usual sliding contacts work in air, the oxide
layer is present in the metallic surfaces. For example, two clean metallic
surfaces sliding in vacuum will cold weld and in a short period of time the
surfaces will be destroyed. This is true even for electrographite against
electrographite. When the two surfaces are sliding, a cloud of dust appears
and the surfaces are worn out in minutes [34]. Thus, an oxide film is needed,
covering the contacting surfaces.
An oxide layer is needed on the surface, so that the fritting effect also is
present on the contact behaviour. In addition, in a sliding contact the oxide
influence causes two main differences described as follows:

� Friction is present on a sliding contact, so there is an extra heat source.
At the same time, this oxide layer leads to a small friction coefficient.
We have seen that this is a favourable factor. Furthermore, the fric-
tion heat is directly proportional to this coefficient. In practice, on
a wide range of speeds, Joule heat has a bigger influence on contact
temperature than friction heat [36, 45]. We have seen in Fig. 2.22 that
not until the current reaches a certain value does the oxide appear on
the surface. For applications where a large sliding speed is registered,
this parameter has to be taken into account.

� A higher electric field is needed to establish an a-spot [34]. The time
needed for an accumulation of charges on the oxide is smaller, so the
accumulation rate on the contact time has to be higher. That corrob-
orates the Ueno measurements mentioned before [80].

Another effect has to be taken into account, it is the electromigration. The
oxide layer on the Cu surface is not regular, the big temperature on the
track path makes the Graphite welt on the Cu surface. So the surface layer
on the track is composed by different materials, some of them coming from
the brushes (Table 2.2). This effect is increased by the wear, so this ma-
terial transport is bigger in a sliding contact. Moreover, the conduction
takes place through channels in which the temperature is high enough to
release the oxygen [46] and also to result in an accelerated electromigration
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Element Cathode Anode
Cl 32 40
C 109 117
Ag 26 53
O 39 53
Cu 63 93

Number of samples 5 6

Table 2.2: Average element compositiona of slip ring track sur-
faces [38].

aThe element composition is proportional to the atomic per cent.

of mass through the a-spot [65]. Thus, these channels are mainly composed
of conducting materials.
A careful design of the brush holders also is needed. The mechanical aspects
of sliding electric contacts play an important role [70, 71, 36].
Another difference between a stationary contact and a sliding contact is the
form of the spots. In a sliding contact, spots have not a circular form [71, 36].
Johnson photographed a spot (Fig. 2.23(b)). The brush composition was 0.50
to 0.85 mass fraction of Ag. The current density was 75 A/cm2 and the speed
was 13 m/s. The spot had an elliptical form and a contact spot ellipticity
of γ =3 was assumed. Other authors have derived formulas regarding the
constriction resistance for rectangular spots [36]. However, the result is the
same as the shape factor between the circular and the elliptical spot. In
addition, the composition of the spot was analysed and it was found to be
mainly Ag.
Other authors have observed the shape of the spots. Holm studied Cu-
Graphite contacts, and determined that the value of the ellipticity was three.
Timsit photographed a spot in a sliding contact with an ellipticity between 2
and 3 [78]. Furthermore, he photographed a spot in a stationary contact [77],
and found it to be circular. Also, Kuhlmann photographed spots of a system
in which the slide ring was Cu and the brushes Graphite-Ag [44]. She studied
spots with different Ag compositions and the mean ellipticity was 1.6.
Johnson measured the chemical composition of the track [38]. The brushes
had a 0.75 mass fraction of Ag. The mean composition of the track was tested
with a SEM (Table 2.2). On both surfaces the C concentration was high, but
the concentration of O was higher on the anode than on the cathode. The
slip ring surface was composed by C, Cu, O, Cl and Ag.
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Fig. 2.23: Electron micrographs of slip ring inside the sliding
tracks [38].

a) cathode track with Ag and Cu present at all locations.
b) anode track with Ag deposition in the centre of the photograph.
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2.8 Parameter Transformation

The equations presented on the foregoing sections use constriction parame-
ters, whereas the experimental test bench uses regulating ones. Then, the
relation between these different types of parameters has to be explained. In
the experimental set-up, we can regulate the temperature and humidity in
the conditioning chamber and the rotating speed of the slip ring. Taking into
account the previous sections, we know that the constriction parameters are:

� Oxide thickness tox

� Local temperature TL

� Spot radius a

� Area of contact Ac

� Spot number N

whereas the regulating parameters are the ones that we use in our test bench:

� Load L

� Current I

� Ambient temperature T

� Humidity H

� Angular speed n

Fig. 2.24 shows a schematic of the transformation function. We need to ob-
tain an applicable equation from the constriction theory. The resistance
of the sliding contact is already obtained with its parameters. These con-
striction parameters are not measurable in a working system. Thus, if we
obtain the transformation function from the environmental situation to the
constriction, we can get the electrical system behaviour. The other option
is to obtain the transformation function from the resistance with environ-
mental parameters to obtain the constriction resistance. The system will be
described by means of these equations.
This is not an trivial step, so it will be performed with different engineering
tools and with some tests. In next section points, the different dependencies
and tendencies will be presented.



2.8. Parameter Transformation 35

Fig. 2.24: Changes needed between theoretical and experimental pa-
rameters.

2.8.1 Film Thickness

The film thickness depends on the oxidation effect. During oxidation, the
local temperature influences the oxidation of the material. The differences
in film thickness for different humidities are explained by the existence of
two different oxide layers [37, 26, 39].
The first one consists of oxide which is strongly attached to the collector
(“thin film”). This layer will be oxide in air, but will contain Graphite,
another lubricant and other substances which might be carried in the air [37].
Johnson measured this layer and it was about 1.5 to 3 nm thick [39]. It is
believed that this film separates the brush from the slip ring in areas where
elastic contact is made.
The second one is a “thick film” which results from occasional welds formed
between the contact materials. This film is a moisture layer, composed of
individual lumps of material whose thickness (0.5 to 150µm) varies from
place to place [39]. Gao measured this film and obtained a thickness bigger
than 10 nm that was variable depending on humidity [26]. Johnson studied
the influence of the load on this oxide film and determined that the increase
of the load causes the breakage on the second type of surface film and a de-
crease in resistance. Gao and Kuhlmann studied these dependencies as well
and confirmed Johnson’s conclusions [26]. These results agree with results
of crossed-rod experiments, revealing that contact film resistance increases
when facing increasing hydrocarbon vapour pressure and decreases with in-
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creasing load force.
In a sliding contact, the load is directly related to friction force. This friction
force is responsible for the wear on the sliding contact. Due to this wear,
small particles of the tarnish film are worn out. This wear out of the tarnish
film originates a decrease of the oxide thickness. When applying a higher
speed, the sliding surface suffers a bigger wear. Therefore, the angular speed
is a parameter which determines this oxide thickness. Considering these
observations, the oxide thickness function is

tox = t(L,H, n) (2.20)

2.8.2 Local Temperature

The influence of temperature has been studied in different research works.
Johnson, for instance, studied its influence with a range of 20, 600 °C [39].
The dependence of the resistivity and the hardness of the materials on the
temperature was tested. For a range of contact temperatures of about
155, 614 °C, the contact resistance varied with ± 100mW. The increase of
temperature was originated due to friction (Fr) and the electric current,
according to

TL = T (Fr, I). (2.21)

The friction heat depends on the angular speed (n) of the sliding contact
and the load (L). At low speeds, the friction heat can be ignored in favour
of the Joule heat [34, 36, 45]. The heat produced within an a-spot can thus
be dissipated by conducting through the bodies in contact, by the air and
by each material.
Greenwood and Williamson observed contact temperature between station-
ary surfaces [31]. They found a surprising huge temperature on the contact
surfaces. After this huge temperature was achieved, a decrease in resistance
and in temperature was observed. The only plausible explanation found was
the connection through small spots and the melting of the contact spots. As
the spots melt, they grow from the initial channel size. There is a lower spot
resistance, and a smaller current density exists on the spot. This smaller
current density causes a smaller Joule effect and a lower temperature. In
addition to this, Bowden and Williamson observed temperatures of about
950°C [14, 31]. These temperatures were registered in an Au-Au contact3,

3the melting point of Au is 1063°C.



2.8. Parameter Transformation 37

so there was not any oxide film between the conductors. This tempera-
ture also was reached with a voltage drop of 0.35 V. Holm had tested these
parameters as well [34]. In view of these huge contact temperatures, the
ambient temperature is not considered as a main parameter in the contact
modelling [71, 34].
Greenwood and Williamson developed a wide theoretical approach to the
problem. Nowadays, other authors such Timsit and Slade also have used
this theoretical expressions [77, 71]. Timsit used Monte Carlo simulations to
determine the growth of the a-spot radius depending on the current flowing
through the contact. Timsit found out that currents below 30A cause the
growth of the spot until the a-spot radius is constant and about 8µm.
Oebert and Isberg made some Finite-Element-Method (FEM) simulations
of different a-spot radius and different materials [7]. They found out that
pulses of 10−7 s and 122A could readily cause maximum temperatures in
the contact spot (with 0.5 V of maximal voltage drop). The maximum tem-
perature increases with decreasing contact spot diameter. They tested the
steady situation (with constant current), and the temperature was constant
inside the spot. Zlonkiewicz reached the same conclusion after developing a
mathematical model of the contact [82].

2.8.3 Radius of the a-spots

The radius of the spots is a function of the local roughness of the materials.
In addition, we have to remember the existence of an oxide layer. The ac-
tual contact is made between the Cu oxide and Graphite. If we remember
Fig. 2.22, the difference between the different polished sliding contacts be-
comes evident if the current through the contact is less than 4A. As a higher
current goes through the contact and a thick oxide layer is generated, there
is no difference between the curves.
The mechanical parameters of surfaces, like Young´s modulus (E) and the
radius of curvature (4r), are the relevant parameters to measure the form
and size of the a-spots. The electrical and environmental parameters can
cause an increase of the contact dimensions but only where materials are
already in contact.
Malucci developed a statistical model in order to determine the size of the
spots and its number [49].

a =
Ac

Aa

2
W (e) < 1/M >

, (2.22)

where a is the average size, Aa is the apparent area, Ac is the contact area,
W (e) is the probability density function that two protuberances could con-
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Fig. 2.25: Profile description with comparison of the different wavi-
ness orders [41].

tact, M is the sum of the surface protuberances and < 1/M > its inverse
average. Malucci carried out Monte Carlo simulations varying the load and
material surface characteristics (waviness, material). However, the existence
of a surface film was not taken into account.
Slade and Timsit carried out some experimental observations and studied
the influence of the mechanical parameters (radius of curvature r, Young´s
modulus E, Poisson´s ratio ν). They found out a formula for the radius of
an a-spot [71, 77]. If two elastic surfaces of radii of curvatures r1 and r2 are
pressed together by a force L, the radius a is given by the expression

a = 3
√

r′L/K , (2.23)

where

r′ = r1r2/(r1 + r2) , K = 4E/3

and

1/E = (1− ν2
1)/E1 + (1− ν2

2)/E2 .

E1 and E2 are the Young’s modulus and ν1 and ν2 are the Poisson’s ratio
for the materials of surfaces 1 and 2 respectively. In the presence of oxide
films, the a-spots are formed through fissures in these films. Moreover, they
found out that the a-spot radius in an Al-Al contact with a load of about
0.5N has an initial radius of 2.9 µm and the a-spot grows to a limit of about
7 µm in an oxygen atmosphere.
Kragelskii developed another a-spot radius equation [43]. He calculated the
compressive deformation ai, which corresponds to the transition of a single
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Slip Diameter Contact Diameter Contact
ring of the probe load of a-spots pressure

Material cm N µm 108 N/m2

Cu 0.38 11.0 90 - 70 0.9 - 1.3
Cu 0.38 11.0 100 1.2
Cu 0.38 5.0 120 0.8
Cu 0.27 4.35 70 0.93

Graphite 0.5 6.0 126 0.63

Table 2.3: Spot diameter in the contact of an electrographite brush
on a Cu or Graphite ring [34].

protrusion from an elastic state to a plastic one. The result is

ai = 5.35(1− ν2)2Cr
Lσs

E2
, (2.24)

where E is the Young’s modulus of the material, r is the radius of the
curvature of the lump, σs is the yield limit of the material, C is a form
factor of the hump, L is the load and ν is the poisson’s ratio. The a-spots
radius was observed for different loads. Experiments show that the growth
of the number of contact spots is considerably more intense than the growth
of the area of a single spot.
Keil, Merl and Vinaricky did a wide research work [41]. The material surface
was classified in different roughness orders as depicted in Fig. 2.25. In this
figure the waviness orders 5 and 6 are not shown because they could not
be drawn. According to this classification, they named the a-spots “micro-
spots”. This name comes from the order of magnitude of these finest contact
areas. This conclusion was achieved considering the observations of Holm
[34], Kragelskii and Demkin [43], as well as Bowden and Tabor [11]. The
conclusion of the a-spot radius dependence to the load can be represented
as follows

ai = ai(r1, r2, E1, E2, ν1, ν2) v L
1/3
i . (2.25)

r1 and r2 are the radii of the micro-spots, E1 and E2 are the elasticity
modules, ν1 and ν2 are the Poisson’s numbers of the respective materials,
Li is the load on the contact area and ai is the radius of the micro-contact
area.
Dyson and Hirst studied the contact between two sliding surfaces in order to
know the real contact area [23]. The implemented system was a metal-glass
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surface. The contact surface of the metal was examined through the glass by
phase contrast microscopy. The a-spots size was studied for different applied
loads [15 − 30 N], using an Ag steel metal surface. It was concluded that,
for different forces, the size of the a-spots was always about 3 µm. The dif-
ferences registered using different loads resulted from the number of a-spots
and not from their size [41, 11, 23]. In order to understand this behaviour,
a plastic deformation of the contact areas was supposed. The conclusion
was that the mechanism of friction and wear between mating surfaces under
moderate loads takes place only in small sections of the apparent area. As
the applied load is supported on a small Ac, the processes are essentially
small in scale but severe in intensity.
Holm tested a Graphite-Cu system for a sliding contact (Table 2.3). He used
a load range going from 4.35 to 11 N. We can observe that the number of
spots is not a constant value. The sizes of the spots are always about a few
microns.
Timsit made some measurements on aluminium cylinders [78]. The voltage
drop across the contact was measured. The electrical couple was operated
in a conditioning chamber filled with pure oxygen gas at a pressure of the
order of 0.13 Atm. He could photograph a spot of about 20 µm of diameter
and an ellipticity of 2.
As we have seen above, there are different formulas to obtain the spot radius.
The different authors adjust their different model parameters to different
observed measurements. Then, it has to be considered that the different
parameters have a physical value. All these models are designed in order
to adapt their parameters to an observed value. Any author who tried to
model the electric contact would use these equations. These authors simply
use an observed value or adapt their a-spot radius to a value inside a range
in order to have good results. In both kinds of analyses, thermal-electrical

Reference a-spot Radius Material Type
µm

Öberg/Isberg [7] 10 Cu Used
Timsit [77] 5-16 Cu Used

Runde/Hodne/Totdal [64] 5-40 Al-Al Observed
Kuhlmann/Makel [44] 12-30 Cu-Graphite-Ag Observed

Timsit [79] 5·10−3- 10 Al-Al Observed
Holm [34] 35-63 Cu-Cu Observed
Binder [9] 7-50 Cu-Graphite Used

Schreurs/Johnson [68] 50 Cu-Graphite-Ag Observed

Table 2.4: Different a-spot radii.
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and mechanical, the a-spot radius is about µm range. In Table 2.4 we can see
different a-spot radii. Some of them are used in the calculations of different
models or studies. The others are obtained by optical observations of the
surfaces.

2.8.4 Contact Area

In fact, the true contact area is smaller than the apparent area in contact.
Thus, a-spots must support local pressures that are comparable with the
strengths of the materials of the contacting bodies [77, 34, 71, 38]. We have
seen that the true contact area is determined by plastic deformation of the
protuberances on the surface [12]. Under this assumption, the area of me-
chanical contact Ac is related to the load L applied to the electrical interface
and to the plastic flow hardness Hm of the softer material as follows

Ac = A(Hm, L) = L/Hm . (2.26)

This expression affirms that the true area of mechanical contact between
two surfaces is independent of the area of nominal contact of the surfaces.
Moreover, the Ac depends only on the contact force and the hardness of the
contacting bodies. A clarifying example of this can be established consid-
ering two interfaces made of identical materials and with identical surface
roughness, but different dimensions (for example, 1 cm2 and 100 cm2). Both
interfaces suffer the same load L. As the materials have the same surface
roughness, they have the same density of surface protuberances. Thus, if the
smaller contact is generated through contact by n protuberances, the larger
interface is necessarily generated through contact by 100n protuberances.
The average mechanical stress applied on each protuberance in the smaller
interface is then L/n, whereas the same quantity in the larger interface is
only L/100n. If the protuberance deformation is fully plastic, contact area
at each protuberance in the smaller interface will be 100 times larger on the
average than that of the larger interface. However, the total contact area is
identical for both interfaces.
Holm deduced another similar expression in relation to the bearing area [34].
In order to infer this expression, Holm applied the same mechanical princi-
ples. The difference between Holm’s equation and Eq. 2.26 lies in empirical
observations and it is

Ab = Υ
L

Hm
, (2.27)

where Υ is an empirical parameter. Finally, Holm calculated this parameter
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for carbon brush on the collector Υ = [0.1, 0.3]. We have to pay attention
to the fact that Holm calculated this in relation to the bearing contact area.
Greenwood and Williamson developed a model to show the dependence of
the contact area on the contact load. They proposed a general formula as
Ac v Lς [31]. By means of parameter ς, they could describe the cases in
which there were plastic and elastic effects. When ς is about one, then a
plastic behaviour is described by this last dependence. After wide empiric
experiences, the ς calculated was 0.9.

2.8.5 Number of Spots

The number of spots (N) depends on two factors: the mechanical one (con-
tact load, hardness) and the electrical one (fritting, current). The total
number of spots is a result from the summation of the spots caused by me-
chanical contact and the ones caused by fritting.

N = N(mechanical factors, electrical factors). (2.28)

The load applied on the two conductors makes the contact possible. This
load has a direct influence on the Ac (Eq. 2.26). With a small load, there is
a small number of “mechanical” a-spots. If the load is higher, this number
increases. Another parameter to be considered is the breakdown of the
tarnish films. The breakdown effect depends on the local electric field. This
local electric field is a result of the relation between the tarnish film thickness,
the incoming current, the surface waviness and the location of the spots.
As the oxide thickness increases, the fritting effect decreases. The number
and position of the spots together with the incoming current determine the
electric field stresses on the tarnish film. Thus, the location of the spots is
relevant as well. Thus, the number of nodes is

N = N(Ac, tox, I, Sij) . (2.29)



Chapter 3

Numerical Verification of
the Theory

3.1 Introduction

The theory presented on the previous chapter is based on measurements and
observations. The calculations involved are plenty of approximations and
hypothesis. Nowadays, there are simulation tools that allow us to examine

Fig. 3.1: Grid of the two brushes over a rotor in a three-dimensional
simulation.
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the validity of the approximations. All these points will be checked out
through Finite-Element-Method (FEM) simulations. The software used is
the FlexPDE tool. FlexPDE is a script-based finite element model builder
and a numerical solver.
In the next sections, the theory previously presented will be verified in the
same order to have an exact analogy. The first simulation is a circular spot
in a two-dimensional Cartesian space. This simulation will be performed
in order to corroborate that the constriction resistance is located in the
closest area to the spot. The second model will be a circular spot in a
three-dimensional space. The three-dimensional geometry is implemented
in cylindrical coordinates. That allows us to perform the current integral,
and consequently, to obtain the resistance value. The last model of a circular
spot will be carried out in three-dimensional Cartesian coordinates. In order
to validate this model and the theory, the constriction resistance values will
be compared with the previous results. In order to finish the individual spot
study, an elliptical spot will be simulated.
Afterwards, a cluster of spots will be implemented by using the previous
three-dimensional Cartesian model. Therefore, the cluster resistance will be
checked with different distances between spots.

3.2 General FEM-Simulation Characteristics

The theory deals with complex problems, so their mathematical formulation
is tedious and is not always applicable. At this point, the use of numeri-
cal techniques is a good solution. FEM-simulation is a very powerful tool
to get the numerical solution of complex problems. The basic concept is
that a structure may be divided into smaller elements of finite dimensions
called “Finite Elements”. The original structure is then considered as an
assemblage of these elements connected at a finite number of points called
“Nodes”. The properties of the elements are formulated and combined to
obtain the behaviour of the entire body. Fig. 3.1 shows the division of two
brushes with a slip ring into different “Finite Elements”.
The equations of equilibrium for the entire structure are then obtained by
combining the equilibrium equation of each element in such a way that the
continuity is ensured at each node. The necessary boundary conditions are
then imposed and the equations of equilibrium are solved to obtain the
required quantities.
The fritting theory is developed in a resistance model with no time depen-
dence, so we will simulate static situations. The implemented FEM model
solves the Laplace equation for the electric potential (φ). As it is known, the
particular solution of every problem depends on the boundary conditions.
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Fig. 3.2: Error as function of the node number.

Thus, on these calculations boundary conditions are playing an important
role, and have to be defined accurately. The general electrical situation is a
contact composed by two conductors: a brush (Graphite) and a rotor (Cop-
per). The brush is always located on the upper part of the geometry and
the rotor on the bottom part. Between the two conductors, there is an oxide
layer crossed by a channel. This channel is the spot. Between the two con-
ductors a potential is applied in distant zones from the oxide layer. Thus,
the potential is applied on the top and the bottom of the geometry, and the
oxide layer is located on the middle of the materials.
The different materials are defined by different conductivity and specific
resistivity values (ρcopper = 1.7 ·10−8 Ω ·m, ρgraphite = 3 ·10−5 Ω ·m, ρoxide =
0.02Ω·m) [29, 28, 67]. Thus, the electric current flows through the spots and
not through the oxide. Furthermore, the software does not allow us to use
the current as a parameter. The current is a result from the electromagnetic
simulation. The potential difference is applied between the two poles of the
geometry, and, through integration, the current will be calculated. Moreover,
each integration surface cuts the entire geometry horizontally. A succession
of integrals has been calculated at diverse vertical points in order to verify
the simulation. As it was mentioned on the previous paragraph, the program
increments the number of nodes on all the space until the error in each piece
is low enough. Thus, the node number is bigger near the spot (Fig. 3.4(a)).
This increase is generated because of the more complex geometry in this
zone and the bigger potential gradient. In addition, the integration surfaces
are all horizontal but the current density is not always perpendicular to
the integration surfaces. Near the voltage contacts1, the current density is
vertical, and the potential lines are horizontal. However, near the spot zone,
the current density is not a vertical flux. This causes a worst integration
value near the spot. Finally, the more inaccurate current values come from
the integrals on the spot surface.

1Top and bottom of the geometries
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The number of nodes increases as the complexity of the electromagnetic
situations grows. A FEM-simulation divides the geometry in elements until
the total error is below the simulation error tolerance. Fig. 3.2 presents
the total error behaviour in relation to the number of nodes. The total
error is a bathtub curve as a function of the number of nodes. The total
error is composed by the numerical error and the discretisation error [52, 53,
54]. The numerical error comes from the calculation of the different matrix
coefficients and their conditioning. Thus, the numerical error increases as
the number of nodes rises. The discretisation error comes from the meshing
of the geometry. A geometry is better described with a bigger number of
nodes. Therefore, the discretisation error decreases if the number of nodes
increases. Fig. 3.2 shows the effect of each error on the total simulation error.
In addition, two different curves are depicted, one for a simulation with
oxide layer and one for a simulation with air. The oxide layer brings more
complexity to the meshing, generating more discretisation error. This causes
two different curves, each one reaching different simulation minimums. The
error tolerance is defined by the user. It is the level used by the simulator
in order to know when the net refinement is sufficient. In these cases, the
air simulation could finish, but the oxide simulation will never end.

(a) General xy geometry. (b) Zoom of the spot zone.

Fig. 3.3: FEM-simulation with oxide layer.

Therefore, in simulations of complex geometries, some simplifications have
been made. In our research, the size of oxide thickness is tiny in comparison
with all the other geometry sizes. This oxide layer does not influence the
constriction resistance value, but influences the simulation. The FEM tool
has to divide this layer in tiny pieces until the error is smaller than the total
simulation error. The result is a huge number of nodes inside the oxide layer,
that leads to a too big simulation error. Different solutions were tried, and
finally, a void layer was implemented. So, there are no nodes inside the oxide
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(a) General xy geometry. (b) Zoom of the spot zone.

Fig. 3.4: FEM-simulation without oxide layer.

layer and the constriction resistance can be obtained.
An example is shown in Figures 3.3 and 3.4. On the one hand, the figures(a)
show the general geometry of the simulation, and on the other hand, the
figures(b) show a zoom of the spot zone. The brush is made of graphite and
the rotor is made of copper. In both figures, the upper zone is the brush,
and the bottom zone is the rotor. Between the two contact components,
there is a spot and one oxide layer. The spot is located in the middle of a
brush and a rotor. The sizes are the same as the ones present in the results
(the spot radius was 5 µm, and the oxide layer thickness was 1000 Å).
Fig. 3.3 shows a simulation where the oxide layer is defined. Fig. 3.3(a) shows
a dark zone around the entire oxide layer. The darkness is caused by the
huge number of nodes in it. With this dimensions and the dark zone, it is
difficult to distinguish the spot zone. Thus, a zoom was done in Fig. 3.3(b),
in which the oxide layer can be seen. If we look carefully, it can be noticed
that there are nodes inside the oxide. In addition, the density of nodes rises
in the region of the spot.
Fig. 3.4 shows a simulation with an empty oxide layer. It shows no uniform
dark zone near the oxide layer. In other words, the number of nodes around
the entire oxide layer is not huge. There are only three dark zones: one in
every corner of the brush or rotor with the air layer, and one in the spot
zone. Fig. 3.4(b) shows a zoom of the simulation geometry where the oxide
layer can be seen. Inside the oxide layer, there are no nodes. Outside the
oxide layer, the number of nodes depends only on the external geometry,
and not on the oxide thickness. This can be concluded from Fig. 3.4(a).
If we compare Fig. 3.3 and Fig. 3.4, there are big differences. Firstly, in the
figures(a), where the dark zones are totally different. The one with oxide
layer has a huge number of nodes around the oxide layer. The other has a
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Without Oxide With Oxide
Nodes 7871 122285
Cells 3780 61082

Time / min : s 00:15 16:30

Table 3.1: Differences in a 2D-FEM-simulation with and without
oxide layer.

huge number of nodes only when there is a corner in the geometry. Secondly,
in the figures(b) the oxide layer has nodes or not inside. In the boundary
layer between the oxide and the contact materials, there are big differences
between the two geometries. The numerical differences between the two
simulations are shown in Table 3.1. The increase in the number of nodes is
about 1500%. Moreover also the simulation time is different in both cases.
These results are from a two-dimensional simulation, in the case of a three-
dimensional one, the increase will be bigger. A more complex simulation
using an oxide layer becomes an impossible task due to this huge increasing
number of nodes. A simple three-dimensional simulation was performed with
and without an oxide layer within a current could be integrated. In both
simulations the current values were the same as the conduction is through
the spot and not through the oxide.

3.3 Constriction Resistance of a Single Spot

The first equation to be tested is the constriction resistance of one spot. The
first attempt is carried out considering a circular spot, so Eq. 2.5 is the first
to be tested. This equation will be tested with three different geometries.
As in our theory chapter, the first attempt is done with a two-dimensional
model. This number of dimensions does not allow us to reach quantita-
tive results. However, it brings us a clear electromagnetic situation and a
qualitative resistance value. The second one is a three-dimensional simu-
lation in cylindrical coordinates, taking advantage of the symmetry of the
geometry. This model permits us to compare the values of the constriction
resistance. The third one is a three-dimensional Cartesian model. In order
to validate both three-dimensional geometries (cylindrical and Cartesian),
the constriction resistance values should be consistent. Furthermore, this
geometry provides us the possibility to test the equations for the elliptical
spot and the cluster.
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Fig. 3.5: FEM-simulation of one spot between a brush and a rotor.

3.3.1 Two-Dimensional Simulation

In order to prove the validity of the equations, a first step is to check the
constriction resistance of a circular spot. A simulation was done with (x,y)
as coordinates. The materials used were Cu and Graphite. The sizes in the
simulation were: an oxide layer of 100 Åand a spot radius of 5 µm. A voltage
of 1 V was applied between the upper brush surface and the bottom rotor
surface.
Fig. 3.5 shows the potential lines between the two sides of the geometry. The
potential lines are not distributed equally over the geometry. The majority
of the potential drops in the closer zone to the spot, developing ellipses as
affirmed by the constriction theory. The ellipses have the spot as their shared
centre. Looking at the figure, it seems that the constriction resistance only
exists in the brush, and not in the rotor. This is caused by the different
material resistivities. The constriction resistance also exists in the rotor,
but it does not appear in Fig. 3.5 because of its small value in comparison
with the brush resistance.
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In addition, we tested the differences in constriction resistance for different
spot radius. As the spots radius grows, the constriction resistance decreases.
That can be seen because the voltage drop near the spot zone decreases or,
in other words, the ellipses decrease its height inside the brush, and increase
its radius over the oxide layer. The limit case is when the spot radius is the
simulated brush width. In this case, there are no ellipses, and the resistance
is equal to an ohmic resistance described by

ROhm =
ρ · l
A

. (3.1)

3.3.2 Two-Dimensional Simulation using symmetry

A three-dimensional model was implemented in order to calculate the con-
striction resistance. The simulation was done in cylindrical coordinates. The
limitation was that the geometries should have an axis of symmetry. With
this implementation, the meshing was done in two-dimensions, and then the
equations extended to three-dimensions. The advantage of this geometry
is that it is based on a simple simulation. That leads to a quicker model
development and a more exact simulation. The geometry was composed by
three cylinders sharing the axis of symmetry. The rotor and brush were
big cylinders in comparison with the spot. With this implementation, the
current density has no phi component.
Fig. 3.6 shows the implemented geometry with an enlarged channel height.
The depicted geometry range goes only from the axis of symmetry to the
end of the geometry. So the line with r=0 constitutes the axis of symmetry.
A voltage of 1 V was applied between the top and bottom surfaces. The
spot radius was 5 µm, brush and rotor heights were 1 mm and their radii
were 0.8 mm. As predicted in section 3.2, the number of nodes is bigger in
the nearest zone to the spot. In Fig. 3.6, there are white lines crossing the
graphic. They have been named on the right-hand side of the figure and
ordered from top to bottom. These names mark the different integration
surfaces. The program will integrate the current density over each surface
to obtain the total current.
We are going to calculate the simulated and theoretical constriction re-
sistances, and to compare their values. The theoretical calculations will
be called analytical values, and they will be differentiated with the “ana”
subindex. The simulation values come from a numerical solution, so they
will be differentiated with the “num” subindex. The theoretical constriction
resistance is calculated by way of Eq. 2.6, and it is

Rc,ana = 1.500088 W . (3.2)
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Fig. 3.6: Depicting of the contact geometry in the cylindrical coor-
dinates case.

The total simulation resistance is

Rnum =
U

Inum
, (3.3)

where U is the applied voltage, and Inum is the total current. This total
current is the simulation current that results from integration. On the other
hand, the total resistance is

Rnum = ROhm,br + Rs,br + Rch + Rs,rot + ROhm,rot , (3.4)

where ROhm,br and ROhm,rot are the ohmic resistances of the respective con-
tact materials (not in the closer zone to the spot), Rs,br and Rs,rot are the
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spreading resistances of the respective contact materials (Eq. 2.5), and Rch

is the resistance of the channel between the two materials. The channel
resistance is

Rch =
ρch · tox
π · a2

, (3.5)

where tox is the oxide layer thickness, and ρch is the specific resistivity of
the channel material. The ohmic resistances are

ROhm,br =
ρbr · lbr

Abr
and ROhm,rot =

ρrot · lrot
Arot

, (3.6)

where lbr and lrot are the lengths of the ohmic part of the brush and rotor,
Abr and Arot are the areas of brush and rotor respectively. Finally, the
constriction resistance is

Rc,num = Rs,br + Rs,rot = Rnum −Rch −ROhm,br −ROhm,rot , (3.7)

and in addition, the error percentage is defined as

%Error = 100 · Rc,ana −Rc,num

Rc,ana
. (3.8)

Table 3.2 shows the simulation results. The Inum is the current obtained
through the integrations. Thus, a value is given for every surface. The
numerical resistance is

Rnum =
U

Inum
, (3.9)

and it results from the simulation. Rc,num is the constriction resistance cal-
culated from the FEM-simulation. The current values are all in the same
range. There is only one current different of 0.66 A, and it is the current
from the third integration area. This area is located exactly over the upper
surface of the channel. In comparison with the other integration surfaces,
this surface covers the bigger number of nodes. This node number increase
is a consequence of the more complex geometry, as well as a bigger potential
gradient. In a FEM simulation, it means a bigger number of finite elements,
thus, a bigger number of equations to be solved, and finally, a bigger simu-
lation error (section 3.2). The fourth surface is exactly below the channel.
However, the third surface has a bigger error than the fourth integration sur-
face, because the brush material has a bigger potential gradient. This bigger
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potential gradient causes a bigger number of nodes, and a bigger numerical
error. This is clear from Fig. 3.3 and Fig. 3.4. In addition, this also is clear
from the simulation point of view. The FEM simulator solves the equation:

4U = ∇2U = 0 . (3.10)

As we have seen in Fig. 3.5, the voltage drop is mainly located in the brush
side. So the complicated electromagnetical situation is located in the brush,
and it is in this zone where the simulator has to solve more equations.
All in all, that the error is small enough to say the Eq. 2.5 describes the
constriction resistance properly.

Integration Inum Rnum Rc,num Error
Surface A W W %

Top 0.66570 1.50217 1.50216 0.1
First 0.66565 1.50229 1.50227 0.1

Second 0.66724 1.49871 1.49868 0.1
Third 0.65840 1.51883 1.51882 1
Fourth 0.66637 1.50066 1.50065 0.02
Fifth 0.66637 1.50066 1.50064 0.02

Bottom 0.66556 1.50249 1.50247 0.1

Table 3.2: Simulation values for the cylindrical geometry.

3.3.3 Three-Dimensional Simulation

A three-dimensional Cartesian model was necessary in order to check the
previous model and the theory. Furthermore, it would be used to check
the ellipticity factor and the cluster constriction resistance. These two cases
cannot be checked with the previous geometries, as the geometry has not the
same symmetry axis. Thus, the cylindrical model was no more applicable.
The geometry used was the same as the previous model: three cylinders
connected by a common axis. This common axis also is each individual axis
(Fig. 3.7).
There are two equal cylinders (brush and rotor) connected through the spot
cylinder. The upper cylinder is the brush, and the lower one is the rotor.
The brush and rotor radii were 3 mm, and the spot radius was 5µm. As in
the previous example, Fig. 3.7 shows ten integration surfaces. These simula-
tions will have a bigger simulation error than the ones with the cylindrical
geometry. This was a limitation caused by the huge number of nodes. The
simulation time lasted for one weekend, because of the huge number of nodes.
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Fig. 3.7: Three-dimensional geometry in Cartesian coordinates.
(number of nodes 138,000)

Table 3.3 shows the simulation results. The mean error of this table is bigger
than the mean error of Table 3.2. If we remember that previous table, the
mean current was about 0.66 A, and the most different current was 0.658 A.
In this rectangular coordinates geometry, the smallest error is on the third
surface. In addition, the mean error is smaller in the brush than in the rotor.
On the other hand, the surfaces located exactly on the spot surface have a
bigger error than all the other surfaces. In these surfaces, the number of
nodes is bigger (Fig. 3.3(b) and Fig. 3.4(b)). This increase in the number of
nodes is an exponential increase, so the error also increases in an exponential
proportion. All these results conform to Fig. 3.2. The number of nodes in
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Line of measurement Inum Rc,num % Error
Top 0.68038 1.46954 2
First 0.68038 1.46954 2

Second 0.67744 1.47592 2
Third 0.66693 1.49919 0.1

Brush-Oxide 0.72689 1.37549 8
Oxide-Rotor 0.86824 1.15153 23

Fourth 0.61154 1.63499 9
Fifth 0.68998 1.44909 3
Sixth 0.68332 1.46321 2.5

Bottom 0.68138 1.46738 2.2

Table 3.3: Simulation values for the 3D geometry.

the rotor is smaller than that in the brush. The rotor is in the beginning of
the curve, so the integration has a big error. The brush is in the middle of
the curve and the third surface is in the valley of the error curve. Finally,
the surface integrals present a huge increase of the node number, causing
the biggest error. It can be concluded that the ideal integration surfaces are
on the brush, in a vertical distance from the spot bigger than 200 · a.
In conclusion, the value differences between the simulations of the cylindrical
geometry and the rectangular one are reasonable. Furthermore, both models
are validated. As in the cylindrical simulation, the error is small enough to
conclude, that Eq. 2.5 is a good description of the constriction resistance.

Fig. 3.8: Elliptical spot with γ=2.
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3.3.4 The Ellipticity Factor

In order to verify the ellipticity factor, a three-dimensional simulation was
developed. This simulation was performed with the previous geometry
(Fig. 3.7), varying the spot form. The cylindrical spot was defined by its
ellipticity γ. The spot is in this case a cylinder with elliptical base. Thus,
the thickness of the oxide layer coincides with the height of the spot cylinder.
The ellipses are defined by two different axes that are

α = a · γ and β = a/γ , (3.11)

where a is the spot circular radius. Fig. 3.8 shows an example with γ =2,
and a =5 µm. In this case, α is equal to 10 µm, and β is equal to 2.5µm. As
we can see, β becomes smaller as the ellipticity increases. Therefore, it was
impossible to simulate ellipticity factors bigger than 10. When the ellipse
axis was too small, the simulation could not conclude, because of the huge
number of nodes. Leaving aside this limitation, the bibliographic sources
give a γ range between three and six. Thus, it is a valid ellipticity range for
our simulation model.

Fig. 3.9: Resistance ratio vs. ellipticity.

Other simulations were done with a fixed β, and an increasing γ. Therefore,
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we could simulate approximated ellipticities from 10 to 100. The results with
an increasing ellipticity confirm the theoretical predictions.
The total resistance value was obtained as in the previous simulations. The
theory says that the constriction resistance of an elliptical spot is

Rc(α, β) = Rc(γ) = Rc(a) · f(γ) , (3.12)

where Rc(a) is the resistance of a circular spot, and f(γ) is an ellipticity
factor. Thus, we want to obtain the ellipticity factor, and it is

f(γ) =
Rc,num(γ)

Rc,num(γ = 1)
=

Rc,num(γ)
Rc,num(a)

. (3.13)

If we compare Fig. 3.9 with Fig. 2.17 (a representation of the theoretical
study), we can see that they are equal. Finally, it could be affirmed that
the constriction resistance of an elliptical spot can be described with the
ellipticity factor correction.

3.4 Cluster Constriction Resistance

The constriction resistance of a cluster of spots remains yet to be checked.
This is the final concept of the fritting theory. In this case, the constriction
resistance has two terms: the parallel connection of individual spot resis-
tances, and the term of the group effect. Different equations describe this
behaviour (Eq. 2.12, Eq. 2.17, Eq. 2.18, Eq. 2.19), and we are going to study
their validity.
We used a cluster composed by nine spots (Fig. 3.10). The spots were located
in matrix form with d as the parameter. The distance between two adjoining
columns or rows is always d. Thus, the distance between the spots (Sij) is
always a trigonometric function multiplied by d. The spots radius was 5 µm,
and the radii of the brush and rotor were 5 mm. Fig. 3.11 shows an example
of a nine spot’s matrix. With this environment, all the explained cluster
equations converge in Eq. 2.18. This equation covers only the constriction
resistance of the contact, and this part is

Rc,ana + Rcl,ana =
ρ1 + ρ2

4 n a
+

ρ1 + ρ2

2 π n2

n∑

i=1

n∑

j=1

i 6=j

1
Sij

. (3.14)

︸ ︷︷ ︸ ︸ ︷︷ ︸
individual effect group effect



58 Chapter 3. Numerical Verification of the Theory

Fig. 3.10: Cluster of spots.

If we add to these constriction resistances the channel resistances, the equa-
tion becomes

Rcl,ana + Rc,ana + Rch =
ρ1 + ρ2

2 π n2

n∑

i=1

n∑

j=1

i 6=j

1
Sij

+
1
n

(
ρ1

4 a
+

ρch tox
π a2

+
ρ2

4 a

)
.

(3.15)

In this equation, it is clear that the equivalent circuit is a cluster resistance
in series with a parallel connection of the n-individual spot constriction re-
sistance and the channel resistance.
The total resistance Rnum was obtained using the same procedure as in
section 3.3.3. The cluster term is our test goal, and the spots term is shared
by all the equations. Thus, we can calculate the simulated cluster resistance
as

Rnum = ROhm,br + ROhm,rot + Rspots,ana + Rcl , (3.16)

where Rspots,ana is the part of the simulated resistance from the individual
spot resistances, ROhm,br and ROhm,rot have the same definition as in Eq. 3.4,
and Rcl is the part of the simulated resistance that comes from the group
effect. Rspots,ana was tested in the previous sections. Thus, the spot term is
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Fig. 3.11: Simulation of the spots cluster between brush and rotor.

assumed as

Rspots,ana = Rc,ana + Rch =
ρ1 + ρ2

4 · n · a +
ρch · tox
n · π · a2

. (3.17)

Rcl is obtained from Eq. 3.16 and Eq. 3.17, and the result is given in Ta-
ble 3.4. The simulation was done for two different distances between the
spots in order to see their influence. The total current was obtained from an
integration over the top surface. From these results, it can be concluded that
the cluster term has a big influence in the total contact resistance. Moreover,
it has to be said that the cluster dimension was small in comparison with all
the contact area. Thus, its effect is bigger than in a real case. This was done
in order to have a bigger cluster resistance value, and a smaller simulation
error in it.
Now, the numerical cluster resistance is already obtained. In order to check
the analytical cluster resistance, Eq. 3.14 has to be calculated.
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d Total Current Rnum Rcl,num

µm A Ω Ω
4·a = 20 3.251 0.31 0.139
6·a = 30 3.835 0.26 0.091

Table 3.4: Results from the cluster simulation.

The cluster resistance depends on the sum of all the inverses of distances
between the different spot couples. We calculated this formula with d as
parameter. With our matrix implementation, the result is

n∑

i=1

n∑

j=1

i 6=j

1
Sij

=
47.198

d
. (3.18)

From Eq. 3.14 and Eq. 3.18, we can express the theoretical cluster resistance
as a function of d, and it becomes

Rcl,ana =
(ρ1 + ρ2)
2 π n2

n∑

i=1

n∑

j=1

i 6=j

1
Sij

=
47.198 · (ρ1 + ρ2)

2 π n2 d
. (3.19)

From this theoretical calculation, we can obtain the cluster resistance on
the brush (Rcl,Br) and on the rotor (Rcl,rot). Moreover, the total cluster
resistance is calculated in the theoretical case and in the simulation one
(Table 3.5). In this table, the error is calculated using the analytical solution
(with the theoretical equations) and the numerical (FEM-simulation), and
its percentage becomes

%Error = 100 · Rcl,ana −Rcl,num

Rcl,ana
. (3.20)

d Rcl,Br,ana Rcl,rot,ana Rcl,ana Rcl,num Error
µm Ω Ω Ω Ω %
20 0.139 8.133·10−5 0.139 0.137 1
30 0.093 5.422·10−5 0.093 0.091 2

Table 3.5: Cluster resistance comparison between simulation results
and analytical calculations.

At first glance, the cluster resistance on the brush side is three orders of
magnitude bigger than that on the rotor side. This is the same result as the
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one reached in the spots resistance. The cluster resistance increases with
decreasing distance, taking into account that the number of spots remains
constant. This was already mentioned by Greenwood: if the spots are located
closer to each other, they act like one big spot. In this case, the cluster
resistance is equivalent to the big spot resistance. The errors are 1 % and
2%, so they can be assumed as small enough.
The final error is always below the one predicted by Holm (10 %). All these
conclusions confirm the results of Nishiyama and Greenwood [30, 56, 15].
These results let us conclude that the constriction resistance theory is ap-
plicable to the electric contact problem.
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Chapter 4

Test Bench

4.1 Introduction

The investigation in this project is a combination of theoretical basis, ex-
perimental measurements, and their application in a contact model. This
chapter deals with the experimental set-up, the involved parameters, defi-
nition of the test algorithm and the different measurements. At first, the
experimental set-up will be introduced, in which the measurement circuit
will be explained with special consideration to the signal measurement. This
circuit is the origin of all the other experimental characteristics. Our exper-
imental set-up comprises the different test devices, ports used and programs
developed. The different test devices will be described, listing the differ-
ent hardware and software components. Afterwards, the different involved
parameters are listed, giving the test ranges for the diverse quantities.
Secondly, the test definition will be elaborated, beginning with the repro-
ducibility test. An experimental set-up has to be checked in order to have
reliable measurements, but in our test the environmental conditions also are
research parameters. The warm-up time will be defined as the time which
the system needs to reach a stable situation. Thus, the warm-up time will be
checked. After the warm-up time determination, the test bench reproducibil-
ity will be tested. Then, a first test will be done in order to check the special
effect of the constriction theory as the hysteresis cycle, and to get familiar
with the test process. Then, the error calculation will be explained, taking
into account the already introduced measurement characteristics. The test
program will be introduced as final step of the test definition.
Finally, the measurements will be presented, introducing the parameter
ranges. A measurement example will be explained as first step, in order
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Fig. 4.1: Test circuit.

to describe the measurement characteristics. Afterwards, a presentation of
the systematic measurements will be performed. The results also will be
presented with a tendency analysis in order to present a synthesis of the
result conclusions. The tendency analysis will be introduced with an exam-
ple. Finally, the results of the tendency analysis will be presented, and the
observed tendencies summarised.

4.2 Experimental Set-up

The target of the test is to measure the voltage drop in the brushes. The
measurement is done in a moving system with a small range of the voltage
drop. Thus, the noise of the signal must be minimised, and in this point the
ground of the system is a critical point. With this limitation, all the devices
used in the electric circuit are isolated through a transducer. Thus, there are
galvanic connections between inputs and outputs. The electric circuit is the
base of the test set-up. Fig. 4.1 shows the scheme used in the test. The signals
in the channels three and four are the voltages between the brushes and the
oscilloscope ground. The voltage is measured in a differential form, so the
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Signal Function
Channel 1 Current in the brushes
Channel 3 Cathode (minus brush)
Channel 4 Anode (plus brush)
Trace A Current mean
Trace B Channel 4 - Channel 3
Trace C Mean of the Trace B

Table 4.1: Oscilloscope set-up

voltage between one brush and the sliding ring is 0.5 times the difference
of channel four and three. With this situation, the oscilloscope plays an
important role. We are using different functions of the device in order to
read the mean voltage drop between the brushes (Table 4.1). Finally, we
read out the Trace A and Trace C, and their statistical errors.
Fig. 4.1 also shows a current source. The output of the current source is
isolated from the input through transducers. It is controlled by a DAS
(Data Acquisition System), which also has galvanic connections made by
transducers.
The measurements have to be time effective due to their quantity and the
duration of each test. Automatised tests are a good solution in order to take
benefit from all the possible testing time. The automatisation comprises
the configuration of the different devices, as well as the value generation of
the different parameters for each test. In addition, different parameters can
be monitored during the long-time tests in order to avoid possible errors.
For example, this is necessary in order to be sure that the environmental
situation is constant. Therefore, it is important to automatise all the tasks.
The use of one device that performs all these tasks is expensive. A better
solution is to have a group of commercial devices, that each one controls
different variables. In order to coordinate all these devices, the test bench
is controlled by a personal computer. A Labview program was developed in
order to regulate and to read out all the different devices. This program has
to configure the rotor speed, the climate chamber and the oscilloscope. In
addition, it monitors all the environmental parameters in order to assure a
constant situation. The program tasks have the following order:

� regulating the desired environmental and electrical parameters

� waiting till the desired time or a desired situation is accomplished

� controlling the constant environmental situation

� measuring all the parameters from our different devices
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Fig. 4.2: Depict of the different test devices and their connections.

The regulating parameters are: humidity, temperature, rotor speed and cur-
rent. In order to regulate the desired situation, the computer communicates
with the devices presented in Fig. 4.2. The arrows indicate in which mode
the devices are operating. The arrows going from the computer to the de-
vices are regulating messages. The arrows going from the devices to the
computer are measuring messages. The devices operate as measuring and
regulating units depending on the computer messages. Four computer ports
are used (USB, two serial ports and GPIB). In the regulating part, the cli-
mate chamber plays an important role because it controls the temperature
and humidity. In order to generate a desired current value, we use a current
source controlled by its analog port. This analog port is controlled by the
DAS.
The DAS is a multifunction data acquisition system. This unit can com-
municate with the PC over the Universal Serial Bus (USB), providing a
convenient alternative to plug-in data acquisition boards. This bus supports
a wide range of peripherals, and also supports an input-output analog port.
After accomplishing a full designed set-up, a first test was done with a spe-
cially designed device (Fig. 4.3(a)). This device comprises a copper rotor,
the couple of brushes, and their holders. This implementation had not the
proper mechanical conditions in order to have a good brush-rotor contact.
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The brush holder has to catch the brush, leaving it a little bit loose. This
is necessary in order to have a good adaptation of the brush to the rotor
surface. Moreover, the brush holder has to avoid the friction-excited vi-
bration range. The friction-excited vibration range produces the brushes
chatter of the brushes and a bad contact [71, 34, 36, 37]. The brush has to
make contact to the rotor within an angle range, and not in a perpendicular
way. This first brush holder did not agree with both requirements. After
trying different solutions with this implementation, it was not possible to
fix the noise problem. The solution adopted was to use a commercial gen-
erator (Fig. 4.3(b)), in which the two slip rings where connected. Thus, the
commercial generator has the same electric circuit of the specially designed
device (Fig. 4.1).

(a) First implementation: specially designed
device.

(b) Second implementation: commercial gen-
erator.

Fig. 4.3: Different implementations of brush-slip ring devices.

4.2.1 Involved Parameters

The systematic measurements have to deal with the test bench parameters.
Firstly, we will clarify the parameters that we can read. Secondly, we will
see the parameters that we can regulate. Table 4.2 shows our measured
parameters and the respective devices. So, we can read five parameters with
different devices, and by using four computer ports. We can read different
types of parameters which complicates the coordination of the program. The
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Parameter Device Computer Port
Current Oscilloscope GPIBBrush voltage

Humidity Climate chamber LPT1
Ambient temperature Climate chamber & DAS LPT1 & USB

Speed Motor & DAS LPT2 & USB

Table 4.2: Measuring parameters.

measuring parameters are

� climatic parameters: temperature (10-90 C̊) and humidity (10-90 %)

� mechanical parameter: angular speed (600-3000 rpm)

� electrical parameters: current (0-5 A) and voltage drop.

We emphasise that there are two parameters controlled by two units. The
ambient temperature and angular speed could be read by different devices,
while each is regulated by one device. The angular speed is regulated by the
motor, and it can be read by the motor and the DAS unit. The ambient
temperature is regulated by the climate chamber and can be read by the
climate chamber and by the DAS unit. Thus, both parameters are controlled
by the DAS unit. This possibility is used by the Labview program to control
the proper function of climate chamber and motor.

Parameter Device Variation Range
Ambient temperature Climate chamber 15 to 90 °C

Humidity 15 to 90 %
Speed Motor 0 to 3000 rpm

Current Current source 0 to 20 A(through DAS unit)

Table 4.3: Regulating parameters.

So the computer is connected to four machines: DAS, climate chamber, mo-
tor and oscilloscope. At the same time the DAS is connected to the current
source and to two different sensors (temperature and angular speed sensors).
The different ports are presented in Table 4.2. The communication with the
climate chamber was done with a special cable and a special library func-
tion. The handshaking was not a standard one, so it had to be extracted
from a C++ example, read directly from the port, and implemented bit to
bit in Labview. The oscilloscope was configured with its standard library
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functions. That was a good solution in order to have a quick and exact
development of the oscilloscope configuration. The DAS could be configured
by Labview standard libraries. The motor could be configured with an stan-
dard serial port protocol. After controlling the devices, the waiting time,
stop and security modules have to be developed. Finally, the result was a
big library, comprising more than 100 modules.
The test bench comprises measuring and regulating parameters, Table 4.3
shows the regulating parameters, devices and working ranges. Four para-
meters can be regulated through three units. Thus, all the regulating units
can also read out their regulating parameters. The climate chamber has a
range for humidity from 15 to 90 % and for temperature from 15 to 90 C̊.
The motor can be static and reaches a maximal angular speed of 3000 rpm.
The current source has an output range from 0 to 20 A
All the set-up was implemented in order to have an totally automatic test
bench, measuring all our results while other research tasks could be com-
pleted. Unfortunately, these tests cannot be full automatic because of two
reasons: firstly the climate chamber cannot be switched on and switched
down through the port, and secondly the motor has not a remote reset. For
the first one reason, the climate chamber has to be switched on by hand.
Also, there are some errors that don’t cause an error message, for example
in the case of no water in the tank, there is no remote information message.
The second reason can seem a little bit strange but the motor could have a
different kind of error as high temperature or too much force moment. Thus
after an error occurs, the motor has to be changed by hand.

Fig. 4.4: Different UI-curves with different warm-up times.
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4.3 Test Definition

The contact model has to be based on several measurements. Each measure-
ment has to be done on the same form as the others. In addition, the analysis
of the measurements has to be always exactly the same, in order to compare
and interpret the results properly. The measurement steps are prone to hu-
man errors, even if the different tests are done within a wide time range. In
this section, the different steps done will be explained in order to maximise
the test automatisation. Also, a first test is presented as an example. This
test was a good experience, in order to plan the systematic measurements,
and to test an up to now unchecked point of the theory (hysteresis cycle).
Finally, a first measurement example is presented, including the measured
values and their analysis.

4.3.1 Warm-up Time and Reproducibility

After determining the test parameter, the goal is to develop a reproducible
test. So the first point was to determine which time the system needs in
order to have a stable environmental situation. This time is called warm-up
time. Different bibliographic values were studied. Fig 4.4 shows different
curves at different warm-up times. For warm-up times from one hour to
one hour and a half, the voltage drop varies and increases with the waiting
time. After more than two hours, the increasing tendency disappears and
the voltage drop reaches a constant voltage. The variations are caused by the
differences on the contact surfaces. Some other authors developed a similar
stabilisation time [63, 21].

Fig. 4.5: Reproducibility of the data.



4.3. Test Definition 71

(a) Triangular periodic signal. (b) UI-Curve.

Fig. 4.6: Test of increasing and decreasing ramps.

From the time where the environment time is established, the reproducibility
could be tested. Fig. 4.5 shows different measurements made on different
days. The test machine was stopped and switched on for the next test. The
time between the first and the second test was one day. The time between
the second and the third test was five days. The bigger difference between
values is 4 %. Thus, we can reproduce the same measurement on different
tests with 4 % of reproducibility.

4.3.2 First Test

A first test was planned in order to become confident with the test bench
and its programs. In addition, it is used to check a theoretical point. This
theoretical point deals with the creation and disappearance of spots. The
spots are created as the electric field increases on the oxide layer. Then, if
we make a decreasing ramp the voltage will be smaller than in the increasing
ramp [34]. Thus, we decided to measure two UI-curves, one with ascending
current and one with descending current. The signal made was a triangular
current signal in the time. Finally, the UI-curve will be extracted in order
to check the theoretical point. Fig. 4.6(a) shows the current vs. time and
the voltage vs. time. Four triangle signals were measured in order to test
if there is a difference between the first triangular signal and the following
ones. Sometimes, there were some differences between the different triangu-
lar ramps but in general, these differences were small. We considered each
increasing and decreasing ramp couple as a frame. Finally, we used these
four frames in order to calculate the mean value and the statistical variation
between frames. This statistical variation between frames can be seen as an
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signal error. Fig. 4.6(b) shows the UI-curve from these mean values. This
figure presents a hysteresis curve. In all our tests, the upper curve corre-
sponds to the increasing current ramp, and the lower curve corresponds to
the decreasing current ramp. This can be explained with the constriction
theory as follows: the spots need an electric field value in order to be formed.
The number of spots grows as the electric current increases. In the first mo-
ment, when the electric current is reduced the spots are already formed, and
the resistance is always smaller as in the creating spot case.
After this point, the hysteresis cycle is checked. The UI-curves present on
the bibliography are composed by increasing ramps. Then, the measure-
ments will be done only with increasing ramps of current. Thus, the next
curves represent the higher curve in the hysteresis cycle.

4.3.3 Error Calculation

The measurement error has to be calculated in order to have a range of
accuracy [75, 60, 3]. Fig. 4.7 gives the schematic of the measurements. The
measured voltage has a variation due to the movement of the rotor and
brushes. Thus, the oscilloscope calculates the mean and the deviation of the
measured voltage. This mean voltage is produced by the general contact
situation that is determined by the environmental situation. During the
time in which the oscilloscope calculates the statistical values, the current
is constant. Thus, the current is varied in steps. Each measured value from
the oscilloscope is given by

Ui ±4Ui , (4.1)

where Ui is the mean voltage value calculated by the oscilloscope, 4Ui is its

Fig. 4.7: Schematic of the measurement signals.
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standard deviation, and i is the index of the measured point (we measure 84
points, 21 in each frame). The mean voltage calculated by the oscilloscope
is

Ui =
1
τ

(i+1)τ∫

iτ

U(t)dt , (4.2)

and the standard deviation is

4Ui =

√√√√√1
τ

(i+1)τ∫

iτ

(U(t)− Ui)2dt . (4.3)

The standard deviation which corresponds to the oscilloscope also was mea-
sured in order to have a complete error calculation. The measurements are
done with four frames f = 4. Firstly, the mean voltage value U has to be
calculated for each discrete current value as

U(I) =

4∑
f=1

Ui(f, I)

4
, (4.4)

where f is the variable counting the number of frames, and I is regarded
current value (in each frame). So, this calculation will be done for the
21 points towards each frame. The statistical error between the frames is
defined as

ψ(I) = σ(I)2 =

4∑
f=1

(Ui(f, I)− U(I))2

4− 1
. (4.5)

The mean systematic error will be calculated as the mean error of the mea-
surements, as

4U(I) =

4∑
f=1

4Ui(f, I)

4
. (4.6)

The error coefficients were calculated as the quadratic sum of the statistical
and systematic errors as following

Λ(I) =
√

ψ(I)2 +4U(I)
2

. (4.7)



74 Chapter 4. Test Bench

Fig. 4.8: Flow chart of the test.

And in the following sections the results will be present as UI-curves. The
values present in those curves are

U(I)± Λ(I) (4.8)

4.3.4 Test Program

After all these tests and definitions, the standard test has to be established.
Fig. 4.8 describes the different steps of the test. So, the test begins with
the switch on of all the devices. This step cannot be done automatically
by remote control. After switching on, the Labview program sends the con-
figurations to the oscilloscope, motor and DAS. During this initialisation
process, the Labview program reminds the user with some messages to the
different tasks, which can only been made by hand. Then, the temperature
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and humidity values are sent to the climate chamber, the speed to the motor
and the current to the DAS unit. The controlling program starts monitor-
ing the current and environmental parameters. The Labview program waits
till the desired environmental situation is accomplished and stable. In this
point, there is the possibility of a non-reachable environmental situation,
because the parameters are on the boundary of the working range of the
climate chamber . So, the Labview program monitors the chamber tenden-
cies (temperature and humidity). With this monitoring task, the program
determines, if there is not a reachable environmental situation. The name
of this situation is “parameters limit” in the figure, because the climate sit-
uation is on the limit of the working range. When the Labview program
determines the parameters limit situation, it continues with the test in the
climate chamber limit. In addition, the program stores the environmental
situation, in order to have all the information in the analysing result part.
The Labview program orders a constant current, and waits the warm-up
time. During this time, the Labview program continues monitoring the
environmental situation. Thus, the test run for 2 hours with a constant
current, speed, humidity, temperature, and the controlling task. After this
time, an UI-curve is measured. In order to determine an statistical error of
the voltage, four current ramps are made. All the measured values are stored
in an ASCII file. After that, a new test can be started with new parameters.
Furthermore, the number of tests will be great, and the number of files
with only one parameter variation with another also will be big. Thus, it
is useful to automatise the excel file generation, and the extraction of the
test parameters from the header. Thus, different macros were carried out in
order to take care of each analyse point.
Finally, a defined test has been developed, combining different programs
and concepts. There are different test stages, but in general, there is an
automatised test capable to manage a big amount of information.

4.4 Measurements

The different measurements will be presented, beginning with a complete
example. In this example, the transformation of the four frames to the UI-
curves will be done. Then, the systematic measurements will be shown.
The explanation of the different parameter dependencies are given. Then, a
tendency analysis is done in order to synthesise the data volume and to be
sure of the different parameter influences. In addition, this tendency analysis
is clarified in detail through an example. Finally, a short presentation of the
tendency analysis results will be given.
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4.4.1 Measurement Example

One of the standard measurements will be explained in this section as mea-
surement example. Fig. 4.9 shows the measured curves from the oscilloscope.
The test program orders four current ramps as we have already seen. The
output voltage between the two brushes is measured, as the mean voltage be-
tween the channels four and three of the oscilloscope. The standard deviation
of the channel difference also is measured in order to have the signal error.
The first ramp is a little bit different in comparison with the others. This
difference occurs sometimes, the macro detects this difference and makes the
calculations without the first ramp. Another advantage of our automatised
test bench is that we can measure with a constant sampling rate. The time
between two points is about 5 seconds, because this is the time that the
oscilloscope needs to calculate the mean value. Thus, one ramp is obtained
in 105 seconds, and the entire wave in 425 seconds, and the voltage values
are the mean values calculated by the oscilloscope. With this UI-curve time,
the oxide layer has not time to adapt itself to the different current values.

Fig. 4.9: Measured curves in time domain. Curves obtained for
n =1500 rpm, H =60 % and T =50 C̊.
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Fig. 4.10: Final UI-curve obtained from three ramps. Curve ob-
tained for n = 1500 rpm, H =60 % and T =50 C̊.

Thus, the oxide layer is not representative of each current value of the ramp.
However, the oxide layer is characteristic of the environmental situation with
a current Imax/2. Because of the big signal unevenness, the mean voltage
value represents the voltage drop. The current values were more stable than
the voltage values.
The macros transform these four ramps in one composed by the mean values
of the ramps. The error also is calculated by the macros as presented in sec-
tion 4.3.3. Finally, the UI-curve is shown in Fig. 4.10. The curve is obtained
for a temperature of 50 C̊, an angular speed of 1500 rpm and a humidity
of 60%. The voltage drop is between the two brushes, going from zero to
2.2V. Focusing on the current values, there is a point each 0.25 A. The error
bars are about 200 mV high in all the voltage range. Their influence is big
enough to be taken into account. The UI-curve shows a typical behaviour
which can be found on every measurement. In the next subsections, we are
going to study the parameter variation influence.

4.4.2 Systematic Measurements

After determining the characteristics of the test experiment, we made a
series of tests. In this section, the results will be presented. In the following
presentation, the parameter names will be changed in order to have a shorter
legend. The names are the following
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Fig. 4.11: Measurements with T=50°C and H=50%.

� Temperature → T

� Relative humidity → H

� Angular speed → n.

The measurements comprised a big range of different conditions. The para-
meters variation is:

T = 10, 20, .... 90°C (9 values)

H = 10, 20, .... 90 % (9 values)

n = 600, 1500, 2000, 3000 rpm . (4 values)

Thus, the total number of measurements are 9 · 9 · 4 = 324. Some of
them could not be taken into account in the analysis phase because of the
working range of the climate chamber. The electric test bench influences the
chamber room. Thus, the climate chamber has not an exact working range.
However, the monitoring property of our program allows us to see when the
environmental situation was not stable.
The next examples show the influence of the variation of T ,H, and n respec-
tively to the standard situation of T=50°C, H=50%, and n=3000 rpm.
Fig. 4.11 shows the curves measured with a constant temperature T of 50 C̊
and a constant relative humidity H of 50 %. The figure shows the UI-
curve with the angular speed as parameter. As the angular speed grows,
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Fig. 4.12: Measurements with T=50°C and n=3000 rpm.

the voltage drop decreases. This effect could be measured in all the other
examples. The increase in the speed entails a bigger clearing effect. This
results in a thinner oxide layer, a higher electric field, and a bigger number of
spots. Also, the oxide resistance decreases as the oxide thickness decreases.
Both effects, the bigger number of spots and the smaller oxide resistance,
cause a decrease in the contact resistance. There is not a linear decrease, the
curve with 3000 rpm has a bigger decrease regarding the curve with 600 rpm
than the other curves (1500 and 2000 rpm). This effect is related to the non
linearity in the motor vibration with the angular speed. The highest motor
noise was observed at an angular speed of 3000 rpm, but its increase with
the speed also was not linear.
Fig. 4.12 shows the dependence of the UI-curve with the variation of the
relative humidity. All the curves are measurements with angular speed of
3000 rpm and a temperature of 50 C̊. The voltage drop increases as the
relative humidity increases. The oxidation increases with growing relative
humidity [34, 71]. This produces a thicker oxide layer, a smaller electric field,
and a smaller number of spots. This smaller number of spots is equivalent to
a bigger resistance value in electric terms. Also, the thicker oxide layer has
a bigger channel resistance. The sum of these two effects causes this voltage
drop to increase.
Fig. 4.13 shows the UI-curves with the temperature as parameter. All the
curves are measured with an angular speed of 3000 rpm and a relative hu-
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Fig. 4.13: Measurements with n=3000 rpm and H=50%.

midity of 50 %. There is a growth in the voltage drop when there is an
increase in the ambient temperature. The oxidation increases with increas-
ing the temperature. Thus, the effect is similar of the effect of the relative
humidity.
A parameter classification can now be done taking into account the variation
range of Fig. 4.11, Fig. 4.12 and Fig. 4.13. The biggest variation range is
for the angular speed, and the smallest variation range is for the ambient
temperature. Thus, the voltage drop is influenced by the angular speed,
relative humidity and ambient temperature in this order of importance. This
comparison is always inside the variation range of each parameter, perhaps
in other variation range appears other classification.
All in one, a decrease in the angular speed generates a bigger voltage. An
increase in the relative humidity produces a bigger voltage. An increase in
the ambient temperature generates a bigger voltage. The influence of the
different parameters has the order: angular speed, relative humidity, and
temperature.

4.4.2.1 Tendency Analysis

The volume of measured UI-curves is huge, and we have to be sure that the
tendencies are well defined. A tendency analysis was performed in order to
clarify the tendencies, but not to model the system. Thus, the analysis is a
qualitative tool to guarantee the tendencies.
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T Umax Error G0 + Gn · n + GH ·H GT

°C V V V V / °C
10 –a –

1.56 2.85e-3

20 1.55 0.03
30 1.70 0.04
40 1.72 0.05
50 1.62 0.06
60 1.66 0.04
70 1.74 0.04
80 1.80 0.04
90 1.81 0.04

Table 4.4: Example of tendency analysis for n=3000 rpm and
H=20 %.

aBorder range for the climate chamber

A new representation to all the data is done in order to perform better
analyses for the full data volume. For example, if the effect of the relative
humidity is amplified by the effect of an increasing temperature, the analysis
can detect this dependency. This type of second dependencies defines the
grade of complexity of the model.
The proposed analysis was done in an individual current value in order to
check its variation with the different parameters. Thus, we made a tendency
analysis, with the voltage of the UI-curves, at the maximum current of
5A. This voltage is analysed for two constant parameters and varying the
third. Table 4.4 shows an example for constant relative humidity and angular
speed. A linear regression is done over the variation of the voltage drop vs.
temperature. The linear regression is in accordance with

Umax = G0 + GT · T + Gn · n + GH ·H , (4.9)

where G0 represents the independent term, GT parameter means the influ-
ence of the ambient temperature, GH represents the influence of the relative
humidity, and Gn represents the influence of the angular speed. For example
in Fig. 4.14, G0 + Gn · n is the independent term GH represents the func-
tion of the relative humidity and GT represents the effect of the ambient
temperature.
Fig. 4.14 shows different tendency curves for different relative humidity val-
ues and for a constant angular speed (n = 600 rpm). The x-axis is the
ambient temperature and the y-axis is the voltage drop at maximal current
value of 5 A. The highest tendency line corresponds to the biggest relative
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Fig. 4.14: Tendency lines for constant n= 600 rpm and H as para-
meter.

humidity value. The lowest tendency line matches with the smallest relative
humidity value. Furthermore in a constant temperature, the voltage drop
order corresponds to the relative humidity order. This is because the GH

parameter is a positive value. Thus, a growing relative humidity produces
a succession of bigger voltage drops. The GT indexes of all the tendency
lines are positive, indicating an increase of the voltage drop with a growing
ambient temperature.
All in one, an increasing temperature causes a growing voltage drop. More-
over, a rising relative humidity produces a growing voltage drop. However,
an influence between both parameters does not appear.
Fig. 4.15 shows another type of tendency analysis. The y-axis is the voltage
drop and the x-axis is the ambient temperature. In this case, the relative
humidity remains constant (H = 50%), and the angular speed is the para-
meter with a range from 600 rpm to 3000 rpm. Thus, the independent term
is G0 + GH ·H. The highest tendency line agrees with the smallest angular
speed. Thus, the highest voltage drop corresponds to the slowest angular
speed. Moreover, in a constant temperature, the increasing voltage drop
order corresponds to the decreasing angular speed order. In this represen-
tation, the Gn tendency parameter is negative. An increasing temperature
produces a rising voltage drop for measurements with constant relative hu-
midity and angular speed. GT is always a positive value, indicating the
influence of the temperature. GT cannot be described as a simple function
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Fig. 4.15: Tendency lines for constant H=50% and n as parameter.

of the angular speed. This can be caused because the temperature influence
is the smaller one, as it was concluded from the analysis of UI-curves. The
temperature influence is so small, that it is in the limit of our test bench,
and no dependencies between temperature and the other parameters occur.

All in one, Fig. 4.15 points out two parameter influences: an increasing tem-
perature produces a rising voltage drop, and a reduced angular speed causes
a rising voltage. The angular speed influence is bigger than the temperature
influence, as the succession of values remains only in the angular speed case.
Fig. 4.16 shows the influences of angular speed and humidity. The y-axis
is the voltage drop and the x-axis is the relative humidity. In this case,
the temperature remains constant (T = 50 C̊), and the angular speed is
the parameter with a range from 600 rpm to 3000 rpm. The angular speed
influence is similar to the one in Fig. 4.15. In this representation, the Gn

tendency parameter is another time negative. GH values are practically
equal, as it is indicated by the parallel tendency lines in the figure. GH is
always a positive value, indicating the influence of the relative humidity. An
increasing relative humidity produces a rising voltage drop for measurements
with constant temperature and angular speed.
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Fig. 4.16: Tendency lines for constant T=50°C and n as parameter.

All in one, Fig. 4.16 points out two parameter influences: an increasing rel-
ative humidity produces a rising voltage drop, and in contrast a reducing
angular speed causes a rising voltage.
Taking into account the UI-curves and the tendency representations, the
parameter tendencies in all the curves were:

� increasing voltage with reducing angular speed
(Fig. 4.11, Fig. 4.15 and Fig. 4.16)

� increasing voltage with growing relative humidity
(Fig. 4.12, Fig. 4.14 and Fig. 4.16)

� increasing voltage with growing temperature
(Fig. 4.13, Fig. 4.14 and Fig. 4.15)



Chapter 5

Model

5.1 Introduction

The final step of the project is the modelling of the contact. In this chapter,
the different aspects of the model are explained. Firstly, an equivalent circuit
is introduced, explaining each device and its represented effect. Furthermore,
the influences taken into account are the oxide thickness, the capacitance
between conductors, the temperature increase on the sliding surfaces and
the spot radius. Each model device has a corresponding equation, being
listed and explained. Additional effects are considered in the model as an
temperature increment on the rotor, variable specific resistivity of copper,
the spot growth and the oxide thickness equation. Thus, each equation used
in the model is presented.
In the equations, there are parameters whose value range is known from the
bibliography, for example a is about 3-50µm. In addition, other parameters
are used in order to calculate known parameters, for example, the oxide
thickness parameters are used to calculate the oxide thickness. In order
to adapt the model to the measurements, a hierarchical optimisation was
implemented. The variation of the model parameters was always inside the
known ranges, or in order to become known magnitude range.
The optimisation task is explained, paying attention to its different phases.
Different parameter types are introduced in order to perform the different
optimisation phases. There is a first group of parameters that has been used
to adapt the model to the general contact voltage drop. These parameters are
optimised on the first optimisation phase, remaining constant after this first
optimisation. Afterwards, individual modelling parameters are optimised in
order to describe the parameter variation range. Then, the final optimised
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Fig. 5.1: Resistance circuit of the model.

parameter values are given.
The optimisation results are given as UI-curves, depicting always the mea-
sured values with the model curves. Firstly, the first optimised curve is
shown, clarifying the optimised parameters. After this first optimisation,
the tendency optimisation is developed. The three observed tendencies are
modelled and the different tendency parameters are optimised in order to de-
scribe the varying ranges. Three different UI-curves are presented to show
the tendencies optimisation. Finally, the presented range is clarified and
discussed.

5.2 Implemented Circuit

The implemented model is realised using an electric circuit. Thus, the equa-
tions for the constriction resistance could be used and an easy conceptual
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model is carried out. Moreover, we can have the real electric relation between
the different parameters related in the contact.
Fig. 5.1 shows the implemented circuit, which includes all the implemented
resistances of the circuit. The upper part of the figure corresponds to the
brush, and the bottom part is the rotor. The oxide layer is located exactly
in the middle of the circuit but it is not present in the electric circuit itself.
The electric conduction happens through the channels, so these channels are
the bridges between the brush and the rotor.
The top circuit resistance is the ohmic resistance of the brush (ROhm,br).
This ohmic resistance is present on the contact, going from the upper surface
till the constriction zone. Below the ohmic resistance part, the constriction
resistance starts, but start with the group effect of the spots. Thus, the
cluster resistance (Rcl,br) is located below the ohmic resistance.
Following the cluster resistance, the individual spot effect becomes the most
powerful. Thus, the spreading resistance (Rs,br) is placed below the cluster
resistance. This spreading resistance belongs to each spot, so the resistance
is continued as a parallel connection of resistances. Following the spreading
resistance, the channel resistance (Rch) is the next resistance in the circuit
as it happens in the real geometry. This channel resistance also belongs to
each spot, going on with the parallel circuit. The channel parallel resistances
form the horizontal symmetry-axis of the circuit. The resistances up and
down from the channel resistances are equivalent, depending only on the
composing material. Following the channel resistance, the material changes
to the copper of the rotor. The upper resistance on the rotor agrees with the
spreading resistance (Rs,rot), as the conduction happens through the spots.
These spreading resistances are also placed in the parallel circuit. Thus,
each parallel circuit branch is the serial connection of the two spreading
resistances and the channel resistance.
Fig. 5.1 shows the parallel connection of n branches. The group of branches
from the first to the n-1 are spots with a constant spot radius. The n’th
spot is the last created spot, having a variable radius. Thus, this spot is the
growing spot, suffering from b-fritting.
Below the spreading resistances on the rotor side, the group effect of all
these rotor spots influences the total conduction. Thus, the cluster resistance
(Rcl,rot) in the rotor is located below the spreading resistances. This cluster
resistance joins the parallel branches, and the circuit is continued as an
individual branch. The parallel circuit is located between the two group
effects, or it is located where the individual effects of each spot are the
dominating resistance effect. Below the cluster copper resistance, the ohmic
copper resistance is located (ROhm,rot).
To summarise, the model starts and finishes with ohmic resistances. In the
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Fig. 5.2: Resistance circuit of the model.

middle part of the circuit, constriction and cluster resistances are present to
describe the effects located in the contact surface.
The ohmic resistances located in the rotor and the brushes have to be deter-
mined. The geometrical size of the ohmic resistances is determined through
the FEM simulations. This was already studied in chapter 3. Fig. 3.5 shows
a scheme of the potential lines in a contact composed by one spot. The
constriction zone starts when the potential lines could be described as el-
lipses around the spots. Before this constriction zone, the potential lines
are straight lines following the Ohm’s law. The potential lines are ellipses
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when the current density has a huge x-component. In section 3.3.3, current
density integrals were done over horizontal surfaces. The integrations in-
crease their error when the current density has a big horizontal component,
giving a bad current value. The FEM integrations are working till a distance
200 · a from the spot. With a = 5 µm, this distance becomes 1 mm. Thus,
the considered ohmic part of the brush will be from the brush top to 1 mm
from the brush surface. On the rotor, the ohmic part also is assumed from
the bottom surface to 1 mm from the upper rotor surface.

5.2.1 Circuit Influences

The circuit devices are already explained from the point of view of summaris-
ing all the used devices. Each device takes into account different influences
as rotor temperature increase, or spot radius. In this section, all these influ-
ences are explained referring always to the respective device.
Additionally, the circuit capacitance is discussed. The presence of an oxide
causes the existence of a capacitance between brush and conducting rotor.
This capacitance will be discussed from the simulation and empirical expe-
riences.

5.2.1.1 Circuit Resistances

Fig. 5.2 shows the different resistance dependencies. The explanation will go
from top to bottom as the description of Fig. 5.1. The upper resistance part
of the figure depends on the type of brush used, or in other words depends on
the type of graphite compound. These graphite resistances can be described
with a linear negative decrease in their specific resistivity. However, as a
significant dependency on specific resistivity was not found, no temperature
dependence was implemented. The ohmic brush resistance depends on the
sizes of the brush (width and height) and the brush material. The cluster
brush resistance also depends on the load pressing the contact and the type
of brush material. The spreading brush resistance depends on the size of
the spot and the brush material. At this point we leave the brush zone
and go inside the oxide zone. The channel resistance depends on the oxide
thickness and on the spot radius. The rotor spreading resistance depends on
the temperature of the sliding surface, the rotor material and the spot radius.
The cluster rotor resistance depends on the temperature on the surface, the
load pressing the contact and the rotor material. The ohmic rotor resistance
depends on the temperature of the surface, the rotor material, and the size
of the rotor.
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Fig. 5.3: UI-curves for a parametric simulation with an oxide capac-
itor between 1 pF and 1 µF.

5.2.1.2 Circuit Capacitor

Between the brush and conducting rotor, there is an oxide layer breaking
the electric conductivity. In the presence of electric current, channels are
formed, within these channels the electric conductance is given. However,
this oxide layer causes the existence of a capacitance in the electric circuit.
Fig. 5.2 shows the capacitor connected to the rest of the circuit with a non-
continuous line. There is no capacitor present in our model, but its possible
inclusion was studied. First, a verification was performed to calculate its
value, using the geometrical and material characteristics. The capacitor
is in the pF range, so it is a tiny value in order to have influence in our
measurements. Second, a new constriction model was implemented with a
capacitor inside the resistance model. Fig. 5.3 shows a parametric simulation
of a model with an oxide capacitor. The ramp time is the same as in our
measurements, and the capacitance value is varied from 1 pF to 1 µF. Thus,
there is no influence of the capacitance with our test implementation.
Another verification was the empirical observation, that the capacitance ef-
fect is not present in our measurement and previous experimental observa-
tions. For these reasons, the capacitor was not implemented in the model.
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5.3 Implemented Equations

In this section the equations used in the model are listed. The different
model equations are classified in two types: the circuit equations and the
internal equations. The circuit equations are the resistance formulas from
Fig. 5.1 and Fig. 5.2. The internal equations are the remaining equations
need to describe the specific effects of a sliding contact.

5.3.1 Circuit Equations

According to Fig. 5.1, the model is a symmetrical. The symmetrical axis is
given by the channel resistances. For example, the resistances of the top
and bottom are equal with the exception of their specific resistivities. The
equation explanation will start as in the previous descriptions (the upper
zone), and will progress to the central axis. The resistances of the extremes
are the Ohmic resistances. Their equation form is

ROhm =
ρ · l
A

, (5.1)

where A is the horizontal area, l is the vertical length and ρ is the specific
resistivity [51]. All these constants are given by the respective material and
the geometry. The length is always the ohmic part of the conductor, in
other words far away from the spots. The distance between the spots and
the ohmic part was about 1mm in order to be compatible with the FEM
simulations. The next resistance is the cluster resistance or in other words
the group effect of the spots. From Eq. 2.19, and Eq. 2.27, and accepting
that the cluster radius is equal to

π · ξ2 = Ac , (5.2)

the cluster resistance is

Rcl =
ρ

2

√
Hm · π
Υ · L , (5.3)

where ρ is the specific resistivity, Hm is the hardness of the softer contact
material, Υ is an empirical parameter equal to 0.1, and L is the load pressing
the brush [31, 30, 34, 55, 56, 15, 41].
Afterwards, the remaining circuit is the parallel connection of spot resis-
tances. The spreading resistance in one conductor is

Rs =
ρ · f(γ)

4 · a , (5.4)



92 Chapter 5. Model

where the ρ is the specific resistivity of the respective material, a is the spot
radius and f(γ) is the ellipticity factor [34, 71, 55, 56, 15, 57, 18, 41].
Finally, the remaining circuit resistance is the channel resistance calculated
following:

Rch =
ρch · tox

π · a2
, (5.5)

where ρch is the channel specific resistivity, and tox is the oxide thickness
[34, 71, 37, 57, 18, 51, 41]. With these two last equations, we can describe
the parallel circuit.

5.3.2 Internal Equations

Up to now the electric circuit has been clarified, going through each in-
dividual resistance. However, other equations are used to obtain a proper
contact description. The next points will deal with some influences and cases
implemented in the model.

5.3.2.1 Temperature Increment

The system is a sliding electric contact with a working angular speed and
electric current. Thus, the temperature on the rotor is different from the
one in the chamber [34, 71, 62]. The friction and current causes an increase
in the temperature. The implemented local temperature of the rotor is

∆T =

(
µ · L · √v + I

2·R√
v

)

3.6 ·
√

% · cp · r3
rotor · krot

, (5.6)

where rrotor is the radius of the rotor, µ is the friction coefficient, L is the
normal load, v is the linear speed (v = 2 ·π · rrotor ·n), cp is the specific heat,
% is the material density, krot is the thermal conductivity of the rotor, I is
the mean current and R is the mean resistance [62]. With this equation we
can calculate the temperature on the rotor surface, and use this increment
to calculate the material specific resistivity variation.

5.3.2.2 Specific Resistivity of Copper

For the temperature dependence of the specific resistivity of copper different
formulas were found. The most exact formula was given by White & Minges
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[81]. They give the specific resistivity as a polynomial as follows

ρcopper

Ω m
= 1 · 10−8 ·

5∑

j=0

Aj

(
T

1000 ·K
)j

(5.7)

A0 = −3.843 · 10−1

A1 = +7.5319
A2 = −2.6988
A3 = +3.9604
A4 = −2.1106
A5 = +5.579 · 10−1

where T is the temperature in Kelvin. This expression is valid for a range
between 100 and 1000 K. Thus, we can use now a correct specific resistivity
of copper and use this variation in our model.

5.3.2.3 Growing Spot

There are two different spot types, the mature spot and the growing one. The
mature spots have a constant spot radius that is a function of the materials
hardness and the contact load. The growing spot is the last formed spot
and it is in a growing phase. It can be affirmed that a spot has a constant
current density [34, 30]. The current density in a circular spot is

‖ −−→Jspot ‖= Ispot

π · r2
, (5.8)

where r is the growing spot radius, and Ispot is the spot current. The growing
radius becomes

r =

√
Ispot

π· ‖ −−→Jspot ‖
. (5.9)

With an increment of Ispot, the spot radius will increase. This equation
will be implemented in the model, applied to the last formed spot as the
constriction theory rules.
The creation of a new spot is calculated through the electric field. This
electric field is located inside the oxide layer, so the oxide thickness is used
to calculate the electric field as follows

‖ −→E ‖= Vsurf

tox
> ‖ −→E fritting ‖= 108 V/m , (5.10)
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where Vsurf is the voltage on the oxide surface, and tox is the oxide thickness.
The voltage on the oxide surface is calculated from the voltage drop in the
spots and cluster. When the electric field is bigger than the fritting electric
field a new spot comes. The bibliography gives different values for the fritting
electric field value, but 108 V/m is the most used.

5.3.2.4 Oxide Thickness

The oxide thickness is an important parameter in the contact resistance.
Most of the environmental parameters develop their effects in the oxide layer
covering the rotor, changing its thickness, composition or structure. There
are some bibliographic references, where values for the thickness are given
[38, 71, 26, 2, 1], and in [71] an oxide growing equation is presented:

tox = (K(H) · t)1/Γ , (5.11)

where Γ is a constant between 1 and 3, K(H) is a factor depending on the
relative humidity, and t is the formation time. A growing relative humidity
increases the value of K(H). Thus, a growing relative humidity produces an
acceleration in the oxide formation.
There were no bibliographic resources about growth equations taking into
account temperature influences or moving systems. The equation imple-
mented is developed to obtain the bibliographic oxide thickness values, but
it is totally new, because nobody has determined the growth of oxide layers
in a moving rotor with a controlled atmosphere.
The oxide thickness is a function of the relative humidity. This dependency
is on the function K(H) as

tox ∼ (K(H))1/Γ
. (5.12)

The model has three parameters H,T ,n. The dependency with the other
parameters (T ,n) was implemented with the form of the dependency on the
humidity.
The angular speed has two differences in comparison with the others: an
increase in the speed produces a decrease in the voltage drop, and it exists
a non-linearity. Thus, in the tox a function z is introduced to describe the
angular speed effect. Fig. 4.15 and Fig. 4.16 show this non-linearity. The z
tendency parameter is obtained performing a regression of the Umax with
T ,n constant. The regression is

Umax

V
= ·

(
−8 · 10−8 ·

( n

Hz

)2

+ 6 · 10−5 ·
( n

Hz

)
+ 2.2449

)
, (5.13)
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where n is the angular speed. Thus, the z function becomes

z
Hz

= · (−8 · 10−8 · ( n
Hz

)2 + 6 · 10−5 · ( n
Hz

)
+ 2.2449)

2
, (5.14)

where the 2 factor comes from the transformation from the two contact
resistances measured and the individual contact resistance optimised.
Finally, the oxide thickness equation has the parameter dependence from
Eq. 5.12, and in this work it is proposed a self equation. The self equation is

tox = 1e−9 · Cglob · (CH ·H)1/PH · (Cn ·z)1/Pn · (CT · T )1/PT , (5.15)

where H is the humidity, n is the angular speed, and T is the temperature.
There are two kinds of parameters: the coefficient parameters and the expo-
nential parameters. The variables starting with C are constant coefficient,
and the ones starting with P are the exponential coefficients. The Cglob is
a global coefficient parameter, independent of the humidity, angular speed
and temperature. CH , Cn, and CT are the coefficients describing the depen-
dencies of the tox on the humidity, angular speed and ambient temperature
respectively. PH , Pn and PT are the exponential parameters describing the
dependence of the tox on the humidity, angular speed and ambient tem-
perature respectively. Thus, there are two kinds of parameters in term of
dependencies: the ones depending on each variable (CH and PH depending
on the relative humidity, Cn and Pn depending on the angular speed, CT

and PT depending on the ambient temperature), and the ones that are one
global parameter (Cglob depending on the general model adaptation). Other
equations were tried but this one was the best one for the optimisation. In
the next sections all these oxide thickness parameters will be calculated and
optimised.

5.4 Standard Model Parameters

The model is based on theoretical and empirical parameters. Inside the
theoretical parameters some of them are not observable in a standard situ-
ation. The referred parameters are for example the spot radius, ellipticity,
and others. The test device is a commercial model, so all these parame-
ters are non-observable parameters. Most of them depend on the materials,
load, geometry sizes, and others. All these non-observable parameters de-
pend on the experiment characteristics. These parameters are studied in the
bibliographic sources, resulting a possible variation range of them. In the
optimisation, these parameters will be varied inside the bibliographic ranges.
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There are other parameters that are not studied until this research. The
referred parameters are the ones coming from the oxide thickness equation.
Nobody has studied the brush-rotor contact with the environmental situation
as parameter. The experiences already done with a controlled environment,
were focused on studying different gases and pressures. The parameters
used in this investigation are not present in the existing bibliography. In
the optimisation, these parameters will be varied in a range which obtains
reasonable physical solutions.
The software used to optimise the parameters is the WEVA-tool (Werkzeug
zur Erstellung von V erhaltensmodellen komplexer Analogsysteme).
WEVA-tool is an optimisation tool that can optimise a model with a given
set of parameters. The WEVA-tool needs to know the optimal values in
order to know which is the target of the optimisation. In our case, the op-
timal values are the measurements, as the model has to predict the contact
voltage drop. The WEVA-tool simulates the model with the initial set of
parameters. The user gives this set of parameters. Therefore, it calculates
the error of the simulation with the measurements. Then, it varies the set
of parameters, and performs a new simulation. Therefore, it calculates the
error of this second simulation. At this point, WEVA-tool compares the two
errors in order to know which simulation is better. Thus, WEVA-tool calcu-
lates another parameter variation trying to improve the simulation results.
It performs a new simulation within this last varied parameters. Then, it
compares the error of this last simulation with the error of the best one.
WEVA-tool selects the best simulation and returns to calculate a possible
parameter set. That is repeated until no change in the errors are originated.
The optimisation of the model has a big set of involved parameters. Thus,
it was divided in steps. Each optimisation step is in charge of a group of
variables leaving the other parameters constant. Due to this hierarchical

Type Parameter Symbol Range

Global
Spot radius a 5-30 µm
Ellipticity γ 3-6

Global coefficient of the tox Cglob –

Individual

Humidity coefficient CH –
Humidity exponential coefficient PH –

Angular speed coefficient Cn –
Angular speed exponential coefficient Pn –

Temperature coefficient CT –
Temperature exponential coefficient PT –

Table 5.1: Global and individual modelling parameters.
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Fig. 5.4: Optimisation Process.

scheme, a classification of the different parameters was done. Thus, the
target model will have two types of parameters:

1. global modelling parameters, and

2. individual modelling parameters.

Table 5.1 shows the parameter classification with the respective variation
ranges. The global modelling parameters are optimised in order to adapt
the model to a selected UI-curve. The selected UI-curve is located in the
middle test range in order to avoid a big effect of one parameter. This
global optimisation phase regards the first model optimisation. These pa-
rameters are a, γ and Cglob. a and γ are geometrical parameters, having
a bibliographic variation range. Cglob is a parameter that adapts the oxide
thickness to the bibliographic values. The Cglob is a parameter inside the
tox equation, being dependent of the initial value of the individual modelling
parameters.
The individual modelling parameters deal with humidity, angular speed and
ambient temperature. These three entities are varied in our measurements,
inside the testing working range. The individual modelling parameters are
optimised for each parameter variation, leaving the global parameters con-
stant. This is the second optimisation, comprising the humidity, angular
speed and temperature variation.
Fig 5.4 shows the optimisation scheme, beginning with the global parameter
optimisation. This first optimisation stage deals with the calculation of the
best global parameter values in order to adjust the parameters value to a
real measurement. Thus, the optimal spot radius, ellipticity and Cglob are
found and classified for next optimisations as constant. Afterwards, three
different optimisations are accomplished, one for each parameter variation
(temperature, relative humidity and angular speed). On each optimisation
phase, the previous already optimised parameters are handled as constant
parameters. After all these optimisation phases, Table 5.2 is obtained.
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Description Parameter name Value
spot radius a 13 µm
Ellipticity γ 5

Global thickness Cglob 2.4
Angular speed coefficient Cn 0.0012
Angular speed exponent Pn 0.69

Humidity Coefficient CH 102.16
Relative humidity exponent PH 6

Temperature Coefficient CT 2.2
Temperature exponent PT 10

Table 5.2: Parameter values of the final model.

Table 5.2 shows the final optimised values. After optimising each parameters
set, a final simulation loop was done in order to compare the results with
the optimised values.
To summarise, a hierarchical optimisation is performed, addapting the sim-
ulation to the measurements. the internal variables of the model are always
inside real ranges. These real ranges are based direct or indirect (through
calculation) on the bibliographic sources. Some of the results are explained
in the next section.

5.5 Model Validation

Now there is an optimised model for the three observed tendencies. A grow-
ing relative humidity increases the voltage drop. Also a growing ambient
temperature increases the voltage drop. Finally, a growing angular speed
decreases the voltage drop. This last tendency has a non linear behaviour
as the measurements. All these tendencies are generated by the model.
This model behaves correctly in the optimisation range but what happens in
the whole measurements range. The measurements range has to be checked
and the error between measurements and simulation computed.
In the modelling stage the optimised range was also tested. However, this
doesn’t prove the validity of the model in all the test range. Thus, different
test points were checked on the boundary corners of the test range (Fig. 5.5).
These points have not to be arbitrary, because the system parameters have
not the same importance. This importance is measured in the effect of the
parameter in the voltage drop. For example, the angular speed has the
biggest effect on the voltage drop, and the ambient temperature has the
smallest effect on the voltage drop. Thus, the angular speed has the biggest
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importance in our test range.
Therefore, the program cornerstone was used to generate the test points.
This program uses the parameters of a system and a classification of them
to generate the test points. Then, it generates a list of representative points,
by which the system can be checked.
The user has to give the dependency of the measured magnitude with the
parameters to the program. Also the measured parameter ranges has to be
given. With this information the program can calculate where the measured
quantity has to be tested in order to have a checked range. The given
dependencies are a linear dependency for relative humidity and ambient
temperature, and a quadratic dependency for the angular speed.
The points were generated and tested. A relative error was defined as

%E =
Simulated value − Measured value

Simulated value
(5.16)

The mean relative error was about 5%. Thus, the model was validated inside
the measuring range.

Fig. 5.5: Three-dimensional space of the test range.



100 Chapter 5. Model

5.6 Comparison between Experiments and
Simulations

In this section, the results of the optimisation are given. Different UI-curves
will be presented, each one having two different components: measured data
and simulated data. The order of presentation will be the one used to reach
the complete parameter optimisation data. In each UI-curve, there will be
measured and simulated, allowing us to compare both results. The measured
curves will be presented with symbols without lines connecting the different
points. The optimised model curves will be presented with empty symbols
connected by lines. For each optimisation phase a UI-curve is given.
In our test bench, the voltage drop between both brushes is measured. The
implemented circuit is used for the two contacts (anode and cathode), con-
nected in a serial mode. In a real contact the voltage drop in a cathode
and in an anode is different. This difference comes from the different oxide
thickness and oxide composition. In our test bench, this polarity difference
could not be measured because of the complexity of the ground-rotor con-
nection. Thus, this circuit of two resistances will bring us no extra results
as we cannot measure the individual brush-rotor voltage drop. The adopted
solution was to implement a circuit with only one contact resistance. This
solution brings us a simplified optimisation circuit. Then, the measured volt-
age drop was divided by two, and then compared with our model results.
The parameters become simplified, achieving better parameter values.

Fig. 5.6: Global parameter optimisation.
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The global parameters have to be determined as first step for the model
optimisation. The first optimisation attempt was done with an UI-curve
without ambient temperature, humidity or angular speed variation. Fig. 5.6
shows this first attempt, depicting the measured and modelled curves. The
measurement was done with an angular speed of 2000 rpm, an ambient tem-
perature of 50 C̊, and a relative humidity of 50 %. The optimised parameters
were spot radius, ellipticity and Cglob. The initial values were a spot radius
of 5 µm, an ellipticity of 3, and a Cglob of 1. A first sensibility analysis was
done in order to set the optimisation priority. The optimisation was done,
achieving a good curve fitting. Fig. 5.6 shows that the fitted line is sometimes
over and sometimes below the measured data, but a good general agreement
is reached. The parameter values correspond to the ones in Table 5.2.
Fig. 5.7 shows one example of modelled UI-curve with the angular speed as
parameter. The humidity value was 50% and the temperature was 50 C̊.
The lines with an empty symbol correspond to the simulation curves. The
symbols without line correspond to the measurement curves. A parameter
value always agrees with the same symbol, differing only in the symbol filling
depending on the measured or simulated curve. For example the circle corre-
sponds always to an angular speed of 3000 rpm, while a square corresponds

Fig. 5.7: Modelation of the UI-curve with the angular speed as pa-
rameter.
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always to an angular speed of 2000 rpm. The optimised parameter were Cn

and Pn, remaining all the other parameters constant. With these values,
the simulated UI-curves behave as the measured values. Thus, it could be
concluded that the speed optimisation is accomplished.
Continuing with the optimisation procedure Fig. 5.8 shows one example of
modelled UI-curve with the relative humidity as parameter. The ambient
temperature was 50 C̊, and the angular speed was 2000 rpm. The schedule
of the graphic is the same as in Fig. 5.7. The optimised parameters were on
this case CH and PH , remaining all the other parameter values preserved. A
growing relative humidity increases the voltage drop, as it was concluded in
section 4.4.2.1. After the optimisation, CH becomes 102.16 and PH becomes
6. With this configuration, the voltage drop range of the modelling curves is
the same of the measured curves. Furthermore, the tendency of the relative
humidity can be seen on the optimised values.
The fourth optimisation step deals with the ambient temperature as parame-
ter, Fig. 5.9 shows one example of modelled UI-curve in comparison to the
measurement data. The measurements were done with a relative humidity
of 50 % and an angular speed of 2000 rpm. The variation range of the am-
bient temperature is from 20 C̊ to 80 C̊. The schedule of the graphic is the
same as in Fig. 5.7. The optimised parameter were CT and PT , remaining

Fig. 5.8: Modelation of the UI-curve with the relative humidity as
parameter.
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all the other parameter constant. After the optimisation, CT is 2.2, and PT

is 10. The optimised values show a clear temperature tendency, following
the measured values.
Finally, the variation ranges of all the parameters were implemented, achiev-
ing a model with a good parameter description. At this point the last opti-
misation step is done, a simulation without optimisation is done for all the
optimised ranges in order to test the simulation with the final parameter set.
As a final presentation, Fig. 5.5 shows the experimental range as a cube. The
rectangular space is characterised by three axes, differing in their magnitude.
The axes are ambient temperature as x-axis, relative humidity as y-axis, and
angular speed as z-axis. Thus, a space point is described as (T , H, n). The
origin of the system is the (10, 10, 600) point as this point is the minimum
test range. The tested range extends itself as a three-dimensional cross
from each minimum parameter value till each maximum parameter value.
The middle point of the cross corresponds to an angular speed of 1500 rpm,

Fig. 5.9: Modelation of the UI-curve with the ambient temperature
as parameter.
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an ambient temperature of 50 C̊, and a relative humidity of 50 %. The
presented curves maps a cross (Fig. 5.5), demonstrating a good measurement
modelling.
The observed tendencies are implemented in the model inside the oxide thick-
ness equation. The temperature and humidity influences are related with the
oxidation effect, increasing the oxide thickness. The angular speed influence
is related to the clearing effect, decreasing the oxide thickness. Both effects
are introduced in the oxide thickness equation, having the corresponding
voltage drop effect. The developed model shows a good prediction of the
measured curves, having the ambient temperature, relative humidity and
angular speed as parameter.



Chapter 6

Conclusions

The aim of this work is the theoretical and experimental investigation of a
sliding contact, regarding the influences of different environmental parame-
ters in a commercial system.
For this aim, the different principles of the constriction contact theory, which
extends over the last 80 years, are analysed and evaluated. The evaluation
has been performed with a numerical simulator (FEM), comparing the an-
alytical constriction equations with the numerical results. An experimental
set-up has been developed to measure the transient constriction resistance
under defined environmental conditions like temperature, humidity and an-
gular speed. This was achieved by using a climate chamber and an external
controlled motor. The experimental set-up has been automatised in order
to assure the test reproducibility and efficiency. Systematic measurements
are carried out regarding temperature, humidity and angular speed as pa-
rameters. The measurement results show dependencies of the constriction
resistance on these varied parameters.
Based on these results and on the constriction theory, a model has been devel-
oped which predicts the contact resistance with the observed dependencies.
The contact resistance is described by an equivalent circuit of different ohmic
resistances. Each resistance represents a particular physical effect present
on the sliding contact.
Most of the resistances are given by defined equations. Only a few of them
are based on empirical descriptions, so these equations still have grades of
freedom. To adjust the model to the measurement results, these free parame-
ters have been optimised in a hierarchical process. On this way, a very good
agreement between measurements and modelled results could be achieved.
A probable extension of the research will deal with different other aspects
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that could improve the constriction model. The model allows us to vary the
contact load, so one extension is to implement another test bench, which
controls its variation. In addition, different chemical compose does not react
equal to different environmental situations. Thus, one improvement is to
model other types of brushes. Another potential extension comes from the
polarity effect. The composition and geometry of the oxide in cathode and
anode is not the same, and possibly, they will not react equal to variations
of the environmental parameters. Thus, a new project extension is to imple-
ment a new test bench within the voltage drop in anode and cathode could
be measured separately. Another possibility will be the test of a rotor with
lamellas, as they are need in real DC motors.
To summarise, the useful facts are the design of reliable motors and a quicker
material classification. The prediction of the voltage drop in the brushes
allows controlling the behaviour of the electric motor in different environ-
ments. This knowledge is also profitable in the prediction of the brushes
wear in different climatic zones and operation modes. The brushes wear is
the key parameter in the electric motor life. Or in other words, it is the
cause of most of the electric motor failures. Another improvement is the
quick test of different brush materials. By changing the material properties
and adjusting the model parameters, the effect of this material change can
be predicted by the model.
One of the concrete facts is to clarify the environmental influences and to
perform a first step in a new sliding contact model. The environmental influ-
ences actuate over different contact parameters, having sometimes contrary
effects. The performance of the sliding contact was not clear in the previous
research works. Thus, the exact performance of the system below different
environments is now clarified. Not only the systems performance is clarified,
but the cause of this effect is clarified and modelled. These environmental
conclusions can be used to design better electric motors in the future. A
second concrete fact is the verification of the constriction theory, becoming
an interesting new approach for the sliding contacts. It is an approach based
on the physical effects present on the sliding contact, so with the inclusion of
more effects, as the contact polarity, this contact model can finally describe
the commercial sliding contact.
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Appendix A

The Ac Equation

This appendix has been added in order to clarify the equation 2.26, and the
explanation presented in section 5.3.1. The Eq. 2.26 is not intuitive, because
the relation is as follows

Ac,tot =
L

Hm
≡ Ac,tot 6= f(A) , (A.1)

where Ac,tot is the total contact area, A is the apparent contact area, L is the
applied load, and Hm is the hardness of the softer material in the contact.
The clarification will be done by using two different contacts with two dif-
ferent apparent contact areas A1 , A2 respectively (Fig.A.1). If we prove
that the total contact areas of the two contacts are equal, then the Eq. 2.26
is correct.

Fig. A.1: Two contacts with different areas, number of spots and
waviness.
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The situation is the presence of two physical contacts, having each contact
an apparent area of A1 and A2. Both contacts happen between the same
materials. Fig A.1 shows both contacts with their related dimensions. Both
contacts are pressed by a load L, and both have a respective density of spots
n1 and n2, and a waviness of ε1 and ε2 .
In order to follow with the demonstration, all the magnitudes will be equal
except the apparent areas, so we are in the situation:

� waviness ε1 and ε2 and both are equal

⇒ ε1 = ε2 , (A.2)

� the density of spots is the same

n1 = n2 = n . (A.3)

With this situation on each contact, Zi is the number of spots in the respec-
tive area of contact. The number of spots on each contact is

Z1 = n1 ·A1 = n ·A1 , and (A.4)
Z2 = n2 ·A2 = n ·A2 , (A.5)

where A1 and A2 are the apparent areas of each contact. Dividing both
equations, the result is

Z2 = Z1 · A2

A1
. (A.6)

As the load L is distributed on the Zi spots, and these spots are equal in
dimensions, the spot load in both contacts is

Fi =
L

Zi
. (A.7)

In order to be more explicit, the spot loads for each contact are

F1 =
L

Z1
and F2 =

L

Z2
. (A.8)

The respective true contact areas are Ac,tot,1 and Ac,tot,2, and they are de-
scribed by

Ac,tot,1 = Z1 · π a2
1 , and (A.9)

Ac,tot,2 = Z2 · π a2
2 , (A.10)
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where a1 is the mean spot radius in the contact 1, and a2 is the mean spot
radius in the contact 2. It is generally accepted that the true contact area
is controlled by the plastic deformation of the surface asperities of the softer
material [34, 71, 30, 13]. Under this assumption, the total area of mechanical
contact Ac,tot is related to the load L as follows

Ac,tot =
L

Hm
, (A.11)

where Hm is the hardness of the softer material of the contact. Applying
Eq.A.11 to the first contact, it is transformed by using Eq. A.9 and Eq. A.8
as follows

Z1 · πa2
1 =

Z1F1

Hm
(A.12)

⇐⇒ πa2
1 =

F1

Hm
(A.13)

⇐⇒ πa2
1 =

L

Z1 ·Hm
(A.14)

⇐⇒ πa2
1 =

L

n ·A1 ·Hm
. (A.15)

Eq.A.15 is true for both contacts changing 1 indexes to 2 indexes. Including
Eq.A.15 and A.4 into Eq. A.9, we find

Ac,tot,1 =
L

Hm
. (A.16)

Thus, the contact area of the contact 1 does not depend on its apparent
contact area. Since we obtain Eq. 2.26, we can conclude that the assumption
was true.
In addition, we are going to demonstrate that both contact areas are equal.
To demonstrate this, the contact area in one spot is

Ac,1 = π · a2
1 =

F1

Hm
and Ac,2 = π · a2

2 =
F2

Hm
, (A.17)

where π · a2
i is the area of one spot in contact i, as well as Ac,i. Applying

Eq.A.8 and A.6, the force on each spot is

F1 =
L

Z1
=

L
A1
A2
· Z2

. (A.18)
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Thus, the interaction of Eq. A.17 results in

Ac,1 =
L

Hm · A1
A2
· Z2

, and Ac,2 =
L

Z2 ·Hm
. (A.19)

Now, dividing the two functions we obtain

Ac,1

Ac,2
=

L ·A2

A1 · Z2 ·Hm
· Z2 ·Hm

L
=

A2

A1
. (A.20)

If we calculate the total areas of contact applying Eq. A.6, the relation is

AC,tot,1 = Z1 ·Ac,1 = Z1 · A2

A1
·Ac,2 = Z2 ·Ac,2 = Ac,tot,2 . (A.21)

The final expression is

Ac,tot,1 = Ac,tot,2 =
L

Hm
. (A.22)

Finally, the contact areas are the same in both cases, even if each case has a
different apparent area. Thus, the Eq. 2.26, and the explanation presented
in section 5.3.1 are correct.
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