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Abstract
The approximate solution of convection–dominated transport problems ob-
tained by standard finite element methods is characterized by unphysical os-
cillations. In general, there are two strategies in order to reduce this unde-
sirable deviation from the exact solution. The first one is the calculation of
the numerical solution on a highly refined grid, the second one is the use of
stabilization techniques.

The drawback of a global refinement strategy is given by the increasing num-
ber of degrees of freedom. For that reason, it is common to use adaptive
refinement strategies based on a–posteriori error estimates. The conventional
error estimates for convection–diffusion–reaction equations often depend on
undetermined constants or even the reciprocal of the small diffusion coefficient
which leads to tremendous impracticality of these error bounds. However, sta-
bilization techniques on their own are also not sufficient to completely reduce
the oscillations. For that reason, we take advantage of the concept of adap-
tivity and of stabilization by combining a goal–oriented error representation
with stabilization techniques of streamline upwind type (SUPG) and shock–
capturing.

We present an error representation that is based on the dual weighted residual
method that transfers information how to weight the residual terms with the
solution of an associated adjoint linear problem which is convection–dominated
as well. The error is given in terms of a user chosen quantity of interest such
that point values or other application–related target quantities. The perfor-
mance of the error representation which is exact except for negligible remainder
terms and the corresponding adaptive strategy is presented for stationary non-
linear transport problems and different quantities of interest. The introduced
method can be extended to transient convection–diffusion–reaction problems
provided that a variational formulation in space as well as in time is available.

The numerical results for stationary and nonstationary test cases illustrate that
the presented goal–oriented error representation is capable to control the adap-
tive refinement process in such a manner that unphysical effects are avoided or,



at least, clearly reduced in comparison to standard methods. The effectivity
index, a measure for the quality of error estimates, tends to an optimal value
with regard to reliability and precision. For that reason, the mesh adaption
is carried out in an excellent way such that boundary layers, interior layers or
sharp moving fronts are detected and the quantitative error in terms of the
target functional decreases.



Zusammenfassung
Bei der näherungsweisen Berechnung von Lösungen von konvektionsdominan-
ten Transportproblemen entstehen üblicherweise unphysikalische Oszillatio-
nen in der Lösung, wenn man diese mit dem Standardwerkzeug der Finite–
Elemente–Methode behandelt. Im Allgemeinen gibt es zwei Herangehenswei-
sen, um der unerwünschten Abweichung der numerischen Lösung von der ex-
akten Lösung entgegen zu wirken. Zum einen können feine Netzschrittweiten
Abhilfe schaffen, zum anderen werden Stabilisierungsverfahren eingesetzt.

Ein globales Verfeinern der Auflösung des Rechengitters führt allerdings zu ei-
ner wachsenden Anzahl von Freiheitsgraden im zu lösenden System. Deswegen
verwendet man gewöhnlich adaptive Verfeinerungsstrategien auf der Grundla-
ge von a–posteriori Fehlerschätzern. Üblicherweise hängen Fehlerschätzer für
Konvektions–Diffusion–Reaktionsgleichungen von unbestimmten Konstanten
oder sogar vom Kehrwert des sehr kleinen Diffusionskoeffizienten ab, was zu
absoluter Unbrauchbarkeit der Fehlerschranken führt. Allerdings lösen auch
Stabilisierungstechniken das Problem der Oszillationen nicht alleine. Darin
liegt der Grund für unser Vorgehen, Stabilisierung vom Typ streamline upwind
(SUPG) und shock–capturing mit Adaptivität basierend auf einer zielorientier-
ten Fehlerdarstellung zu verbinden.

Dazu leiten wir mit Hilfe der dual–gewichteten Residuen–Methode (dual weigh-
ted residual method) eine Fehlerdarstellung her, die unter Berücksichtigung
der Lösung eines ebenfalls konvektionsdominanten linearen dualen Problems
die residualen Terme quantitativ gewichtet. Der Fehler wird hierbei bezüg-
lich einer Messgröße dargestellt, die der Anwender nahezu beliebig wählen
kann. Darunter kann man sich Punktgrößen, aber auch jedes andere Funktio-
nal, das für die Aufgabenstellung interessant ist, vorstellen. An verschiedenen
Testbeispielen für stationäre nichtlineare Transportprobleme und einer Rei-
he von Zielgrößen zeigen wir den Nutzen, den die bis auf vernachlässigbare
Restglieder exakte Fehlerdarstellung bringt, auf. Insofern wir für instationäre
Konvektions–Diffusions–Reaktionsgleichungen eine variationelle Formulierung
im Raum und auch in der Zeit vorliegen haben, kann die vorgestellte Methode



auf instationäre Problemstellungen erweitert werden.

An den numerischen Ergebnissen für den stationären wie für den instatio-
nären Fall veranschaulichen wir, dass die zielorientierte Fehlerdarstellung die
adaptive Verfeinerungsstrategie so steuern kann, dass unphysikalische Effekte
vermieden oder zumindest deutlich reduziert werden im Vergleich zu Standard–
Verfahren. Der Effektivitätsindex stellt ein Maß für die Qualität eines Fehler-
schätzers dar. In unseren Simulationen können wir feststellen, dass der Ef-
fektivitätsindex gegen einen optimalen Wert hinsichtlich Zuverlässigkeit und
Exaktheit konvergiert. Darauf begründet ist die Fehlerdarstellung in der Lage,
die Gitteradaptivität so zu steuern, dass Grenzschichten aufgespürt werden
und der Fehler bezüglich des Zielfunktionals abnimmt.
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Chapter 1

Introduction

1.1 Starting point and goal

Research scientists in the scope of natural sciences and engineering have to
address the often challenging task to ensure the reliability of their investigated
models and methods. Flow dynamic phenomena are modeled by a coupled
system of partial differential equations. As a prototype model for coupled
flow and transport phenomena, we consider the dimensionless incompressible
Navier–Stokes equations coupled with a system of n transport equations

∂tv + v · ∇v − 1

Re
∆v +∇p = f(t,u) ,

∇ · v = 0 , (1.1)

∂tui + v · ∇ui −∇ ·
(

1

Re · ci
∇ui

)
= gi(t,u) , i = 1, . . . , n .

The first vector–valued equation is called the momentum equation which de-
scribes the fluid’s momentum transport. Further, v denotes the fluid’s velocity,
p its pressure and Re is the Reynold’s number defined by Re := ρvclc

η
where

ρ is the fluid’s density, vc and lc are the characteristic velocity and length,
respectively, and η denotes the dynamic viscosity. Moreover, f is an arbi-
trary right–hand side vector, for example electric body forces dependent on
an ion concentration in the fluid or buoyant forces dependent on temperature
differences in the fluid. The volume conservation law is given by the second
equation. The last equation prescribes the motion and dissipation of a scalar
arbitrary quantity ui, e.g. a species’ concentration or temperature. Further, ci
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is a model dependent constant which is usually larger than one, e.g. Schmidt
number Sc or Prandtl number Pr. The functions gi describe the right–hand side
including reaction between the quantities ui and uj, for instance. Then, this
equation describes convection–diffusion–reaction phenomena. If the Reynold’s
number is large which typically occurs in real–world applications, the Navier–
Stokes equation consisting of the momentum equation and the volume con-
servation law is convection–dominated which may result in a turbulent flow
field v. Since ci is usually in the magnitude of 10, the transport equation
is even more convection–dominated in this case. In the given situation, the
numerical solution is characterized by steep interior and boundary layers that
standard discretization schemes are not capable to resolve. In the sequel,
unphysical oscillations develop that will lead to wrong predictions. Since the
convection–diffusion-reaction equation is more convection–dominated than the
Navier–Stokes equation, it is important to consider carefully techniques that
reduce the unphysical oscillations, especially for the transport problem.

There is a nearly endless number of applications that are modeled by the cou-
pled system given above. We will discuss some of them. The model problem
(1.1) is used for the design process of an air conditioning system. Especially
car and plane manufacturer are in an endeavor to provide draft–free venti-
lation that starts up fast. It is very convenient to replace experiments with
simulations as no prototype has to be built. In this case, we use the system
(1.1) where n = 1 and u is the temperature.

Another area of application is the simulation of highly turbulent flows where
it is not possible to resolve the smallest turbulent structures of the flow field.
In this case, turbulence models are used to incorporate these phenomena. A
common turbulence model is the two equation k − ε model presented in [31].
Two additional transport equations are added to the Navier–Stokes equations
to represent the turbulent properties of the flow. The first property is given
by the turbulent kinetic energy k, the second one by the turbulent dissipation
ε. This means for our model n = 2, u1 = k, u2 = ε and appropriate functions
g1, g2.
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Electromobility requires high capacity batteries and capacitors. The transport
of charge carriers inside these energy reservoirs is described by convection–
dominated transport problems with nonlinear reaction terms. The velocity
field is influenced by the motion of the charge carriers while moving from the
anode to the cathode which in turn influences the motion of the charge carri-
ers. The transport equations are defined by the Nernst-Planck equation that
describes the concentration of charge carriers in a fluid. It is coupled with the
Poisson equation that models the electric field in the energy storage device.
The Poisson equation can be seen as specific variant of a transport equation.
We choose n = 2, u1 = nc to be the charge carrier’s concentration and u2 = ϕ

to be the electric potential in (1.1).

Even our daily weather forecast is based on this model problem. Actually in
base models, the propagation of temperature and humidity has to be consid-
ered. In this case, we set n = 2, u1 denotes the temperature and u2 denotes
the humidity. For special purposes, these forecast models can be extended by
additional transport equations, for example after the volcanic eruption of the
Eyjafjallajökull in Iceland, the climatologists were able to simulate the ash
cloud propagation by means of a transport equation of the ash concentration
in the atmosphere.

Another common area of application is the reactive transport which is involved
in engine combustion, in drug delivery and reception, in chemical reactors and
in fuel cells, for example. These applications have in common that they use two
or more chemical species dissolved in a fluid which interact. If these reactions
are highly endothermic or exothermic, the temperature and its propagation
additionally have to be considered. In this case, u1, . . . , un−1 are the involved
species’ concentration and un optionally denotes the temperature.

Even though more complex or simplified models are used for the simulation
of the flow field than given in (1.1), the transport equations are continued to
be applied. The free surface Navier–Stokes equations are involved to simulate
more complex flow phenomena, for example the heat distribution in a liquid
tank under zero gravity conditions. At this, the temperature is simulated by
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a first transport equation whereas the location of the fluid is given by a lev-
elset function which is also propagated by a transport equation. Examples for
a simplified flow model include ground water pollution and geothermics. In
this connection, the Navier–Stokes equations are replaced by Darcy’s problem.
The pollutant’s concentration is still described by a transport equation as well
as the temperature for the geothermal application.

All applications have in common that they involve transport problems that
contribute to a more complex physical model system. For the numerical treat-
ment, the transport equation can be considered as a simplified prototype for the
Navier–Stokes equations. For that reason, the convection–diffusion–reaction
equation acts as an important prototype that is used to develop and evaluate
numerical solution methods.

Most of the previous examples develop static or dynamic layers. A boundary
layer is a harsh change of the value of the function u at a specific location.
It is called static if the location does not change in the course of the time
and dynamic otherwise. As mentioned earlier, these boundary layers provoke
oscillations which will be reduced if the spatial discretization at the bound-
ary layers’ location is refined. For some static boundary layers, its position is
known from scratch. For that reason, the discretization can be adapted ac-
cordingly in this case. If the position is not known from scratch or dynamic,
the discretization has to be matched dynamically to the structure of the solu-
tion. This concerns current research topics such that the computational time
is reduced and the quality of the solution is increased.

In the last decades, great efforts have been made to deal with the oscillatory
phenomena due to the convection–dominated property of transport problems.
[41] gives an overview of stabilization methods that are applied in order to
reduce the undesirable oscillations. These introduced methods are of upwind
type such as the variational multiscale method (VMS), the local projection
stabilization (LPS), discontinuous Galerkin methods (dGFEM) or the stream-
line upwind Petrov–Galerkin (SUPG) method to name but a few of them.
The SUPG method will be considered in this work. In a competitive study
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in [4], this method is assessed as appropriate if sharpness and position of lay-
ers are important whereas remaining spurious oscillations can be tolerated.
With respect to efficiency, the SUPG method outperforms many other consid-
ered approaches that are assessed in [4]. Loosely speaking, the SUPG method
adds residual based stabilization terms in streamline direction. But remaining
oscillations are not acceptable in view of wrong predictions. Thus, another
stabilization term in crosswind direction is used; this kind of method is called
shock–capturing, or to be more precise spurious oscillations at layers diminish-
ing (SOLD) methods. The numerical results obtained by the SUPG method
in combination with shock–capturing are also not perfect but another step in
the right direction.

Nowadays, adaptive mesh refinement based on an a–posteriori error estimator
is a standard tool in finite element codes. There exist error estimates for most
every partial differential equation. Most of the error estimators are based on
the L2 norm or the natural norm with respect to the applied discretization
strategy which is not useful in the context of convection–dominated transport
problems since this kind of error estimators is not able to detect the spurious
oscillations. Another drawback of conventional error estimates can be seen in
the dependence of often unknown constants. As a consequence, the error esti-
mator does not really obtain information concerning the quantity of the error.
Nevertheless, the error estimates usually are suited as basis of adaptive refine-
ment techniques. With relation to convection–dominated transport problems,
error estimates typically depend on the reciprocal of the small diffusive coeffi-
cient which leads to useless error bounds. In the literature, there exist only a
few papers that address the design of error estimates with respect to dominat-
ing convection. In [25], a numerical study of a–posteriori error estimators for
convection–diffusion equations is presented. It includes known error estimators
starting with a simple gradient indicator to residual based error estimators in
the H1 semi norm and energy norm through to an error estimator based on
the solution of stabilized local Neumann problems. The result of this study
is that there is no robust error estimator that works satisfactorily in all test
cases as well as mesh adaption is not performed in an adequate way. In [18], an
error estimate is derived without undetermined constants that is based on us-
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ing H(div,Ω)–conforming diffusive and convective flux reconstructions. Tests
are performed with a diffusion coefficient of 10−2 and 10−4. In these cases,
the effectivity index achieves satisfactorily results. The mentioned method has
not been compared to other error estimators and tested with smaller values
of diffusion. Robust a–posteriori error estimates for stationary convection–
diffusion equations are presented in [47]. They are based on local residuals or
the solution of discrete local problems. Quite far away from our strategy for
example in [20], there are attempts to use an improved unusual stabilized finite
element method combined with an error estimator of the type just described
and proposed in [48]. In [43], an almost–robust residual based a–posteriori
error estimator in a special norm is proposed. The author accounts this error
estimator to perform better than other proposed error estimators. Robust a–
posteriori error estimators for the L1(Ω) and L2(Ω) norm are analyzed in [21]
and [22]. At that, the variational multiscale theory is basically used. A recent
work on the design of an robust a–posteriori error estimator for stationary
convection–diffusion equations is presented in [29]. The error estimator for the
SUPG finite element approximation is constructed in a norm typically used in
the a–priori analysis of this method.

In addition to error estimators, there are further efforts to investigate methods
that are able to damp spurious oscillations. In [46], an efficient precondi-
tioning technique using a matrix reordering scheme is applied to solve the
sparse linear systems arising from the nonlinear convection–dominated trans-
port problem. Another approach in order to stabilize convection–dominated
problems is based on algebraic flux–corrected transport (FCT) algorithms; cf.
[34]. In [11], a modified Brezzi–Douglas–Marini (BDM1) mixed finite element
method is used for the solution of a system of convection–diffusion–reaction
equations. Numerical simulations show that this nonstandard finite element
method is of second order and is robust against small diffusion coefficients.

As mentioned above, the L2 norm is quite unsuitable as basis for error estima-
tors because spurious oscillations of the numerical solution contribute little to
the error in this norm. With regard to applications in the scope of engineering,
one is not interested in a global error estimate but, e.g. in the drag coefficient



7

in the context of simulation of flows. This aim can be achieved by the concept
of goal–oriented error estimates. The usual L2 error estimates fundamentally
differ in the representation of the error in terms of an almost arbitrary user
chosen quantity of interest. Point values of the solution as well as boundary
integrals are possible quantities of interest in applications. In order to derive
a goal–oriented error estimate, the dual weighted residual method proposed in
[8] is often applied.

This work is organized as follows. The following introductory section of Chap-
ter 1 presents the main principles of the dual weighted residual method. In
Chapter 2, we introduce some necessary theory of partial differential equations
as well as some global assumptions.

Chapter 3 addresses the derivation of a goal–oriented error representation by
means of the dual weighted residual method for a linear transport problem.
At that point, there are two approaches to achieve this aim with respect to
the sequence of stabilizing the original problem with the SUPG method and
taking the associated dual problem. We will compare the numerical results of
both strategies that the adaptive refinement is based on.

According to the results in Chapter 3, we will follow the strategy to first take
the associated dual problem and then separately stabilize both problems. In
Chapter 4, we carry the introduced error representation over to a nonlinear
convection–diffusion–reaction model problem. Since the original problem is
nonlinear by itself, we use a further nonlinear stabilization technique called
shock–capturing. The proposed error representation in terms of a user chosen
target quantity is extensively tested by simulating different examples in com-
bination with a variety of quantities of interest.

Based on a variational formulation in space as well as in time, we extend our
stabilized goal–oriented error representation to nonstationary model problems
in Chapter 5. The numerical results emphasize the benefit of the proposed
method.
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Finally, we top this work off with some conclusions concerning the applied
method and some future thoughts.

1.2 An introduction to the dual weighted resid-

ual (DWR) method

This section illustrates the basic idea of the dual weighted residual (DWR)
method. In order to keep this introduction simple, we will skip some mathe-
matical details about weak solution theory.

We consider the weak formulation of Poisson’s problem with an appropriate
right–hand side f

A(u)(ϕ) := 〈∇u,∇ϕ〉Ω = 〈f, ϕ〉Ω =: F (ϕ) , (1.2)

where 〈·, ·〉Ω denotes the usual L2(Ω) scalar product on a domain Ω. We call
this problem the primal problem and u the exact primal solution of (1.2). Let
uh be a Galerkin approximate solution to u, e.g. obtained by a finite element
method. Then define e := u−uh to be the error and ρ(ϕ) := F (ϕ)−A(uh)(ϕ)

to be the residual of the primal problem. If ϕ is an element of the same space
as uh is an element of, then the residual will vanish. This property is called
Galerkin orthogonality. The relation between the error e and the residual ρ is
given by A(e)(ϕ) = ρ(ϕ). Resulting from this identity, a solely residual based
error estimator would clearly lack accuracy due to the uncertainty of the in-
verse operator related to the blilinear form A. For that reason, the structure of
this error estimator is not useful. Additionally, we often are not only interested
in the norm of the error but also in a practice–oriented functional involving
the error. For that purpose, we are going to consider a goal–oriented error
estimator.

In order to find a residual based error estimator which is capable to precisely
quantify the error, the residual has to be weighted in an appropriate manner
which is the task of the so–called dual solution of the following problem: Find
z such that A(ϕ, z) = 〈j, ϕ〉Ω =: J (ϕ) where j ∈ L2(Ω) is user chosen and J
is the corresponding quantity of interest. If we are interested in the solution
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only on a certain sub–domain Ωs ⊂ Ω for example, we choose j = χ(Ωs), the
characteristic function on Ωs. By means of the definition of the dual problem,
we get that

J (e) = 〈j, e〉Ω = 〈j, u〉Ω − 〈j, uh〉Ω = A(u)(z)− A(uh)(z)

= F (z)− A(uh)(z) (1.3)

= ρ(z) .

This error representation is described by the residual weighted with the dual
solution. We note that the error representation involves the exact dual solu-
tion. If we were able to solve the dual problem in an exact way, we also could
exactly solve the primal problem. As we will see later, it is sufficient to gen-
erate a higher order approximation to the dual solution instead of using the
exact dual solution. Therefore, the method is feasible without loosing much
quality.

In this introduction, we considered a linear partial differential equation in com-
bination with a linear target quantity J . To prove that the DWR technique
still works in a more general situation where the problem and the quantity of
interest are nonlinear, it is useful to reformulate the problem as a constraint
optimization problem:

J (u) = min! , A(u)(ϕ) = F (ϕ) . (1.4)

We define the corresponding Lagrangian functional

L(u, z) := J (u) + F (z)− A(u)(z) ,

where the minimal solution u corresponds to the first component of a station-
ary point of L(u, z) whereas the dual solution z corresponds to the second
component. This representation is used to derive an error description for a
nonlinear setting.

The approach shown above is the main idea of the DWR method that we will
extend to nonlinear partial differential equations in the following sections. In
this nonlinear case, the steps in (1.3) are more sophisticated.



10



11

Chapter 2

Notation & definitions

2.1 Function spaces

In view of the analytical sections of this work, we introduce some necessary
theoretical framework. This includes the definition of function spaces and
their associated norms. In these reflections, we follow [19]. We start with the
definition of Lp spaces.

Definition 2.1 (Lp spaces, see D.1. Banach spaces. in [19]). Let Ω be an open
subset of Rn and 1 ≤ p ≤ ∞. If f : Ω→ R is measurable, we define

‖f‖Lp(Ω) :=


(∫

Ω

|f |p dx
) 1

p

if 1 ≤ p <∞

ess supΩ|f | if p =∞ .

We define Lp(Ω) to be the linear space of all measurable functions f : Ω → R
satisfying ‖f‖Lp(Ω) <∞. Then Lp(Ω) is a Banach space, provided we identify
two functions which agree almost everywhere.

For details about the concept of measurability, we refer to [19, E.2.]. The space
L2(Ω) is a Hilbert space endowed with an inner product

〈f, g〉Ω :=

∫
Ω

fg dx ,

which generates the norm

‖u‖L2(Ω) := 〈u, u〉
1
2
Ω .
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We next address the definition of Sobolev spaces. Therefor, we fix 1 ≤ p ≤ ∞.
Let k be a nonnegative integer. We define now certain function spaces whose
members have weak derivatives of various orders lying in various Lp spaces.

Definition 2.2 (Sobolev spaces, see 5.2.2. Definition of Sobolev spaces. in
[19]). The Sobolev space

Wk,p(Ω)

consists of all locally summable functions u : Ω→ R such that for each multi-
index α with |α| ≤ k, Dαu exists in the weak sense and belongs to Lp(Ω).

Remark 2.3. If p = 2, we usually write

Hk(Ω) =Wk,2(Ω) (k = 0, 1, . . .) .

Hk(Ω) is a Hilbert space.

Definition 2.4 (Norm in Sobolev spaces, see 5.2.2. Definition of Sobolev
spaces. in [19]). If u ∈ Wk,p(Ω), we define its norm to be

‖u‖Wk,p(Ω) :=


( ∑
|α|≤k

∫
Ω

|Dαu|p dx

) 1
p

(1 ≤ p <∞)∑
|α|≤k

ess supΩ|Dαu| (p =∞) .

Definition 2.5 (The space Wk,p
0 (Ω), see 5.2.2. Definition of Sobolev spaces.

in [19]). We denote by
Wk,p

0 (Ω)

the closure of C∞c (Ω) in Wk,p(Ω) where C∞c (Ω) denotes the space of infinitely
differentiable functions φ : Ω→ R with compact support in Ω.

It is customary to write
Hk

0(Ω) =Wk,2
0 (Ω) .

It is possible to characterize the space H1
0(Ω) by means of the trace operator;

cf. [3] and Theorem 2.10. We will use the abbreviation V := H1
0(Ω) together

with its dual space V∗.
Concerning the applied stabilization techniques in this work, we use a stabilized
natural norm ||| · ||| which is given by

|||v||| :=

(∑
K∈Th

‖
√
ε∇v‖2

L2(K) + ‖
√
αv‖2

L2(K) + δK‖b · ∇v‖2
L2(K)

) 1
2

, (2.1)

where the parameters ε , α , b and δK are specified in greater detail later.
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2.2 Function spaces involving time

Let X denote a real Banach space, with norm ‖ ‖.

Definition 2.6 (Lp spaces in time taking values in X , see 5.9.2. Spaces
involving time. in [19]). The space

Lp((0, T );X )

consists of all strongly measurable functions u : [0, T ]→ X with

‖u‖Lp((0,T );X ) :=

 T∫
0

‖u(t)‖p dt


1
p

<∞

for 1 ≤ p <∞ and

‖u‖L∞((0,T );X ) := ess sup
0≤t≤T

‖u(t)‖ <∞ .

The space–time function space is defined by

V :=
{
v ∈ L2 ((0, T );V) | ∂tv ∈ L2 ((0, T );V∗)

}
.

We note that V is continuously embedded in C([0, T ];L2(Ω)) see [19, 5.9.2.
Spaces involving time. Theorem 3 ].
We introduce the space–time scalar product

〈〈v, w〉〉 :=

∫ T

0

〈v, w〉Ω dt . (2.2)

2.3 Aspects of functional analysis and finite el-

ement spaces

For further details about the reflections on the Fréchet derivative, compare
[49].

Definition 2.7 (Fréchet derivative). Assume f : U(u) ⊆ X → Y to be a given
operator defined on an open neighborhood of the point u, where X and Y are
Banach spaces over R.
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a) The differential df(u) of f at the point u exists iff there is a linear bounded
operator denoted by

df(u) : X → Y ,

such that

f(u+ h)− f(u) = df(u)(h) + O (‖h‖) , h→ 0 ,

holds for all h ∈ X in some open neighborhood of h = 0 in X.
We also write f ′(u) instead of df(u), equivalently, and we say that f ′(u)

is the Fréchet derivative of f at the point u.

b) The second differential d2f(u) of f at a point u exists iff there is a bilinear
bounded operator denoted by

d2f(u) : X ×X → Y ,

such that

df(u+ h)(k)− df(u)(k) = d2f(u)(h, k) + r ,

where the “small” remainder r is defined by

sup
‖k‖≤1

‖r(u;h, k)‖ = O (‖h‖) , h→ 0 ,

holds for all k ∈ X and all h in some open neighborhood of h = 0 in X.
We also write f ′′(u) instead of df 2(u), equivalently, and we say that f ′′(u)

is the second Fréchet derivative of f at the point u.

Definition 2.8 (Partial Fréchet derivative). Assume that the map

f : U(u, v) ⊆ X × Y → Z

is given on an open neighborhood of the point (u, v), where X, Y and Z are
Banach spaces over R.
Let v be fixed and set g(w) := f(w, v). If the Fréchet derivative of g at the
point u exists, then we define the partial Fréchet derivative fu(u, v) through

fu(u, v) := g′(u) .

The partial Fréchet derivative fv(u, v) is defined similarly.
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Proposition 2.9. Let f : U(u, v) ⊆ X × Y → Z be given in Definition 2.8.
If f has a Fréchet derivative at the point (u, v), then the partial derivatives
fu(u, v) , fv(u, v) also exist and

f ′(u, v)(h, k) = fu(u, v)(h) + fv(u, v)(k) for all h ∈ X, k ∈ Y .

In the case of nonhomogeneous Dirichlet boundary conditions, we need a re-
sult about Sobolev spaces. Therefore, the trace theorem is quoted from [40,
Theorem 1.3.1]. For more general results and the proof, we refer to [35], [36]
or [1].

Theorem 2.10 (Trace theorem). Suppose Ω to be a bounded open set of Rd

with Lipschitz continuous boundary ∂Ω.

a) There exists a unique linear continuous map γ0 : H1(Ω)→ H 1
2 (∂Ω) such

that
γ0v = v|∂Ω for each v ∈ H1(Ω) ∩ C0(Ω̄) .

b) There exists a linear continuous map R0 : H 1
2 (∂Ω)→ H1(Ω) such that

γ0R0ϕ = ϕ for each ϕ ∈ H
1
2 (∂Ω) .

We make the following assumptions regarding the triangulation of the domain
and the finite element space. When we talk about triangles in the following,
we mean that the decomposition of Ω ⊂ R3 into tetrahedrons is included. The
following global assumptions are required throughout this work.

Assumption 2.11 (A1 Conforming triangulation and finite–dimensional
space). Let Th be a triangulation of domain Ω with a polygonal boundary and
Vh a finite–dimensional space.

a) We perform our simulations on a conforming triangulation Th satisfying
the following properties:

i) The computational domain Ω is divided into triangles K such that
Ω̄ =

⋃
K̄∈Th

K .

ii) Arbitrary elements Ki, Kj ∈ Th , i 6= j are disjoint, i.e. Ki∩Kj = ∅,
or share only a node or an edge.
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b) The finite–dimensional subspace Vh ⊂ V is defined by

Vh = cG(p) := {v ∈ H1
0(Ω) ∩ C(Ω̄) | v|K ∈ Pp(K) ∀K ∈ Th} , (2.3)

with a triangulation Th consisting of a finite number of triangles K as
given in a), Ω̄ the closure of the domain and Pp(K) the usual function
space of polynomials of degree at most p on K.

Remark 2.12. According to Assumption A1, hanging nodes are not permitted.
This feature is the reason why we use an adaptively defined grid consisting of
triangle elements and not quadrilateral elements. If an arbitrary inner quadri-
lateral element is indicated to be refined, hanging nodes are added by the regular
refinement strategy. Hanging nodes can be eliminated by inserting elements in
the neighborhood of the hanging node in order to establish a conforming grid
which leads to a higher number of unknowns than the indicator suggests. An-
other possibility of treating hanging nodes is to not consider the hanging nodes
as unknowns. The value of the unknown that corresponds to a hanging node
is generated from neighboring nodes by a suitable interpolation. So, we get
less new degrees of freedom as indicated. The choice of triangles ensures that
exactly the marked elements and no more than the direct neighbours are refined.

We also need a theoretical result about the face values of functions in the
Sobolev space H1(Th). To this end, we present the definition of Shape and
contact regularity and the Continuous trace inequality. The definition is quoted
from [14, Definition 1.38], the result is quoted from [14, Lemma 1.49].

Definition 2.13 (Shape and contact regularity). We call a mesh sequence TH
shape– and contact–regular if for all h ∈ H, Th admits a matching simplicial
submesh Sh such that

a) The mesh sequence SH is shape–regular in the usual sense of Ciarlet [13],
meaning that there is a parameter ρ1 > 0, independent of h, satisfying

ρ1hK′ ≤ rK′ ,

for all K ′ ∈ Sh where hK′ denotes the diameter of K ′ and rK′ the radius
of the largest ball inscribed in K ′,
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b) There is a parameter ρ2 > 0, independent of h, such that, for all K ∈ Th
and for all K ′ ∈ SK,

ρ2hK ≤ hK′ .

Lemma 2.14 (Continuous trace inequality). Let TH be a shape– and contact–
regular mesh sequence. Then, for all h ∈ H, all v ∈ H1(Th), all K ∈ Th, and
all F ∈ FK it holds that

‖v‖2
L2(F ) ≤ Ccti

(
2‖∇v‖L2(K) + dh−1

K ‖v‖L2(K)

)
‖v‖L2(K) , (2.4)

with Ccti := ρ−1
1 if Th is matching and simplicial, while Ccti := (1 + d)(ρ1ρ2)−1

otherwise.

Remark 2.15 (Comments regarding the Continuous trace inequality). H de-
notes a countable subset of R>0 := {x ∈ R |x > 0} having 0 as only accumu-
lation point. The set FK collects the mesh faces composing the boundary of
K. Further, d denotes the space dimension. For the proof and details about
the concepts of matching simplicial submeshes, and the definition of the mesh
regularity parameters ρ1 and ρ2, we refer to [14].

Furthermore, the following standard interpolation inequalities are derived from
[12] including the proof.

Lemma 2.16 (Interpolation estimate). For any function v ∈ H2(Ω) ∩ V with
V := H1

0(Ω), it holds that

‖v − Ihv‖L2(K) ≤ C1h
2
K‖∇2v‖L2(K) , (2.5)

‖∇(v − Ihv)‖L2(K) ≤ C2hK‖∇2v‖L2(K) , (2.6)

for the standard Lagrange interpolation operator Ihv ∈ Vh ⊂ V of the function
v satisfying Ihv(ai) = v(ai) for all Lagrange nodes ai. The constants C1 and
C2 are independent of the mesh size hK.

In what follows, we present statements about existence and uniqueness of solu-
tions of elliptic as well as parabolic partial differential equations. The following
set of assumptions is quoted from [19] and [32]. For that, Ω is supposed to be
an open, bounded subset of Rn. We consider the differential operator

Lu = −
n∑

i,j=1

(
aij(x)uxi

)
xj

+
n∑
i=1

bi(x)uxi + c(x)u , (2.7)

where L has divergence form.
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Assumption 2.17 (A2 Smoothness of the coefficients). Suppose that the fol-
lowing assumptions about the smoothness of the coefficients are satisfied:

aij ∈ L∞(Ω), bi ∈ W1,∞(Ω), c ∈ L∞(Ω) (i, j = 1, . . . , n) . (2.8a)

Moreover, the uniform ellipticity condition is required, i.e. there exists a con-
stant θ > 0 such that

n∑
i,j=1

aij(x)ξiξj ≥ θ|ξ|2 , (2.8b)

for almost every x ∈ Ω and all ξ ∈ Rn. Further, assume that there is a
constant c0 ≥ 0 satisfying

c(x)− 1

2
∇ · b(x) ≥ c0 , (2.8c)

for almost every x ∈ Ω.

Assumption 2.18 (A3 Regularity of the coefficients). Suppose that the fol-
lowing assumptions about the smoothness of the coefficients are satisfied:

aij, bi ∈ W1,∞(Ω), c ∈ L∞(Ω) (i, j = 1, . . . , n) . (2.9)

Moreover, the uniform ellipticity condition (2.8b) is required. Further, we
assume that condition (2.8c) is satisfied.

Now, we define a weak solution of a parabolic initial/boundary–value prob-
lem regarding [19]. Thus, we consider the parabolic initial/boundary–value
problem 

∂tu+ Lu = f in Ω× (0, T ]

u = 0 on ∂Ω× (0, T ]

u = u0 on Ω× {t = 0} ,
(2.10)

where L denotes for each time t a second–order partial differential operator,
having the form

Lu = −
n∑

i,j=1

(
aij(x, t)uxi

)
xj

+
n∑
i=1

bi(x, t)uxi + c(x, t)u .

Definition 2.19 (Weak solution). Suppose the assumptions in A2 to be ful-
filled. Moreover, we assume that

∂Ω is of class C0,1 , (2.11)
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f ∈ L2((0, T );V∗) , (2.12)

and
u0 ∈ L2(Ω) . (2.13)

A function

u ∈ L2((0, T );H1
0(Ω)) , with u′ ∈ L2((0, T );H−1(Ω)) ,

is called a weak solution of the parabolic initial/boundary–value problem (2.10)
provided that

a) 〈u′, v〉Ω +

∫
Ω

n∑
i,j=1

aij(x, t)uxivxj +
n∑
i=1

bi(x, t)uxiv+c(x, t)uv dx = 〈f, v〉Ω ,

for each v ∈ H1
0(Ω) and almost every 0 ≤ t ≤ T and

b) u(0) = u0 .

Remark 2.20. We can conclude that u ∈ C([0, T ];L2(Ω)). Due to that fact,
the equality b) makes sense.

Remark 2.21. The weak solution u ∈ H1
0(Ω) of the second–order elliptic

boundary–value problem {
Lu = f in Ω

u = 0 on ∂Ω ,
(2.14)

with L given in (2.7) can be defined analogously provided that

f ∈ V∗ . (2.15)

Theorem 2.22 (Elliptic boundary–value problem: Uniqueness and regular-
ity). We sum up the statements about unique existence and regularity of solu-
tions of an elliptic boundary–value problem.

a) There exists a unique weak solution of (2.14) provided that the assump-
tions in A2 and the conditions (2.11) and (2.15) are fulfilled.

b) Let the assumptions in A3 be satisfied. Further, we assume that

∂Ω is of class C2 ,
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and
f ∈ L2(Ω) .

Then,
u ∈ H2(Ω) ,

and we have the estimate

‖u‖H2(Ω) ≤ C
(
‖f‖L2(Ω) + ‖u‖L2(Ω)

)
,

where the constant C only depends on Ω and the coefficients of L.

Theorem 2.23 (Parabolic initial/boundary–value problem: Uniqueness and
regularity). We sum up the statements about unique existence and regularity
of solutions of an parabolic initial/boundary–value problem.

a) There exists a unique weak solution of (2.10) provided that the assump-
tions A2 and (2.11) – (2.13) are fulfilled.

b) Assume
u0 ∈ H1

0(Ω) , f ∈ L2
(
(0, T );L2(Ω)

)
.

Let u ∈ L2 ((0, T );H1
0(Ω)) , with u′ ∈ L2 ((0, T );H−1(Ω)) , be the weak

solution of (2.10). Then in fact

u ∈ L2
(
(0, T );H2(Ω)

)
∩ L∞

(
(0, T );H1

0(Ω)
)
, u′ ∈ L2

(
(0, T );L2(Ω)

)
.

For the proof of both previous theorems, the reader is referred to [19].
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Chapter 3

A SUPG stabilized dual weighted

residual method

3.1 A general framework

In this section, we provide a general framework to adapt and extend the
well–known dual weighted residual method (DWR) (cf. [8]) to a more far–
reaching approach which is capable of handling convection–dominated equa-
tions in the discrete setting. The aim is to combine the advantages of the
DWR method with the stabilizing properties of the streamline upwind/Petrov–
Galerkin method (SUPG) (cf. [10]).

We consider the linear convection–diffusion–reaction model problem

−∇ · (ε∇u) + b · ∇u+ αu = f in Ω, u = 0 on ∂Ω , (3.1)

on a bounded Lipschitz domain Ω ⊆ Rd, d ∈ {2, 3}. In (3.1) let α ∈ R ,
ε ∈ L∞(Ω) , b ∈H1(Ω) ∩L∞(Ω) and f ∈ L2(Ω) be given with

α > 0 ,

(∇ · b) (x) = 0 and ε(x) ≥ ε0 > 0 almost everywhere in Ω . (3.2)

For the sake of simplicity, the partial differential equation in (3.1) is equipped
with homogeneous Dirichlet boundary conditions. Remark 3.19 explains how
to incorporate nonhomogeneous Dirichlet boundary conditions. With the func-
tion space V := H1

0(Ω) the weak formulation of (3.1) reads as
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Find u ∈ V such that

A(u)(ϕ) = F (ϕ) ∀ϕ ∈ V , (3.3)

with

A(v)(ψ) := 〈ε∇v,∇ψ〉Ω + 〈b · ∇v, ψ〉Ω + 〈αv, ψ〉Ω ,

F (ψ) := 〈f, ψ〉Ω .

〈·, ·〉Ω denotes the inner product of L2(Ω). For the finite–dimensional subspace
Vh ⊂ V defined in (2.3), the Galerkin approximation uh is set as the solution
of the following discrete problem

Find uh ∈ Vh such that

A(uh)(ϕh) = F (ϕh) ∀ϕh ∈ Vh . (3.4)

Due to the approach we are going to introduce in the following, we usually use
the space of continuous piece–wise linear polynomials to calculate an approx-
imate solution uh of equation (2.3).

The theoretical basis concept of the DWR method is embedded in the frame-
work of optimal control. In order to derive an a–posteriori error estimation
in terms of a given functional J (·) , we seek a solution u ∈ V that minimizes
the target quantity J (u) under the constraint A(u)(ϕ) = F (ϕ) for all ϕ ∈ V .
Based on the methods illustrated in [8] and [7], we can envisage two possible
approaches:

• FST D : F irst, we establish the SUPG Stabilized formulation of the
discrete equation (3.4), T hen we take the corresponding Dual problem.

• FDT S : F irst, we take the associated Dual problem of equation (3.3),
T hen we add the SUPG Stabilization terms to the resulting equation.

In the following two sections, the methods mentioned above are deduced.
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3.2 A FST D method

As pointed out before, we consider the discrete SUPG formulation of equation
(3.4) which is written as

Find uh ∈ Vh such that

AS(uh)(ϕh) = F (ϕh) ∀ϕh ∈ Vh , (3.5)

with

AS(vh)(ψh) := A(vh)(ψh) + S(vh)(ψh) ,

S(vh)(ψh) :=
∑
K∈Th

δK〈R(vh), b · ∇ψh〉K ,

R(vh) := −∇ · (ε∇vh) + b · ∇vh + αvh − f .

Remark 3.1. To facilitate matters, we suppose the diffusion coefficient ε to
be constant. Failing that, formulation (3.5) has to be modified by inserting a
projection operator ΠK : L2(K)→ P(K) to treat variable diffusion coefficients
in the error analysis. For that purpose, the residual R(vh) is redefined by

R(vh) := −∇ · ΠK (ε∇vh) + b · ∇vh + αvh − f .

Remark 3.2. The SUPG tuning parameter δK has to be chosen in an optimal
way which is the crucial point associated with this. Too large values of δK
leads to a smearing of the solution whereas too small values do not reduce
the unphysical oscillations. For example, [6] and [38] address the parameter
design.

Note that we additionally have to assume that

u ∈ V̂ :=
{
v̂ ∈ H1

0(Ω) | (∇ · (ε∇v̂))|K ∈ L
2(K)∀K ∈ Th

}
in the nondiscrete case of (3.5). The existence of the solution of the variational
problem (3.5) is guaranteed; see [38], [33], [24] and [6] for details.

Starting from the optimization problem (1.4), we introduce the Lagrangian
functional

Lh(u, z) := J (u) + F (z)− AS(u)(z) (3.6)
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with the adjoint variable z ∈ V and a differentiable functional J : V̂ → R .
Minimal solutions u solving the optimization problem correspond to stationary
points {u, z} ∈ V̂ × V of the Lagrangian (3.6). Therefore, for the Fréchet
derivatives of the Lagrangian functional, it holds that

L′hz(u, z)(ϕ) = F (ϕ)− AS(u, ϕ) = 0 ∀ϕ ∈ V , (3.7a)

L′hu(u, z)(ζ) = J ′(u)(ζ)− A′S(u)(ζ, z) = 0 ∀ζ ∈ V̂ . (3.7b)

Obviously, equation (3.7a) corresponds to the given variational problem, and
equation (3.7b) turned out to be the adjoint problem:

Seek solutions {u, z} ∈ V̂ × V such that

AS(u)(ϕ) = F (ϕ) ∀ϕ ∈ V , (3.8a)

A′S(u)(ζ, z) = J ′(u)(ζ) ∀ζ ∈ V̂ , (3.8b)

where we define the adjoint bilinear form

A′S(v)(ξ, w) := A(ξ, w) +
∑
K∈Th

δK〈−∇ · (ε∇ξ) + b · ∇ξ + αξ, b · ∇w〉K . (3.9)

In order to receive a discretization of the Euler–Lagrange system (3.8a) , (3.8b),
we have to consider the following system of discrete equations

Find {uh, zh} ∈ Vh × Vh such that

AS(uh)(ϕh) = F (ϕh) ∀ϕh ∈ Vh , (3.10a)

A′S(uh)(ζh, zh) = J ′(uh)(ζh) ∀ζh ∈ Vh . (3.10b)

Since the Lagrangian functional is affine with respect to z , the dual problem is
always linear and the primal problem does not depend on z. For this reason, the
operators of the system (3.10a), (3.10b) decouple. Hence, to guarantee unique
solutions of the overall system it is adequate to proof existence and uniqueness
for each single operator. To ensure the existence and uniqueness of the solution
zh for equation (3.10b), we produce the evidence that the proposition of the
Lax-Milgram theorem can be transferred to our case.
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Theorem 3.3 (Coercivity and boundedness of the adjoint bilinear form).
Suppose that assumption (3.2) and the condition

0 ≤ δK ≤
1

4
min

{
h2
K

p4
Kµ

2
inv‖ε‖L∞(K)

;
1

α

}
(3.11)

are satisfied. Then, for the adjoint bilinear form (3.10b), there exist constants
γ,M > 0 such that

A′S(uh)(ζh, ζh) ≥ γ|||ζh|||2 ∀ζh ∈ Vh , ζh 6= 0 , (3.12a)

A′S(uh)(ζh, zh) ≤M |||ζh||| · |||zh||| ∀zh, ζh ∈ Vh , ζh 6= 0 , (3.12b)

with ||| · ||| defined by (2.1).

Proof. In order to keep this proof well–structured, some auxiliary calculations
are attached below the proof. Using property (3.13) given below, we easily see
that

A′S(uh)(ζh, ζh) =
∑
K∈Th

(∥∥√ε∇ζh∥∥2

L2(K)
+ α ‖ζh‖2

L2(K) + δK ‖b · ∇ζh‖2
L2(K)

−A1 + A2

)
,

with

A1 := δK〈∇ · (ε∇ζh) , b · ∇ζh〉K and A2 := δK〈αζh, b · ∇ζh〉K .

Assumption (3.11) and standard estimation techniques yield bounds for A1

and A2 :

A1 ≤ δK ‖∇ · (ε∇ζh)‖L2(K) ‖b · ∇ζh‖L2(K)

≤
√
δK
µinvp

2
K

hK
‖ε‖

1
2

L∞(K)

∥∥√ε∇ζh∥∥L2(K)

√
δK ‖b · ∇ζh‖L2(K)

≤ 1

2

∥∥√ε∇ζh∥∥L2(K)

√
δK ‖b · ∇ζh‖L2(K) ,

A2 ≥ −δKα ‖ζh‖L2(K) ‖b · ∇ζh‖L2(K)

≥ −1

2

√
α ‖ζh‖L2(K)

√
δK ‖b · ∇ζh‖L2(K) .

Applying Young’s inequality, we obtain that

A1 ≤
1

4

∥∥√ε∇ζh∥∥2

L2(K)
+
δK
4
‖b · ∇ζh‖2

L2(K) ,

A2 ≥ −
1

4
α ‖ζh‖2

L2(K) −
δK
4
‖b · ∇ζh‖2

L2(K) .
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Finally, we get that
A′S(uh)(ζh, ζh) ≥

1

2
|||ζh|||2 .

To prove the second assertion of the theorem, we find that

AS
′(uh)(ζh, zh)

≤
∑
K∈Th

(∥∥√ε∇ζh∥∥L2(K)

∥∥√ε∇zh∥∥L2(K)
+ α ‖ζh‖L2(K) ‖zh‖L2(K)

+δK ‖b · ∇ζh‖L2(K) ‖b · ∇zh‖L2(K) + A3 + A4 + A5

)
,

with

A3 := δK ‖∇ · (ε∇ζh)‖L2(K) ‖b · ∇zh‖L2(K) ,

A4 := δKα ‖ζh‖L2(K) ‖b · ∇zh‖L2(K) and A5 := 〈b · ∇ζh, zh〉K .

We repeat the calculus estimate of the terms A1 and A2 and have that

A3 ≤
1

2

∥∥√ε∇ζh∥∥L2(K)

√
δK ‖b · ∇zh‖L2(K) ,

A4 ≤
1

2

√
α ‖ζh‖L2(K)

√
δK ‖b · ∇zh‖L2(K) .

From (3.11), we can conclude that − 1√
δK
≤ −2

√
α . In combination with

(3.14) determined below, we can write

A5 = −〈ζh, b · ∇zh〉K ≤ 2
√
α ‖ζh‖L2(K)

√
δK ‖b · ∇zh‖L2(K) .

(3.15) given below and estimation techniques lead to

A′S(uh)(ζh, zh)

≤

(∑
K∈Th

5

4

∥∥√ε∇ζh∥∥2

L2(K)2 +
7

2
α ‖ζh‖2

L2(K) + δK ‖b · ∇ζh‖2
L2(K)2

) 1
2

·

(∑
K∈Th

∥∥√ε∇zh∥∥2

L2(K)2 + α ‖zh‖2
L2(K) +

9

2
δK ‖b · ∇zh‖2

L2(K)2

) 1
2

,

which proves the statement.

Auxiliary calculation 3.4. Owing to the assumption (∇ · b) (x) = 0 , we can
observe that for all ζh ∈ Vh

〈b · ∇ζh, ζh〉Ω =
1

2
〈b · ∇ζh, ζh〉Ω +

1

2
〈b · ∇ζh, ζh〉Ω

=
1

2
〈∇ · (ζhb), ζh〉Ω +

1

2
〈b · ∇ζh, ζh〉Ω (3.13)

= −1

2
〈bζh,∇ζh〉Ω +

1

2
〈b · ∇ζh, ζh〉Ω = 0 .
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Furthermore, the following identity holds for all ζ, z ∈ V

〈b · ∇ζ, z〉K = 〈∇ · (bζ) , z〉K = −〈bζ,∇z〉K = −〈ζ, b · ∇z〉K . (3.14)

A detailed estimate for the proof of Theorem 3.3 is given by the following
calculation.

A′S(uh)(ζh, zh) ≤

(∑
K∈Th

‖
√
ε∇ζh‖2

L2(K)

) 1
2
(∑
K∈Th

‖
√
ε∇zh‖2

L2(K)

) 1
2

+

(∑
K∈Th

α‖ζh‖2
L2(K)

) 1
2
(∑
K∈Th

α‖zh‖2
L2(K)

) 1
2

+

(∑
K∈Th

δK‖b · ∇ζh‖2
L2(K)

) 1
2
(∑
K∈Th

δK‖b · ∇zh‖2
L2(K)

) 1
2

+

(∑
K∈Th

1

4
‖
√
ε∇ζh‖2

L2(K)

) 1
2
(∑
K∈Th

δK‖b · ∇zh‖2
L2(K)

) 1
2

+

(∑
K∈Th

1

2
α‖ζh‖2

L2(K)

) 1
2
(∑
K∈Th

1

2
δK‖b · ∇zh‖2

L2(K)

) 1
2

+

(∑
K∈Th

2α‖ζh‖2
L2(K)

) 1
2
(∑
K∈Th

2δK‖b · ∇zh‖2
L2(K)

) 1
2

.

(3.15)

Having shown the well–posedness of our model system (3.10a), (3.10b), we
derive an error representation in terms of the quantity target J (·) . To this
end, we have to provide a framework regarding the Galerkin approximation of
stationary points.

Let Lh(·) be a differentiable functional on a function space X . A stationary
point x ∈ X of Lh(·) satisfies

L′h(x)(y) = 0 ∀y ∈ X . (3.16)

The discrete problem seeks a finite–dimensional Galerkin approximation xh ∈
Xh ⊂ X such that

L′h(xh)(yh) = 0 ∀yh ∈ Xh .
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In the light of the above, we present an a–posteriori error representation of the
error ê := x−xh. For this, the reader is additionally referred to [8, Proposition
2.1].

Theorem 3.5 (Error representation in terms of the Lagrangian). For the
Galerkin approximation of the variational problem (3.16), we obtain the a–
posteriori error representation

Lh(x)− Lh(xh) =
1

2
L′h(xh)(x− yh) +R , (3.17a)

with an arbitrary yh ∈ Xh, and where the remainder term is defined by

R :=
1

2

1∫
0

L′′′h (xh + sê)(ê, ê, ê)s(s− 1) ds . (3.17b)

If Lh(·) is quadratic, the remainder term vanishes.

Proof. The following identity holds true

Lh(x)−Lh(xh) =

1∫
0

L′h(xh+sê)(ê) ds+
1

2
L′h(xh)(ê)−

1

2
L′h(xh)(ê)−

1

2
L′h(x)(ê) ,

where L′h(x)(ê) = 0 . By definition of xh, we get that

Lh(x)− Lh(xh) =

1∫
0

L′h(xh + sê)(ê) ds+
1

2
L′(xh)(x− yh)−

1

2
L′h(xh)(ê)

−1

2
L′(x)(ê) ,

with arbitrary yh ∈ Xh . Applying the well–known trapezoidal rule including
the exact remainder term leads to

Lh(x)− Lh(xh) =
1

2
L′h(xh)(x− yh) +

1

2

1∫
0

L′′′h (xh + sê)(ê, ê, ê)s(s− 1) ds .

Now, we state an a–posteriori error representation in terms of the target quan-
tity J (·) . On that point, we introduce the residual ρS(uh)(·) and the adjoint
residual ρ∗S(zh)(·) defined by

ρS(uh)(ϕ) := F (ϕ)− AS(uh)(ϕ) ∀ϕ ∈ V , (3.18a)

ρ∗S(zh)(ζ) := J ′(uh)(ζ)− A′S(uh)(ζ, zh) ∀ζ ∈ V̂ . (3.18b)
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By construction, both residuals vanish on Vh because of Galerkin orthogonality.
The error associated to the solution uh ∈ Vh and the adjoint error associated
to the solution zh ∈ Vh are given by e := u−uh and e∗ := z− zh , respectively.

Theorem 3.6 (Error representation in terms of the target functional). For
the Galerkin approximation of system (3.8a), (3.8b), the a–posteriori error is
represented by

J (u)− J (uh) =
1

2
ρS(uh)(z − ϕh) +

1

2
ρ∗S(zh)(u− ζh) +R , (3.19a)

with arbitrary ϕh ∈ Vh , ζh ∈ Vh. The residual ρS(uh)(·) and the adjoint resid-
ual ρ∗S(zh)(·) are defined in (3.18a) and (3.18b), respectively. The remainder
term is determined by

R :=
1

2

1∫
0

(
J ′′′(uh + se)(e, e, e)

)
s(s− 1) ds . (3.19b)

Proof. We set

X := V × V̂ , Xh := Vh × Vh , x := {u, z} and xh := {uh, zh} .

Then, for the Fréchet derivative of the Lagrangian, it holds that

L′h(u, z)(ζ, ϕ) = L′hu(u, z)(ζ) + L′hz(u, z)(ϕ) = 0 ∀y := {ζ, ϕ} ∈ V × V̂ .

The solutions {u, z} and {uh, zh} of the systems (3.8a), (3.8b) and (3.10a),
(3.10b) satisfy

Lh(u, z)− Lh(uh, zh) = J (u) + F (z)− AS(u)(z)− J (uh)

−F (zh) + AS(uh)(zh)

= J (u)− J (uh) .

Applying Theorem 3.5 to the described setting with yh = {ζh, ϕh} ∈ Xh leads
to the following error representation:

J (u)− J (uh) =
1

2
L′h(uh, zh)(u− ζh, z − ϕh) +R

=
1

2

{
J ′(uh)(u− ζh)− A′S(uh)(u− ζh, zh) + F (z − ϕh)

−AS(uh)(z − ϕh)
}

+R

=
1

2
ρ∗S(zh)(u− ζh) +

1

2
ρS(uh)(z − ϕh) +R .
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For the remainder term R, we consider the third Fréchet derivative of the
Lagrangian Lh consisting of the terms

L′′′h (x)(y, y, y) = L′′′huuu(x)(ζ, ζ, ζ) + 3L′′′huuz(x)(ζ, ζ, ϕ) + 3L′′′huzz(x)(ζ, ϕ, ϕ)

+L′′′hzzz(x)(ϕ, ϕ, ϕ)

= J ′′′(u)(ζ, ζ, ζ)− A′′′S (u)(ζ, ζ, ζ, z)− 3A′′S(u)(ζ, ζ, ϕ) .

If AS(·)(·) is linear and if, in addition, J (·) is quadratic, the remainder term
R completely vanishes. Otherwise, anything vanishes except the term

J ′′′(u)(ζ, ζ, ζ) .

Therefore, the remainder term R can be written as

R =
1

2

1∫
0

(
J ′′′(uh + se)(e, e, e)

)
s(s− 1) ds ,

which proves the assertion.

Remark 3.7. In the error representation (3.19a), ρS depends on the exact
dual solution z whereas ρ∗S involves the exact primal solution u. Since the
exact solutions usually are not available, they have to be approximated by their
discrete counterparts. In order to obtain an error representation that is as
precise as possible, higher order approximations have to be generated. To reduce
the complexity of the algorithm, we derive a relation between the primal and
the dual residual such that a higher order approximation has to be calculated
once only.

Theorem 3.8. For the primal and the dual residual, we find that

ρ∗S(zh)(u− ζh) = ρS(uh)(z − ϕh)−∆ρJ , (3.20a)

with arbitrary ζh, ϕh ∈ Vh. The difference between the residuals is given by

∆ρJ =

1∫
0

J ′′(uh + se)(e, e) ds . (3.20b)

Proof. We set up the definition

k(s) := J ′(uh + se)(u− ζh)− A′S(uh + se)(u− ζh, zh + se∗) ,
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with its derivative

k′(s) = J ′′(uh + se)(e, u− ζh)− A′S(uh + se)(u− ζh, e∗) . (3.21)

According to equation (3.8b), we have that

k(1) = J ′(u)(u− ζh)− A′S(u)(u− ζh, z) = 0 ∀ζh ∈ Vh . (3.22)

Owing to the definition of the dual residual, the following identity holds true

k(0) = J ′(uh)(u− ζh)− A′S(uh)(u− ζh, zh) = ρ∗S(zh)(u− ζh) . (3.23)

From the fundamental theorem of calculus applied to (3.21), (3.22) and (3.23),
we conclude that

ρ∗S(zh)(u− ζh)

= −
1∫

0

(
J ′′(uh + se)(e, u− ζh)− A′S(uh + se)(u− ζh, e∗)

)
ds .

(3.24)

By taking into consideration equation (3.24) and the definition of (3.20b), we
get that

ρ∗S(zh)(u− ζh) = ρ∗S(zh)(u− uh)

=

1∫
0

(
A′S(uh + se)(u− uh, e∗)− J ′′(uh + se)(e, u− uh)

)
ds

= AS(u)(e∗)− AS(uh)(e
∗)−∆ρJ

= ρS(uh)(z − zh)−∆ρJ .

The claim in (3.20a) is confirmed by recalling that the residual ρS(uh)(·) van-
ishes on Vh by construction

ρ∗S(zh)(u− ζh) = ρS(uh)(z − ϕh)−∆ρJ .

Remark 3.9. Former studies of the dual weighted residual method, e.g. [8],
have shown that it is reasonable to neglect the remainder terms R and ∆ρJ

since they are cubic and quadratic, respectively, with respect to the error e
which tends to zero as the grid size h tends to zero. As we will point out in
our numerical studies, this approach is also justified by our numerical results.
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Theorem 3.10 (Local error representation for the FST D method). For the
finite element approximation of (3.8a), the cell–wise error representation reads

J (u)− J (uh) =
∑
K∈Th

{
〈R(uh), z − ϕh〉K

+δK〈R(uh), b · ∇(z − ϕh)〉K

−〈E(uh), z − ϕh〉∂K
}
.

(3.25a)

The cell and edge residuals R(uh) and E(uh), respectively, are given by

R(uh)|K = f +∇ · (ε∇uh)− b · ∇uh − αuh , (3.25b)

E(uh)|Γ =

{
1
2
n · [ε∇uh] if Γ ⊂ ∂K\∂Ω

0 if Γ ⊂ ∂Ω ,
(3.25c)

where n denotes the outer–pointing normal and [∇uh] defines the jump of ∇uh
over the inner edges Γ .

Proof. Combining the results of the two previous theorems provides an error
representation which depends only on the primal residual

J (u)− J (uh) = ρS(uh)(z − ϕh) .

Cell–wise integration by parts offers a local description of the error with respect
to the target quantity

J (u)− J (uh)

=
∑
K∈Th

{
〈f +∇ · (ε∇uh)− b · ∇uh − αuh, z − ϕh + δK · ∇(z − ϕh)〉K

−〈n · ε∇uh, z − ϕh〉∂K
}
.

The quantities of the error representation (3.25a) that depend on uh can easily
be evaluated. To motivate the choice of ϕh, we present the following error
estimate.

Theorem 3.11. Let {u, z} ∈ V̂×V be the solution of the system (3.8a), (3.8b)
with z ∈ H2(K). It holds that

|J (u)− J (uh)| ≤
∑
K∈Th

ρKωK ,
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with

ρK := ‖R(uh)‖L2(K) + h
− 1

2
K ‖E(uh)‖L2(∂K) ,

ωK := Ch2
K‖∇2z‖L2(K) .

The cell and edge residuals R(uh) and E(uh) are given in (3.25b) and (3.25c),
respectively.

Proof. From the error representation (3.25a), we can conclude that

|J (u)− J (uh)| ≤
∑
K∈Th

(
‖R(uh)‖L2(K)‖z − ϕh‖L2(K)

+δK‖R(uh)‖L2(K)‖b · ∇(z − ϕh)‖L2(K)

+‖E(uh)‖L2(∂K)‖z − ϕh‖L2(∂K)

)
≤
∑
K∈Th

ρKω̃K ,

with

ρK = ‖R(uh)‖L2(K) + h
− 1

2
K ‖E(uh)‖L2(∂K) ,

ω̃K = ‖z − ϕh‖L2(K) + δK‖b · ∇(z − ϕh)‖L2(K) + h
1
2
K‖z − ϕh‖L2(∂K) .

By choosing ϕh = Ihz ∈ Vh, we find that

ω̃K = ‖z − Ihz‖L2(K) + δK‖b · ∇(z − Ihz)‖L2(K) + h
1
2
K‖z − Ihz‖L2(∂K) .

Applying the continuous trace inequality (2.4) to the face values of the function
z − Ihz ∈ V , we obtain that

‖z−Ihz‖2
L2(∂K) ≤ C

(
‖∇(z − Ihz)‖L2(K) + h−1

K ‖z − Ihz‖L2(K)

)
‖z−Ihz‖L2(K) .

Recalling the standard interpolation estimates (2.5) and (2.6) yields that

‖z − Ihz‖2
L2(∂K) ≤ Ch3

K‖∇2z‖2
L2(K) ,

and
‖z − Ihz‖L2(∂K) ≤ Ch

3
2
K‖∇

2z‖L2(K) ,

respectively. Considering the second contribution to ω̃K , we get that

δK‖b · ∇(z − Ihz)‖L2(K) ≤ δK‖b‖L∞(K)‖∇(z − Ihz)‖L2(K) .
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Due to the assumption b ∈H1(Ω) ∩L∞(Ω), ‖b‖L∞(K) is bounded. We notice
that δK ≤ ChK and conclude that

δK‖b · ∇(z − Ihz)‖L2(K) ≤ ChK‖b · ∇(z − Ihz)‖L2(K) .

The interpolation properties (2.5) and (2.6) prove the assertion

ω̃K ≤ Ch2
K‖∇2z‖L2(K) .

The a–posteriori error estimate analyzed in Theorem 3.11 has the same order
as a standard L2 a–priori error estimate which is

‖u− uh‖L2(Ω) ≤ Ch2 .

This proves that the DWR framework leads to a standard error estimate.
Therefore, the dual weighted residual method is reasonable in the context of
error estimation. However, we are not interested in error estimates. We focus
on an exact error representation.

3.3 A FDT S method

In this section, we present our considerations with regard to the second possi-
ble approach how to combine the DWR method with stabilized finite element
approximations. The FDT S method is inspired by [7].

Following this strategy, we consider the primal problem (3.1) together with
the corresponding adjoint problem in its strong form

−∇ · (ε∇z)− b · ∇z + αz = j in Ω, z = 0 on ∂Ω . (3.26)

We notice that the conditions of (3.2) hold and assume that j ∈ L2(Ω). Fur-
thermore, we observe that primal and dual problem only differ in the negative
sign of the vector field b. The weak form of the primal problem is given by
(3.3). J : V → R is supposed to be a possibly nonlinear differentiable tar-
get quantity such that J ′(·)(ζ) = 〈j(·), ζ〉Ω. The definition of the Lagrangian
functional

L(u, z) := J (u) + F (z)− A(u)(z)

provides the Euler–Lagrange system
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Find solutions {u, z} ∈ V × V such that

A(u)(ϕ) = F (ϕ) ∀ϕ ∈ V , (3.27a)

A(ζ)(z) = J ′(u)(ζ) ∀ζ ∈ V , (3.27b)

with V := H1
0(Ω) and

A(ξ)(w) := 〈ε∇w,∇ξ〉Ω − 〈b · ∇w, ξ〉Ω + 〈αw, ξ〉Ω ,

J ′(u)(ξ) := 〈j, ξ〉Ω .

We observe that equation (3.27a) corresponds to the Fréchet derivative of the
Lagrangian L(u, z) with respect to the adjoint variable z whereas the calcu-
lation of the Fréchet derivative with respect to u offers the second equation.
As we deal the case of convection–dominated equations, we solve the following
discrete system of equations stabilized by the SUPG method

Seek solutions {uh, zh} ∈ Vh × Vh ,Vh ⊂ V , such that

AS(uh)(ϕh) = F (ϕh) ∀ϕh ∈ Vh , (3.28a)

AS∗(ζh)(zh) = J ′(uh)(ζh) ∀ζh ∈ Vh , (3.28b)

where

AS(vh)(ψh) := A(vh)(ψh) + S(vh)(ψh) ,

S(vh)(ψh) :=
∑
K∈Th

δK〈R(vh), b · ∇ψh〉K ,

R(vh) := −∇ · (ε∇vh) + b · ∇vh + αvh − f ,

and

AS∗(ξh)(wh) := A(ξh)(wh) + S∗(ξh)(wh) ,

S∗(ξh)(wh) :=
∑
K∈Th

δ∗K〈∇ · (ε∇wh) + b · ∇wh − αwh + j, b · ∇ξh〉K .

Remark 3.12. By construction of the stabilized dual problem, we observe that
the dual tuning parameter δ∗K for the SUPG stabilization of the dual problem
can be chosen differently from the primal tuning parameter δK. Consequently,
the stabilization can be better adapted to the respective structure of the equation.
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Obviously, the components of the system (3.28a), (3.28b) are decoupled. Hence,
existence analysis is simply carried out for each single operator. As shown in
[6], the primal problem possesses a unique discrete solution. In the following
theorem, we present a statement concerning the existence and uniqueness of
the solution of equation (3.28b).

Theorem 3.13 (Coercivity and boundedness of the adjoint bilinear form).
Assume condition (3.2) and

0 ≤ δ∗K ≤
1

4
min

{
h2
K

p4
Kµ

2
inv‖ε‖L∞(K)

;
1

α

}
(3.29)

to be true. Then, we can indicate constants γ̃, M̃ > 0 such that

ÃS∗(ζh)(ζh) ≥ γ̃|||ζh|||2 ∀ζh ∈ Vh , ζh 6= 0 , (3.30a)

ÃS∗(ζh)(zh) ≤ M̃ |||ζh||| · |||zh||| ∀zh, ζh ∈ Vh , ϕh 6= 0 , (3.30b)

with

ÃS∗(ξh)(wh) : = AS∗(ξh)(wh)−
∑
K∈Th

〈j, b · ∇ξh〉K

= 〈ε∇wh,∇ξh〉Ω − 〈b · ∇wh, ξh〉Ω + 〈αwh, ξh〉Ω
+
∑
K∈Th

δ∗K〈∇ · (ε∇wh) + b · wh − αwh, b · ∇ξh〉K .

Proof. For the first part of the theorem, we use (3.13) and easily see that

ÃS∗(ζh)(ζh) =
∑
K∈Th

{
‖
√
ε∇ζh‖2

L2(K) + α‖ζh‖2
L2(K) + δ∗K‖b · ∇ζh‖2

L2(K)

+B1 +B2

}
,

where the terms B1 and B2 are given by

B1 := δ∗K〈∇ · (ε∇ζh), b · ∇ζh〉K and B2 := −δ∗K〈αζh, b · ∇ζh〉K .

As the estimation of the previous terms is straightforward to follow the steps
of the proof for the statement (3.12a) of Theorem 3.3, we keep the proof very
brief at this point. We get that

B1 ≥ −δ∗K‖∇ · (ε∇ζh)‖L2(K)‖b · ∇ζh‖L2(K)

≥ −1

4
‖
√
ε∇ζh‖2

L2(K) −
1

4
δ∗K‖b · ∇ζh‖2

L2(K) ,
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and

B2 ≥ −δ∗Kα‖ζh‖L2(K)‖b · ∇ζh‖L2(K)

≥ −1

4
α‖ζh‖2

L2(K) −
1

4
δ∗K‖b · ∇ζh‖2

L2(K) .

All in all, we find that

ÃS∗(ζh)(ζh) ≥
1

2
|||ζh|||2 ,

which proves assertion (3.30a). Now, we give proof for the second statement
(3.30b) which also is very similar to the proof of Theorem 3.3. We have that

ÃS∗(ζh)(zh)

≤
∑
K∈Th

(∥∥√ε∇zh∥∥L2(K)

∥∥√ε∇ζh∥∥L2(K)
+ α ‖zh‖L2(K) ‖ζh‖L2(K)

+δK ‖b · ∇zh‖L2(K) ‖b · ∇ζh‖L2(K) +B3 +B4 +B5

)
,

with

B3 := δ∗K‖∇ · (ε∇zh)‖L2(K)‖b · ∇ζh‖L2(K) ,

B4 := δ∗Kα‖zh‖L2(K)‖b · ∇ζh‖L2(K) and B5 := −〈b · ∇zh, ζh〉K .

Assumption (3.29) and estimation techniques yield that

B3 ≤
1

2
‖
√
ε∇zh‖L2(K)

√
δ∗K‖b · ∇ζh‖L2(K) ,

B4 ≤
1

2

√
α‖zh‖L2(K)

√
δ∗K‖b · ∇ζh‖L2(K) .

Recalling (3.29), i.e. − 1√
δ∗K
≤ −2

√
α , implies that

B5 ≤ 2
√
δ∗K‖b · ∇zh‖L2(K)

√
α‖ζh‖L2(K) .

For the sake of clarity, the reader is referred to (3.31) of the explanatory notes
below this proof at this point. Finally, we get that

ÃS∗(ζh)(zh) ≤

(∑
K∈Th

5

4
‖
√
ε∇zh‖2

L2(K) +
5

4
α‖zh‖2

L2(K) + 5δ∗K‖b · ∇zh‖2
L2(K)

) 1
2

·

(∑
K∈Th

‖
√
ε∇ζh‖2

L2(K) + 2α‖ζh‖2
L2(K) + 3δ∗K‖b · ∇ζh‖2

L2(K)

) 1
2

≤ M̃ |||zh||| · |||ζh||| .
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Auxiliary calculation 3.14. Supplementary estimate to the proof of Theorem
3.13.

ÃS∗(ζh)(zh) ≤

(∑
K∈Th

‖
√
ε∇zh‖2

L2(K)

) 1
2
(∑
K∈Th

‖
√
ε∇ζh‖2

L2(K)

) 1
2

+

(∑
K∈Th

α‖zh‖2
L2(K)

) 1
2
(∑
K∈Th

α‖ζh‖2
L2(K)

) 1
2

+

(∑
K∈Th

δ∗K‖b · ∇zh‖2
L2(K)

) 1
2
(∑
K∈Th

δ∗K‖b · ∇ζh‖2
L2(K)

) 1
2

+

(∑
K∈Th

1

4
‖
√
ε∇zh‖2

L2(K)

) 1
2
(∑
K∈Th

δ∗K‖b · ∇ζh‖2
L2(K)

) 1
2

+

(∑
K∈Th

1

4
α‖zh‖2

L2(K)

) 1
2
(∑
K∈Th

δ∗K‖b · ∇ζh‖2
L2(K)

) 1
2

+

(∑
K∈Th

4δ∗K‖b · ∇zh‖2
L2(K)

) 1
2
(∑
K∈Th

α‖ζh‖2
L2(K)

) 1
2

.

(3.31)

Now, we derive an error representation in terms of the Lagrangian functional.
The general procedure as well as the following theorems are based on the
approach to an a–posteriori error estimation for finite element discretizations
of the Navier–Stokes equations suggested in [7]. For that purpose, we choose a
differentiable functional L(·) on a function space X := V ×V . The Lagrangian
functional is defined by

L(u, z) := J (u) + F (z)− A(u)(z) . (3.32)

As usual, the derivative of L with respect to z gives the original problem
(3.27a) and its derivative with respect to u corresponds to the dual problem
(3.27b). Let x ∈ X be a stationary point of L, i.e.

L′(x)(y) = 0 ∀y ∈ X . (3.33)

We summarize the discrete equations (3.28a) and (3.28b)

F (ϕh)− A(uh)(ϕz)− S(uh)(ϕh)

+ J ′(uh)(ζh)− A(ζh)(zh)− S∗(ζh)(zh) = 0 ∀{ζh, ϕh} ∈ Vh × Vh ,
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and find that

L′u(uh, zh)(ζh) + L′z(uh, zh)(ϕh)

− S(uh)(ϕh)− S∗(ζh)(zh) = 0 ∀{ζh, ϕh} ∈ Vh × Vh .

Setting

xh := {uh, zh} ∈ Vh × Vh =: Xh ⊂ X ,

yh := {ζh, ϕh} ∈ Vh × Vh ,

and

S(xh)(yh) := S(uh)(ϕh) + S∗(ζh)(zh) ,

we obtain that
L′(xh)(yh) = S(xh)(yh) ∀yh ∈ Xh . (3.34)

Theorem 3.15 (Error representation in terms of the Lagrangian functional).
Let x ∈ X be a stationary point of L. Suppose that xh ∈ Xh fulfills equation
(3.34). For the error representation, we have that

L(x)− L(xh) =
1

2
L′(xh)(x− yh) +

1

2
S(xh)(yh − xh) +R , (3.35a)

with an arbitrary yh ∈ Xh and a remainder term defined by

R :=
1

2

1∫
0

L′′′(xh + sê)(ê, ê, ê)s(s− 1) ds . (3.35b)

Proof. Let ê := x− xh ∈ X . Elementary calculus gives that

L(x)− L(xh) =

1∫
0

L′(xh + sê)(ê) ds .

We approximate this integral by the trapezoidal rule and get the result that

L(x)− L(xh) =
1

2
L′(xh)(x− xh) +

1

2
L′(x)(x− xh) +R ,

with the remainder term R defined in (3.35b). Equation (3.33) requires that
the second term of the previous equation vanishes. A calculation in combina-
tion with assumption (3.34) completes the proof

L(x)− L(xh) =
1

2
L′(xh)(x− yh) +

1

2
L′(xh)(yh − xh) +R

=
1

2
L′(xh)(x− yh) +

1

2
S(xh)(yh − xh) +R .
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For the subsequent assertion, we introduce the residual and the adjoint residual
by

ρ(uh)(ϕ) := F (ϕ)− A(uh)(ϕ) ∀ϕ ∈ V , (3.36a)

ρ∗(zh)(ζ) := J ′(uh)(ζ)− A(ζ)(zh) ∀ζ ∈ V . (3.36b)

Theorem 3.16 (Error representation in terms of the functional J ). For the
error with respect to the target functional J (·), there holds that

J (u)− J (uh) =
1

2
ρ(uh)(z − ϕh) +

1

2
ρ∗(zh)(u− ζh)

+RS +RJ ,
(3.37a)

with arbitrary ϕh, ζh ∈ Vh, the residual ρ(uh)(·) given in (3.36a) and the adjoint
residual ρ∗(zh)(·) defined in (3.36b). The remainder terms are determined by

RS :=
1

2
S(uh)(ϕh + zh) +

1

2
S∗(ζh − uh)(zh) , (3.37b)

and

RJ :=
1

2

1∫
0

J ′′′(uh + se)(e, e, e)s(s− 1) ds . (3.37c)

The terms RS and RJ are caused by the stabilization of the Euler–Lagrange
system and the nonlinearity of the target functional, respectively.

Proof. We start with two identities

L(x) = J (u) + F (z)− A(u)(z) = J (u) ,

L(xh) = J (uh) + F (zh)− A(uh)(zh) = J (uh) + S(uh)(zh) .

By using these identities and applying the previous theorem, we find that

J (u)− J (uh) = L(x)− L(xh) + S(uh)(zh)

=
1

2
L′(xh)(x− yh) +

1

2
S(xh)(yh − xh) + S(uh)(zh) +R ,

where R denotes the remainder term given in (3.35b). For the Fréchet deriva-
tive of the Lagrangian functional, it holds that

L′(xh)(x− yh) = J ′(uh)(u− ζh)− A(u− ζh)(zh) + F (z − ϕh)

−A(uh)(z − ϕh)

= ρ(uh)(z − ϕh) + ρ∗(zh)(u− ζh) .
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The contributions with respect to the stabilization can be rewritten as

1

2
S(xh)(yh − xh) + S(uh)(zh) =

1

2
S(uh)(ϕh + zh) +

1

2
S∗(ζh − uh)(zh) =: RS .

The fact that, due to the bilinearity of A(·)(·), all parts of the third derivative
of L vanish except the third derivative of J , finishes the proof.

Due to the fact that the error representation (3.37a) requires an improved
approximation to the exact primal solution u in addition to the improved
approximation to z, we derive the following theorem that shows a relation
between the primal and dual residual.

Theorem 3.17. The primal residual ρ(uh)(·) and the adjoint residual ρ∗(zh)(·)
are related by

ρ∗(zh)(u− ζh) = ρ(uh)(z − ϕh)−∆ρJ + ∆ρS , (3.38a)

where the nonlinearity of J affects the remainder ∆ρJ given by

∆ρJ :=

1∫
0

J ′′(uh + se)(e, e) ds , (3.38b)

and the stabilization affects the term ∆ρS defined by

∆ρS := S(uh)(ϕh − zh)− S∗(ζh − uh)(zh) . (3.38c)

Proof. We define

k(s) := J ′(uh + se)(u− ζh)− A(u− ζh)(zh + se∗) ,

where e∗ := z− zh denotes the adjoint error. The derivative of k(·) is given by

k′(s) = J ′′(uh + se)(e, u− ζh)− A(u− ζh)(e∗) . (3.39)

The definition of z offers that

k(1) = J ′(u)(u− ζh)− A(u− ζh)(z) = 0 ∀ζh ∈ Vh .

We evaluate k(s) at s = 0 and find that

k(0) = J ′(uh)(u− ζh)− A(u− ζh)(zh) = ρ∗(zh)(u− ζh) . (3.40)
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By elementary calculus, we have that

k(0) = −
1∫

0

k′(s) ds . (3.41)

Entering (3.39) and (3.40) into the expression (3.41) leads to

ρ∗(zh)(u− ζh) =

1∫
0

(
A(u− ζh)(e∗)− J ′′(uh + se)(e, u− ζh)

)
ds . (3.42)

By replacing u− ζh by u− uh in the dual residual, we get that

ρ∗(zh)(u− ζh) = J ′(uh)(u− ζh)− A(u− ζh)(zh) + S∗(ζh)(zh)− S∗(ζh)(zh)

−J ′(uh)(uh) + A(uh)(zh) + S∗(uh)(zh)

= ρ∗(zh)(u− uh)− S∗(ζh − uh)(zh) .

Owing to (3.42), we obtain that

ρ∗(zh)(u− ζh) =

1∫
0

(
A(u− uh)(e∗)− J ′′(uh + se)(e, u− uh)

)
ds

−S∗(ζh − uh)(zh)

= A(e)(e∗)−
1∫

0

J ′′(uh + se)(e, e) ds

−S∗(ζh − uh)(zh) .

(3.43)

By inserting

0 = AS(uh)(ϕh)− F (ϕh) ,

we can rewrite A(e)(e∗)

A(u)(e∗)− A(uh)(e
∗) = F (e∗)− A(uh)(e

∗)

= F (z)− A(uh)(z) + A(uh)(zh) + S(uh)(zh)

−F (zh)− S(uh)(zh) + A(uh)(ϕh)

+S(uh)(ϕh)− F (ϕh)

= F (z − ϕh)− A(uh)(z − ϕh) + S(uh)(ϕh − zh)

= ρ(uh)(z − ϕh) + S(uh)(ϕh − zh) .

(3.44)
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Substituting formula (3.44) into (3.43) confirms the statement

ρ∗(zh)(u− ζh) = ρ(uh)(z − ϕh) + ∆ρS −∆ρJ ,

with the remainder terms ∆ρJ and ∆ρS defined in (3.38b) and (3.38c), re-
spectively.

Since the remainder terms RJ and ∆ρJ are cubic and quadratic in e, respec-
tively, they are neglectable as explained in Remark 3.9. Combining the results
of the previous theorems leads to an element–wise description of the error in
terms of the target quantity J .

Theorem 3.18 (Cell–wise error representation for the FDT S method). For
the stabilized finite element approximation of the model problem (3.1), the local
error representation reads

J (u)− J (uh) =
∑
K∈Th

{
〈R(uh), z − ϕh〉K − δK〈R(uh), b · ∇ϕh〉K

−〈E(uh), z − ϕh〉∂K
}
.

(3.45a)

The cell and edge residuals R(uh) and E(uh) are defined by

R(uh)|K = f +∇ · (ε∇uh)− b · ∇uh − αuh , (3.45b)

E(uh)|Γ =

{
1
2
n · [ε∇uh] if Γ ⊂ ∂K\∂Ω

0 if Γ ⊂ ∂Ω ,
(3.45c)

where n denotes the outer–pointing normal and [∇uh] defines the jump of ∇uh
over the inner edges Γ.

Proof. From the previous two theorems, we obtain that

J (u)− J (uh) = ρ(uh)(z − ϕh) +
1

2
∆ρS +RS

= ρ(uh)(z − ϕh) + S(uh)(ϕh) .

By cell–wise integration by parts, we get that

J (u)− J (uh)

=
∑
K∈Th

{
〈f +∇ · (ε∇uh)− b · ∇uh − αuh, z − ϕh〉K

−〈n · ε∇uh, z − ϕh〉∂K
}

+ S(uh)(ϕh) ,

which is equal to the expression (3.45a).
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Remark 3.19 (Nonhomogeneous Dirichlet boundary conditions; cf. [39]).
As addressed above we have to reflect on handling nonhomogeneous Dirichlet
boundary conditions. The model problem reads

−∇ · (ε∇u) + b · ∇u+ αu = f in Ω, u = g on ∂Ω ,

where g : ∂Ω 7→ R is a given function. Additionally, g is supposed to be
sufficiently smooth, or to be more exact g ∈ H 1

2 (∂Ω) according to the trace
theorem 2.10. Then, there exists a lifting ug of g in H1(Ω)

H1(Ω) 3 ug = g on ∂Ω ,

cf. [17]. Enforcing this setting offers the weak formulation

Seek u ∈ H1(Ω) such that

u = ug + v , v ∈ H1
0(Ω) ,

A(v)(ϕ) = F̃ (ϕ) ∀ϕ ∈ H1
0(Ω) , (3.46)

with
F̃ (ϕ) := 〈f, ϕ〉Ω − 〈ε∇ug,∇ϕ〉Ω − 〈b · ∇ug + αug, ϕ〉Ω .

In the case of a linear target functional J (·) the dual problem we consider is
the following

Find z ∈ H1
0(Ω) such that

A(ζ)(z) = J (ζ) ∀ζ ∈ H1
0(Ω) . (3.47)

We assume that ug is approximated by its interpolant gh. Then, we get for the
error in terms of the target quantity by elementary calculus

J (e) = J
(
u− uh − (ug − gh)

)
= A(e)(z)− A(ug − gh)(z)

= ρ(uh)(z − ϕh)− 〈(ug − gh),n · ε∇z〉∂Ω , (3.48)

where the residual ρ is given by

ρ(uh)(·) = F̃ (·)− A(uh)(·) .

According to the fact that we assume the target functional J and the form A to
be linear, we incorporate nonhomogeneous boundary conditions by adding the
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boundary integral in (3.48) to the error representations (3.25a) and (3.45a),
respectively.

The presented methods differ in the associated dual problem and resulting
from it in the error representation. They are different in the way how to
incorporate the SUPG stabilization technique into the DWR method. They
vary significantly on the point of perspective: the FDT S method is based
on a more application–related approach as we can indicate the strong form of
the dual problem whereas the other strategy FST D immediately follows the
intention of the theoretical DWR framework. Furthermore, the dual stabilized
problem (3.8b) with respect to the FST D method is not consistent; that
means that the stabilization terms do not vanish for the exact dual solution.
The following section will demonstrate what the difference is from a numerical
point of view.

3.4 Both methods by numerical comparison

In this section, we present numerical studies based on the above derived ap-
proaches. All simulations are performed with the software toolbox FEniCS
[37]. Here, we investigate academic test problems whose solutions possess
characteristic features of solution of convection–dominated equations.

First, we point out how the DWR method can be combined with the concepts
of adaptivity. The following algorithm calculates the approximate solution on
a hierarchy of successively refined meshesMi , i ≥ 1 and corresponding finite
element spaces V ih. These finite element spaces are embedded in each other.
Assume that the error with respect to a chosen target functional J can be
represented by

J (u)−J (uh) ≈ η :=
∑
K∈Th

ηFST DK and J (u)−J (uh) ≈ η :=
∑
K∈Th

ηFDT SK ,

respectively, where ηFST DK and ηFDT SK are defined below.



46

Adaptive solution algorithm

Initialization Set i = 0 and generate the initial finite element spaces.

Step 1 Solve the primal problem.

Find uih ∈ V ih such that

AS(uih)(ϕh) = F (ϕh) ∀ϕh ∈ V ih .

Step 2 Solve the dual problem.
FST D method

Find ziH ∈ V iH ⊃ V ih such that

A′S(uih)(ϕH , z
i
H) = J ′(uih)(ϕH) ∀ϕH ∈ V iH .

FDT S method

Find ziH ∈ V iH ⊃ V ih such that

AS∗(ϕH)(ziH) = J ′(uih)(ϕH) ∀ϕH ∈ V iH .

V iH denotes the finite element space of higher order polynomials that
corresponds to the refined meshMi.

Step 3 Evaluate the a–posteriori error estimate.
FST D method

ηFST DK = 〈R(uih), z
i
H − IhziH〉K + δK〈R(uih), b · ∇(ziH − IziH)〉K

−〈E(uih), z
i
H − IhziH〉∂K ,

with the cell and edge residuals defined in (3.25b) and (3.25c).
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FDT S method

ηFDT SK

= 〈R(uih), z
i
H − IhziH〉K − δK〈R(uih), b · ∇IhziH〉K

−〈E(uih), z
i
H − IhziH〉∂K ,

where the cell and edge residuals are given in (3.45b) and (3.45c).
Ihz

i
H ∈ V ih is the linear interpolation of ziH .

Step 4 Histogram based refinement strategy.

Choose θ ∈ (0.25, 5). Set ηmax = max
K∈Th

∣∣ηjK∣∣ , j ∈ {FST D ,FDT S}
and µ = θ

∑
K∈Th

∣∣ηjK∣∣
#K

.

while mu > eta_max :
mu := mu/2 .0

Mark the elements K̃ with
∣∣∣ηj
K̃

∣∣∣ > µ to be refined. Generate a new
meshMi+1 by regular refinement.

Step 5 Check the exit condition.
If ηmax < TOL or η < TOL is true, the Adaptive solution algorithm
is completed; else increase i and go to Step 1.

Remark 3.20 (to Step 3). Note that setting zH = zh would not simplify the
error estimator but would cause that the estimator completely vanishes.

Remark 3.21 (to Step 4). The performance of adaptive algorithms is enor-
mously influenced by the choice of the marking strategy. Our presented error
estimators combined with popular refinement strategies as the Dörfler marking
(cf. [15]) or the marking of the elements with the largest local error indicators
did not properly select the elements to be refined. We analyzed the distribution
of the error indicators over the cells calculated by the error estimator and came
up with a histogram based remeshing strategy. In our experience, a value of θ
between 0.25 and 5 leads to satisfying results.
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Remark 3.22. According to the adaptive solution algorithm presented above,
we use the same mesh for solving the primal and the dual problem. In our nu-
merical studies, we did not find out characterizing features of the dual solution
that require an especially adapted mesh design. Figure 3.1 presents the dual
solution and the used mesh obtained by simulating Example 3.23 according to
the FDT S method.

Figure 3.1: (Example 3.23) Dual solution and mesh with 38831 nodes using

quadratic finite elements.

In the case of a given analytical solution, we can make a statement about the
adaptive algorithm and its approximate solution in a quantitative manner. A
standard measure of quality of an error estimator is the effectivity index which
is defined by the quotient between the estimated error and the true error

Ieff :=
η

J (u)− J (uh)
.

Obviously, the effectivity index of an well–constructed estimator asymptot-
ically tends to one with respect to the number of degrees of freedom. As
mentioned above, it is mandatory to use a higher order approximation to the
exact dual solution. There are different possibilities to generate such an im-
proved dual solution, e.g. a local higher order approximation obtained by a
patch–wise higher order interpolation; cf. [8]. Since we try to develop an error
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representation that is as exact as possible, the approximate solution zh is cal-
culated by polynomials of degree two even if it does not seem very economical
to use a global higher order approximation. The simplicity of implementation
and, by construction, the linearity of the dual problem let us achieve our goal
to conceptionally investigate the interaction of the DWR method and stabi-
lization techniques. Reflecting on issues like computational costs might be the
next step in a future work.

Example 3.23. Now, we focus on a test problem that is an adaption of [38,
Example 4.2] and is often used as a benchmark problem for convection–domi-
nated partial differential equations. The setting of this test case is illustrated
in Figure 3.2. The solution is characterized by an interior layer of thickness
O(
√
ε| ln ε|). The problem is defined in Ω = (0, 1)2 with α = 1.0 and b =

1√
5
(1, 2)>. We choose the right–hand side f in such a way that

u(x) =
1

2

(
1− tanh

2x1 − x2 − 0.25√
5ε

)
(3.49)

is the analytical solution of (3.1). The Dirichlet boundary condition is given
by the exact solution.

u = 1

u = 0

b

Figure 3.2: Configuration of Example 3.23, with an interior boundary layer (dashed

line).

The quantity of interest is prescribed by

J (ϕ) =
1

‖e‖L2(Ω)

〈e, ϕ〉Ω ,

which conforms to the L2 norm.

The Tables 3.1 and 3.2 show selected effectivity indices for different diffusion
coefficients. ε is chosen in the range of 10−4 to 10−7. The effectivity indices of
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all refinement levels are presented in the left column of Figure 3.4.

ε = 10−4 ε = 10−6 ε = 10−7

dofs Ieff dofs Ieff dofs Ieff dofs Ieff

1564 0.89 17932 0.81 52920 0.69 30905 0.72

2407 0.91 25053 0.83 74662 0.75 45645 1.03

3920 0.93 36391 0.93 106752 0.84 65676 0.88

6665 0.94 54107 0.96 155944 0.88 101112 1.00

12410 0.96 83676 0.98 235139 0.95 158258 0.97

23625 0.96 135009 0.98 367128 0.97 254942 1.00

48922 0.99 224146 0.99 581477 0.99 425945 0.99

P1/P2 P1/P3

Table 3.1: (Example 3.23) Selected effectivity indices of the FST D method.

ε = 10−4 ε = 10−6 ε = 10−7

dofs Ieff dofs Ieff dofs Ieff dofs Ieff

1249 0.88 9728 0.92 34787 0.86 36819 0.75

1944 0.96 15191 0.90 53518 0.86 53798 0.87

3168 0.94 24455 0.97 83126 0.96 79820 0.87

5241 0.97 39792 0.96 129500 0.95 119620 0.96

8987 0.95 66142 0.99 207035 0.99 182681 0.96

16677 0.98 110747 0.98 328232 0.98 281116 0.99

31990 0.95 184891 0.99 530014 0.99 438228 0.98

P1/P2 P1/P3

Table 3.2: (Example 3.23) Selected effectivity indices of the FDT S method.

Obviously, the measure of quality tends to one whichever of the two alternative
procedures is chosen. The effectivity index is also regardless of the amount of
the diffusion coefficient ε. That emphasizes the quality of our method. In the
left parts of the Tables 3.1 and 3.2, the computations were performed using
linear finite elements for solving the primal problem and quadratic elements
for solving the dual problem whereas in the right columns of the Tables 3.1 and
3.2, results using cubic finite elements for solving the dual problem are shown.
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We observe that, by choosing cubic elements to solve the dual problem, the
adaptive methods reach the stopping criterion including less degrees of freedom
than using a quadratic finite element solution. This result is reasonable since
a higher order approximation will be closer to the exact solution of the dual
problem and, thus, the DWR method will give more accurate results because it
is based on the exact solution of the dual problem. Nevertheless, the difference
between P2 and P3 approximation of the dual solution is not significant, even
less if we take into account the higher computational costs. The right part of
Figure 3.4 aims at presenting the development of the error in terms of the target
quantity J . We notice that both introduced methods are capable to reduce
the error in the adaptive process. Figure 3.3 compares the adaptively refined
meshes the above mentioned strategies of adaptivity generate for ε = 10−7 and
the combination P1/P2 finite elements. They only vary very slightly.

(a) 25992 dofs (b) 22728 dofs

Figure 3.3: (Example 3.23) Adaptively refined grids using (a) the FST D method

and (b) the FDT S method.
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Figure 3.4: (Example 3.23) Effectivity indices for (a) ε = 10−4, (c) ε = 10−6 and

(e) ε = 10−7 and errors of fact in terms of the target quantity J for (b) ε = 10−4,

(d) ε = 10−6 and (f) ε = 10−7.
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Chapter 4

A SUPG and SOLD stabilized

dual weighted residual method

In contrast to the previous chapter, we now address a nonlinear convection–
dominated model problem. We also pay attention to the remaining nonphysical
oscillations the SUPG method cannot completely handle on its own. To this
end and according to [26], we introduce a so–called spurious oscillations at
layers diminishing (SOLD) method which adds terms to the SUPG discretiza-
tion in order to obtain discrete solutions in which the local oscillations are
suppressed.

4.1 A nonlinear framework

We consider a nonlinear adaption of our model problem in Chapter 3 and
obtain the stationary scalar convection–diffusion–reaction equation

−∇ · (ε∇u) + b · ∇u+ αu+ r(u) = f in Ω, u = 0 on ∂Ω , (4.1)

equipped with homogeneous boundary conditions in order to facilitate mat-
ters. We assume that Ω is a bounded Lipschitz domain in Rd , d ∈ {2, 3} and
the conditions in (3.2) are valid. The reaction rate r(·) is supposed to be three
times differentiable and represents a polynomial reaction rate or the Arrhenius
law, for example. In order to ensure the existence of a weak solution of (4.1),
we refer to [42] concerning necessary assumptions about the reaction rate.
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We introduce the finite element space Vh as laid down in (2.3). The usual
Galerkin finite element formulation of the given model problem (4.1) reads

Find uh ∈ Vh such that

A(uh)(ϕh) = F (ϕh) ∀ϕh ∈ Vh , (4.2a)

with

A(vh)(ψh) := 〈ε∇vh,∇ψh〉Ω + 〈b · ∇vh, ψh〉Ω + 〈αvh, ψh〉Ω + 〈r(vh), ψh〉Ω ,
(4.2b)

F (ψh) := 〈f, ψh〉Ω . (4.2c)

It is well–known that this discrete formulation is unsuitable if convection dom-
inates diffusion since then the discrete solution is usually stressed by spurious
oscillations. Adding a SUPG stabilization term to the Galerkin discretization
establishes an improvement; cf. [10]. This stabilization procedure leads to the
following formulation

Find uh ∈ Vh such that

AS(uh)(ϕh) = F (ϕh) ∀ϕh ∈ Vh , (4.3)

with

AS(vh)(ψh) := A(vh)(ψh) + S(vh)(ψh) ,

S(vh)(ψh) :=
∑
K∈Th

δK〈R(vh), b · ∇ψh〉K ,

R(vh) := −∇ · (ε∇vh) + b · ∇vh + αvh + r(vh)− f .

The shock–capturing method proposed in [33] adds a crosswind diffusion term
to the left–hand side of (4.3). The amount of the artificial anisotropic diffusion
depends on the unknown discrete solution uh. Thus, the resulting approach is
nonlinear. Since our model problem is nonlinear by itself, the arising nonlin-
earity of the improved discrete formulation does not disturb. The SUPG and
shock–capturing stabilized method has the form

Find uh ∈ Vh such that

ASC(uh)(ϕh) = F (ϕh) ∀ϕh ∈ Vh , (4.4)
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with

ASC(vh)(ψh) := A(vh)(ψh) + S(vh)(ψh) + SC(vh)(ψh) , (4.5a)

SC(vh)(ψh) :=
∑
K∈Th

〈τK(vh)D∇vh,∇ψh〉K , (4.5b)

τK(vh) := lK(vh)R̂K(vh) =
lK(vh)‖R(vh)‖L2(K)

‖vh‖H1(K) + κK
, (4.5c)

lK(vh) := l0hK max

{
0, β −

2‖ε‖L∞(K)

hKR̂K(vh)

}
, (4.5d)

D :=

 I − b⊗ b
|b|2

, b 6= 0

0 , b = 0 ,
(4.5e)

and nonnegative parameters κK , β and l0 to be chosen by the user.

Remark 4.1 (Consistency of the stabilization method). The SUPG method
as well as the shock–capturing stabilization technique are consistent as the sta-
bilization terms completely vanish by substituting the exact solution into the
stabilized discrete formulation (4.4).

Having defined the discretization (4.4) of our model problem, there arises the
question which one of the in Chapter 3 introduced strategies to pursue. Re-
flecting on the main steps of both methods, we reach the conclusion that the
FDT S method is the procedure of choice that supplies the basis of our further
work. The main reason behind this decision is that, by construction, we have
to approximate the derivative of the shock–capturing term in the course of
the FST D method. This involves the danger that the quality of the resulting
error estimator decreases.

4.2 A nonlinear FDT S method

As pointed out above, we follow the FDT S method presented in Chapter 3.
Thereby, we F irst take the associated Dual problem of the continuous formu-
lation of equation (4.2a), T hen we add the SUPG and Stabilization terms to
the resulting equation. Since the dual problem is characterized by its linear-
ity even if the primal problem is nonlinear, the dual problem is stabilized by
SUPG terms only.
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To this end, we define the Lagrangian functional

L(u, z) := J (u) + F (z)− A(u)(z) , (4.6)

with the quantity of interest J , and F and A given in (4.2b) and (4.2c),
respectively. We assume that J (·) is differentiable and J ′(·)(ϕ) = 〈j(·), ϕ〉Ω
with j ∈ L2(Ω). The derivative of the Lagrangian functional with respect to
u (4.6) offers the dual problem that corresponds to the continuous version of
equation (4.2a)

Find z ∈ V such that

A′(u)(ζ, z) = J ′(u)(ζ) ∀ζ ∈ V , (4.7)

with

A′(v)(ξ, w) := 〈ε∇w,∇ξ〉Ω − 〈b · ∇w, ξ〉Ω + 〈αw, ξ〉Ω + 〈r′(v)w, ξ〉Ω .

Then, the discrete and stabilized Euler–Lagrange system reads

Seek solutions {uh, zh} ∈ Vh × Vh such that

ASC(uh)(ϕh) = F (ϕh) ∀ϕh ∈ Vh , (4.8a)

A′S∗(uh)(ζh, zh) = J ′(uh)(ζh) ∀ζh ∈ Vh , (4.8b)

where ASC(vh)(ψh) is given in the scheme (4.5a) to (4.5e) and the dual form
is defined by

A′S∗(vh)(ξh, wh) := A′(vh)(ξh, wh) + S∗(vh)(ξh, wh) ,

S∗(vh)(ξh, wh) :=
∑
K∈Th

δ∗K〈∇ · (ε∇wh) + b · ∇wh − αwh

−r′(vh)wh + j, b · ∇ξh〉K .

In the following, we are going to establish an error representation based on the
dual weighted residual method. Therefore, we suppose x ∈ X to be a point
that fulfills the stationary property (3.33), that is

L′(x)(y) = 0 ∀y ∈ X .
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We add together the formulations (4.8a) and (4.8b)

F (ϕh)− ASC(uh)(ϕh) + J ′(uh)(ζh)− A′S∗(uh)(ζh, zh)

= 0 ∀ {ζh, ϕh} ∈ Vh × Vh ,

and get that

L′u(uh, zh)(ζh) + L′z(uh, zh)(ϕh)− S(uh)(ϕh)

− SC(uh)(ϕh)− S∗(uh)(ζh, zh) = 0 ∀{ζh, ϕh} ∈ Vh × Vh .

Setting

xh := {uh, zh} ∈ Vh × Vh =: Xh ⊂ X ,

yh := {ζh, ϕh} ∈ Vh × Vh ,

and

S(xh)(yh) := S(uh)(ϕh) + SC(uh)(ϕh) + S∗(uh)(ζh, zh) ,

we find that
L′(xh)(yh) = S(xh)(yh) ∀yh ∈ Xh . (4.9)

Now that we have created the framework, we can state the following theorem.
The approach is based on [7].

Theorem 4.2 (Error representation in terms of the Lagrangian functional).
Suppose x ∈ X to be a stationary point of L and xh ∈ Xh to satisfy equation
(4.9). Then, the error representation reads

L(x)− L(xh) = L′(xh)(x− yh) + S(xh)(yh − xh) +R , (4.10a)

with an arbitrary yh ∈ Xh. The remainder term is defined by

R :=
1

2

∫ 1

0

L′′′(xh + sê)(ê, ê, ê)s(s− 1) ds . (4.10b)

Proof. The proof follows the proof of Theorem 3.15.

For the following theorem, we recall the definitions of the residual ρ(uh)(·) and
the adjoint residual ρ∗(zh)(·) (3.36a) and (3.36b), respectively,

ρ(uh)(ϕ) = F (ϕ)− A(uh)(ϕ) ∀ϕ ∈ V ,

ρ∗(zh)(ζ) = J ′(uh)(ζ)− A′(uh)(ζ, zh) ∀ζ ∈ V .
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Theorem 4.3 (Error representation with respect to the target quantity J ).
For the error representation in terms of the functional J (·), there holds that

J (u)− J (uh) =
1

2
ρ(uh)(z − ϕh) +

1

2
ρ∗(zh)(u− ζh)

+RS +Rnl ,
(4.11a)

with arbitrary ϕh, ζh ∈ Vh where the residual ρ(uh)(·) and the adjoint residual
ρ∗(zh)(·) are defined as above. The remainder terms are given by

RS :=
1

2
S(uh)(ϕh + zh) +

1

2
SC(uh)(ϕh + zh) +

1

2
S∗(uh)(ζh − uh, zh) , (4.11b)

and

Rnl : =
1

2

1∫
0

{
J ′′′(uh + se)(e, e, e)−

〈
r′′′(uh + se)e3, zh + se∗

〉
Ω

−3
〈
r′′(uh + se)e2, e∗

〉
Ω

}
s(s− 1) ds .

(4.11c)

The terms (4.11b) and (4.11c) are caused by the stabilization terms of the
system (4.8a), (4.8b), and by the nonlinear property of the target quantity J
and the original problem, respectively.

Proof. By elementary calculus, we have the identities

L(x) = J (u) + F (z)− A(u)(z) = J (u) ,

L(xh) = J (uh) + F (zh)− A(uh)(zh) = J (uh) + S(uh)(zh) + SC(uh)(zh) .

Consequently, we find a formulation for the error in the target quantity

J (u)− J (uh) = L(x)− L(xh) + S(uh)(zh) + SC(uh)(zh) .

From the previous theorem, we conclude that

J (u)− J (uh) =
1

2
L′(xh)(x− yh) +

1

2
S(xh)(yh − xh) + S(uh)(zh)

+SC(uh)(zh) +R ,

with R defined in (4.10b). All terms of the third derivative of L vanish except
the three terms given in (4.11c). The Fréchet derivative of the Lagrangian
functional results in

L′(xh)(x− yh) = L′u(uh, zh)(u− ζh) + L′z(uh, zh)(z − ϕh)

= J ′(uh)(u− ζh)− A′(uh)(u− ζh, zh) + F (z − ϕh)

−A(uh)(z − ϕh)

= ρ∗(zh)(u− ζh) + ρ(uh)(z − ϕh) .



59

For the stabilization terms, it holds that

1

2
S(xh)(yh − xh) + S(uh)(zh) + SC(uh)(zh)

=
1

2

{
S(uh)(ϕh − zh) + SC(uh)(ϕh − zh) + S∗(uh)(ζh − uh, zh)

}
+S(uh)(zh) + SC(uh)(zh)

=
1

2
S(uh)(ϕh + zh) +

1

2
SC(uh)(ϕh + zh) +

1

2
S∗(uh)(ζh − uh, zh) =: RS ,

which proves the assertion.

The error representation in (4.11a) would require the generation of improved
approximations to z as well as to u as explained in Remark 3.7. Therefore, we
derive a relation between the primal and the dual residual in order to remove
the dependence on u. We observe that the primal and dual residuals coincide
in the case of an unstabilized linear differential equation and a linearly chosen
target quantity. In our case, there is a difference between the residuals shown
by the following theorem.

Theorem 4.4. The relation between the residual ρ(uh)(·) and the adjoint resid-
ual ρ∗(zh)(·) is described by

ρ∗(zh)(u− ζh) = ρ(uh)(z − ϕh) + ∆ρnl + ∆ρS , (4.12a)

with arbitrary ϕh, ζh ∈ Vh. The nonlinear character of the target quantity J
as well as the nonlinearity of the original problem itself induce the quadratic
remainder term

∆ρnl :=

1∫
0

{
A′′(uh + se)(e, e, zh + se∗)− J ′′(uh + se)(e, e)

}
ds , (4.12b)

and the stabilization of the discrete system (4.8a), (4.8b) induces the remainder
term

∆ρS := S(uh)(ϕh − zh) + SC(uh)(ϕh − zh)− S∗(uh)(ζh − uh, zh) . (4.12c)

Proof. We introduce

k(s) := J ′(uh + se)(u− ζh)− A′(uh + se)(u− ζh, zh + se∗) ,
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together with its derivative

k′(s) : = J ′′(uh + se)(e, u− ζh)− A′′(uh + se)(e, u− ζh, zh + se∗)

−A′(uh + se)(u− ζh, e∗) .

Due to the definition of z, it holds that

k(1) = J ′(u)(u− ζh)− A′(u)(u− ζh, z) = 0 ∀ζh ∈ Vh .

Further, we find that

k(0) = J ′(uh)(u− ζh)− A′(uh)(u− ζh, zh) = ρ∗(zh)(u− ζh) .

Hence, from the fundamental theorem of calculus, we can conclude that

ρ∗(zh)(u− ζh) = −
1∫

0

{
J ′′(uh + se)(e, u− ζh)

−A′′(uh + se)(e, u− ζh, zh + se∗)
}
ds

+

1∫
0

A′(uh + se)(u− ζh, e∗) ds ,

(4.13)

with an arbitrary ζh ∈ Vh. Substituting u− ζh by e in the dual residual yields
that

ρ∗(zh)(u− ζh)

= J ′(uh)(u− ζh)− A′(uh)(u− ζh, zh) + S∗(uh)(ζh, zh)

−S∗(uh)(ζh, zh)− J ′(uh)(uh) + A′(uh)(uh, zh) + S∗(uh)(uh, zh)

= ρ∗(zh)(u− uh)− S∗(uh)(ζh − uh, zh) .

By applying formulation (4.13) to the dual residual ρ∗(zh)(e), we get that

ρ∗(zh)(u− uh) =

1∫
0

{
A′′(uh + se)(e, e, zh + se∗)− J ′′(uh + se)(e, e)

}
ds

+

1∫
0

A′(uh + se)(e, e∗) ds ,

The first integral corresponds to the remainder term ∆ρnl defined in (4.12b).
For the last term, we obtain that

1∫
0

A′(uh + se)(e, e∗) ds = A(u)(e∗)− A(uh)(e
∗) = F (e∗)− A(uh)(e

∗) .
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Substituting e∗ by z − ϕh with an arbitrary ϕh ∈ Vh by using the relation
ASC(uh)(ϕh)− F (ϕh) + S(uh)(zh)− S(uh)(zh) = 0, we observe that∫ 1

0

A′(uh + se)(e, e∗) ds

= F (z − ϕh)− A(uh)(z − ϕh) + S(uh)(ϕh − zh) + SC(uh)(ϕh − zh) .

All together, it gives the following identity

ρ∗(uh)(u− ζh) = ρ(uh)(z − ϕh) + ∆ρnl + ∆ρS ,

with ∆ρS given in (4.12c). This completes the proof.

Based on the previous theorems, we now derive a cell–wise error representation.

Theorem 4.5 (Local error description for the nonlinear FDT S method). For
the stabilized finite element approximation of the model problem (4.1), we have
the element–wise error representation

J (u)− J (uh) =
∑
K∈Th

{
〈R(uh), z − ϕh〉K − δK〈R(uh), b · ∇ϕh〉K

+SC(uh)(ϕh)− 〈E(uh), z − ϕh〉∂K
}
.

(4.14a)

The cell and edge residuals take the form

R(uh)|K = f +∇ · (ε∇uh)− b · ∇uh − αuh − r(uh) , (4.14b)

E(uh)|Γ =

{
1
2
n · [ε∇uh] if Γ ⊂ ∂K\∂Ω

0 if Γ ⊂ ∂Ω ,
(4.14c)

where n denotes the outer–pointing normal and [∇uh] defines the jump of ∇uh
over the inner edges Γ.

Proof. From the Theorems 4.3 and 4.4, we conclude that

J (u)− J (uh) = ρ(uh)(z − ϕh) +
1

2
∆ρnl +

1

2
∆ρS +Rnl +RS .

Since the parts ∆ρnl defined in (4.12b) and Rnl given in (4.11c) are quadratic
and cubic in e and e∗, respectively, they are neglectable. The remainder terms
resulting from the stabilization technique are rearranged such that

1

2
∆ρS +RS = S(uh)(ϕh) + SC(uh)(ϕh) .

Applying integration by parts to the residual confirms the assertion (4.14a).
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4.3 Numerical studies for the nonlinear FDT S
method

In this section, we present an assessment for our above developed nonlinear
FDT S approach. Extensive tests are performed including different quantities
of interest and various appropriate convection–dominated test examples. The
adaptive process is controlled by the established error representation in terms
of a chosen target quantity J

J (u)− J (uh) ≈ η :=
∑
K∈Th

ηK .

We modify the Adaptive solution algorithm presented in section 3.4 for obtain-
ing a hierarchy of sequently refined meshesMi, i ≥ 1 and corresponding finite
element spaces V ih in the view of the nonlinear problem.

Adaptive solution algorithm

Initialization Set i = 0 and generate the initial finite element spaces.

Step 1 Solve the primal problem.

Find uih ∈ V ih such that

ASC(uih)(ϕh) = F (ϕh) ∀ϕh ∈ V ih .

Step 2 Solve the dual problem.

Find ziH ∈ V iH ⊃ V ih such that

A′S∗(u
i
h)(ϕH , z

i
H) = J ′(uih)(ϕH) ∀ϕH ∈ V iH .

V iH is the finite element space of higher order polynomials that cor-
responds to the refined meshMi.



63

Step 3 Evaluate the a–posteriori error estimate.

ηK = 〈R(uih), z
i
H − IhziH〉K − δK〈R(uih), b · ∇IhziH〉K

+〈τK(uih)D∇uh,∇IhziH〉K − 〈E(uih), z
i
H − IhziH〉∂K ,

where the cell and edge residuals are given in (4.14b) and (4.14c).
D and τK are defined in the shock–capturing scheme (4.5a) – (4.5e).
Ihz

i
H ∈ V ih is the linear interpolation of ziH .

Step 4 Histogram based refinement strategy.

Choose θ ∈ (0.25, 5). Set ηmax = max
K∈Th

|ηK | , and µ = θ

∑
K∈Th

|ηK |

#K
.

while mu > eta_max :
mu := mu/2 .0

Mark the elements K̃ with |ηK̃ | > µ to be refined. Generate a new
meshMi+1 by regular refinement.

Step 5 Check the exit condition.
If ηmax < TOL or η < TOL is true, the Adaptive solution algorithm
is completed; else increase i and go to Step 1.

Now, we present the results of the adaptive algorithm to several test cases.
As pointed out in section 3.4, we focus on the concept to what extent the
DWR method and stabilization techniques interact. In our implementation,
our priority is not efficiency but accuracy. The quality of our developed error
representation is readily apparent from the effectivity index Ieff , i.e. the ratio
of the estimated error and the actual error. If these values nearly coincide,
the effectivity index is close to one. To prevent side effects on the effectivity
index caused for example by patch–wise higher order interpolation of the dual
solution (as described in [8]), we use a global higher order approximation.

First of all, we want to justify our suggested approach to stabilize the linear
dual problem by SUPG terms whereas the nonlinear primal problem is solved
as shock–capturing formulation. For this purpose, we address ourselves to
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Example 3.23 already introduced in section 3.4. All chosen parameters are
maintained except for the diffusion coefficient that we set ε = 10−6. The
nonlinear reaction rate is set to a polynomial of degree two, r(u) = u2. Figure
4.1 aims at showing the errors of fact J (e) of three different solution strategies.
The chosen target quantity is the L2 norm, i.e.

J (u) =
1

‖u‖L2(Ω)

〈e, u〉Ω . (4.15)
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Figure 4.1: (Example 3.23) (a) Errors J (e) and (b) effectivity indices Ieff for

stabilization technique of the primal/dual problem with polynomial degree for solving

the primal/dual problem – SC is the abbreviation of shock–capturing stabilization,

SUPG means SUPG stabilization only.

Figure 4.1 reinforces our strategy to take advantage of the linear character of
the dual problem by not adding shock–capturing stabilization to the adjoint
problem. As anticipated, the higher order approximation P2/P4 is able to re-
duce the error faster than a linear–quadratic finite element composition. One
point worthy of note is the computational time that enormously increases when
solving a nonlinear dual problem as well as using higher order finite elements.

Up to now, a residual based error estimator, as proposed in [48] for instance,
would not have created results that are much different from the above presented
ones. Using our method, we are able to not only focus on error bounds with
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respect to the L2 norm but especially on error estimates in terms of physically
relevant parameters. Possible quantities of interest are

J1(u) =

∫
Ω

u dx or J2(u) = u (xe) ,

with a chosen point xe =
(

3
16
, 1

8

)
. For reasons for the existence of a continuous

solution, we have to regularize the functional J2(u), for instance by setting

Jr(u) =
1

|Br|

∫
Br

u(x) dx ,

where Br = {x ∈ Ω| |x−xe| < r} with a small radius r. The adaptive solution
process is guided by the error representation (4.14a).
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Figure 4.2: (Example 3.23) Trends of

errors in terms of the quantities of in-

terest J1 and Jr.

J1 Jr

dofs Ieff Ieff dofs

5383 0.45 0.03 4505

8105 0.44 0.07 6458

12081 0.45 0.14 9268

18321 0.57 0.22 13079

27276 0.71 3.42 18794

41073 0.76 1.25 26619

60957 0.83 2.27 39447

Table 4.1: (Example 3.23) Effectivity

indices with respect to the target quan-

tities J1 and Jr.

The results in Figure 4.2 show that both investigated quantities of interest are
up to controlling the adaptive solution process and, hence, reducing the errors
of fact. In our simulation, the estimator slightly underestimates the exact error
J1(u−uh) according to Table 4.1. Nevertheless, the values for the effectivity in-
dices are satisfying as they tend to one, and even more, if we regard Figure 4.3.

The results of two simulations of Example 3.23 are presented in Figure 4.3.
One solution is obtained by global refinement of the mesh, the comparative
solution is obtained by adaptive refinement where the process of adaptivity is
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Figure 4.3: (Example 3.23) 27276 adaptively re-

fined nodes and 33025 uniform refined nodes in com-

parison. For a detailed view, see Figure 4.4.

Global mesh refinement

dofs ‖e‖L2(Ω) Ieff

8321 0.056 0.58

33025 0.040 0.67

Local mesh refinement

dofs J (e) Ieff

22824 0.011 0.95

37555 0.007 0.97

Table 4.2: (Example 3.23)

Global and local mesh refine-

ment in numbers.
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Figure 4.4: (Example 3.23) Detailed view of the significant areas (a) on the left

and (b) on the right of the layer.

controlled by the quantity of interest J1. To ensure the comparable informa-
tion, the adaptively refined mesh consists of 27276 nodes whereas the uniformly
refined mesh consists of 33025 nodes. Observing the line plots in Figure 4.3,
we notice that the undesirable over– and undershoots are considerably reduced
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Initial triangular grid

(a)

Position of xe
(b)

Figure 4.5: (Example 3.23) (a) Initial triangulation of the domain Ω with 145

degrees of freedom and (b) position of the evaluation point of the target functional

Jr.

as well as the steep layer converges better to the prescribed analytical solution.
Figure 4.4 illustrates the improvement of the calculated solution in a detailed
view on the significant upper and lower edge of the interior layer. Table 4.2
describes the comparison of local and global mesh refinement in numbers. The
adaptive process is based on the L2 norm as target quantity for the sake of
comparability to the error values of the global refinement. We see that local
mesh refinement reduces the error J (e) = ‖e‖L2(Ω) by a factor between 3.6

and 5.7.

If we are interested in the value of the solution at a user specified point, for
instance a point along the interior layer of Example 3.23, we implement that
by using the target functional Jr. Its position is demonstrated in Figure 4.5
(b). Figure 4.6 (a) illustrates the mechanism of action of the chosen point
functional on the grid and the solution. Compared to the initial mesh in Fig-
ure 4.5 (a), refinement of cells only takes place in the region around the point
of interest. Since information transport is basically in streamline direction for
vanishing diffusion, the functional takes the cells along the layer into consid-
eration that range from the lower border to the point of interest. In order to
clarify the different mechanism of actions of differently chosen quantities of in-
terest, Figure 4.6 (b) shows the mesh refinement based on the target quantity
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Adaptively governed by Jr
(a)

Adaptively governed by J1

(b)

Figure 4.6: (Example 3.23) Solution with mesh with (a) 39447 and (b) 60957

degrees of freedom.

J1. We observe that the cells along the whole layer are refined whereas cell
refinement guided by Jr is limited to the region around the point of interest.

Now, we turn our attention to another test case that describes a solution with
a circular internal layer; cf. [28].

Example 4.6. We consider equation (4.1) with a chosen right–hand side f
such that

u(x) = 16x1(1− x1)x2(1− x2)

·

1

2
+

arctan
(

2ε−
1
2

(
r2

0 − (x1 − x0
1)2 − (x2 − x0

2)2
))

π

 ,

is the exact solution of (4.1) with r0 = 0.25, x0
1 = x0

2 = 0.5. We solve the
problem in the domain Ω = (0, 1)2 with ε = 10−6, b = (2, 3)>, α = 1.0 and
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r(u) = u2. The boundary conditions are also prescribed by the exact solution.
Figure 4.7 illustrates the setting of the introduced example. In the shaded
areas, especially behind the hump in the direction of the convection, there occur
spurious undesirable oscillations in the case of a nonstabilized scheme. The

u = 0

u = 1

b

Figure 4.7: Configuration of Example 4.6 with a circular internal layer (dashed line).

The hatched regions symbolize the areas where oscillations primarily occur.

quantities of interest we concentrate on in the following are the L2 norm and
a target quantity with a more application–oriented backdrop

J3(u) =

∫
Ω

r(u) dx .

Since the great advantage of the above presented method lies in the fact that
we are able to control more or less arbitrary application–related quantities of
interest, we want to emphasize that we use the L2 norm defined in (4.15) for
comparative purposes only. First of all, we compare the approximate solutions
on a uniformly refined mesh and on a grid that is controlled by J3. Figure
4.8 gives us an impression that our method is capable to strongly reduce the
oscillations that characterize a solution calculated on a uniformly refined mesh.

The solution obtained by a globally refined mesh with 33025 degrees of free-
dom is absolutely unusable whereas the comparative solution on a grid with
31053 nodes obtained by local mesh refinement is acceptable. Even a solution
on a uniformly refined grid with a high resolution of 525313 nodes shows os-
cillations behind the hump in convection direction.
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(a) (b)

(c)

Global refinement
(d)

Local refinement

Figure 4.8: (Example 4.6) Solution and value range on a globally refined mesh with

(a) 33025 nodes and (c) 525313 nodes and on an adaptively refined mesh controlled

by J3 with (b) 31053 nodes and (d) 164477 nodes.

The line plots in Figure 4.9 emphasize the above described results. Table 4.3
presents comparative numbers, the error in the terms of the target functional
J3(u)− J3(uh) in dependence of the degrees of freedom.

Using a mesh that is adapted to the quantity of interest J3 leads to an error in
terms of this quantity of interest which is by a factor of at most 40 lower than it
is by using a uniformly refined mesh. Table 4.4 emphasizes the accuracy of our
introduced error representation since the illustrated effectivity indices tend to
one. By including all these results of simulations of Example 4.6, we can state
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Figure 4.9: (Example 4.6) Line plots of a solution (a) on a globally refined mesh

with 131585 degrees of freedom and (b) on an adaptively refined grid with 102647

nodes.

Global mesh refinement

dofs J3(u)− J3(uh)

8231 −0.03992

33025 −0.02507

131585 −0.00052

525313 −0.00025

Local mesh refinement

dofs J3(u)− J3(uh)

31053 −0.00063

44456 −0.00046

64657 −0.00032

102647 −0.00024

164477 −0.00015

277350 −9.5e− 5

Table 4.3: (Example 4.6) Comparison of the values J3(u) − J3(uh) =
∫

Ω r(u) −
r(uh) dx .

dofs Ieff dofs Ieff

15029 1.19 64657 0.85

21497 1.29 102647 0.91

31053 1.01 164477 0.99

44456 0.95 277350 1.01

Table 4.4: (Example 4.6) Effectivity indices with respect to the functional J3.

that our method as well as the chosen quantity of interest are well–suited.

Now, we turn to test cases with unknown exact solutions.

Example 4.7. Contrary to the vector fields in the previous test cases, the
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J (u) = 1
‖u‖L2(Ω)

〈e, u〉Ω

(a)

J3(u) =
∫

Ω
r(u) dx

(b)

Figure 4.10: (Example 4.6) Solution with mesh governed by (a) the L2 norm with

48691 degrees of freedom and (b) the functional J3(u) with 44456 nodes.

convection field is variable. Equation (4.1) is solved with f ≡ 0. We consider
the computational domain Ω = (0, 1)2 with ε = 10−6 , b = (−x2, x1)> , α = 1.0

and r(u) = u2. The setting is illustrated in Figure 4.11.

ΓD2

ΓD1

bΓN

ΩJ4

ΓN =
{

(x1, x2) ∈ Ω |x1 = 0
}
,

ΓD1 =
{

(x1, x2) ∈ Ω | 0.3 ≤ x1 ≤ 0.7,

x2 = 0
}
,

ΓD2 = ∂Ω\
{

ΓN ∪ ΓD1

}
,

ΩJ4 = [0.15, 0.45]× [0.4, 0.7] .

Figure 4.11: (Example 4.7) Setting, definition of the boundary types and domain

ΩJ4 of the quantity of interest J4.



73

The boundary conditions are given by u = 1 on ΓD1 , u = 0 on ΓD2 and ∂u
∂n

=

0 . The target functional is as follows:

J4(u) =

∫
ΩJ4

u dx .

In the context of application–related quantities of interest, we can imagine
u(x) to be a species’ concentration which we are interested in only on a certain
domain ΩJ4.

We present simulations of Example 4.7 on a uniformly and on an adaptively
refined grid in comparison. Figure 4.12 shows line plots along a straight line
directly behind the inflow boundary as well as along the diagonal from left
down to right up. A detailed view on the significant areas is given in Figure
4.13 and Figure 4.14.

0 0.2 0.4 0.6 0.8 1

0

0.2
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0.6
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global refinement

local refinement

Line plot at x2 = 0.005

(a)

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4
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0.8

1

 

 

global refinement

local refinement

Line plot at x2 = x1

(b)

Figure 4.12: (Example 4.7) 149283 nodes on a adaptively refined mesh and 131585

nodes on a uniformly refined grid. For a detailed view, see Figure 4.13 and Figure

4.14.

The line plots at both positions demonstrate that the adaptively generated
mesh ensures a significant reduction of over– and undershoots. The inner as
well as the outer layer are characterized by extremely small oscillations. Figure
4.15 illustrates that our presented method is capable to generate a solution
that is very close to an exact solution whereas a highly resolved approximate
solution on a uniform mesh still shows oscillating features.
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Figure 4.13: (Example 4.7) Detailed view of the significant areas at the inflow

boundary.

The accuracy and quality of our method is emphasized by Figure 4.16 that
presents line plots at the outflow boundary x1 = 0.0. A detailed view on the
significant areas at the ouflow boundary is given in Figure 4.17.

Figure 4.18 aims at justifying our proposed approach. We repeat the simula-
tion for Example 4.7 without shock–capturing stabilization. The line plot in
Figure 4.18 illustrates that, besides adaptivity, shock–capturing stabilization
is necessary in order to reduce oscillations especially near the inflow bound-
ary. In comparison with the line plot in Figure 4.12 (a), Figure 4.18 shows
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Figure 4.14: (Example 4.7) Detailed view of the significant areas along the diagonal

x2 = x1.

that an adaptive method without the proper stabilization technique for the
convection–dominated problem is not sufficient to yield a nearly perfect solu-
tion.

The following test case is discussed in detail in the context of a–posteriori
error estimators in recent works; cf. [27] and [29]. The model problem was
introduced first in [23] and is called the Hemker problem.

Example 4.8. The linear convection–diffusion problem is solved, that is equa-
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Uniform refinement
(a)

Local refinement
(b)

Figure 4.15: (Example 4.7) (a) Plot of the solution with 525313 degrees of freedom

and (b) plot of the solution with mesh with 520279 degrees of freedom.
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global refinement

local refinement

Figure 4.16: (Example 4.7) Line plot at the outflow boundary, local refinement

(520279 degrees of freedom) and global refinement (525313 degrees of freedom). For

a detailed view, see Figure 4.17.

tion 4.1 with α = 0 ≡ r(u) , f ≡ 0. The reaction terms are set to zero to
guarantee that the layer is completely transported through the domain. Con-
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Figure 4.17: (Example 4.7) Detailed view of the significant areas at the outflow

boundary.

sequently, undesirable degradation of the species’ concentration is due to nu-
merical effects besides an insignificant amount of degradation caused by the
diffusion term. Figure 4.19 illustrates the computational domain exterior of
the unit circle as well as the boundary conditions. On ΓD1 and ΓD2, Dirichlet
boundary conditions are prescribed. On all other parts of the boundary of Ω,
homogeneous Neumann boundary conditions are defined. The diffusion and
convection coefficients are given by ε = 10−6 and b = (1, 0)>. The quantity of
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Figure 4.18: (Example 4.7) Line plot of the solution stabilized only by the SUPG

method with 188527 nodes on an adaptively refined mesh at x2 = 0.005.

ΓN

b
ΓD1

ΓD2

Ω =
{

(−3, 8)× (−3, 3)
}

\
{

(x1, x2) |x2
1 + x2

2 ≤ 1
}
,

u = 0 on ΓD1 ,

u = 1 on ΓD2 ,

∂u

∂n
= 0 on ΓN .

Figure 4.19: (Example 4.8) Illustration of the setting of the Hemker problem.

interest is

J1(u) =

∫
Ω

u dx .

A standard finite element method usually establishes a solution with wrong
features especially negative oscillations in a region around the top and the
bottom of the circular cutout. In [27], it is shown that the solution of the
Hemker problem is often characterized by smeared interior layers in front of
the circular boundary. Figure 4.21 presents results of the numerical solution
for linear finite elements. For the corresponding dual problem, we use cubic
finite elements in order to obtain a dual numerical solution that is close to
the exact dual solution and, therefore, to increase the reliability of the error
representation.
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Figure 4.20: (Example 4.8) Initial grid with 528 degrees of freedom.

Figure 4.21: (Example 4.8) Plot of the solution with mesh consisting of 272252

nodes.

In [27], the optimization of the SUPG stabilizing parameters with respect to
the minimization of a target functional is studied. The method the authors of
[27] consider to perform best generates a solution with an undershoot of −0.24

using 47664 degrees of freedom and an undershoot of −0.13 using 425616

degrees of freedom. In our simulation, we achieve an undershoot of −0.088

using 272252 degrees of freedom. The comparison is quite rough since the
number of degrees of freedom significantly differs.
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Chapter 5

A nonstationary stabilized dual

weighted residual method

In the preceding chapters, we have discussed the dual weighted residual (DWR)
method and the numerical results using this method for stationary convection–
dominated model problems. In the following, we are going to present a pro-
cedure that extends the concept of adaptivity to a nonstationary parabolic
test case. For the sake of computing times, we restrict ourselves to a linear
convection–diffusion–reaction model. As the DWR method strongly relies on
the finite element Galerkin method, discretization in space as well as in time is
done by means of Galerkin methods. Based on the notation in [16], we apply
the cG(1)dG(0) method with conforming continuous discretization in space of
order one and discontinuous discretization in time of order zero for the primal
problem.

Considering this framework, we derive an a–posteriori error representation that
governs the step size in time as well as the mesh refinement in space with re-
spect to a user chosen target quantity. The development of an a–posteriori
error estimator by means of the DWR method for nonstationary convection–
dominated transport problems is mainly based on research works concerning
nonstationary incompressible flow in [9], wave equations in [5] and parabolic
equations in [44]. In contrast to our approach, their focus is on the separation
of the temporal and spatial sources of error since this strategy provides compu-
tational advantages. However, we are not limited by necessity to separate the
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temporal and spatial contributions to the error. It can even happen that we
loose accuracy by separating the error contributions. Another main difference
lies in the general design of the error estimation technique. We are going to
present an error representation with a minimum of approximations during the
development process whereas the methods cited above involve mappings of the
computed solutions to approximations of the interpolation errors.

5.1 A nonstationary framework

In the following, we study the nonstationary linear convection–diffusion–reac-
tion model problem

∂tu−∇ · (ε∇u) + b · ∇u+ αu = f in Ω× (0, T ] ,

u(x, t) = 0 on ∂Ω× (0, T ] , (5.1)

u(x, 0) = u0 in Ω ,

on a bounded Lipschitz domain Ω ⊆ Rd , d ∈ {2, 3} and in a time interval
I := (0, T ]. In view of a weak solution of (5.1), we assume α ∈ R , ε ∈
L∞(Ω) and b ∈ H1(Ω) ∩ L∞(Ω) satisfying the conditions given in 3.2. Fur-
thermore, we suppose that f ∈ L2 ((0, T );V∗) with V = H1

0(Ω) and its dual
space V∗, see also Remark 5.1. The diffusion coefficient ε is supposed to be
constant. The approach with respect to a variable diffusion coefficient is cov-
ered in Remark 3.1. Additionally, u0 ∈ L2(Ω) is required.

We introduce the space

V =
{
v ∈ L2 ((0, T );V) | ∂tv ∈ L2 ((0, T );V∗)

}
,

and define the function space of test functions

W := L2 ((0, T );V) .

Then, the weak formulation in space and time of (5.1) reads as:

Find u ∈ V such that

A(u)(ϕ) = F (ϕ) ∀ϕ ∈ W , (5.2a)

u(x, 0) = u0 , (5.2b)



83

with

A(v)(ψ) := 〈〈v′, ψ〉〉+ 〈〈ε∇v,∇ψ〉〉+ 〈〈b · ∇v, ψ〉〉+ 〈〈αv, ψ〉〉 , (5.2c)

F (ψ) := 〈〈f, ψ〉〉 , (5.2d)

where v′ denotes the time derivative of v and 〈〈·, ·〉〉 denotes the space–time
scalar product as defined in (2.2). On the foregoing conditions, there exists a
unique solution of (5.2a) and (5.2b).

Remark 5.1. To be precise, the L2 scalar product in (5.2c) and (5.2d) has to
be taken as duality pairing 〈·, ·〉V∗,V . Since V is dense in L2(Ω) so that it holds
that V ⊂ L2(Ω) ⊂ V∗, the duality pairing can be viewed as an extension of the
scalar product in L2(Ω). In particular, 〈f(t), v∗〉V∗,V = 〈f(t), v〉L2(Ω) whenever
f ∈ L2(0, T ;L2(Ω)) for v∗ ∈ V and v ∈ L2(Ω). The reader is referred to [17]
for further details.

To introduce the semi–discrete problem, we follow the presentation of the
discontinuous Galerkin time stepping method in [45]. For the Galerkin dis-
cretization in time, we partition the time interval I in not necessarily equidis-
tant sections Im := (tm−1, tm] by 0 = t0 < t1 < . . . < tM−1 < tM = T with step
size km = tm − tm−1 and k = max

m
km. We choose the space

W̃ := {w ∈ W |w|Im ∈ C(Īm;V) for m = 1, . . . ,M} ,

that is required to derive the semi–discrete formulation of the problem (5.2a)
and (5.2b). Applying integration by parts to the temporal derivative contri-
bution of (5.2a) in each interval Im which is allowed for smooth ϕ ∈ W̃ and
setting ϕ(T ) = 0, we obtain that

〈〈u′, ϕ〉〉 = −〈〈u, ϕ′〉〉 − 〈u0, ϕ(0)〉Ω .

Then we have to find a solution u ∈ V satisfying

−〈〈u, ϕ′〉〉+ 〈〈ε∇u,∇ϕ〉〉+ 〈〈b · ∇u, ϕ〉〉+ 〈〈αu, ϕ〉〉

= 〈〈f, ϕ〉〉+ 〈u0, ϕ(0)〉Ω ,
(5.3)

for all ϕ ∈ W̃ . Now, we introduce the function space for discretization in time

Vk :=
{
vk ∈ L2 ((0, T );V) | vk |Im ∈ P0(Im;V),m = 1, . . . ,M

}
, (5.4)
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where P0(Im;V) denotes the space of polynomials of degree zero on Im with
values in V . We observe that the dG(0) method is nonconforming which means
that Vk 6⊂ V . This can easily be seen since elements of Vk are continuous
whereas elements of Vk not necessarily have to be. We set uk,m := uk(tm), and
the limit from above of uk,m at tm is denoted by u+

k,m. Substituting u in (5.3)
by a time–discrete function uk ∈ Vk and integrating by parts in each interval
Im, we get for the contribution containing the time derivative that

−〈〈uk, ϕ′〉〉 = −
M∑
m=1

∫
Im

〈uk, ϕ′〉Ω dt = −
M∑
m=1

〈uk, ϕ〉Ω∣∣tmtm−1+0
−
∫
Im

〈u′k, ϕ〉Ω dt


= 〈〈u′k, ϕ〉〉+

M∑
m=2

(〈
u+
k,m−1 − uk,m−1, ϕ(tm−1)

〉
Ω

)
+
〈
u+
k,0, ϕ(t0)

〉
Ω

+
〈
u+
k,M , ϕ(tM)

〉
Ω
.

By setting ϕ(tM) = 0 and defining the jump of uk,m at tm by [uk]m := u+
k,m −

uk,m, we can conclude that

−〈〈uk, ϕ′〉〉 = 〈〈u′k, ϕ〉〉+
M∑
m=2

〈
[uk]m−1 , ϕ(tm−1)

〉
Ω

+
〈
u+
k,0, ϕ(t0)

〉
Ω
. (5.5)

From (5.5), we conclude the following time–discrete formulation

Find uk ∈ Vk such that

A(uk)(ϕk) = F (ϕk) ∀ϕk ∈ Vk , (5.6a)

with

A(vk)(ψk) := 〈〈v′k, ψk〉〉+ 〈〈ε∇vk,∇ψk〉〉

+〈〈b · ∇vk, ψk〉〉+ 〈〈αvk, ψk〉〉

+
M∑
m=2

〈
[vk]m−1 , ψ

+
k,m−1

〉
Ω

+
〈
v+
k,0, ψ

+
k,0

〉
Ω
,

F (ψk) := 〈〈f, ψk〉〉+
〈
v0, ψ

+
k,0

〉
Ω
.

(5.6b)

We observe that the dG(0) method in time (5.6a) is consistent with the con-
tinuous formulation (5.2a). That means that the exact solution u ∈ V also
fulfills (5.6a). By replacing V in the definition of the time–discrete space (5.4)
by Vmh , we obtain the fully discrete function space

Vkh :=
{
vkh ∈ Vk| v|Im ∈ P0(Im;Vmh ),m = 1, . . . ,M

}
.
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We note that the spatial finite element space Vmh is allowed to be different in
all intervals Im which is natural in the context of discontinuous test and trial
functions in time. The fully discrete method then has the form

Find ukh ∈ Vkh such that

A(ukh)(ϕkh) = F (ϕkh) ∀ϕkh ∈ Vkh , (5.7a)

with

A(vkh)(ψkh) := 〈〈v′kh, ψkh〉〉+ 〈〈ε∇vkh,∇ψkh〉〉+ 〈〈b · ∇vkh, ψkh〉〉

+〈〈αvkh, ψkh〉〉+
M∑
m=2

〈
[vkh]m−1 , ψ

+
kh,m−1

〉
Ω

+
〈
v+
kh,0, ψ

+
kh,0

〉
Ω
,

F (ψk) := 〈〈f, ψkh〉〉+
〈
v0, ψ

+
kh,0

〉
Ω
.

(5.7b)

As the convection–dominated character of the equations usually leads to spu-
rious oscillations in the approximate solution, we stabilize the fully discrete
formulation (5.7a) by adding terms involving the residual in streamline direc-
tion. The SUPG stabilized fully discrete method reads as:

Find ukh ∈ Vkh such that

AS(ukh)(ϕkh) = F (ϕkh) ∀ϕkh ∈ Vkh , (5.8)

with

AS(vkh)(ψkh) := A(vkh)(ψkh) + S(vkh)(ψkh) ,

S(vkh)(ψkh) :=

∫ T

0

∑
K∈Th

δK〈R(vkh), b · ∇ψkh〉K dt

+
M∑
m=2

∑
K∈Th

δK
〈
[vkh]m−1 , b · ∇ψ

+
kh,m−1

〉
K

+
∑
K∈Th

δK
〈
v+
kh,0 − v0, b · ∇ψ+

kh,0

〉
K
,

R(vh) := v′kh −∇ · (ε∇vkh) + b · ∇vkh + αvkh − f .

(5.9)

The SUPG method is also consistent with the continuous formulation (5.2a).
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5.2 A time–dependent FDT S method

The general pattern of the methods developed in Chapter 3 and 4 can be
directly transferred to nonstationary model problems by means of Galerkin
discretization in time as well as in space. This emphasizes the rigorous prop-
erty of the DWR method that it can be applied whenever the problem is based
on a variational formulation.

The development of the time–dependent FDT S method is organized as fol-
lows: Starting with the introduction of a time–discrete Galerkin formulation of
the model problem (5.1), we F irst take the associated Dual problem and T hen
add SUPG Stabilization. Since we restrict ourselves to a linear nonstationary
model problem, it is not reasonable to add nonlinear shock–capturing terms.

For that purpose, we introduce the Lagrangian functional

L(u, z) := J (u) + F (z)− A(u)(z) , (5.10)

with a user chosen target quantity J , and F and A given in (5.7b). The
functional J is supposed to be differentiable with J ′(·)(ϕ) = 〈〈j(·), ϕ〉〉 and
j ∈ L2 ((0, T );L2(Ω)). The derivative of L with respect to z offers the original
problem (5.2a). Differentiating L with respect to u leads to the corresponding
dual problem

〈〈ζ ′, z〉〉+ 〈〈ε∇ζ,∇z〉〉+ 〈〈b · ∇ζ, z〉〉+ 〈〈αζ, z〉〉

+
M∑
m=2

〈
[ζ]m−1 , z(tm−1)

〉
Ω

+ 〈ζ(0), z(0)〉Ω = 〈〈j, ζ〉〉 .
(5.11)

Integration by parts in time applied to the first term of the left–hand side of
(5.11) leads to

〈〈ζ ′, z〉〉 = −〈〈z′, ζ〉〉+ 〈ζ(T ), z(T )〉Ω − 〈ζ(0), z(0)〉Ω . (5.12)

Using the identities (5.12) and (3.14) results in the time–discrete formulation
of the dual problem

Find zk ∈ Vk such that

A(ζk)(zk) = J ′(uk)(ζk) ∀ζk ∈ Vk , (5.13a)
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with

A(ξk)(wk) := −〈〈w′k, ξk〉〉+ 〈〈ε∇wk,∇ξk〉〉 − 〈〈b · ∇wk, ξk〉〉

+〈〈αwk, ξk〉〉+
M∑
m=2

〈
w+
k,m−1, [ξk]m−1

〉
Ω

+ 〈w(T ), ξ(T )〉Ω .

(5.13b)

Based on the semi–discrete formulation (5.13a), we determine the dual weak
solution.

Definition 5.2. Assume that J is a functional on V with J ′(·)(ζ) = 〈〈j(·), ζ〉〉.
We define z ∈ V ⊂ W to be the weak solution of

A(ζ)(z) = J ′(u)(ζ) ∀ζ ∈ W , (5.14a)

with

A(ξ)(w) := −〈〈w′, ξ〉〉+ 〈〈ε∇w,∇ξ〉〉 − 〈〈b · ∇w, ξ〉〉

+〈〈αw, ξ〉〉+ 〈w0, ξ(T )〉Ω ,
(5.14b)

with a weakly incorporated terminal condition posed at the end time t = T .
This variational formulation can be viewed as a convection–diffusion–reaction
equation running backward in time with right–hand side j. We note that the
jump terms in (5.13b) vanish for the weak solution z. According to standard
existence theory of parabolic partial differential equations, we can formulate
the following statement.

Lemma 5.3. Assume that j ∈ L2 ((0, T );L2(Ω)) and z0 ∈ L2(Ω). Then,
problem (5.14a) has a unique weak solution.

According to Lemma 5.3 and due to the inclusion V ⊂ W , the dual solution
z ∈ W satisfies in particular the following weak formulation of the dual problem

A(ζ)(z) = J ′(u)(ζ) ∀ζ ∈ V , (5.15)

where A is given in (5.14b).

From the fact that the adjoint problem is similar to the convection–dominated
character of the original problem arises the necessity to stabilize the dual
problem as well. The stabilized Euler–Lagrange system then reads
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Seek solutions {ukh, zkh} ∈ Vkh ×Vkh such that

AS(ukh)(ϕkh) = F (ϕkh) ∀ϕkh ∈ Vkh , (5.16a)

AS∗(ζkh)(zkh) = J ′(ukh)(ζkh) ∀ζkh ∈ Vkh , (5.16b)

where AS(vkh)(ψkh) is given in (5.9) and the dual form is defined by

AS∗(ξkh)(wkh) := A(ξkh)(wkh) + S∗(ξkh)(wkh) , (5.16c)

with

A(ξkh)(wkh) := −〈〈w′kh, ξkh〉〉+ 〈〈ε∇wkh,∇ξkh〉〉 − 〈〈b · ∇wkh, ξkh〉〉

+〈〈αwkh, ξkh〉〉+
M∑
m=2

〈
w+
kh,m−1, [ξkh]m−1

〉
Ω

+ 〈w0, ξkh,M〉Ω ,

S∗(ξkh)(wkh) :=

T∫
0

∑
K∈Th

δ∗K 〈R∗(wkh), b · ∇ξkh〉K dt

−
M∑
m=2

∑
K∈Th

δ∗K
〈
w+
kh,m−1, b · ∇ [ξkh]m−1

〉
K

−
∑
K∈Th

δ∗K 〈w0, b · ∇ξkh,M〉K ,

R∗(wkh) := w′kh +∇ · (ε∇wkh) + b · ∇wkh − αwkh + j .

Let x ∈ X := V×W be a stationary point of the Lagrangian functional (5.10),
i.e.

L′(x)(y) = 0 ∀y ∈ X . (5.17)

Summarizing the discrete formulations (5.16a) and (5.16b) leads to

F (ϕkh)− AS(ukh)(ϕkh)

+ J ′(ukh)(ζkh)− AS∗(ζkh)(zkh) = 0

∀{ζkh, ϕkh} ∈ Vkh ×Vkh ,

and, continuing,

L′u(ukh, zkh)(ζkh) + L′z(ukh, zkh)(ϕkh)

− S(ukh)(ϕkh)− S∗(ζkh)(zkh) = 0

∀{ζkh, ϕkh} ∈ Vkh ×Vkh .
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Setting

xkh := {ukh, zkh} ∈ Vkh ×Vkh =: Xkh ,

ykh := {ζkh, ϕkh} ∈ Vkh ×Vkh ,

and

S(xh)(yh) := S(ukh)(ϕkh) + S∗(ζkh)(zkh) ,

we get that
L′(xkh)(ykh) = S(xkh)(ykh) ∀ykh ∈ Xkh . (5.18)

We note that Xkh is not included in X . For that reason, it is required to give
a specific theorem that is adapted not only to the time dependence but also
to this new condition. To this end, we define the function space

X̂ := H×W with H := L2
(
(0, T );L2(Ω)

)
.

At that point, the reader is referred to [5].

Theorem 5.4 (Error representation in terms of the Lagrangian functional).
Let L : X̂ → R be a three times Fréchet differentiable functional. We seek a
stationary point x of L in X ⊂ X̂ . The Galerkin approximation xkh ∈ Xkh
fulfills (5.18) where Xkh ⊂ X̂ but not necessarily Xkh ⊂ X . In addition, we
assume that the Galerkin approximation satisfies

L′(x)(xkh) = 0 . (5.19a)

Then, the error in terms of the Lagrangian functional can be represented by

L(x)− L(xkh) =
1

2
L′(xkh)(x− ykh) +

1

2
S(xkh)(ykh − xkh) +R , (5.19b)

with an arbitrary ykh ∈ Xkh. The remainder term is given by

R :=
1

2

1∫
0

L′′′(xkh + sê)(ê, ê, ê)s(s− 1) ds . (5.19c)

Proof. Let ê := x− xkh ∈ X̂ . It holds that

L(x)− L(xkh) =

1∫
0

L′(xkh + sê)(ê) ds .
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Approximating the integral by the trapezoidal rule leads to

L(x)− L(xkh) =
1

2
L′(xkh)(x− xkh) +

1

2
L′(x)(x− xkh) +R ,

with the remainder term R determined in (5.19c). Condition (5.17) in combi-
nation with assumption (5.19a) requires that the second term of the previous
equation vanishes. Due to condition (5.18), we find that

L(x)− L(xkh) =
1

2
L′(xkh)(x− ykh) +

1

2
L′(xkh)(ykh − xkh) +R

=
1

2
L′(xkh)(x− ykh) +

1

2
S(xkh)(ykh − xkh) +R ,

for arbitrary ykh ∈ Xkh.

We define the primal residual ρ(ukh)(·) and the adjoint residual ρ∗(zkh)(·) by

ρ(ukh)(ϕ) := F (ϕ)− A(ukh)(ϕ) ∀ϕ ∈ W , (5.20a)

ρ∗(zkh)(ζ) := J ′(ukh)(ζ)− A(ζ)(zkh) ∀ζ ∈ V , (5.20b)

where the primal linear forms A and F are given in (5.6b), and the dual linear
form is determined in (5.13b). The following theorem represents the error in
terms of the target quantity J (·).

Theorem 5.5 (Error representation with respect to the target quantity J ).
Suppose {u, z} ∈ V×W to be stationary points of L and {ukh, zkh} ∈ Vkh×Vkh

be their Galerkin approximations. Under the condition

J ′(u)(ukh)− A(ukh)(z) = 0 , (5.21a)

the error representation reads

J (u)−J (ukh) =
1

2
ρ(ukh)(z − ϕkh) +

1

2
ρ∗(zkh)(u− ζkh) +RS +RJ , (5.21b)

with arbitrary ϕkh, ζkh ∈ Vkh. The primal and dual residuals are defined in
(5.20a) and (5.20b). The remainder terms are determined by

RS :=
1

2
S(ukh)(ϕkh + zkh) +

1

2
S∗(ζkh − ukh)(zkh) , (5.21c)

and

RJ :=
1

2

1∫
0

J ′′′(ukh + se)(e, e, e)s(s− 1) ds . (5.21d)

The stabilization of the primal and dual problem affects the term RS whereas
the nonlinear property of the quantity of interest J affects RJ .
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Proof. Owing to assumption (5.21a) and the fact that zkh ∈ Vkh ⊂ W , we find
that

L′(x)(xkh) = L′(u, z)(ukh) + L′(u, z)(zkh)

= J ′(u)(ukh)− A(ukh)(z) + F (zkh)− A(u)(zkh) = 0 .

This, therefore, provides that condition (5.19a) of the previous theorem is
satisfied. Using the identities

L(x) = J (u) + F (z)− A(u)(z) = J (u)

L(xkh) = J (ukh) + F (zkh)− A(ukh)(zkh) = J (ukh) + S(ukh)(zkh) ,

leads to
J (u)− J (ukh) = L(x)− L(xkh) + S(ukh)(zkh) .

Applying the previous theorem to the error in terms of the Lagrangian func-
tional yields that

J (u)− J (ukh) =
1

2
L′(xkh)(x− ykh) +

1

2
S(xkh)(ykh − xkh)

+S(ukh)(zkh) +R .
(5.22)

The derivative of the Lagrangian functional L can be rewritten to

L′(ukh, zkh)(u− ζkh, z − ϕkh)

= J ′(ukh)(u− ζkh)− A(u− ζkh)(zkh) + F (z − ϕkh)− A(ukh)(z − ϕkh)

= ρ(ukh)(z − ϕkh) + ρ∗(zkh)(u− ζkh) .

Substituting this result into formula (5.22) gives that

J (u)− J (ukh) =
1

2
ρ(ukh)(z − ϕkh) +

1

2
ρ∗(zkh)(u− ζkh) +RS +R ,

with

1

2
S(xkh)(ykh − xkh) + S(ukh)(zkh)

=
1

2
S(ukh)(ϕkh − zkh) +

1

2
S∗(ζkh − ukh)(zkh) + S(ukh)(zkh)

=
1

2
S(ukh)(ϕkh + zkh) +

1

2
S∗(ζkh − ukh)(zkh) := RS .

We note that all parts of the third derivative of L vanish except the third
derivative of J , which proves the assertion.
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The following theorem describes a relation between the primal and dual resid-
ual such that an approximate solution of higher order has to be generated once
only. For further explanatory notes, see Remark 3.7.

Theorem 5.6. Let u and z be the primal and dual solution, respectively, such
that

J ′(u)(u− ζkh)− A(u− ζkh)(z) = 0 (5.23a)

is fulfilled for all ζkh ∈ Vkh. Then, we can state that

ρ∗(zkh)(u− ζkh) = ρ(ukh)(z − ϕkh)−∆ρJ + ∆ρS . (5.23b)

The remainder terms are given by

∆ρJ :=

1∫
0

J ′′(ukh + se)(e, e) ds , (5.23c)

and

∆ρS := S(ukh)(ϕkh − zkh)− S∗(ζkh − ukh)(zkh) . (5.23d)

Proof. Let e∗ := z − zkh be the adjoint error. We introduce

k(s) := J ′(ukh + se)(u− ζkh)− A(u− ζkh)(zkh + se∗) ,

with its derivative

k′(s) = J ′′(ukh + se)(e, u− ζkh)− A(u− ζkh)(e∗) .

The condition (5.23a) offers that k(1) = 0. Furthermore, it holds that

k(0) = J ′(ukh)(u− ζkh)− A(u− ζkh)(zkh) = ρ∗(zkh)(u− ζkh) .

By substituting k(0) and k(1) into the fundamental theorem of calculus∫ 1

0

k(s) ds = k(1)− k(0) ,

we find that

ρ∗(zkh)(u− ζkh) =

1∫
0

(A(u− ζkh)(e∗)− J ′′(ukh + se)(e, u− ζkh)) ds . (5.24)
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By using u− ukh instead of u− ζkh, we get that

ρ∗(zkh)(u− ζkh) = J ′(ukh)(u− ζkh)− A(u− ζkh)(zkh) + S∗(ζkh)(zkh)

−S∗(ζkh)(zkh)− J ′(ukh)(ukh) + A(ukh)(zkh) + S∗(ukh)(zkh)

= ρ∗(zkh)(u− ukh)− S∗(ζkh − ukh)(zkh) .

According to (5.24), we have considering the right–hand side of the previous
equation that

ρ∗(zkh)(u− ζkh) =

1∫
0

((A(u− ukh)(e∗)− J ′′(ukh + se)(e, u− ukh)) ds

−S∗(ζkh − ukh)(zkh)

= A(e)(e∗)−
1∫

0

J ′′(ukh + se)(e, e) ds− S∗(ζkh − ukh)(zkh) .

Inserting
0 = AS(ukh)(ϕkh)− F (ϕkh) ,

yields that

A(e)(e∗) = F (e∗)− A(ukh)(e
∗)

= F (z)− A(ukh)(z) + A(ukh)(zkh) + S(ukh)(zkh)− F (zkh)

−S(ukh)(zkh) + A(ukh)(ϕkh) + S(ukh)(ϕkh)− F (ϕkh)

= F (z − ϕkh)− A(ukh)(z − ϕkh) + S(ukh)(ϕkh − zkh)

= ρ(ukh)(z − ϕkh) + S(ukh)(ϕkh − zkh) .

We combine the last two results and confirm the claim

ρ∗(zkh)(u− ζkh) = ρ(ukh)(z − ϕkh) + S(ukh)(ϕkh − zkh)− S∗(ζkh − ukh)(zkh)

−
1∫

0

J ′′(ukh + se)(e, e) ds

=: ρ(ukh)(z − ϕkh) + ∆ρS −∆ρJ ,

with the remainder terms ∆ρS and ∆ρJ given in (5.23c) and (5.23d), respec-
tively.

By means of Theorem 5.5 and Theorem 5.6, the final result is derived in the
remainder of this section. This final result will give the exact appearance of
the error representation for our model problem (5.1).
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Theorem 5.7 (Local error description for the time–dependent FDT S me-
thod). For the stabilized finite element approximation of the model problem
(5.1), we have the element–wise error representation

J (u)− J (ukh) =

T∫
0

∑
K∈Th

{
〈R(ukh), z − ϕkh〉K

−δK〈R(ukh), b · ∇ϕkh〉K

−〈E(ukh), z − ϕkh〉∂K
}
dt

−
〈
u+
kh,0 − u0, z(t0)− ϕ+

kh,0

〉
Ω

−
M∑
m=2

〈
[ukh]m−1 , z(tm−1)− ϕ+

kh,m−1

〉
Ω

+
∑
K∈Th

δK
〈
u+
kh,0 − u0, b · ∇ϕ+

kh,0

〉
K

+
M∑
m=2

∑
K∈Th

δK
〈
[ukh]m−1 , b · ∇ϕ

+
kh,m−1

〉
K
,

(5.25a)

The cell and edge residuals take the form

R(ukh)|K = f − u′kh +∇ · (ε∇ukh)− b · ∇ukh − αukh , (5.25b)

E(ukh)|Γ =

{
1
2
n · [ε∇ukh] if Γ ⊂ ∂K\∂Ω

0 if Γ ⊂ ∂Ω ,
(5.25c)

where n denotes the outer–pointing normal and [∇ukh] defines the jump of
∇ukh over the inner edges Γ.

Proof. According to Theorem 5.5 and Theorem 5.6, the error is represented by

J (u)− J (ukh) = ρ(ukh)(z − ϕkh) +
1

2
∆ρJ +

1

2
∆ρS +RJ +RS .

Since the contributions ∆ρJ determined in (5.23c) and RJ given in (5.21d) are
of higher order with respect to the error e and the adjoint error e∗, respectively,
they can be neglected. The remainder terms resulting from the stabilization
technique are rearranged such that

1

2
∆ρS +RS = S(ukh)(ϕkh) .

Finally, integration by parts applied to the cell residual proves the argument.
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As one can see, the structure of the terms of the error representation is sim-
ilar to the stationary case. As mentioned earlier, only the dG jump terms
resulting from the discretization of the time derivative are added to the error
representation.

5.3 Numerical studies for the time–dependent

FDT S method

In this section, we discuss the design of the algorithm including implementa-
tion aspects for the time–dependent case. Since we use dG(0) test functions
in time, the primal and the dual problem decouple into a sequence of quasi
stationary time stepping sub–problems which is an important issue concerning
the performance of the complete algorithm.

Recalling the error representation (5.25a), we observe that, among approxi-
mate quantities like ukh and ϕkh, continuous values of z contribute to the error
representation. As pointed out before, the numerical approximation of z has to
be generated by an improved solution in comparison to ukh; otherwise the er-
ror representation would completely vanish. The primal problem is discretized
in time by the dG(0) method which can be transferred into the implicit Eu-
ler time stepping scheme. This will be made evident below. To generate an
improved dual solution, we choose continuous trial functions of order one in
time which results in the Crank Nicolson scheme up to an integration error for
nonlinear right–hand side functions. The space discretization is given by the
cG(2) method. This approach corresponds to the cG(2)cG(1) method .

We recall the fully discrete stabilized formulation (5.8). Due to the temporal
discontinuity of the test functions ϕkh ∈ Vkh, we set ϕkh|Im = 0 ∀m̃ 6= m and
ϕkh|Im 6= 0. This leads to the decoupling of the time steps such that we seek a
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solution ukh ∈ P0(Im;Vmh ) for m = 1, . . . ,M satisfying

∫
Im

〈u′kh, ϕkh〉Ω + 〈ε∇ukh,∇ϕkh〉Ω + 〈b · ∇ukh, ϕkh〉Ω + 〈αukh, ϕkh〉Ω dt

+
〈
[ukh]m−1 , ϕ

+
kh,m−1

〉
Ω

+

∫
Im

∑
K∈Th

δK〈u′kh −∇ · (ε∇ukh) + b · ∇ukh + αukh, b · ∇ϕkh〉K dt

+
∑
K∈Th

δK
〈
[ukh]m−1 , b · ∇ϕ

+
kh,m−1

〉
K

=

∫
Im

〈f, ϕkh〉 dt+

∫
Im

∑
K∈Th

δK〈f, b · ∇ϕkh〉K dt ,

(5.26)

for all ϕkh ∈ P0(Im;Vmh ) with

〈
u0, ϕ

+
kh,0

〉
Ω

+
∑
K∈Th

δk
〈
u0, b · ∇ϕ+

kh,0

〉
K

=
〈
u+
kh,0, ϕ

+
kh,0

〉
Ω

+
∑
K∈Th

δk
〈
u+
kh,0b · ∇ϕ

+
kh,0

〉
K
,

for m = 1. Setting umh := ukh|Im = const leads to u′kh|Im ≡ 0 and [ukh]m−1 =

u+
kh,m−1−ukh,m−1 = ukh,m−ukh,m−1 = umh −um−1

h . Replacing the corresponding
terms in (5.26) by these results, we obtain that

∫
Im

〈ε∇umh ,∇ϕh〉Ω + 〈b · ∇umh , ϕh〉Ω + 〈αumh , ϕh〉Ω dt+ 〈umh − um−1
h , vh〉Ω

+

∫
Im

∑
K∈Th

δK〈−∇ · (ε∇umh ) + b · ∇umh + αumh , b · ∇ϕh〉K dt

+
∑
K∈Th

δK〈umh − um−1
h , b · ∇ϕh〉K

=

∫
Im

〈f, ϕkh〉 dt+

∫
Im

∑
K∈Th

δK〈f, b · ∇ϕkh〉K dt .

Let km = tm − tm−1. The integrals on the right–hand side are approximated
by the right endpoint rule. The remaining integrals can be calculated since
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the integrands do not depend on the time. Rearranging the terms yields that

〈umh , ϕh〉Ω + km〈ε∇umh ,∇ϕh〉Ω + km〈b · ∇umh , ϕh〉Ω + km〈αumh , ϕh〉Ω
+km

∑
K∈Th

δK〈−∇ · (ε∇umh + b · ∇umh + αumh , b · ∇ϕh)〉K

+
∑
K∈Th

δK〈umh , b · ∇ϕh)〉K

= 〈um−1
h , ϕh〉Ω +

∑
K∈Th

δK〈um−1
h , b · ∇ϕh)〉K + km〈f(tm), ϕh〉Ω

+km
∑
K∈Th

δK〈f(tm), b · ∇ϕh〉K .

(5.27)

From this result, it is evident that the stabilized dG(0)cG(1) method is equiv-
alent to the stabilized implicit Euler method modulo quadrature error of non-
linear right–hand sides. This fact is used for the implementation of the primal
problem.

By means of the error representation

J (u)− J (ukh) ≈ η :=
M∑
m=1

∑
K∈Th

ηmK ,

with a user chosen target quantity J we design a solution algorithm that
is adaptive in space as well as in time. Thereby, we obtain a hierarchy of
sequently refined meshesMm

i , i ≥ 1 starting with the initial meshMm
0 which

is identical for each time step m, i.e. M i
0 = M j

0 ∀i, j = {1, . . . ,M}. The
corresponding finite element spaces are denoted by Vm,ih .

Adaptive solution algorithm

Initialization Set i = 0 and generate the initial finite element spaces.

Step 1 Solve the primal problem.

For m = 1, . . . ,M find um,ih ∈ Vm,ih such that

AIES (um,ih )(ϕh) = F IE(ϕh) ∀ϕh ∈ Vm,ih ,
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where AIES and F IE are the implicit Euler formulations of (5.8) defined
in the left–hand side and right–hand side of (5.27), respectively.

Step 2 Solve the dual problem.

For m = 1, . . . ,M find zm,iH ∈ Vm,iH ⊃ Vm,ih such that

ACNS∗ (ϕH , z
m,i
H ) = J ′CN(um,ih )(ϕH) ∀ϕH ∈ Vm,iH .

Vm,iH is the finite element space of higher order polynomials that
corresponds to the refined mesh Mm

i . ACNS∗ and J ′CN are the left–
hand and right–hand side of the Crank Nicolson scheme applied to a
stabilized and semi–discrete formulation in space of the dual problem
(5.15). Note that the dual problem has to be converted into a forward
problem.

Step 3 Evaluate the a–posteriori error estimate.

ηmK =

∫
Im

〈R(um,ih , zm,iH − Ihzm,iH 〉K − δK〈R(um,ih , b · ∇Ihzm,iH 〉K

−〈E(um,ih ), zm,iH − Ihzm,iH 〉∂K dt

−
〈[
uih
]
m−1

, zm−1,i
H − Ihzm−1,i

H

〉
Ω

+δK

〈[
uih
]
m−1

, b · ∇Ihzm−1,i
H

〉
K
,

where the cell and edge residuals are given in (5.25b) and (5.25c)
and [uih]0 := u1,i

h − u0. Ihz
m,i
H ∈ Vm,ih is the linear interpolation of

zm,iH . The integrals over the time intervals Im are approximated by
the trapezoidal rule. We note this rule to be exact for the integrals to
be calculated because um,ih is constant in time whereas zm,iH is linear
in time.
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Step 4 Refinement strategy in time and space.

Compute ηm :=
∑
K∈Th

|ηmK | for each time step m. Mark the time

intervals m̃ where m̃ belongs to the set of the time intervals m
according to θt percent of the worst time indicators ηm (θt = 0.2 is
a useful value).
Choose θ1 ≤ θ2 with θ1, θ2 ∈ (1.0, 5.0).
For all time steps m:

Set ηmmax = max
K∈Th

|ηmK | . If m = m̃ set µm = θ1

∑
K∈Th

|ηmK |

#Km
where

#Km denotes the number of elements in space in each time step

m; otherwise, set µm = θ2

∑
K∈Th

|ηmK |

#Km
.

while mu > eta_max :
mu := mu/2 .0

Mark the elements K̃ with
∣∣ηm
K̃

∣∣ > µm to be refined. Generate a
new meshMm

i+1 by regular refinement. Half the length of the time
intervals m̃.

Step 5 Check the exit condition.
If ηmax < TOL or η < TOL is true, the Adaptive solution algorithm
is completed; else increase i and go to Step 1.

Remark 5.8 (to Step 4). For θ1, θ2 chosen between 1.0 and 5.0 the resulting
marking strategy is a good compromise between number of degrees of freedom
and error reduction.

In order to verify our implementation, we introduce a nonstationary counter-
part of Example 4.6.

Example 5.9. We study the given exact solution

u(x, t) =
16

π
sin(πt)x1(1− x1)x2(1− x2)

·
{π

2
+ arctan

(
2ε−

1
2 (r2

0 − (x1 − x0
1)2 − (x2 − x0

2)2)
)}

,

to the model problem (5.1) on the space–time domain Ω× I := (0, 1)2× (0, 0.5]

with r0 = 0.25 , x0
1 = x0

2 = 0.5. We solve the equation by setting ε = 10−6 , b =
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(2, 3)> without linear reaction contribution, i.e. α = 0. The right–hand side f
is calculated according to the given exact solution. The solution u is a hump
changing its height in the course of time in the range of zero to a maximum
of about 0.997. The boundary conditions as well as the initial condition are
prescribed by the exact solution. The chosen target quantity is the L2 norm at
the end time, i.e.

J (u) =
1

‖u(T )‖L2(Ω)

〈e(T ), u(T )〉Ω ,

where u and e = u− ukh are taken at the end time T .

Due to the structure of the dual problem that is expressed by a behavior of
e−εCt regarded from the viewpoint t = T backwards in time, we expect the
adaptive algorithm to refine the time intervals that are near to the end time
t = T . The constant C depends on the eigenvalues of the corresponding
operator. The more the space cells at a certain time are distant in time from
the end time, the less refinement is to be expected in principle. The initial grid
consists of 545 degrees of freedom in space which corresponds to a mesh size
of h = 0.0625. The time interval (0, T ] is equally divided into 20 sub–intervals
with a time step size of k = 0.025.

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
10
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10
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−2
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−1

Figure 5.1: (Example 5.9) Distribution of the temporal step size over the time

(0, T ].

Figure 5.1 and 5.2 present the distribution of the time cells and the degrees
of freedom at each time step, respectively. We observe that our numerical
computations confirm the expectations just described concerning the distri-
bution of the refinement in time and in space governed by the derived error
representation.
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Figure 5.2: (Example 5.9) Distribution of the degrees of freedom over the time

(0, T ].

The fact that our adaptive algorithm is capable to refine by preference in those
temporal and spatial areas that have an influence on the quality of the approx-
imation concerning the quantity of interest is the big advantage in comparison
to global refinement in time and space. The mean value of the used degrees of
freedom over the time (0, 0.5] in the last adaptive iteration is 25368. For that
reason, we compare the adaptively calculated solution by a numerical approx-
imation with 33025 degrees of freedom at each time step. This comparison
might be called more than fair. The stabilized solution on a uniformly refined
mesh with 33025 is characterized by strong oscillations in terms of over– and
undershoots as can be seen in Figure 5.3. The oscillations have a magnitude
up to a maximum of 57 percent of the nominal value at the end time as well as
over the whole time period for example at the midpoint. The exact maximum
value of the solution u at t = 0.25 is 0.705.

We observe that the adaptively generated solution at mid–term with 15731

nodes also has characteristic oscillations. But in contrast to a solution on
an uniformly refined mesh these oscillations are not necessarily undesirable
because we are only interested in a quantity at the end time. Our error repre-
sentation is able to organize the refinement in time and space in such a manner
that the approximate solution at the end time t = 0.5 varies very slightly from
the exact solution but the numerical solutions at time points that are not close
to the end time are allowed to be of low resolution. This aspect emphasizes
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(a) (b)

(c)

t = 0.25

(d)

t = 0.5

Figure 5.3: (Example 5.9) Solution and value range on a globally refined mesh (a)

and (c) with 33025 nodes and on an adaptively refined mesh controlled by J with (b)

15731 nodes and (d) 23150 nodes.

the efficiency of our suggested method. The magnitude of the oscillations at
t = T lies in an area of 0.03 percent. As we note in the error representation
(5.25a), the error description mainly consists of residual terms weighted by
the dual solution. Considering Figure 5.4, we recognize that the weights are
small in the beginning of the time interval whereas they make large contribu-
tions at later points in time. This is the reason why the adaptive algorithm
affects refinement in time and in space at time points close to t = 0.5. This
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behavior of the adaptive algorithm is confirmed in Figure 5.5. It illustrates the
temporal development of the mesh during the adaptive refinement process. As
expected, large values of the dual solution lead to intense cell refinement in the
concerning areas whereas small values of the dual solution prevent refinement
of these cells.

t = T

(a)

t = 0

(b)

Figure 5.4: (Example 5.9) Dual solution with exponential falling behavior from the

viewpoint t = T .

The results in Figure 5.6 show the development of the errors J (u) − J (ukh)

during an adaptive solution process. We observe that the error is continuously
reduced in each iteration. In comparison to the solution on an uniformly refined
grid with 33025 nodes, we obtain an error value J (e) of 0.1249 which performs
rather badly compared to the use of the error representation generating an
error value of 0.0067. In Table 5.1, we present the effectivity index during an
adaptive run which is as usual defined by

Ieff :=
η

J (u)− J (ukh)
.

An effectivity index that tends to one means that the estimated error is an
excellent approximation to the exact error. In Table 5.1, Mmax denotes the
maximum number of time steps and Kmax is the maximum number of degrees
of freedom that arise in the corresponding iteration.
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t = 0.025

(a)

t = 0.375

(b)

(c)

t = 0.45

(d)

t = 0.5

Figure 5.5: (Example 5.9) Development of the mesh in the course of time.

Example 5.10. Now, we modify Example 5.9 and add a linear reaction term
by setting α = 1.0. Thus, the configuration of the moving hump is exactly the
same as it is chosen in [2].

The size of the spurious oscillations can be measured by

var(t) := max
x∈Ω

ukh(x, t)−min
x∈Ω

ukh(x, t) ,

where the maximum and minimum are taken only in the vertices of the mesh
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Figure 5.6: (Example 5.9) DWR iterations vs. errors.

it Mmax Kmax Ieff it Mmax Kmax Ieff

1 25 735 0.55 9 95 6184 1.03

2 29 1002 0.63 10 113 7785 1.11

3 34 1255 0.78 11 135 9051 1.04

4 40 1786 1.07 12 161 12557 1.03

5 47 2300 1.11 13 193 16484 1.00

6 56 3067 1.13 14 231 20192 1.02

7 67 3857 1.26 15 277 25415 1.01

8 80 4611 1.23 16 332 36091 1.01

Table 5.1: (Example 5.9) Effectivity indices with respect

to J during the DWR iterations it.

cells. In [2], the local projection stabilization method for the space discretiza-
tion is combined with variational time discretizations of Galerkin–type. The
use of continuous Galerkin–Petrov (cGP) methods and discontinuous Galerkin
(dG) methods with underlying spaces of polynomials of different degrees are
compared.

If we are interested in the quality of the approximate solution at the end time,
we will regard the value of var at t = 0.5 where the adaptive solution process
is governed by

J1(u) =

∫
Ω

u(x, T ) dx .
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Figure 5.7: (Example 5.10) Measure of the oscillations var(0.5) in dependence of

the number of nodes at t = 0.5.

dofs var(0.5) Ieff dofs var(0.5) Ieff

545 9.392 1.03 6425 1.200 1.02

833 9.432 1.17 7283 1.115 1.00

1267 5.852 1.75 8939 1.076 0.96

1535 6.761 9.13 11954 1.079 0.97

2325 4.328 2.82 20757 1.050 0.99

2522 3.270 1.08 21455 1.030 1.03

3031 2.105 1.47 25492 1.022 1.05

3937 1.568 0.94 36167 1.018 1.07

Table 5.2: (Example 5.10) Degrees of freedom at t = 0.5,

var(0.5) and effectivity index.

The optimal value of var(0.5) is given by 0.997. Figure 5.7 presents the mea-
sured oscillations in dependence of the degrees of freedom at t = 0.5. In
addition, Table 5.2 illustrates the effectivity indices with respect to the target
functional J1. It aims at showing that the effectivity index tends to one and
is not influenced by the additional linear reaction term.

Table 5.3 gives an overview of the quantity var(0.5) that is used in several
publications to measure the size of the spurious oscillations of the approxi-
mate solution. The test setting of Example 5.10 is exactly the same in each
publication. In [30], comparative studies of stabilized finite element methods
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Method Reference var(0.5) dofs k

SUPG [30] 1.3835 16641 10−3

LPS [30] 1.2007 32768 10−3

SUPG [6] 1.2504 33025 2 · 10−3

SUPG/SC [6] 1.1946 33025 2 · 10−3

LPS/cGP(1) [2] 1.0408 33025 10−3

LPS/dG(1) [2] 1.0408 33025 10−3

SUPG/DWR this work 1.0790 10900 3.1 · 10−3

SUPG/DWR this work 1.0179 35931 1.5 · 10−3

Table 5.3: (Example 5.10) var(0.5) for different stabilized

approximation schemes.

t = 0.25

(a)

t = 0.5

(b)

Figure 5.8: (Example 5.10) Solution with mesh governed by J1 (a) at half-time

and (b) at end time.

for solving time–dependent convection–diffusion–reaction equations with small
diffusion is presented. These studies include the SUPG method and the local
projection scheme, for example. The calculations were performed on a regular
mesh with a number of degrees of freedom as indicated in Table 5.3. In ad-
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dition to results obtained by the SUPG method, the application of additional
shock–capturing stabilization is considered in [6]. These simulations were also
performed on a regular mesh with a mesh size of 5.524 · 10−3 which corre-
sponds to 33025 degrees of freedom. In [30], [6] and [2], the time step size k
is equidistantly chosen as indicated in Table 5.3. In our work, the time step
size as well as the mesh size are adaptively refined. In Table 5.3, the average
values of the step sizes in time and in space are presented. In [30] and [2], the
performance of the stabilization methods is tested with respect to the design of
the stabilization parameters. For the comparative Table 5.3, we always chose
the best value that was reached with the particular method. Compared to all
other results, our proposed method established the best results.

Figure 5.8 presents the approximate solution at two different time points. We
observe that the error representation organizes the refinement process in such
a way that the solution at the end time is very close to the exact solution
whereas the solution at earlier time steps is allowed to possess oscillations that
are not necessarily undesirable.
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Chapter 6

Conclusions & outlook

To sum our work up, we sketch the main challenges of the previous chapters.
Finally, we outline future work to be done.

6.1 Summary & conclusions

In this work, we developed and carefully analyzed a combined approach of
stabilized finite element approximations and an a–posteriori error control with
adaptive mesh refinement for convection–dominated stabilized nonlinear trans-
port problems in the stationary and nonstationary case. We pointed out that
our error representation based on the dual weighted residual method does not
depend on undetermined constants which usually leads to absolute impracti-
cality of the error bounds. The associated dual problem provides information
about the weighting factors of the residual terms such that the error is quan-
tifiable. Furthermore, our method contrasts strongly with conventional error
estimates since the error is given in terms of a user chosen quantity of interest.
This emphasizes the practice–oriented applicability of our proposed method.

An obvious and often mentioned disadvantage of the dual weighted residual
method is that an additional dual problem has to be solved. As highlighted
in the previous remarks, compared to solving the nonlinear primal problem on
a grid with a sufficient number of degrees of freedom, it is cheap to compute
the solution of the linear dual problem. We want to emphasize again that
the dual problem is always linear even if the primal problem is nonlinear. For
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that reason, especially in our case of a nonlinear model problem, our approach
gains efficiency. We are aware of the fact that we invest much effort to achieve
such an precise error representation. Departing from our approach of high ac-
curacy might lead to tremendous loss of precision with regard to the sensitive
convection–dominated transport problems. Compared to the bigger part of re-
search related to the DWR method, this work develops an error representation
that involves approximations as less as possible.

The proposed method is implemented using the FEniCS toolbox; cf. [37]. As
illustrated in the previous chapters, the numerical results feature an effectivity
index that tends to one. We also showed that the adaptive mesh refinement
strategy based on the introduced error representation is well–adjusted such
that the error is minimized with respect to a small number of degrees of free-
dom. The numerical results point out that it is justified to neglect the remain-
der terms and to use an higher order approximation to the dual solution. In
addition, it turned out that the proposed method is robust against the choice
of the stabilization parameters which often is discussed as crucial issue with
respect to stabilization techniques.

6.2 Outlook

Even if the proposed method was presented very detailed, there is still space
for further development. This includes the extension of the nonstationary
framework to nonlinear partial differential equations as well as to systems of
convection–diffusion–reaction equations. Additionally, the treatment of non-
homogeneous Dirichlet boundary conditions in the nonstationary case is not
described. In this work, we did not discuss higher order stable variational
time methods and the possible benefit of them nor alternative stabilization
schemes. Finally, our method can be used beyond transport problems and
might be extended to Navier–Stokes equations or even systems consisting of
Navier–Stokes equations coupled with convection–diffusion–reaction models.

The main difficulty with respect to the nonlinear nonstationary equation can
be seen in the rapidly growing compute time because in each time step sev-
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eral linear solving steps are required. For that reason, this problem can be
sorted out in the field of computational science. In this work, the linear sys-
tems are solved by a direct solver. Direct solvers perform very well for small
problems especially in two dimensions. For three dimensional problems with
a huge number of degrees of freedom, memory consumption and run time be-
havior which is O(dofs2) are impractical. For that reason, iterative solvers
are needed for more sophisticated applications. The development of problem–
specific preconditioners is required to obtain a small iteration number of the
iterative solver which is a challenging task. An even more challenging task is
to construct preconditioners which additionally are able to run in parallel.

In view of systems of convection–diffusion–reaction equations as stated in (1.1),
the proposed method can be extended to the systems straight forward. Some
questions that may arise in the context of systems are how to deal with the
different grids or with individual error representations. The dual weighted
residual method is suitable especially for systems since the dual system is de-
coupled and, hence, can easily be solved.

Specific considerations will have to be taken if nonhomogeneous Dirichlet
boundary conditions are included with respect to the nonstationary model
problem. Additional terms have to be implemented in order to measure the
impact of the nonhomogeneous boundary conditions on the error representa-
tion.

As explained in this work, the second order time discretization scheme is equiv-
alent to the Crank Nicolson time stepping method modulo nonlinear right–
hand side. This approach is an A–stable method but it is not strongly A–
stable. This fact might lead to undesirable oscillations in time which are not
damped in contrast to strongly A–stable or L–stable methods. For that reason,
pairs of discretization spaces in time for the primal and dual problem have to
be used such that the desired stability properties and orders are obtained.

The SUPG method is the most common stabilization scheme used in the field
of convection–dominated transport problems. Of course, other stabilization
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techniques like the local projection method (LPS) can be combined with the
DWR method.

As mentioned in the introductory chapter, a lot of practice–related systems
in the scope of flow dynamics are modeled by the Navier–Stokes equation
coupled with a transport equation. Engineers are more and more interested in
accurate and fast solution of such systems in order to understand the behavior
of their devices. Therefore, the next step would be to apply the proposed
method to this kind of systems. All the described considerations above have
to be included when carrying over the method to coupled Navier–Stokes and
transport problems.
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ous Galerkin methods for non–linear diffusion–convection–reaction equa-
tions. In: Computers & Chemical Engineering 68 (2014), pp. 24–37



118

[47] Verführt, R.: Robust a posteriori error estimates for stationary
convection–diffusion equations. In: SIAM Journal of Numerical Analysis
43 (2005), pp. 1766–1782

[48] Verfürth, R.: A posteriori error estimators for convection–diffusion
equations. In: Numerische Mathematik 80 (1998), pp. 641–663

[49] Zeidler, E.: Applied Functional Analysis: Main Principles and Their
Applications. New York: Springer, 1995 (Applied Mathematical Sciences,
Vol. 109)






	Introduction
	Starting point and goal
	An introduction to the dual weighted residual (DWR) method

	Notation & definitions
	Function spaces
	Function spaces involving time
	Aspects of functional analysis and finite element spaces

	A SUPG stabilized dual weighted residual method
	A general framework
	A FS TD method
	A FD TS method
	Both methods by numerical comparison

	A SUPG and SOLD stabilized dual weighted residual method
	A nonlinear framework
	A nonlinear FDTS method
	Numerical studies for the nonlinear FDTS method

	A nonstationary stabilized dual weighted residual method
	A nonstationary framework
	A time–dependent FDTS method
	Numerical studies for the time–dependent FDTS method

	Conclusions & outlook
	Summary & conclusions
	Outlook


