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Abstract

As a part of the priority programme ”Small machine tools for small work
pieces” initiated by the German Research Foundation, this dissertation
focuses on the synthesis of compliant mechanisms. It addresses two ma-
jor challenges: first, the difficult, non-intuitive design process and, sec-
ond, the hardly-predictable influence of incorporated flexure hinges.
In order to address the first challenge, a staggered topology opti-

mization algorithm, that includes a nonlinear finite element analysis,
optimality criteria method and globally convergent method of moving
asymptotes, is developed. This algorithm is tested on different common
load cases resulting in different topologies corresponding to the boundary
conditions and motion specifications. As one key result of the topology
optimization process, the designed compliant mechanisms with its hinge
positions and deflections are obtained yielding the desired motion spec-
ifications.
In order to address the second challenge, analytical expressions are

derived and tested providing explicit relations between the hinge geome-
try and the mechanical properties, such as precision, deflection range and
fatigue life under static and dynamic loading conditions and meeting the
desired performance specifications resulting from the topology synthesis
or application purpose. These relations can be applied in both direc-
tions, i.e. the mechanical properties can be determined directly from the
geometry, and an optimal geometry can be found meeting certain me-
chanical performance criteria including the highly desirable prediction
on the fatigue life.
Finally, the appropriate flexure hinges are incorporated in the opti-

mized topology yielding a prototype of a compliant gripping device.
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Kurzfassung

Die vorliegende Dissertation befasst sich mit der Entwicklung von nach-
giebigen Mechanismen im Rahmen des DFG-geförderten Schwerpunkt-
programmes ”Kleine Werkzeugmaschinen für kleine Werkstücke”. Gegen-
stand dieser Arbeit sind dabei vor allem die derzeit größten Herausforde-
rungen: Erstens, die Entwicklung von nachgiebigen Mechanismen unter
Anwendung systematischer, nicht-intuitiver Verfahren, sowie zweitens,
das Verhalten von unterschiedlich geformten Festkörpergelenken.
Zunächst wird ein gestaffelter Topologieoptimierungsalgorithmus ent-

wickelt, programmiert und auf unterschiedliche Lastfälle angewendet.
Der Algorithmus besteht aus einer nicht-linearen finiten Elemente Be-
rechnung sowie zweier Optimierungsalgorithmen, die einerseits auf gra-
dientenbasierte und anderseits auf approximationsbasierte Verfahren1 zu-
rückgreifen. Dadurch werden Topologien nachgiebiger Mechanismen mit
bekannten Gelenkpositionen und -verformungen, welche die kinematisch-
en Zielvorgaben ermöglichen, systematisch und erfolgreich generiert.
Anschließend werden analytische Gleichungen hergeleitet, die die rele-

vanten, mechanischen Eigenschaften von elastischen Festkörpergelenken,
wie Präzision, maximale (elastische) Durchbiegung sowie Materialermü-
dung abhängig von der Gelenkgeometrie explizit beschreiben. Darauf
aufbauend wird eine Vorgehensweise zur Lebensdauervorhersage und zur
Geometrieoptimierung von langlebigen Festkörpergelenken entwickelt.
Abschließend werden der entwickelte Topologieroptimierungsalgorith-

mus und die hergeleiteten Gleichungen angewendet, um einen Prototypen
eines nachgiebigen Greifmechanismus systematisch herzustellen.

1Optimality Criteria Method, Globally Convergent Method of Moving Asymptotes
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1 Introduction

1.1 Motivation

Nowadays, most machine tools and mechanisms are designed and en-
gineered as multi-body systems. The desired motion is gained from
the relative motion of several parts that are connected by conventional
pin-joints. These systems are easy to design due to the kinematically-
decoupled structures and motions and, thus, the common choice for de-
sign engineers, so far. However, these conventional mechanisms may
reach their precision limits in small scale applications as explained shortly.
Therefore, the German Research Foundation has initiated a six years

priority programme ”Small machine tools for small work pieces” (DFG
SPP 1476) that bridges the gap between established large scale applica-
tions and more recent micro- and nanoscale applications. As one part of
a research project within the priority programme, this thesis focuses on
fundamental issues and aims to provide pioneering work.

1.2 Why Compliant mechanisms?

In order to design machine tools for small scale applications, compliant
mechanisms (CM) have become more popular in the last years competing
against multi-body systems. In contrast to conventional multi-body sys-
tems, CM gain their motion from the elastic deformation of certain parts
called flexure hinges (FH). Fig. 1.1 shows two medical gripping devices
in comparison based on a multi-body system connected by a standard



12 Introduction

Figure 1.1: Medical gripping devices in comparison based on multi-body
system connected by a standard pin-joint hinge (left) and based on a
monolithic compliant mechanism (right) from [1]

pin-joint hinge (left) and based on a monolithic CM (right).
CM have several advantages compared to their multi-body-based

counterparts. Table 1.1 lists the most significant advantages and draw-
backs in terms of performance, costs and the design process. In terms of
performance, CM are: frictionless due to the absence of slipping parts.
Noiseless due to the small number of parts and the absence of slipping
parts. Cleaner due to the absence of any lubricants making them highly
suitable for applications that stipulate a clean environment, such as min-
imal invasive medical devices. More precise due to the absence of an un-
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Table 1.1: Comparison between conventional multi-body systems and
CM in terms of performance and costs in small scale applications

Multi-body
systems

Compliant
mechanism

Friction – + +
Noise ◦ + +

Cleanliness – + +
Precision – + +

Performance − +

Number of parts – – + +
Manufacturing costs – +
Maintenance costs – +

Costs − +

Simplicity to design + – –
Influence of hinges + + ◦
Design process + −

predictable and deviating bearing play. In terms of costs, CM are: poten-
tially cheaper caused by the small number of parts due to the monolithic
structure. Less expensive in manufacturing, assembling and maintenance
due to small number of parts and the typically planar structure.
Thus, particularly in small scale applications, CM may provide bet-

ter performance while being less expensive due to the aforementioned
benefits.
However, there are two major disadvantages: first, designing CM is

more difficult and non-intuitive, due to its inherent complex overall de-
formation. Second, the influence of flexure hinges in terms of motion
performance and fatigue effects is still hardly-predictable. These draw-
backs make CM not yet fully suitable to more complex applications.
Particularly, any long-lasting employments are still uncertain since there
exist no fatigue predictions regarding the key elements of CM: flexure
hinges.
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In a fairly recent review paper [2], it is pointed out that

”. . .there are too little of previous results on analysis of fatigue failure
in the compliant mechanisms” ,

and the conclusion is drawn that

”In future, there should be the analysis of fatigue failure to prevent
premature failure in the [compliant] device” ,

which immediately motivates the following thesis’ objectives.

1.3 Thesis’ objectives and outline

The main objective of this work is to address the two mentioned chal-
lenges: the difficult design process of CM and the hardly-predictable
influence of the FH geometry on its performance, particularly in long-
lasting applications.

• In order to address the first challenge, an algorithm will be devel-
oped to design the topology of CM in a non-intuitive and system-
atic manner. This topology optimization algorithm will be tested
on different common load cases resulting in different topologies,
i.e. different CM corresponding to the boundary conditions and
motion specifications.

• Then, the second challenge will be addressed: the size and shape
of the FH will be designed carefully to provide desired mechanical
properties, such as precision, deflection range, fatigue life, etc. un-
der static and dynamic loading conditions and to meet performance
specifications resulting from topology synthesis or application pur-
pose. For this purpose, analytical expressions on FH will be derived
and tested providing explicit relations between the hinge geometry
and the resulting mechanical properties. These relations should be
applicable in both directions, i.e. the mechanical properties need
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to be determined directly from the geometry, and an optimal ge-
ometry needs to be found meeting certain mechanical performance
criteria including the highly desirable prediction on the fatigue life.

The thesis is outlined as follows: In Chapter 2, the current state
of the art of relevant topology optimization techniques, FH and CM is
summarized. In Chapter 3, the own topology optimization algorithm
is described, numerically implemented and tested within a MATLAB
environment. In Chapter 4, the relevant expressions on the static and
dynamic, mechanical properties of flexure hinges are derived, summa-
rized and tested. In Chapter 5, the topology optimization process and
the gained knowledge on FH are applied to a final example, where a
rapid-prototyped CM with incorporated FH is developed. Finally, in
Chapter 6, a conclusion is drawn, the main achievements are pointed
out and an outlook on future prospects is given.
Further details on the presented topology optimization and flexure

hinges are given in the Appendix A.
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2 State of the art

In contrast to the sequential design of most engineering structures, the
synthesis of CM is more ambitious since the topology of the entire mech-
anism needs to be designed simultaneously. A brief description of present
structural optimization techniques, i.e. optimization of size, shape and
topology, as illustrated in Fig. 2.1, that focusses on CM is given in
Sect. 2.1. These techniques result in the CM’s overall skeleton providing
the positions of FH meeting the kinematical specifications but not an
optimal shape of these FH. For this purpose, relevant research on FH is
reviewed in Sect. 2.2.

2.1 Current state of topology optimization
techniques

Many current CM have been created by engineers’ intuition and experi-
ence without using any systematic techniques. Usually, numerous trial
and error iterations are necessary to obtain a final CM that meets the
desired performance specification. Since this intuitive design process is
time-consuming and results in working – but usually non-optimal – so-
lutions, a variety of systematic design and optimization techniques have
been proposed by several research groups from different backgrounds in
the last two decades. In order to provide a systematic literature review, a
rough subdivision into general approaches, design domains, optimization
techniques and solution algorithms is beneficial, as illustrated in Fig. 2.2.
A general review on structural optimization from a product development
standpoint can be found in [4].
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(a) Size optimization

(b) Shape optimization

(c) Topology optimization

Figure 2.1: Different types of structural optimization [3]

2.1.1 General approach

There are two established general approaches addressing the systematic
synthesis of CM known in literature: kinematics-based approach and
structural-optimization-based approach.
In the kinematics-based approach, the flexible members of a

known compliant mechanism are modeled by several rigid bodies con-
nected by pin-joints with added torsional stiffnesses which need to be
optimized. This method was introduced by Howell in [5] using small
length flexure hinges. For other flexure members, such as flexure pivots,
cantilever beams and initially curved beams closed-loop equations of the
force-deflection behavior were derived for different boundary conditions
by Howell and Midha [6, 7], and used to develop commercially valuable
CM such as a parallel CM by Mattson [8] or a micro-positioning mech-
anism by Handley [9], as illustrated in Fig. 2.3. Dynamic modeling for
a simple parallel CM was given by Yu [10]. The kinematics-based ap-
proach is well-suited to model large, non-linear deformations. However,
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Figure 2.2: Rough categorization of current topology optimization tech-
niques

it is based on a known initial rigid-link mechanism, i.e. the initial setup
of a CM needs to be known. This approach is not suitable for a non-
intuitive approach since an initial setup is not available and, thus, the
kinematics-based approach is not further considered in this work. A more
detailed description of this approach is given in Howell’s monograph [11].
In the structure-optimization-based approach, no initial setup

is required. It starts from a certain material (design) domain and aims
to find an optimal shape, size and topology based on specified external
loads and boundary conditions. This approach is used in this work and
is further explained in the following subsections.

2.1.2 Design domain

The design domain used in structure-optimization-based approaches is
represented by either a ground structure or continuum structure as illus-
trated in Fig. 2.4.
The ground structure domain is modeled by an exhaustive finite

set of truss or beam elements, where the cross section of each element is
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(a) (b) (c)

Figure 2.3: Kinematics-based approach: (a) Initial compliant mech-
anism, (b) corresponding pseudo-rigid-body-model and (c) deflected
pseudo-rigid body-model [9]

the design variable. Fig. 2.4(a) shows an initial (reduced) set of trusses.
The design variables are changed individually during an optimization
process from (almost) zero to unity where zero values of cross-section
means a removal of the element from the set. After several iterations,
the set of elements is gradually reduced leading to the final topology.
Various research groups have adopted the ground structure approach

to CM for different applications. Frecker, Kota, Kikuchi, Saxena and
Ananthasuresh developed fundamentals of this approach [12], proposed
multi-criteria formulations [13, 14], designed a smart (adaptive) struc-
ture [15], proposed an extension to multiple outputs [16], designed an
amplification mechanism for piezoceramic stack actuators [17, 18] and
micro-electrical-mechanical-systems (MEMS) [19], and proposed an ap-
proach that selects the optimal topology based on a kinetostatic design
specification [20]. Ramrakhyani introduced hinged beam elements in-
stead of rigidly-connected beam elements [21]. Joo and Kota considered
different actuators [22, 23], developed some surgical tools [24] and com-
pared the ground approach using linear beam elements with nonlinear
beam elements [25,26].
In the continuum structure, the design domain is divided into ap-

propriate finite elements as shown in Fig. 2.4(b). Except Talischi [27],
rectangular elements are used in literature due to numerical advantages.
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(a)

(b)

Figure 2.4: Different material domains: (a) ground structure and (b)
continuum structure

A comprehensive review on topology optimization on continuum struc-
tures was given by Eschenhauer [28]. During the optimization process,
the design variables are changed individually between almost zero and
unity, representing void and solid elements, respectively. The mechanical
properties, e.g. stiffness, of each individual element depend on different
variable(s) depending on the optimization technique, as explained in the
following subsection.

2.1.3 Optimization techniques

There are different, established optimization techniques that have been
applied successfully to structural optimization problems: evolutionary
structural optimization methods, level set methods, cellular automata
and homogenization techniques. A modified version of the latter ones
called the density technique, is implemented in this work and further
described in Sect. 3.
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Evolutionary structural optimization (ESO) methods optimize
a structure by adding and removing material without using any sensitivi-
ties as illustrated in Fig. 2.5(a). ESO methods are based on purely heuris-
tic algorithms, as described shortly in Sect. 2.1.4, and seem to be advan-
tageous due to simplicity and efficiency. ESO was introduced by Xie [29]
demonstrating its potential on some (stiff) structures. Later, a detailed
monograph on ESO is given in his famous book [30] or more recently by
Huang [31]. Different modifications and extensions have been proposed,
e.g. bi-directional ESO (BESO) [32], additive ESO (AESO) [33], group
ESO (GESO) [34] and multi-objective ESO (MESO) [35]. Edwards ap-
plied ESO to a tie-beam showing the sensitivity to different finite element
mesh sizes [36]. ESO has been applied to the synthesis of CM for single
loading conditions by Ansola [37]. However, there is an ongoing discus-
sion lead by research teams around Zhou and Rozvany [38, 39] about
drawbacks of ESO methods such as the lack of a sound mathematical
basis and the occasional convergence to non-optimal solutions.
Level Set methods (LS) are based on multi-dimensional embed-

ding functions where only a specific layer, namely the level set, defines
the topology as illustrated in Fig. 2.5(b). LS methods have been ap-
plied to topology optimization problems by only a few authors. Stiff
structures, such as a cantilever beam, an MBB-Beam, a Michell-type
structure were designed by Sethian and Wiegmann [40], Wang [41, 42],
and Allaire [43, 44], Sokolowski [45] and Norato [46], extended to multi-
ple loads by Allaire [47] and reformulated using radial basis functions by
Wang [48]. Recently, Xing proposed a finite element based LS formula-
tion [49] and Shu addressed vibrations of structures and their frequency
response [50]. CM were designed using LS methods by Allaire [44],
Wang [51], Luo [52–54], and more recently Chen [55] and Otomori [56,57].
The homogenization method, is based on a microstructure di-

vided into unit cells possessing several rectangular voids as illustrated in
Fig. 2.5(c). The design variables are the dimensions α, β of the voids
and the orientation θ of the unit cell. In a slightly modified version,
referred as the density method, the material density of each finite el-
ement represents the design variable. The values of the design variables
range from (almost) zero to unity representing void or solid material, re-
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(a) Evolutionary structural optimization method [33]

(b) Level Set method [42]

(c) Homogenization method [58]

Figure 2.5: Different topology optimization techniques
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spectively. Originally proposed by Bendsøe and Kikuchi in a milestone
paper [59], this method has been used for numerous optimizations of stiff
structures and objects, e.g. by Ansola for three-dimensional shells [60]
or by Kikuchi and Ma to eigenfrequency problems [61–65]. A basic 99
line code was published by Sigmund providing a helpful introduction
to topology optimization of stiff structures [66]. In CM, the homoge-
nization method was applied by Nishiwaki, Suzuki and recently Hong-
wei [58,67,68]. Detailed information are given in Bendsøe’s book [3,69],
in Hassani’s reviews [70–73] and in Le’s recent dissertation [74].

2.1.4 Solution algorithms

There is a variety of solution algorithms that have been applied to gen-
eral optimization problems. Detailed descriptions can be found in several
textbooks, such as Gill [75] or Fletcher [76]. Here, only a few solution al-
gorithms are described that have been applied successfully on structural
optimization-based problems such as optimality criteria (OC) methods,
methods based on explicit convex approximations and purely heuristic
methods.
The OC method solves the optimization problem directly resulting

from optimal conditions if closed-form expressions are available. It is
very efficient if the number of constraints is small compared to the num-
ber of variables. The OC method has been well-developed and success-
fully applied to weight minimization problems for different structures,
for example, based on a ground structure by Zhou and Rozvany [77, 78]
and Hassani [72] or based on a continuum structure by Chiandussi [79]
and Gheami [80]. In CM, OC methods have been applied successfully
to compliant amplification devices by Saxena [14] and Canfield [81]. In
summary, the OC method seems to be advantageous due to its efficiency
and straightforward implementation.
Convex approximation algorithms, such as sequential linear pro-

gramming (SLP), the sequential quadratic programming (SQP), convex
linearization (CONLIN) and the method of moving asymptotes (MMA),
can be described as iterative processes of approximated optimizations. In
SLP, linear approximations of a Taylor series expansion of the objective
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function and constraint equations are used, e.g. by Bremicker for dif-
ferent truss structures [82]. SLP can handle several objective functions
and a large number of design variables. However, the computational
efficiency strongly depends on a certain move limit. Kumar proposed
an adaptive control of the move limit to improve the convergence for
topology optimization problems [83]. In SQP, quadratic approximations
are used providing a potentially more robust and accurate solver. How-
ever, the Hessian matrix, i.e. the second-order derivative of the objec-
tive function, needs to be calculated in each iteration which becomes
cumbersome for a high number of design variables, as shown by Her-
skovits [84] and Morin [85]. In CONLIN, the optimization problems are
solved taking specific characteristics of a structural-optimization-based
problem into account, i.e. it uses intervening variables to obtain better
approximations as proposed by Fleury [86, 87]. In MMA, slightly differ-
ent intervening variables are used resulting in an even higher convergence
rate. MMA was developed [88], extended to a globally convergent MMA
(GCMMA) [89] and compared with each other by Svanberg [90]. A
computational comparison of all aforementioned convex approximation
algorithms applied to weight minimization of 79 structures was given by
Schittkowski [91]. In summary, the GCMMA seems to be highly useful
and advantageous to structural optimization problems, in particular, due
to its simple handling of additional constraints.
Heuristic algorithms, such as genetic algorithms (GA), simulated

annealing (SA), ant colony optimization (ACO) and particle swarm op-
timization (PSO) and cellular automata (CA), are non-gradient-based
algorithms based on natural phenomena and have been applied to topol-
ogy optimization problems that can hardly be solved by conventional,
gradient-based methods. CA methods are inspired by the biological pro-
cess of bone remodeling where only elements on the surface of a cur-
rent design are modified. CA were applied to cantilever structures by
Kita [92] and Abdalla [93], to tower structures by Kicinger [94, 95], to
crashworthiness by Guo [96] and extended to eigenvalue problems by Ab-
dalla [97]. Tovar applied CA to airfoil structures [98], introduced local
control rules [99] and proposed CA specific optimality conditions [100].
A ground structure was used and compared for CA by Gürdal [101] and
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Tatting [102]. As shown recently by Penninger in [103]. GA are also
widely used in topology optimization and based on selection, crossover
and mutation. Erbatur, Hajela, Jakiela, Lin, Rajeev and Wu applied
GA to different stiff structures [104–111]. Comparisons of GA to other
heuristic algorithms were drawn by Zitzler [112] and Botello [113]. Multi-
objective algorithms were introduced by Srinivas [114], Coello [115,116]
and Tai [117], and reviewed by Veldhuizen [118]. Adaptive penalty
schemes were introduced by Nanakorn [119], Lemonge [120] and Yeniay
[121]. Bit array representation were used by Wang [122], harmony search
algorithm was implemented by Lee [123] and a two-stage adaptive algo-
rithm was proposed by Balamurugan [124]. Other algorithms have been
applied less widely, for example, SA by Kirkpatrick [125] and Suppaptn-
arm [126], PSO by Perez [127], Padhye [128] and by Li [129], and ACO by
Camp [130,131] and Kaveh [132]. In order to design CM systematically,
heuristic methods have been applied by different research groups, such
as, Parson [133] and Saxena [134] by applying GA to a ground structure,
Lu [135,136] aiming to morph adaptive shapes, Sharma [137–140] apply-
ing different heuristic methods to a continuum structure, and Liu [141] by
applying GA to binary strings that represent different multi-link mech-
anisms. An overview on the mentioned heuristic algorithms is given by
Lagaros [142] and more recently by Li [143]. As a common tendency,
heuristic methods may have a slow convergence and are not necessarily
globally convergent to an optimal design.
Based on the aforementioned literature research and a numerical com-

parison of the different solution algorithms in own sample scenarios, the
OC method, as a limited but very efficient solution technique, and the
GCMMA method, as a successful and very versatile solution technique,
are adopted and implemented in a staggered topology optimization algo-
rithm in this work. A detailed description of each method’s mathematical
background and implementation is given in Sect. 3.1.

2.1.5 Research needs

The aforementioned topology optimization techniques lead in a system-
atic manner to final, optimized topologies, i.e. an optimal distribution of
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material over the design domain is obtained. As a key result, the posi-
tions of hinges but not their optimal shape is obtained. Thus, one-node
hinges (or often called pseudo-hinges) with doubtful physical meaning
arise. Although some techniques exist circumventing this critical issue,
e.g. [144], [145] or [146], a more consequent way is to use the already
known data from the finite element calculation used in the topology op-
timization process. Since nodal displacements for a given topology are
known, the required deflection range are available without additional
costs, as well. Using these information would be beneficial to replace
one-node hinges with real flexure hinges that meet the deflection and
load bearing requirements as a result of their specific shape, dimension
and material data.

2.2 Current state of flexure hinges and com-
pliant mechanisms

Compliant mechanisms have been designed, manufactured and applied
to small, micro and nanoscale problems by several research and engi-
neering groups. Besides the design of the CM’s skeleton using either
systematic or intuitive techniques, a special focus is on the FH that en-
able the desired overall motion of CM through a permanent deformation
but become highly stressed and, thus, susceptible to material failure. A
brief overview of relevant research on common types of FH and current
applications of CM is presented now.

Remark. This work focuses on planar CM with incorporated planar FH,
since most three-dimensional applications can be performed by a combi-
nation of planar and perpendicularly-oriented CM. Therefore, non-planar
CM are not discussed here.

2.2.1 Flexure hinges

There exist different types of FH, such as planar FH, rotational sym-
metric FH and compliant joints that consist of a system of FH. In terms
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(a) Circular notch hinge (b) Rectangular leaf hinge

Figure 2.6: Common shapes of planar flexure hinges [148]

of topology optimization of in-plane mechanisms, planar FH are more
relevant and, thus, are reviewed here. A review of rotational symmetric
FH is given by Trease [147].

Many different types of FH have been investigated by several re-
search groups. Paros and Weisbord did pioneer work yielding approx-
imate compliances of differently shaped FH as early as in 1965 [149].
In the last decade, the design of FH has gained more attention due
to a growing number of applications of CM. Several research groups
proposed analytical, numerical and experimental studies: Researchers
around Chen, Hsioa, Lobontiu, Smith, Tian, Tseytlin, Xu and Zhang
presented analytical equations and numerical finite element (FE) calcula-
tions for circular and corner-filleted (i.e. rectangular) [150–154], symmet-
ric conic [155], parabolic and hyperbolic [156], V-shaped [157], elliptical
and conical [158–160], concave [161], half corner-filleted [162], variable
rectangular [163], corner [164] and three segment FH [165]. However,
the most common shapes of FH implemented in CM are circular and
rectangular FH due to manufacturability, as shown in Fig. 2.6.

Mostly, compliances are derived for discrete points by using Cas-
tigliano’s theorem, as suggested and extensively applied by Lobontiu in
his milestone book on the design and modeling of FH [166], which has
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been frequently cited and has been taken as a starting point for further
developments by the aforementioned authors. Smith published another
landmark book providing an excellent description of flexure elements
and flexure systems [167] from a broader engineering standpoint. Recent
comparisons and reviews on different FH’s performances were given by
Yong [168,169] and Tain [170].
Other literature has been published addressing relevant properties of

flexure hinges, such as the effect of the accuracies of analytic equations
on CM by Yong [171], the error due to machining imperfections by Ryu
[172] and avoiding buckling failure due to high compressive loads by
Guerinot [173].
An inverse design of FH, i.e. finding the optimal shape of an FH,

based on required performance specifications such as deflection range
and infinite fatigue life is not known to the author’s knowledge.

2.2.2 Compliant mechanisms

The majority of CM have been designed by using time intensive, intuitive
approaches instead of systematic techniques as described in Sect.2.1. For
this purpose, Howell provided design engineers with a milestone mono-
graph on CM [11]. Besides a few early CM devices, e.g. by Scire in
1978 [174], CM have become popular since the mid 1990s. In particular,
high and ultra precision problems accelerated the development of new
techniques based on CM that are able to provide higher precision than
existing multi-body systems.
Gripping devices for nano and micro applications were proposed, for

example, a force and position controlled 1-degree-of-freedom micro grip-
per by Goldfarb [175] or an ultra precise micro gripper by Zubir [176] as
shown in Fig. 2.7(a) and Fig. 2.7(b), respectively.
Several positioning and motion devices for nano and micro appli-

cations were proposed: a wafer stage mechanism providing translational
and rotational motion by Ryu [180] and by Yi [177] as shown in Fig. 2.7(c),
a two-grade amplifying parallel CM by Gao [181], a 3-translational-DOF
CM has been developed and benchmarked in terms of accuracy by Niar-
itsiry [182], a microscopy scanning device based on 3-translational-DOF
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(a) Micro-gripper [175] (b) Micro-gripper [176]

(c) 3-DOF mechanism [177] (d) Decoupled parallel CM [129]

(e) Compliant magnifier [178] (f) Compliant feed unit [148]

(g) Scott-Russel CM [179] (h) Transparent positioner [129]

Figure 2.7: Current compliant mechanisms possessing flexure hinges
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CM was developed by Kim [183]. Tian modeled a Scott-Russel mech-
anism under dynamic conditions and proposed another five-bar CM as
shown in Fig. 2.7(g) [179, 184]. Chang developed a large travel range
CM [185]. Yong developed a 3-RRR mechanism [186] and Yao designed
and tested a compliant, parallel XY stage [187]. Tang developed a
parallel CM with large-displacements and a decoupled kinematic struc-
ture [188, 189]. Ma and Kim analyzed the amplification of bridge-type
CM [190,191].
Li proposed a decoupled parallel micro positioning device [129] as

shown in Fig. 2.7(d). Choi introduced a magnification device [178], as
shown in Fig. 2.7(e). Recently, Kohrs developed and tested a compliant
feed unit [148] as shown in Fig. 2.7(f). Callegari designed and tested a
spherical micro positioning device [192]. An ortho-planar linear motion
spring was proposed and patented by Howell and Parise [193,194].
Steel or aluminum alloys were used in most CM, whereas a polymer-

based, transparent positioner was presented by Chae [195] shown in
Fig. 2.7(h) and a CM with implemented (superelastic) shape memory
alloy FH by Raatz [196]. A review from a technological standpoint is
given by Ouyang [197].

2.2.3 Research needs

Compliant mechanisms and, particularly, the implemented FH are per-
manently deformed and, thus, susceptible to fracture and fatigue failure.
In a fairly recent review paper, Shuib pointed out rightly that there are
currently too few fatigue data on flexure hinges used in CM and further
research is necessary to prevent premature failure in CM [2]. Analytical
studies on the fatigue life of FH is not known to the author’s knowledge.
Therefore, the derivation of relevant mechanical properties is of great
interest and is addressed in Sect. 4.
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3 Topology optimization
of compliant mechanisms

The design and optimization of CM performed in this work is described
now. Necessary and relevant fundamentals are derived in Sect. 3.1. The
implementation of the algorithm into a MATLAB environment is de-
scribed in Sect. 3.2. The results of the topology optimization are shown
and discussed in Sect. 3.3. A summary is given in Sect. 3.4.

3.1 Relevant fundamentals

Fundamental knowledge on continuum mechanics, finite element analy-
sis, and topology optimization techniques can be found in various text-
books [3,198,199]. Here, only relevant fundamentals that are applied in
this work, are recalled.
The aim of topology optimization is to find an optimal material distri-

bution for a given design domain Ω0 under certain boundary and loading
conditions, e.g. stresses t and displacements u. A sample topology opti-
mization problem is illustrated by Fig. 3.1: a general design domain with
specified solid and void areas is adapted to match a specific load scenario,
as shown in Fig. 3.1(a) and Fig. 3.1(b). Then, a systematic optimiza-
tion of the material distribution leads to a final topology as presented in
Fig. 3.1(c).

Remark. Any body forces are omitted due to their negligible role in the
later modeling of CM.
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(a) (b) (c)

Figure 3.1: General topology optimization problem of designing an opti-
mal material distribution: (a) general design domain, (b) sample rectan-
gular design domain and (c) optimal topology of a compliant mechanism
based on a 6,400 finite element discretization

3.1.1 Fundamentals of continuum mechanics

The topology optimization algorithm described and implemented in this
work is based on a planar finite element (FE) discretization of the con-
tinuous material domain. In order to obtain a valid numerical formula-
tion later, some fundamentals of continuum mechanics need to be derived
beforehand.

Remark. For better understanding, most equations are listed by two lines,
representing concise vector notation and explicit Einstein notation, re-
spectively. Details on these notations can be found in standard contin-
uum mechanics literature, e.g. in [200].

3.1.1.1 Deformation and motion

The material domain in an initial state is denoted by Ω0. This initial con-
figuration is chosen to be the reference configuration, i.e. the equations
that describe the deformations and motions refer to this configuration.
Fig. 3.2 illustrates a material domain in its reference and current config-
uration, i.e. in its undeformed and deformed state. The material domain
in an undeformed state and all its material points can be described by
material coordinates

X = Xiei ∈ Ω0, (3.1)
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Figure 3.2: Undeformed (reference) configuration and deformed (current)
configuration of a material domain

that do not change with time. Here, Xi are the components of the
position vector in the reference configuration and ei are the unit base
vectors of a Cartesian coordinate system.
In contrast to this, the position of a point in the current configuration

(after undergoing some motion) is described by

x = xiei ∈ Ω, (3.2)

where xi are the components of the position vector in the current config-
uration. Themotion φ that links the deformed state to the undeformed
state is

x = φ(X, t),

xi = φi(X, t).
(3.3)

The displacement u of a material point caused by a motion is given
by

u = x − X,

ui = xi − Xi.
(3.4)
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The deformation gradient F is defined as

F =
∂φ

∂X
=

∂x

∂X
= (∇0φ)T ,

Fij =
∂φi

∂Xj
=

∂xi

∂Xj
,

(3.5)

where ∇0 is the gradient with respect to the material coordinates. In
terms of displacements it can be expressed as

F = I + ∇0u,

Fij = δij +
∂ui

∂Xj
.

(3.6)

The determinant of F is denoted by

J = det(F ), (3.7)

and is used to link the integrals between different configurations, e.g.
∫

Ω
(.)dΩ =

∫

Ω0

(.)JdΩ0. (3.8)

3.1.1.2 Strain measures

The Green strain tensor E (sometimes referred as Green-Lagrange
strain) is a symmetric, second-order tensor and is defined as

E =
1

2

(
F TF − I

)
,

Eij =
1

2
(FkiFkj − δij) ,

(3.9)

and it can be expressed in terms of displacements as

E =
1

2

(
∇0u + (∇0u)T + (∇0u)T ∙ ∇0u

)
,

Eij =
1

2

(
∂ui

∂Xj
+

∂uj

∂Xi
+

∂uk

∂Xi

∂uk

∂Xj

)

.
(3.10)
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The Almansi strain tensor e is a second-order tensor and is defined
as

e = 1
2

(
I − F −TF −1

)
, (3.11)

and it can be expressed in terms of displacements as

e =
1

2

(
∇u + (∇u)T − (∇u)T ∙ ∇u

)
,

eij =
1

2

(
∂ui

∂xj
+

∂uj

∂xi
−

∂uk

∂xi

∂uk

∂xj

)

.
(3.12)

Both strain tensors are linked with each other by the (push-forward)
relation

e = F −T ∙ E ∙ F −1. (3.13)

In the case of small strains, the linearized strain tensors Elin and
elin are used, where the nonlinear terms are omitted. Based on the
assumption that there is a negligible difference in the material and spa-
tial coordinates of a given material point, the gradients with respect to
material and spatial coordinates coincide. Thus,

Elin ≈ elin ≈ ε =
1

2

(
(∇u)T + ∇u

)
,

Elin
ij ≈ elin

ij ≈ εij =
1

2

(
∂ui

∂xj
+

∂uj

∂xi

)

,
(3.14)

with ε as the second-order (linear) small strain tensor.

3.1.1.3 Stress measures

Three different stress measures are used later: the Cauchy stress ten-
sor σ, the nominal (first Piola-Kirchhoff) stress tensor P and the second
Piola-Kirchhoff (PK2) stress tensor S. Fig. 3.3 illustrates the different
stress measures in their corresponding configuration.
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Figure 3.3: Definition of stress measures in the reference and current
configuration [201]

The Cauchy-stress tensor σ is a symmetric, second-order tensor
defined in the current configuration by

n ∙ σdΓ = tdΓ,

niσijdΓ = tjdΓ.
(3.15)

The nominal stress tensor P is a non-symmetric, second-order
tensor defined in the reference configuration by

n0 ∙ P dΓ0 = t0dΓ0,

n0iPijdΓ0 = t0jdΓ0.
(3.16)

It can be seen, that σ and P are defined similarly except that they refer
to different configurations.
The second Piola-Kirchhoff stress tensor S is a symmetric,

second-order tensor defined by

n0 ∙ SdΓ0 = F −1 ∙ t0dΓ0,

n0iSijdΓ0 = F−1
ij t0idΓ0.

(3.17)

The three stress measures are linked with each other by the relations

P = JF−1 ∙ σ = S ∙ F T ,

Pij = JF−1
ik σkj = SikFjk.

(3.18)

In the case of F = I , all three stress measures coincide.
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3.1.1.4 Conservation equation and weak formulation

There are several conservation equations where the conservation of linear
momentum, as the most relevant one in this work, is briefly described.
Neglecting any body forces and accelerations, the conservation of linear
momentum is reduced to the equilibrium equation that is with respect
to the reference configuration

∇0 ∙ P = 0,

∂Pij

∂Xi
= 0.

(3.19)

The general optimization problem already shown in Fig. 3.1(a) has to
satisfy the equilibrium equation given by Eq. (3.19). Since differentia-
bility of the stress is often a too strong requirement, an equivalent weak
formulation will be developed from the strong formulation.
Forming a scalar product with an arbitrary, smooth, vector-valued

test function δv = δv(X) and integrating over the entire design do-
main Ω0 leads to

∫

Ω0

(∇0 ∙ P ) ∙ δv dΩ0 = 0,

∫

Ω0

∂Pij

∂Xi
δvj dΩ0 = 0.

(3.20)

Applying the product rule of differentiation

(∇0 ∙ P ) ∙ δv = ∇0 ∙ (P ∙ δv) − (∇0δv) : P ,

∂Pij

∂Xi
δvj =

∂(Pijδvj)

∂Xi
− Pij

∂δvj

∂Xi
,

(3.21)

yields
∫

Ω0

(∇0 ∙ (P ∙ δv) − (∇0δv) : P ) dΩ0 = 0,

∫

Ω0

(
∂(Pijδvj)

∂Xi
−

∂(δvj)

∂Xi
Pij

)

dΩ0 = 0.

(3.22)
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By applying Gauss’ divergence theorem on the first term, recalling the
stress vector as introduced in Eq. (3.17), and considering nonzero tension
only at the surface Γ0

t the first term of Eq. (3.22) can be manipulated
to
∫

Ω0

∇0 ∙ (P ∙ δv)dΩ =

∫

Γ0

(P0 ∙ δv) ∙ n dΓ0 =

∫

Γ0
ti

t0 ∙ δv dΓ0,

∫

Ω0

∂(Pijδvj)

∂Xi
dΩ =

∫

Γ0

Pijδvjn
0
i dΓ0 =

2∑

j=1

∫

Γ0
t

t0jδvj dΓ0.

(3.23)

Considering two-dimensional problems, Eq. (3.22) can be rewritten as
∫

Ω0

(∇0δv) : P dΩ0 =

2∑

j=1

∫

Γ0
tj

(t0 ∙ ej) ∙ (δv ∙ ej) dΓ0,

∫

Ω0

Pij
∂δvj

∂Xi
dΩ0 =

2∑

j=1

∫

Γ0
t

t0jδvj dΓ0.

(3.24)

By using Eq. (3.5), the first term of Eq. (3.24) is substituted by

(∇0δv) : P = δ(∇0v) : P = (δF ) : P ,

∂(δuj)

∂Xi
Pij = δ

(
∂uj

∂Xi

)

Pij = (δFji)Pij,
(3.25)

yielding
∫

Ω0

(δF T ) : P dΩ0 =
2∑

j=1

∫

Γ0
tj

(t0 ∙ ej) ∙ (δv ∙ ej) dΓ0,

∫

Ω0

(δFji)Pij dΩ0 =
2∑

j=1

∫

Γ0
t

t0jδvj dΓ0,

(3.26)

representing the weak formulation of the equilibrium equation which is
equivalent to the strong formulation given in Eq. (3.19) but the differ-
entiability requirements have been weakened. This formulation is also
called the potential of virtual work where the LHS and RHS are related
to the internal and external forces, respectively.
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3.1.2 Fundamentals of finite element analysis

A numerical formulation of the weak formulation of the equilibrium equa-
tion given in Eq. (3.26) is now developed, which finally leads to a set of
equations that later is solved numerically. Following [201], isoparametric
finite elements (FE) are introduced, a numerical formulation is given and
the constitutive equation is presented. Finally, explicit matrix expres-
sions of the tangent stiffness are derived.

3.1.2.1 Isoparametric two-dimensional finite elements

The material domain, i.e. the design domain, is discretized by two-
dimensional, quadrilateral FE, where the shape functions NI with the
nodal indices I = 1..4 are

NI =
1

4
(1 + ξIξ) (1 + ηIη) , (3.27)

as illustrated in Fig. 3.4.
The material coordinates of an arbitrary point within the FE are

expressed by these shape functions and the nodal coordinates xI

x(ξ) = NI(ξ)xI ,

xi(ξ) = NI(ξ)xiI ,[
x(ξ)
y(ξ)

]

= NI(ξ)

[
xI

yI

]

,

(3.28)

with the element coordinates ξ = [ξ, η]T . The displacements of an arbi-
trary point within the FE are expressed similarly by the nodal displace-
ments uI

u(ξ) = NI(ξ)uI ,[
u(ξ)
v(ξ)

]

= NI(ξ)

[
uI

vI

]

.
(3.29)

The derivatives of the shape functions with respect to the material co-
ordinates are

B0
[2×4]

=

[
N1,X N2,X N3,X N4,X

N1,Y N2,Y N3,Y N4,Y

]

, (3.30)
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(a) (b)

(c)

Figure 3.4: Mapping from original element (a) to squared, master ele-
ment (b) using bilinear shape functions NI(ξ, η), I = 1, ..., 4 (c); adopted
and modified from [202]

and can be calculated for each shape function NI by

BT
0I = NT

I,X = [NI,X NI,Y ] = NT
I,ξX

−1
,ξ = NT

I,ξ

(
F 0

ξ

)−1
, (3.31)

The latter term represents inverse of the Jacobian matrix of the map-
ping between the material and the (master) element coordinates. The
gradients NT

I,ξ for the considered four-node quadrilateral FE are

NT
I,ξ =







∂N1/∂ξ ∂N1/∂η
∂N2/∂ξ ∂N2/∂η
∂N3/∂ξ ∂N3/∂η
∂N4/∂ξ ∂N4/∂η





 =

1

4







ξ1(1 + η1η) η1(1 + ξ1ξ)
ξ2(1 + η2η) η2(1 + ξ2ξ)
ξ3(1 + η3η) η3(1 + ξ3ξ)
ξ4(1 + η4η) η4(1 + ξ4ξ)





, (3.32)

later, the derivatives of the shape functions are expressed in a short hand
notation as B0

jI = ∂NI/∂Xj.
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3.1.2.2 Finite element formulation

Following [201], the continuous weak formulation given in Eq. (3.26) is
now discretized by the aforementioned FE, where the coordinates and
displacements are expressed by using the shape functions as given in
Eq.(3.28) and (3.29). Similarly, the test functions, also called variations,
are described by

δu(X) = δuINI(X),

δui(X) = δuiINI(X).
(3.33)

The deformation gradient, given in Eq. (3.5), is described by

F = xBT
o ,

Fij = B0
jIxiI =

∂NI

∂Xj
xiI ,

(3.34)

or

F = I + ∇0u = I + uBT
0 ,

Fij = δij +
∂NI

∂Xj
uiI ,

(3.35)

since δxiI = δ(XiI + uiI) = δuiI . The variation of the deformation
gradient is described by

δF = δuBT
o ,

δFij = B0
jIδuiI =

∂NI

∂Xj
δuiI ,

(3.36)

The internal virtual work, given by the LHS of the weak formulation
from Eq. (3.26), is then reformulated to

δuiIf
int
iI =

∫

Ω0

(δFij)Pji dΩ0 = δuiI

∫

Ω0

∂NI

∂Xj
Pji dΩ0, (3.37)
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and due to the arbitrariness of the test function δuiI this yields the
internal forces

f int =

∫

Ω0

BT
0 P (u) dΩ0,

f int
iI =

∫

Ω0

∂NI

∂Xj
Pji dΩ0 =

∫

Ω0

B0
jIPji dΩ0,

(3.38)

and its infinitesimal increment df int as

df int =

∫

Ω0

BT
0 dP (u)dΩ0, (3.39)

where, again, B0 contains the derivatives of the shape functions as given
in Eq.(3.31). By using P (u) = SF T yields

f int =

∫

Ω0

BT
0 SF TdΩ0, (3.40)

df int =

∫

Ω0

BT
0 (dS)F TdΩ0

︸ ︷︷ ︸
df int

mat

+

∫

Ω0

BT
0 S(dF )TdΩ0

︸ ︷︷ ︸
df int

geo

. (3.41)

The internal load vector f int can be computed explicitly by Eq. (3.40).
The external virtual work, given by the RHS of the weak formulation

from Eq. (3.26), is reformulated to

δuiIf
ext
iI =

∫

Γ0
ti

t0i δui dΓ0 = δuiI

(∫

Γ0
ti

NIt
0
i dΓ0

)

, (3.42)

and, again, due to the arbitrariness of the test function δuiI this yields
the external forces

f ext
iI =

∫

Γ0
ti

NIt
0
i dΓ0. (3.43)
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3.1.2.3 Constitutive equation

The stresses are expressed by the material properties and the occurring
strains E = E(u) at each material point based on the displacements. In
compliant mechanisms, where large deformations may occur in the flex-
ure hinges, the material response can be properly modelled by extending
Hooke’s linear law of elasticity σ = C : ε by replacing the Cauchy stress
by the PK2 stress S and the small strain tensor by the nonlinear Green
strain tensor E

S(u) = C : E(u),

Sij(u) = CijklEkl(u),
(3.44)

where C represents the fourth-order elasticity tensor. For isotropic mate-
rials, as usually used in applications of CM, this relation can be simplified
and rewritten in Voigt notation, as outlined in Appendix A.1 as

S(u) =
Eν

1 − ν2
tr(E(u))I +

E

1 + ν
E(u),

Sab(u) =
Eν

1 − ν2
Ekk(u)δab +

E

1 + ν
Eab(u).

(3.45)

In the case of a plane stress state, one obtains





S11

S22

S12





︸ ︷︷ ︸
{S(u)}

=
E

1 − ν2




1 ν 0
ν 1 0
0 0 (1 − ν)/2





︸ ︷︷ ︸
[C]






E11

E22

2E12





︸ ︷︷ ︸

{E(u)}

(3.46)

with E and ν as the Young’s modulus and the Poisson’s ratio, respec-
tively.
Remark. Further details on the reduction of the forth-order elasticity
tensor are given in standard continuum mechanics textbooks, e.g. [200].
After computing the stresses as given in Eq. (3.45), the internal forces

are available as well, leading to the set of equations
∫

Ω0

BT
0 S(u)F TdΩ0

︸ ︷︷ ︸
f int=K(u) u

=

∫

Γ0
ti

NIt
0
i dΓ0

︸ ︷︷ ︸
fext

. (3.47)
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3.1.2.4 Tangent stiffness matrix formulation

In Eq. (3.41), the first part df int
mat depends on the material response

since it involves the change of stress dS. The second part df int
geo accounts

for geometric effects of the deformation. Using the identity given in
Eq. (3.31), the two parts can be written in standard index notation as

df int
mat iI =

∫

Ω0

∂NI

∂Xk
dSklFildΩ0, (3.48)

df int
geo iJ =

∫

Ω0

∂NJ

∂Xk
SkldFildΩ0. (3.49)

Now, both increments are reformulated as df int
mat = Kmatdu and df int

geo =
Kgeodu introducing material and geometric tangent stiffness matrices.

Material tangent stiffness matrix

Since the stress will be expressed by the fourth-order elasticity tensor
Cijkl, rewriting Eq. (3.48) is helpful

df int
mat =

∫

Ω0

BT
0 {dS}dΩ0 (3.50)

where the increment of the PK2 stress is {dS} = [C]{dE} and a B0

matrix is introduced following [201] with

B0
jliI = sym

j,l

(
∂NI

∂Xj
Fil

)

. (3.51)

Note, that B0 6= B0. Furthermore, it incorporates the deformation
gradient F , that can be easily computed by

F
[2×2]

= I
[2×2]

+ H
[2×2]

=

[
∂x
∂X

∂x
∂Y

∂y
∂X

∂y
∂Y

]

, (3.52)

with

H
[2×2]

= ∇0u =

[
u1 u2 u3 u4

v1 v2 v3 v4

]






N1,X N1,Y

N2,X N2,Y

N3,X N3,Y

N4,X N4,Y





 . (3.53)
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Thus, for instance, the first part of B0 is calculated by

B0I
[3×2]

=




NI,X

∂x
∂X NI,X

∂y
∂X

NI,Y
∂x
∂Y NI,Y

∂y
∂Y

NI,X
∂x
∂Y + NI,Y

∂x
∂X NI,X

∂y
∂Y + NI,Y

∂y
∂X



 . (3.54)

Using {dE} = B0du leads to

df int
mat =

∫

Ω0

BT
0 [C] B0dΩ0 du, (3.55)

and, thus, the material tangent stiffness matrix becomes

K
[8x8]

mat =

∫

Ω0

BT
0

[8x3]
[C]
[3x3]

B0
[3x8]

dΩ0. (3.56)

It can be seen, that the material tangent stiffness matrix connects the
increments of the internal nodal forces to the increment of the displace-
ments based on the material response.

Geometric tangent stiffness matrix

Similarly, the geometric stiffness matrix becomes from Eq. (3.49)

df int
geo iI =

∫

Ω0

∂NI

∂Xk
SkldFildΩ0,

=

∫

Ω0

B0
IkSklB

0
lSdΩ0 duiS,

=

∫

Ω0

B0
IkSklB

0
lSdΩ0 δitdutS,

df int
geo I = I

∫

Ω0

BT
0ISB0SdΩ0 duS,

(3.57)

where the identity dFil = B0
lS duiS is applied. Thus, the geometric

tangent stiffness matrix becomes

Kgeo
IJ = I

∫

Ω0

BT
0ISB0JdΩ0, (3.58)
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where the identity applies as a submatrix operator on each scalar αIJ

with

αIJ =

∫

Ω0

BT
0I

[1x2]
S

[2x2]
BT

0J
[2x1]

dΩ0. (3.59)

leading to the geometric tangent stiffness matrix written as

Kgeo =















α11 0 α12 0 α13 0 α14 0
0 α11 0 α12 0 α13 0 α14

α21 0 α22 0 α23 0 α24 0
0 α21 0 α22 0 α23 0 α24

α31 0 α32 0 α33 0 α34 0
0 α31 0 α32 0 α33 0 α34

α41 0 α42 0 α43 0 α44 0
0 α41 0 α42 0 α43 0 α44















. (3.60)

Finally, the tangent stiffness matrix KT can be computed by Eqs. (3.56)
and (3.58).

3.1.3 Fundamentals of topology optimization tech-
niques

The optimization techniques implemented in this work aim to find an
optimal distribution of the design variables to maximize a specific ob-
jective function under certain constraints, which will be explained first.
Then, two different techniques implemented in this work are outlined:
the closed-form optimality criteria method and the globally convergent
method of moving asymptotes.

3.1.3.1 Design variables, objective functions and constraints

Design variables

Motivated by already established optimization techniques aiming to max-
imize the stiffness of structures, artificial, dimensionless densities ρe for
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Figure 3.5: Graphical interpretation of different values of the design
variables ranging from solid (black, ρe = 1) to void (white, ρe ≈ 0)

each FE are introduced as design variables. The design variables ρe are
bounded by unity and (almost) zero, where the lower bound ρ = 1 ∙ 10−3

is introduced to avoid numerical difficulties, such as singularity of the
global stiffness matrix

0 < ρ ≤ ρe ≤ ρ = 1. (3.61)

Thus, density values of (almost) zero or unity represent void or solid
material of the corresponding FE, as illustrated in Fig. 3.5.
The global stiffness matrix K is assembled by density-weighted, local

stiffnesses of each FE, i.e. solid FE are counted in, whereas void FE are
practically not

K =

N⋃

e=1

ρeKe. (3.62)

Objective functions

Topology optimization techniques of stiff structures often aim to max-
imize the stiffness of the entire structure. An objective function that
describes this stiffness is the overall strain energy (SE) that has to be
minimized in the domain:

SE =
1

2

∫

Ω0

σinEindΩo, (3.63)

where σin is the stress field when only the input load at the input point
Pin is applied. This or similar formulations are often minimized to design
a nearly rigid structure with maximum stiffness.
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In contrast to this, topology optimization of compliant mechanisms
needs to yield flexible mechanisms that are very compliant while being
able to resist certain loads. An objective function that describes the
flexibility of the domain is the mutual potential energy (MPE) that has
to be maximized

MPE =

∫

Ω
σoutEindΩ, (3.64)

where σout is the stress field due to a unit (dummy) load at the output
point Pout, and εin is the strain field due to the input load at the input
point Pin. Numerically, it can be computed by using a FE discretization

MPE = vTKu, (3.65)

where u and v are the nodal displacements caused by the forces fin and
fout at the input point Pin and output point Pout, respectively.
Since CM have to withstand applied forces as well as provide suf-

ficient motion, different approaches combining SE and MPE have been
investigated, such as maximizing the ratio, i.e. max MPE

SE , or minimiz-
ing a convex combination, i.e. min [−αMPE +(1−α)SE] for different
0 < α < 1, as described in [13].
However, since the main purpose of CM is to meet a specific mo-

tion performance, the MPE representing the output motion is further
considered as the most relevant objective function.

Constrained optimization problem

The topology optimization problem aims to find the optimal design vari-
ables that maximize the aforementioned objective function. However,
there are different mathematical, material and mechanical constraints
that have to be considered yielding a constrained optimization problem.
Besides the mathematical limitation on the design variables given in

Eq. (3.61), the most important constraint is given by the vector-valued,
quasi-static equilibrium equation, that represent the mechanical behavior
of the entire FE system. These equations ultimately depend on the



Topology optimization of compliant mechanisms 51

design variables and must hold for all intermediate and final solutions of
the optimization problems

K (u,ρ) u = f . (3.66)

Another relevant material constraint is the limitation of the overall mate-
rial that can be used. Without a material constraint an optimal solution
is typically not found. In stiffness maximization, it would lead to the ob-
vious solution of a full solid material domain, i.e. ρe = 1 ∀ e = 1 . . . N .
In flexibility maximization it would lead to a void material domain
ρe ≈ 0 ∀ e = 1 . . . N , which is obviously unusable. Therefore, an overall
material specification V is introduced

N∑

e=1

(ρe − V ) = 0, (3.67)

where 0 < V < 1 is typically chosen based on numerical experience to
V = 0.3, i.e. three out of ten FE are set to be solid.

Remark. Further constraints, such as specific output motions are ex-
plained in Sect. 3.2.

3.1.3.2 Optimality criteria method

The optimality criteria (OC) method is well suited for topology optimiza-
tion purposes due to its simplicity and efficiency. Here, it is explained
using the following, relevant optimization problem

(P)OC =






max
ρ

g0(ρ) =
∑N

e=1 uT
e ρeKeve

s.t. g1(ρ) =
∑N

e=1 (ρe − V ) = 0

K(ρ)u = f

{ρ ∈ RN : ρ ≤ ρe ≤ ρ, e = 1, . . . , N},

(3.68)

where g0(ρ) is the MPE which represents the output motion of a com-
pliant mechanism caused by a unit dummy load, and g1(ρ) the volume
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constraint. The derivative with respect to the (unknown) design vari-
ables is

∂g0(ρ)

∂ρe
= uT

e Keve. (3.69)

Following standard literature such as [198], a linearization of g0(ρ) in
the intervening variable

ye = ρ−α
e , (3.70)

is beneficial. Here, the positive scalar α is introduced. Then, the lin-
earized objective function becomes

g0(ρ) ≈ g0(ρ
(k)) +

N∑

e=1

∂g0(ρ)

∂ye

∣
∣
∣
∣
ρρρ=ρρρ(k)

(ye − y(k)
e ), (3.71)

where the derivative is calculated using the chain rule

∂g0(ρ)

∂ye
=

∂g0(ρ)

∂ρe

∂ρe

∂ye
=

∂g0(ρ)

∂ρe

1
∂ρ−α

e

∂ρe

= −
ρ1+α

e

α

∂g0(ρ)

∂ρe
. (3.72)

Substituting Eqs. (3.69) and (3.72) into Eq. (3.71) yields

g0(ρ) ≈ g0 +
N∑

e=1

bk
eρ

−α
e , (3.73)

with

g0 = const. and bk
e =

uT
e Keve

α
ρ1+α

e . (3.74)

This new subproblem becomes

(P)OC, sub =






min
ρ

∑N
e=1 bk

eρ
−α
e

s.t. g1(ρ) =
∑N

e=1 (ρe − V ) = 0

K(ρ)u = f

{ρ ∈ RN : ρ ≤ ρe ≤ ρ, e = 1, . . . , N},

(3.75)
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is convex and can be solved using Lagrangian duality. The Lagrangian
function of Eq. (3.75) can be formulated as

L(ρ, λ) =

N∑

e=1

bk
eρ

−α
e + λ

N∑

e=1

(ρe − V ) =

N∑

e=1

(
bk
eρ

−α
e + λρe − λV

)
,

(3.76)
and the corresponding dual function is

φ(λ) = inf
ρ≤ρe≤ρ

L(ρ, λ) = inf
ρ≤ρe≤ρ

N∑

e=1




bk

eρ
−α
e + λρe − λV

︸ ︷︷ ︸
φe




 . (3.77)

The dual function can be evaluated by finding separate minima for N
element-wise functions

φe(ρ, λ) = bk
eρ

−α
e + λρe − λV. (3.78)

The stationary point can be found by

∂φe(ρ, λ)

∂ρe
= −αbk

eρ
−α−1
e − λ

!
= 0, (3.79)

which is a minimum since the second derivative is always non-negative,
throughout this work, i.e.

∂2φe(ρ, λ)

∂ρ2
e

= α(α + 1)bk
eρ

−α−2
e ≥ 0. (3.80)

The Eq. (3.79) leads to

ρe =

(
αbk

e

λ

) 1
1+α

. (3.81)

Considering the interval ρ ≤ ρe ≤ ρ yields the primal-dual relation

ρe(λ) =






ρ if
(

αbk
e

λ

) 1
1+α

< ρ
(

αbk
e

λ

) 1
1+α

if ρ ≤
(

αbk
e

λ

) 1
1+α

≤ ρ

ρ if
(

αbk
e

λ

) 1
1+α

> ρ.

(3.82)
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The appropriately chosen ρe(λ) is now inserted into Eq. (3.77) to obtain
the dual function φ(λ) explicitly, leading to the dual problem

φ(λ) = L(ρ(λ), λ) =

N∑

e=1

φe(ρe(λ), λ). (3.83)

The optimal value λ∗ is determined by the stationary point of φ(λ) given
by

∂φ(λ)

∂λ
=

N∑

e=1

(
∂φe

∂ρe

∂ρe

∂λ
+

∂φe

∂λ

)
!
= 0. (3.84)

The product in the brackets is always zero, since

∂φe

∂ρe
= 0 if ρ ≤ ρe ≤ ρ, (3.85)

∂ρe

∂λ
= 0 elsewhere (3.86)

as indicated by Eqs. (3.79) and (3.82). This leads to

∂φ(λ)

∂λ
=

N∑

e=1

(ρe(λ) − V )
!
= 0, (3.87)

showing that the dual problem has a stationary point if the volume
constraint is satisfied. Due to the monotonic behavior of Eq. (3.87),
it can be easily solved by, e.g. bisection method, leading to a unique
solution λ∗.
Plugging λ∗ into the primal-dual relation given by Eq. (3.82) yields

an updated design variable for each element

ρ(k+1)
e = ρe(λ

∗). (3.88)

Recalling Eqs. (3.74), (3.81) and the interval limitation given in Eq. (3.82)
result in an update of the design variables

ρ(k+1)
e = min





max











(
u

(k)
e

)T

Kev
(k)
e

λ






η

ρ(k)
e , ρ




 , ρ





, (3.89)
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where a numerical damping term η = 1
1+α is introduced to coincide with

standard literature, e.g. [198].

3.1.3.3 Globally convergent method of moving asymptotes

The globally convergent method of moving asymptotes (GCMMA) is ap-
plied to nonlinear optimization problems with several inequality restric-
tions. It uses explicit, conservative, convex, separable approximations,
where only function values fk(x) and first derivatives ∇fk(x) of the ob-
jective function and the restriction inequalities are evaluated. The ap-
proximations and the corresponding moving asymptotes are calculated
heuristically as described in detail in [89, 90]. A brief overview and a
simple example are given here:

(P)GCMMA =






min f0(x) + a0z +
m∑

k=1
(ckyk + 1

2dky
2
k)

s.t. fk(x) − akz − yk ≤ 0, k = 1, . . . ,m

x ∈ X = {x ∈ RN : xmini ≤ xi ≤ xmaxi , i = 1, . . . , n}

y ∈ Rm, y ≥ 0

z ∈ R, z ≥ 0.

(3.90)

where xmini and xmaxi are the extremal values of the design variables,
f0, f1, . . . , fm are known, differentiable functions, e.g. cost and restric-
tion functions, a0, ak, ck and dk non-negative, real numbers with a0 >
0, ak ≥ 0, ck ≥ 0, dk ≥ 0 and ck + dk > 0 and for ak > 0 with akck > a0,
y1, . . . , ym and z are artificial variables that are introduced for simplicity.
The GCMMA uses inner and outer loops, where the indices κ and ν

denote the iteration number of the outer and inner loops. The optimiza-
tion process is outlined here:

1. Choose a feasible initial point x(1), y(1) and z(1).

2. Perform an outer iteration from
(
x(κ) , y(κ), z(κ)

)
to
(
x(κ+1) ,

y(κ+1), z(κ+1)
)
:
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(a) Create a subproblem by replacing the functions fk(x) by con-
vex approximations f̃

(κ,ν)
k (x).

(b) Calculate the optimum of the subproblem yielding
(
x̂(κ,0) ,

ŷ(κ,0), ẑ(κ,0)
)
.

(c) Check if f̃
(κ,0)
k (x̂(κ,0)) ≥ fk(x̂

(κ,0)) ∀ k = 0, 1, . . . ,m.

If yes, next (outer) iteration step is reached (x(κ+1), y(κ+1),
z(κ+1)) = (x̂(κ,0), ŷ(κ,0), ẑ(κ,0)).
If no, perform an inner iteration:

i. Create a new subproblem by replacing the functions fk

(x) with f̃
(κ,1)
k (x), that are even more conservative than

f̃
(κ,0)
k (x), for each k where the inequality equations are

not met and evaluate f̃
(κ,1)
k (x) at x(κ).

ii. Calculate the optimum of the (inner) subproblem yield-
ing

(
x̂(κ,1), ŷ(κ,1), ẑ(κ,1)

)
.

iii. Check if f̃
(κ,1)
k (x̂(κ,1)) ≥ fk(x̂

(κ,1)) ∀ k = 0, 1, . . . ,m.
If yes, inner iteration is finished and next (outer) iteration
step is reached (x(κ+1), y(κ+1), z(κ+1)) = (x̂(κ,1), ŷ(κ,1),
ẑ(κ,1)), i.e. outer iteration loop is finished, as well.
If no, start another inner iteration with f̃

(κ,2)
k (x), etc.

After a finite number ν, f̃ (κ,ν)
k (x̂(κ,ν)) ≥ fk(x̂

(κ,ν)) ∀ k =
0, 1, . . . ,m, and thus (x(κ+1), y(κ+1), z(κ+1)) = (x̂(κ,ν),
ŷ(κ,ν), ẑ(κ,ν)).

(d) Check if (x(κ+1), y(κ+1), z(κ+1)) = (x̂(κ), ŷ(κ), ẑ(κ)).
If no, start another outer iteration.
If yes, outer iteration loop is finished and exit.

Example 3.1.1. The stepwise calculation of the minimum of the func-
tion f0(x) = x3 + x2 within x ∈ [−2, 1.5] using the GCMMA is illus-
trated in Fig. 3.6. The function f0(x) (blue plot) is approximated by a
subproblem f̃

(κ,ν)
k (x) (red plot) evaluated at the current step

(
x(κ), y(κ),

z(κ)
)
(blue dot) within the moving asymptotes (green, dotted lines). The
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(a) 1st outer Iteration (b) 2nd outer It. (c) 2nd out. It., 1st in. It.

(d) 2nd out. It., 2nd in. It. (e) 2nd out. It., 3rd in. It. (f) 3rd out. It.

(g) 3rd out. It., 1st in. It. (h) 3rd out. It., 2nd in. It. (i) 3rd out. It., 3rd in. It.

(j) 4th outer It. (k) 5th outer It. (l) 6th outer It.

Figure 3.6: Stepwise minimization of function given in Ex. 3.1.1 using
GCMMA adopted from [203]
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minimum of the subproblem
(
x̂(κ,0), ŷ(κ,0), ẑ(κ,0)

)
(red dot) becomes the

next (outer) iteration step.
The minimum is found after six (outer) iterations, where the current

and next iteration step coincide, i.e. (x(κ+1), y(κ+1), z(κ+1)) = (x̂(κ),
ŷ(κ), ẑ(κ)), as shown in Fig. 3.6 (l).

Remark. The GCMMA subroutines and the corresponding documenta-
tion were provided by K. Svanberg from Royal Institute of Technology,
Sweden [88–90,204,205].
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3.2 Implementation

The topology optimization algorithm is implemented into a MATLAB
environment. The previously described methods, namely OC and GC-
MMA, are combined into a staggered, iterative topology optimization
algorithm providing superior performance in terms of robustness and
functionality than applied individually. The implemented algorithm is
illustrated in Fig. 3.7. It

• starts with an initialization step,

• continues with the optimization algorithms and

• finishes with a convergence check.

Each optimization algorithm block, OC and GCMMA, consists of a sim-
ilar scheme:
Performing a (non)linear finite element analysis (FEA), where the

global stiffness matrix K is calculated and assembled as well as the
displacements u are computed for given loads f . Evaluating the objec-
tive function , where the scalar-valued objective function g0 is calculated
based on the displacements u. Performing sensitivity analysis , where
necessary derivatives dg0/dρi are calculated based on the value of the
objective function and the current design variables. Updating the design
variables, where the new design variables are calculated based on the
current values of the objective function and its derivative. An exit check
if a maximum number of iterations is reached. If yes exit, if no start a
new iteration (within the same optimization algorithm).
Relevant aspects of the implementation process and most significant

parts of the source code are described here.

3.2.1 Initializing

In the initialization step, the 2D material design domain is discretized
by N = Nelx × Nely rectangular FE, where Nelx and Nely correspond to
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Figure 3.7: Overall scheme of the staggered, iterative topology opti-
mization algorithm using optimality criteria (OC) method and globally
convergent method of moving asymptotes (GCMMA)
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Figure 3.8: Specified input force fin, boundary conditions, actuator stiff-
ness, material data and output direction uout

the number of FE in x-direction and y-direction, respectively. This leads
to N design variables ρe with e = 1 . . . N .
Certain areas are specified to be solid or void over the entire opti-

mization process, i.e. the design variables are kept constant ρspec = ρ or
ρspec = ρ, respectively.
Then, the relevant, case-dependent boundary conditions (BC), real

and dummy loads are applied on the FE nodes. Fig. 3.8 illustrates an
example with specified, horizontal input load at the left center (blue)
and a desired output direction at the right (green).

3.2.2 Finite element analysis

3.2.2.1 Solving linear FEA

The global stiffness matrix Klin is obtained by assembling the element
stiffness matrices Ke

lin depending on the numbering scheme and a design
factor.
The global load vector f represents external loads that are – in this

work – not calculated but pre-specified separately depending on the load
case.
In order to calculate the objective function g0 = g0(u(ρ)), a finite

element analysis (FEA) is performed in each optimization iteration i
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yielding the nodal displacements u(i) = u(i)(ρ(i)) depending on the cur-
rent design.
A linear FEA is implemented and applied in the early topology opti-

mization process due to its high efficiency in terms of computation time
and memory usage. First, the local stiffness matrix is computed and,
then, the global stiffness matrix is assembled.

3.2.2.2 Computing local stiffness matrix

As explained in Sect. 3.1.2.1, a mapping to a master element domain is
beneficial, i.e the element stiffness matrix becomes

Ke
lin

[8×8]
=

∫ b

−b

∫ a

−a

B
[8×3]

T [C]
[3×3]

B
[3×8]

dx dy,

=

∫ +1

−1

∫ +1

−1
B

[8×3]

T [C]
[3×3]

B
[3×8]

det J(ξ, η) dξ dη

︸ ︷︷ ︸
Calculation on master element

.
(3.91)

Instead of a numerically-expensive closed-form evaluation over the whole
domain ξ, η ∈ [−1, +1], a pointwise integration (Gauss quadrature) is
used to calculate the element stiffness matrix. In order to ensure ex-
act integration of a polynomial function with degree p = 2n − 1, the
integrand is evaluated at n Gauss points.

∫ +1

−1

∫ +1

−1
f(ξ, η) dξ dη =

n∑

i=1

n∑

j=1

wiwjf(ξi, ηj). (3.92)

In the case of the aforementioned Q4-elements, n = 2 Gauss points are
chosen for each direction ξ, η to deal with the quadratic integrand p = 2.
The Gauss points are illustrated in Fig. 3.9. Thus, the element stiffness
matrix is calculated as

Ke
lin

[8×8]
=

n=2∑

i=1

n=2∑

j=1

wiwjB(ξi, ηj)
T

[8×3]
[C]
[3×3]

B(ξi, ηj)
[3×8]

det J(ξi, ηj). (3.93)
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Figure 3.9: 2 × 2 pointwise integration using Gauss points ξi, ηj and
weights wi, wj

Recalling that all FE are equally sized and any FE deformations are
neglected in the linear FEA, Ke

lin is equal for all elements and, thus, it
is computed only once.

3.2.2.3 Assembling global stiffness matrix

The global stiffness matrix Klin, i.e. the stiffness of the entire system, is
assembled following a column-wise global numbering scheme of each FE
and a counterclockwise global-local renumbering, as shown in Fig. 3.10.
The design variables ρe weighs each FE and, thus, its stiffness that

is added to the entire CM.

Klin =
N∑

e=1

ρeK
e
lin. (3.94)

Simply following this assembling scheme leads in the later optimization
process to topologies that consist of grey FE elements possessing inter-
mediate design variables ρe ≈ 0.5, which are hard to manufacture.
In order to get discrete solid-void solutions, intermediate design vari-

ables are penalized by using a power-law treatment ρp
e often referred as

the Solid Isotropic Microstructure with Penalization (SIMP) approach
that steers the design variables to zero or unity, as illustrated in Fig. 3.11.
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Figure 3.10: FE meshed material domain with global and local number-
ing scheme using a Cartesian frame

Therefore the global stiffness matrix is computed by

Klin =
N∑

e=1

ρp
eK

e
lin. (3.95)

The following excerpt of the source code shows the assembly of the global
stiffness matrix Klin, which is simply written as K:

% Assembling global stiffness matrix
K = sparse(2*(nelx+1)*(nely+1), 2*(nelx+1)*(nely+1));
for elx = 1:nelx
for ely = 1:nely
n1 = (nely+1)*(elx-1)+ ely; % upper left global element node nr
n2 = (nely+1)* elx + ely; % upper right global element node nr
% edof global/ local numbering
edof = [2*n1+1;2*n1+2;2*n2+1;2*n2+2;2*n2-1;2*n2;2*n1-1;2*n1];
% Assembling global stiffness matrix
K(edof,edof) = K(edof,edof) + x(ely,elx)^penal*KE;
end
end
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Figure 3.11: SIMP approach: Penalized design variables ρp
e (element

densities) for different penalization values p

Remark. Further details on the SIMP approach can be found in [206].
Alternative methods suppressing intermediate densities were proposed
by Stolpe and Svanberg [207], Fuchs [208] and Sigmund [209]. Those
methods are less established in topology synthesis and are not consid-
ered in this work. A comparison between SIMP and ESO in terms of
performance on a tie-beam was published in 2007 [36], where the SIMP
approach was shown to be superior and, thus, implemented in this work.

After assembling the global stiffness matrix Klin and setting the load
vector f depending on the load case, the linear set of equation

Klin u = F (3.96)

is solved for the displacements u considering the boundary conditions
that, again, depend on the load case.
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3.2.2.4 Solving nonlinear FEA

In the previously shown linear FE formulation, small (infinite) defor-
mations as well as fixed loads are assumed yielding the linear equation
Klin u = f . Here, the displacements u depend linearly on the exter-
nal load, i.e. higher loads correspond to respective higher displacements
Klin αu = αf . The stiffness matrix Klin = const. is calculated on
the undeformed body and, thus, do not depend on the nodal displace-
ments u.
In CM, where large deformations might occur, it is crucial to perform

the FE calculations under consideration of non-negligible deformations.
Therefore, the stiffness of each (deformed) FE is affected by the nodal
displacements and, thus, the global stiffness matrix depends on the dis-
placements u, as well. This leads to the nonlinear set of equilibrium
equations

Knonlin(u) u = f (3.97)

where the stiffness Knonlin 6= const. depends on the deformation of each
element and, thus, ultimately on the nodal displacements u.
As opposed in the aforementioned linear case, this nonlinear equilib-

rium equation needs to be solved iteratively as explained now.

Remark. Further details on efficient solving of (large-scale) nonlinear sets
of equations can be found in standard literature, e.g. [210].

The Eq. (3.97) is reformulated to a residual expression

R(u) = Knonlin(u) u
︸ ︷︷ ︸

f int

− f
︸︷︷︸
fext

= 0, (3.98)

where, again, f ext is the external force vector and f int = f int(u) is the
nonlinear, internal force vector. In order to solve this nonlinear equilib-
rium equation iteratively the Newton-Raphson method is advantageous
due to its quadratic convergence. Therefore, a Taylor series expansion
of the nonlinear term at the current displacement is performed

f
(1)
int (u0 + Δu1) = fint(u0) +

[
dfint

du

]

u0

Δu1 (3.99)
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and follows these steps that are illustrated in Fig. 3.12:

1. Computing the tangent stiffness matrix KT for a known u(i) as
shown in Fig. 3.12(a)

dfint

du
=

d (K(u)u)

du
= KT,i. (3.100)

2. Computing next step size Δu(i+1) using the existing imbalance

between internal and external forces Δf (i+1) = fext−f
(i)
int as shown

in Fig. 3.12(b)

Δu(i+1) =
(
[KT ]u(0)

)−1
Δf (i+1) (3.101)

3. Computing next displacements u(i+1) and internal forces f
(i+1)
int as

shown in Fig. 3.12(c)

u(i+1) = u(i) + Δu(i+1) (3.102)

f
(i+1)
int = f

(i+1)
int

(
u(i+1)

)
(3.103)

4. Repeating steps 2 and 3 without recalculating the tangent stiffness
matrix KT until f

(i+1)
int = fext, i.e. the residual term vanishes at

the solution uB as shown in Fig. 3.12(d)

R(uB) = Knonlin(uB) uB − f = 0. (3.104)

Remark. The tangent stiffness matrix KT is not calculated at each step
of the nonlinear FEA, which causes a few more, but significantly faster
iterations. Further details on the nonlinear FEA and including the effi-
cient calculation of the tangent stiffness matrix, as implemented in this
work, can be found in standard literature, e.g. [201].

The following excerpt of the source code shows the assembly of the
nonlinear stiffness matrices and the solving for the new solution u(i+1),
which is simply written as u_new:
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(a) Step 1 (b) Step 2

(c) Step 3 (d) Repeating steps 2 and 3

Figure 3.12: Solving nonlinear equation with the modified Newton-
Raphson method
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for elx = 1:nelx % Assembling K_Global
for ely = 1:nely
...
% Computing element stiffness matrices
[KE_mat, KE_geo] = getKE_nl(u_old(edof),pos(edof)

+u_old(edof),E_matrix,Ewidth,Eheight);

% Assembling global stiffness matrix
K_mat(edof,edof) = K_mat(edof,edof) + x(ely,elx)^penal*KE_mat;
K_geo(edof,edof) = K_geo(edof,edof) + x(ely,elx)^penal*KE_geo;
end
end
...
% Compute f^int = K_mat*u and f^ext with Boundary Conditions
f_int(freedofs,:) = K_mat(freedofs,freedofs)*u_old(freedofs,:);

% Solving for u_new
u_new(freedofs,:)
= u_old(freedofs,:) + (K_mat(freedofs,freedofs)
+ K_geo(freedofs,freedofs))\(F(freedofs,:)-f_int(freedofs,:));

The tangent stiffness matrix with its material and geometric parts,
Kmat and Kgeo, is calculated as described in Eq. (3.56) and (3.58). The
source code is not printed here due to its extensive length.

3.2.3 Formulating the optimization problem

The optimization problem of designing CM with specific motion require-
ments is formulated by a vector-based motion restriction, denoted by a
specified displacement vector uspec. Two different formulations of the
vector-based motion restriction result in two slightly different formula-
tions of the optimization problems that are implemented and tested.
Both optimization problems are solved by combining the robust, but

less functional OC method and the broadly-functional, but often unstable
GCMMA method to a staggered optimization scheme that provides both
features: robustness and a broad functionality. It can be seen, that in
both formulations the functional constraints are only addressed by the
GCMMA algorithm.
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Remark. Here, broad functionality refers to the ability to handle addi-
tional constraints such as motion restrictions.

3.2.3.1 Single criterion objective function

In the first formulation, the components of the output vector uout =
(uout1, uout2)

T are treated separately, maximizing one and constraining
its perpendicular component by applying lower and upper bounds of the
parasitic displacement, denoted by uminout⊥ and umaxout⊥. Typically, this is of
interest for the case of most common applications of CM.
The nodal displacements, uout1 and uout2, are calculated for the dif-

ferent loads that are applied to the (current) topology. As shown in
Fig. 3.13(a) and 3.13(b), these loads are either real loads fin (blue) ap-
plied at the input DOF(s) or unit dummy loads fout (green) at the output
DOF(s), causing the displacements u and v of the current topology.

Ku = fin, Kv = fout. (3.105)

The displacements u and v are, then, used to calculate the mutual po-
tential energy (MPE) as given in Eq. (3.65), which is equal to the output
motion uout since

uout(ρ) = uT fout

= uTK(ρ)v

=

N∑

e=1

ρp
eu

T
e Keve,

(3.106)

where fout = [0, . . . , 1, . . . , 0]T and the SIMP approach, as introduced in
Eq. (3.95), were used.

Remark. Note, that uout is the displacement vector caused by the real
force at the input DOF. It is not to confuse with any displacements v
caused by the dummy load that is applied at the output DOF.

The components of the output motion uout = (uout1, uout2)
T are now

used to calculate the objective function. Hence, the first problem formu-



Topology optimization of compliant mechanisms 71

(a) Real load case (b) Dummy load case

Figure 3.13: Different loads applied on an example material domain with
input and output stiffnesses for (a) real loads and (b) dummy loads

lation for the staggered optimization scheme can be written for the OC
algorithm as

(P)I
OC =






max
ρ

gI
0(ρ) = uout(ρ)

s.t. gI
1(ρ) =

N∑

e=1
(ρe − V ) ≤ 0

K(ρ)u = f

{ρ ∈ RN : ρ ≤ ρe ≤ ρ, e = 1, . . . , N},

(3.107)

and for the GCMMA algorithm as

(P)I
GCMMA =






max
ρ

gI
0(ρ) = uout(ρ)

s.t. gI
1(ρ) =

N∑

e=1
(ρe − V ) ≤ 0

gI
2(ρ) = uout⊥ − umaxout⊥ ≤ 0

gI
3(ρ) = uminout⊥ − uout⊥ ≤ 0

K(ρ)u = f

{ρ ∈ RN : ρ ≤ ρe ≤ ρ, e = 1, . . . , N},

(3.108)

where V is the total volume fraction, ρ is a small non-zero lower bound of
the design variable, and K(ρ)u = f denotes the equilibrium equation.
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In addition to maximize the objective function, further constraints
need to be met for all intermediate and final topologies. The mechanical
constraint

K(ρ) u = f , (3.109)

is guaranteed by the FEA that is implemented prior to the optimization
in each iteration step, and, thus, is not explained here. The mathematical
constraint

N∑

e=1

(ρe − V ) = 0, (3.110)

is guaranteed by (a) an efficient bisection method that is implemented
in the update algorithm of the OC method and (b) an added constraint
to the GCMMA algorithm.

3.2.3.2 Multi criteria objective function

The second formulation maximizes a multi-criteria objective function,
which is written as a quotient of the Euclidian norms of the actual output
vector uout and the difference of uout and its projection on uspec, denoted
by αuspec. As a result, both criteria are optimized relatively to each
other instead of absolutely, e.g. when taking weighted sum methods into
consideration.
The second problem formulation for the staggered optimization prob-

lem becomes

(P)II
OC =






max
ρ

gII
0 (ρ) =

‖uout‖
‖uout − αuspec‖

s.t. gII
1 (ρ) =

N∑

e=1
(ρe − V ) ≤ 0

K(ρ)u = f

{ρ ∈ RN : ρ ≤ ρe ≤ ρ, e = 1, . . . , N},

(3.111)
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and for the GCMMA algorithm as

(P)II
GCMMA =






max
ρ

gII
0 (ρ) =

‖uout‖
‖uout − αuspec‖

s.t. gII
1 (ρ) =

N∑

i=1
(ρe − V ) ≤ 0

gII
2 (ρ) = −sgn(uspec1) ∙ u1 ≤ 0

K(ρ)u = f

{ρ ∈ RN : ρ ≤ ρe ≤ ρ, e = 1, . . . , N}.

(3.112)

Remark. The additional constraint gII
2 (ρ) is introduced to ensure a con-

venient mathematical handling of unique directions, otherwise uspec =
(1,−1)T and uspec = (−1, 1)T yield the same results. It has no further
impact on the optimization procedure.

3.2.4 Sensitivity analysis

The values of the objective functions, gI
0(ρ) and gII

0 (ρ), provide only an
indicator for the quality of the corresponding intermediate solution, i.e.
how well performs the current design of the CM. In order to improve
the solution with every iteration step, a sensitivity analysis, i.e. the
derivative with respect to the design variables, is required.

Remark. A very comprehensive guide on sensitivity analysis for linear
and nonlinear systems can be found in [211] and [212]. For this work,
a detailed derivation of the relevant sensitivities is given in the Ap-
pendix A.2 based on the direct differentiation method and the adjoint
method. The adjoint method was tested to be more efficient and, thus,
is implemented in this work, since there is only one objective function
compared to a very large number of design variables ρi.

As a final outcome, the derivative of the objective function of the
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first formulation given in Eq. (3.106) can be calculated as

∂gI
0(ρ)

∂ρe
= fT

out

∂(u(ρ))

∂ρe
, (3.113)

= v(ρ)TK(ρ)
∂(u(ρ))

∂ρe
. (3.114)

The last term can be obtained by differentiation of the equilibrium equa-
tion K(ρ)u(ρ) = f as

∂K(ρ)

∂ρe
u(ρ) + K(ρ)

∂(u(ρ))

∂ρe
= 0, (3.115)

which yields

∂(u(ρ))

∂ρe
= −K−1(ρ)

∂K(ρ)

∂ρe
u(ρ) = −pρ(p−1)

e K−1(ρ) Keue,(3.116)

where ∂K(ρ)
∂ρe

= pρ
(p−1)
e Keue was used in the second step. Plugging

Eq. (3.116) into Eq. (3.114) results in

∂gI
0(ρ)

∂ρe
= −vT

e

(
pρ(p−1)

e Ke

)
ue, (3.117)

which is the final expression that is to be calculated.
The following excerpt of the source code shows calculation of the

derivative of objective function ∂g0(ρ)
∂ρe

with respect to each FE’s design
variable ρe and is simply written as dcost(ely,elx):

for elx = 1:nelx
for ely = 1:nely
...
dcost(ely,elx) = -penal*x(ely,elx)^(penal-1)*Ue’*KE*Ve;
...
end

end

The derivative of the objective function of the second, multi-criteria
formulation given in Eq. (3.111) and (3.112) is printed in the Appendix
A.3 due to its extensive length.
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3.2.5 Update scheme

The design variables ρ
(k)
e need to be updated after each iteration k based

on the sensitivities in order to maximize the objective function, i.e. to
improve the overall solution. The update schemes of both methods, OC
and GCMMA, are described now.

3.2.5.1 Optimality criteria method

In order to improve the current (intermediate) topology of the CM, the
design variables ρ(k) are replaced by updated design variables ρ(k+1)

at each (outer) iteration step. Recalling the previously derived update
scheme given in Eq. (3.89) and the introduced SIMP modification given
in Eq. (3.95) yield

ρ(k+1)
e = min





max








−∂g

(k)
0 (ρ)

∂ρe

λ





η

ρ(k)
e , ρ









,

= min





max











(
u

(k)
e

)T (
pρ

(p−1)
e Ke

)
v

(k)
e

λ






η

ρ(k)
e , ρ




 , ρ





,

(3.118)

where the sensitivities from Eq. (3.117) were substituted in the second
line. The Lagrange multiplier λ in the denominator is calculated by the
volume constraint given in Eq. (3.87)

N∑

e=1

(
ρ(k+1)

e (λ) − V
)

!
= 0, (3.119)

which is solved very efficiently by a bisection method due to the mono-
tonic behavior of Eq. (3.119). Fig. 3.14 illustrates the feasible range of
values (green) of the updated design variables limited by certain bounds
and limits. The red area is inaccessible at all times for all design vari-
ables due to the lower bound ρ. The yellow area is inaccessible in this

iteration step for this respective design variable ρ
(k)
e due to a numerical

move limit m. The following excerpt of the source code shows calcula-
tion of the updated design variables ρ(k+1) simply written as xnew while
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Figure 3.14: Range of values of the updated design variables ρ(k+1) based
on the sensitivities, move limit m, and lower and upper bounds

solving for the Lagrange multiplier λ simply denoted by lmid:
while ((l2-l1)/(l2+l1) > convlim & l2 > 1E-15)

...
xnew = max(xmin,

max(x-move,
min(1.,
min(x+move,x.*(max(1e-10,-dc./lmid)).^0.3))));

...
if sum(sum(xnew)) - volfrac*nelx*nely > 0

l1 = lmid;
else

l2 = lmid;
end

end

3.2.5.2 Globally convergent method of moving asymptotes

The update process of the design variables ρ in the GCMMA algorithm
uses the sensitivities of the objective function g0(ρ) as well as the deriva-
tives of the constraint equations g1(ρ) and g2(ρ). It is based on a
mainly heuristic update scheme, which is outlined in Sect. 3.1.3.3. A
detailed description of the update process is given in Svanberg’s original
papers [89,204].
The relevant sensitivities of g0(ρ), g1(ρ) and g2(ρ) of both formula-

tions are not derived here but are printed in the Appendix A.3 due to
their extensive length.
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3.3 Results and discussion

The implemented topology optimization algorithm yields optimized topo-
logies of CM that meet the desired motion specifications under the pre-
defined loading and boundary conditions. The results of the topological
synthesis based on the implemented algorithm are shown and discussed
now. First, the process of the topology optimization based on the OC al-
gorithm is illustrated and the results are compared to those in literature.
Second, the influence of linear and nonlinear computation is presented.
Third, the topology synthesis is tailored to different applications. Fourth,
the benefits of the introduced staggered optimization scheme are shown.

3.3.1 Topology optimization process

The stepwise process of the topology optimization based on the OC algo-
rithm is illustrated on two different syntheses: first, a compliant displace-
ment inverter and, second, a compliant gripping device are generated.
Here, the final topologies of the CM obtained by the own OC al-

gorithm are compared to the results of the topological optimization
achieved by other research groups, as mentioned in Sect. 2.1. However,
a full comparison is not always possible due to different and sometimes
not explicitly known boundary and loading conditions.

3.3.1.1 Compliant displacement inverter

Compliant displacement inverters transform an input motion into an
output motion pointing to an opposite direction. Fig. 3.15 illustrates
the initial design domain with specified boundary conditions, an input
force fin and a desired output motion uout.
In this example, the objective is to design a CM that inverts a right-

pointing input force into a left-pointing output motion. Input and out-
put coordinates are set to the horizontal center, and a void area is pre-
specified at the center of the design domain. No intuitive design
specifications are made in the topology optimization process.



78 Topology optimization of compliant mechanisms

Figure 3.15: Initial design domain with specified boundary conditions,
an input force fin and a desired output motion uout aiming to synthesize
compliant displacement inverter

Figure 3.16 shows the topology optimization process of a compliant
displacement inverter with 2×5,000 FE, starting from an initial design
domain (Fig. 3.16(a)), running through several intermediate topologies
(Fig. 3.16(b) - 3.16(k)) and resulting in a final topology (Fig. 3.16(l)).
Here, all the computation is done on the upper half of the material
domain which is discretized by 5,000 FE, the results are mirrored to the
lower half afterwards.
The stepwise development is clearly illustrated. It can be seen that

the first couple of iterations provide a substantial change whereas the
later iterations simply ”fine-tune” the results.
Comparing the results of this work with the final topologies of compli-

ant displacement inverters recently obtained by another research group
[213] based on a different approach reveals similar topologies and, thus,
supports the own algorithm. Fig. 3.17 shows the results, where the one-
node hinges were smoothed by post-processing techniques.
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(a) Starting point (b) 1st iteration (c) 2nd iteration

(d) 3rd iteration (e) 6th iteration (f) 9th iteration

(g) 13th iteration (h) 19th iteration (i) 25th iteration

(j) 40th iteration (k) 70th iteration (l) 100th iteration

Figure 3.16: Stepwise topology optimization process of an compliant
displacement inverter with 2×5,000 finite elements
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(a) Own final topology (b) From [213]

Figure 3.17: Final topologies of compliant displacement inverters in com-
parison obtained by own algorithm (a) and another research group (b)

3.3.1.2 Compliant gripping device

Compliant gripping devices transform a single input motion into a per-
pendicular gripping motion of two (or more) output points. Fig. 3.18
illustrates the initial design domain with specified boundary conditions,
an input force fin and a desired output motion uout. In this example, the
objective is to design a CM that transforms a right-pointing input force
into a vertical gripping (output) motion. The input motion is set to the
horizontal center, and a void area is pre-specified at the right center of
the design domain to give space for later work pieces that are subject
to the resulting gripping motion. No intuitive design specifications
are made in the topology optimization process.
Comparing the results of this work with the final topologies of compli-

ant gripping devices, as shown in Fig. 3.19, recently obtained by another
research group [214] based on a ground structure design, as explained
in Sect. 2.1.2, reveals similar topologies and, thus, supports the own
algorithm, again.
Figure 3.20 shows the topology optimization process of a compliant

gripping device with 2×20,000 FE: starting from an initial, material de-
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Figure 3.18: Initial design domain with specified boundary conditions,
an input force fin and a desired output motion uout aiming to synthesize
compliant gripping device

(a) Own final topology (b) From [214]

Figure 3.19: Final topologies of compliant gripping devices in comparison
obtained by own algorithm (a) and another research group (b)
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(a) Starting point (b) 1st iteration (c) 2nd iteration

(d) 3rd iteration (e) 5th iteration (f) 7th iteration

(g) 14th iteration (h) 20th iteration (i) 27th iteration

(j) 40th iteration (k) 70th iteration (l) 100th iteration

Figure 3.20: Stepwise topology optimization process of an compliant
gripping device with 2×20,000 finite elements
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sign domain (Fig. 3.20(a)), running through several intermediate topolo-
gies (Fig. 3.20(b) - 3.20(k)) and resulting in a final topology (Fig. 3.20(l)).
The stepwise development is clearly illustrated. Again, it can be seen
that the first couple of iterations provide a substantial change whereas
the later iterations simply ”fine-tune” the results.

3.3.2 Linear vs. nonlinear computation

The topology synthesis of CM relies on the nodal displacements caused by
the external loads. Since the occurring deformations of each FE need to
be considered, cost-intensive but more precise and more stable nonlinear
FEA is performed, as suggested in [215]. Here, a comparison between
the topology syntheses based on linear and nonlinear FEA is presented.

3.3.2.1 Computational cost

In terms of computational cost, the computation time is the most signif-
icant measure since memory has become inconsiderably cheap. Fig. 3.21
and Tab. 3.1 illustrate the computation time of the topology synthe-
ses performed on a standard PC and a high-end workstation (WS) with
linear and nonlinear FEA for different numbers of DOF.
It can be seen, that the computation time T strongly depends on var-

ious aspects: the number of DOF NDOF , the choice of linear or nonlinear
FEA and the hardware. In the cases considered here, it turned out that

• The computation time rises approximately quadratically with the
number of DOF, i.e.

T ∼ N 2
DOF .

• The nonlinear computation requires approximately the triple of the
time for a linear computation, i.e.

Tnonlin ≈ 3Tlin.

• The standard PC requires approximately the quadruple of the com-
putation time of the workstation, i.e.

T PC ≈ 4TWS.
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Figure 3.21: Computation time of topology syntheses on a standard PC
and a high-end workstation with linear and nonlinear FEA for different
numbers of finite elements

Table 3.1: Computation time T of topology syntheses on standard PC
and high-end workstation (WS) with linear and nonlinear FEA for dif-
ferent numbers of finite elements N and the corresponding number of
degrees of freedom NDOF

N NDOF T PC
lin T PC

nonlin TWS
lin TWS

nonlin

[-] [-] [s] [s] [s] [s]
100 242 69.8 91.2 36.1 47.6
400 882 82.2 168.3 40.9 84.3
900 1,922 122.2 343.9 45.5 144.3
1,600 3,362 203.7 663.5 62.1 252.5
2,500 5,202 455.1 1,171.9 96.2 427.2
3,600 7,442 1,005.3 2,811.7 150.1 696.3
4,900 10,882 1,665.0 5,084.6 305.4 1,200.5
6,400 13,122 2,927.5 8,786.6 548.4 1,998.8
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Finally, a careful use of nonlinear FEA is recommended due to the sig-
nificantly higher computation time.

Remark. The standard PC is an IBM ThinkPad T61 with Intel Core
Duo processor (T7300, 2 GHz) and 2 GB DDR2 RAM (667 MHz). The
workstation is a HP Z820 high-end workstation with Intel Xeon Eight
Core processor (E5-2690, 2.9 GHz) and 256 GB DDR3 RAM (1.6 GHz).

3.3.2.2 Quality of linear and nonlinear computation

The differences in terms of the final topologies gained by fully linear
or fully nonlinear computation are presented now. Figure 3.22 shows
the results of the topology syntheses of displacement inverters based on
different mesh sizes, where each figure compares the solution of fully
linear and fully nonlinear computation. For instance, the two plots of
Fig. 3.22(h) represent the final topology based on 2 × 6,400 FE for linear
(left plot) and nonlinear (right plot) computation. The blue and green
”x” highlights the input and output node, respectively.
It can be seen, that for all considered mesh sizes a solution is obtained.

The obtained solutions are mesh dependent, i.e. different mesh sizes
yield different (but working) topologies. Comparing the results of linear
and nonlinear calculations, reveals similar topologies with minor but
identifiable differences, e.g. the number and positions of the hinges are
different in Fig. 3.22(h).
In order to ensure a mechanically-stable, time-efficient and accurate

topology synthesis, a combination of linear and nonlinear FEA is recom-
mended. Therefore, all optimization processes in this thesis start with
linear FEA and are finalized using nonlinear FEA. The final results of
this linear-nonlinear FEA converged in all considered cases to the re-
sults obtained by the fully nonlinear computation but in significantly
less time.

3.3.3 Tailoring to different applications

A variety of different applications requires different CM that are adopted
accordingly. In the following, CM are tailored systematically to a specific
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(a) 2×100 FE (b) 2×400 FE

(c) 2×900 FE (d) 2×1,600 FE

(e) 2×2,500 FE (f) 2×3,600 FE

(g) 2×4,900 FE (h) 2×6,400 FE

Figure 3.22: Optimized topologies of displacement inverters based on
different mesh sizes for linear (left) and nonlinear computation (right)
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(a) Own final topology (b) From [216]

Figure 3.23: Final topologies of a compliant gripping device with stiff
actuator and stiff work piece providing moderate GA and moderate MA
obtained by own algorithm (a) and another research group (b)

application without any intuition, but solely based on the different pre-
specified forces and strokes at the input and output ports.
Stiff actuators, such as piezoceramic stack actuators, usually provide

a small stroke and, thus, require a high geometric amplification (GA).
In contrast to this, compliant actuators, such as electroactive polymers
or the human hand, require a high mechanical amplification (MA) , i.e.
a high amplification of the (input) force. Furthermore, the kind of work
piece needs to be considered, as well. Stiff workpieces, e.g. diamond or
titanium, need a lower output stroke. In contrast to this, compliant work
pieces, such as rubber or wood, require higher output strokes.
Based on the specifications of actuator and workpiece, additional

stiffnesses, kin and kout, are added to the global stiffness matrix K at
the corresponding input and output DOF resulting in the fact that solv-
ing the (modified) set of equations Ku = f within the topology opti-
mization process yields CM tailored accordingly to provide an optimal
performance.
Fig. 3.23 - 3.25 show different gripping mechanisms obtained by the

own optimization algorithm and by other research groups: Fig. 3.23 is
designed for similarly stiff actuators and work pieces providing moderate
geometric and mechanical amplification. Fig. 3.24 is designed for stiff
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(a) Own final topology (b) From [216]

Figure 3.24: Final topologies of a compliant gripping device with stiff
actuator and compliant work piece providing high GA obtained by own
algorithm (a) and another research group (b)

(a) Own final topology (b) From [217]

Figure 3.25: Final topologies of a compliant gripping device with com-
pliant actuator and stiff work piece providing high MA obtained by own
algorithm (a) and another research group (b)
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actuators and compliant workpieces providing a high geometric amplifi-
cation GA ≈ 10. Fig. 3.25 is designed for compliant actuators and stiff
work pieces providing a high mechanical amplification MA ≈ 10.
Comparing the results of this work with the final topologies of the

different compliant gripping devices obtained by other research groups
reveals similar topologies and, thus, supports the own algorithm.
Therefore, it can be noted, that the proposed synthesis of CM can

be applied successfully to a variety of applications providing specifically
tailored CM meeting the requirements in terms of motion, stroke and
forces of actuators and workpieces.

3.3.4 Staggering topology optimization algorithms

Applying topological optimization methods, purely based on the OC
method, yield CM in an efficient and systematic manner. However, func-
tionality is limited and, thus, further motion constraints can hardly be
implemented. In contrast, the GCMMA algorithm provides powerful
functionality in implementing further (motion) constraints but it lacks
in terms of robustness and stability. Implementing both algorithms to a
staggered topology optimization algorithm combines the advantages and
compensates the drawbacks of each algorithm, as described in Sect. 3.2.
A comparison between an OC algorithm and staggered OC-GCMMA

algorithm is presented. First, the influence of the intervals of each applied
algorithm, namely nOC and nGCMMA, is shown. Then, the superiority
of the staggered topology optimization algorithm compared to the OC
algorithm is demonstrated.

3.3.4.1 Interval lengths

Staggering two different optimization algorithms may depend on the in-
terval lengths, i.e. the number of iterations of one algorithm before it
is switched over to the other algorithm. The influence of these interval
lengths, nOC and nGCMMA, on the overall results is presented here.
Tab. 3.2 lists the output displacements uout and parasitic errors of the

final topologies of a compliant gripping mechanism for the optimization
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Table 3.2: Output displacements uout and relative errors for optimization
problems (3.107) and (3.108) for purely vertical output motion

N nOC nGCMMA uStagg
out1 uStagg

out2 Parasitic error

[−] [−] [−] [μm] [μm] [−]
1 1 -0.4 -130.9 0.32%

6,400 2 2 -0.4 -191.9 0.19%
10 4 -0.2 -221.0 0.08%

problem given in Eq. (3.107) for different intervals nOC and nGCMMA.
Fig. 3.26 shows the corresponding final topologies, where a square design
domain of 6,400 FE was used.
It can be seen, that different intervals lead to different final topolo-

(a)nOC = 1, nGCMMA = 1 (b)nOC = 2, nGCMMA = 2 (c)nOC = 10, nGCMMA = 4

Figure 3.26: Final topologies with vertical output motion path using
Eqs. (3.107) and (3.108)
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gies. However, all three topologies meet the performance specifications
and, thus, result in topologies that meet the motion requirements. All
parasitic motions uStagg

out1 stay within the specified limits and the desired
vertical motion uStagg

out2 is maximized with a parasitic error less than 0.32%.
It was observed that larger intervals reduce the advantages of stag-

gering both algorithms. Small values of nOC keep the (interim) solutions
close to the (additional) motion constraints whereas high values almost
guarantee robust behavior. Too high values of nGCMMA reduce the stabil-
ity. However, the number of intervals of the OC and GCMMA algorithms
seems to play a minor role and, thus, it is not further investigated.

3.3.4.2 Single criterion objective function

The simple OC algorithm and the staggered OC-GCMMA algorithm
are applied to the load case illustrated in Fig. 3.27 leading to a compli-
ant gripping device based on a single criterion objective function given
by the formulation (P)I

OC and (P)I
GCMMA in Eqs. (3.107) and (3.108) in

Sect. 3.2.3.1.
In case of the OC algorithm, only the vertical output motions uout =

(0; uout2) are maximized without limiting the parasitic output motions
uout⊥ = (uout1; 0). In the staggered topology optimization process, the
parasitic output motions uout⊥ are limited and, thus, the output motion
uout is forced to follow a vertical path within the specified corridor.

Figure 3.27: Initial design domain with specified boundary conditions,
an input force fin, a desired output motion uout and a motion constraint
uout⊥ aiming to synthesize a compliant gripping device
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Figure 3.28: Output motion uout, i.e. displacement of the output node,
of final topologies obtained by a pure OC algorithm and a staggered
OC-GCMMA algorithm for optimization problem (3.107) and (3.108)
for several mesh sizes

Fig. 3.28 shows the output motion uout, i.e. displacement of the out-
put node, of the final topologies obtained by the simple OC algorithm in
comparison to the staggered OC-GCMMA algorithm for the optimiza-
tion problem given in Eqs. (3.107) and (3.108) for several FE mesh sizes.
The output node of the final topology in its initial (unchanged) position
is plotted at the local coordinates (uout1; uout2) = (0; 0). The output mo-
tions obtained by the OC algorithm uOC

out and the staggered OC-GCMMA
algorithm uStagg

out are plotted in circles and crosses, respectively.
It can be seen that the output motions uOC

out lay in a parasitic output
motion corridor (red cone), i.e. the desired (vertical) motion uout2 is su-
perposed by a dominant, undesired (horizontal) motion uout2 leading to
an overall motion that is hardly controllable due to the parasitic influ-
ence. Thus, the topologies obtained by a pure OC algorithm fail to meet
the specific motion requirements in terms of a precise output motion.
In contrast to this, it can be seen that all the output motions uStagg

out

lay in a specific output motion corridor (green bold arrow) specified by
lower and upper bounds of the parasitic output motion −uminout1 = umaxout1 =
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Table 3.3: Output displacements uout and relative errors for optimization
problem (3.107) and (3.108) for purely vertical output motion

N uOC
out2 uOC

out1 Parasitic error uStagg
out2 uStagg

out1 Parasitic error
[−] [μm] [μm] [−] [μm] [μm] [−]
400 -104.3 14.5 -13.9% -79.0 1.0 -1.3%
900 -113.0 33.6 -29.8% -123.6 -0.8 0.6%
1,600 -123.2 21.4 -17.4% -127.0 -0.4 0.3%
2,500 -137.1 28.5 -20.8% -102.8 -0.4 0.4%
3,600 -133.5 22.9 -17.2% -95.2 -0.1 0.1%
4,900 -139.2 30.7 -22.1% -122.8 -0.4 0.4%
8,100 -133.3 29.7 -22.3% -127.9 -0.7 0.5%
10,000 -138.5 24.6 -17.8% -124.1 -0.6 0.5%
12,100 -138.9 28.4 -20.4% -109.1 0.9 -0.9%
14,400 -139.0 22.8 -16.4% -82.4 1.0 -1.2%
16,900 -140.3 31.2 -22.3% -73.6 0.9 -1.2%
19,600 -138.1 31.0 -22.5% -107.9 -0.6 0.6%
22,500 -138.5 32.5 -23.5% -78.6 0.9 -1.2%

1μm. Thus, the topologies obtained by the staggered OC-GCMMA al-
gorithm meet the specific motion requirements in terms of reducing par-
asitic motion.

Remark. Note, that the abscissa and ordinate are scaled differently in
Fig. 3.28.

Table 3.3 lists the detailed output displacements uout and relative er-
rors of the final topologies for optimization problem (3.107) and (3.108)
for different numbers of FE. In columns 2-4 and 5-7 the displacements
of the output node and the parasitic error are listed for the OC algo-
rithm and the staggered OC-GCMMA algorithm, respectively. It can
be seen that the parasitic motions of the topology obtained by the OC
algorithm are higher than 20% and, thus, cannot be neglected. In con-
trast, the parasitic motions of the topology obtained by the staggered
OC-GCMMA algorithm are less than 1.3% and stay within the upper
and lower bounds −uminout1 = umaxout1 = 1μm.
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3.3.4.3 Multi criteria objective function

The staggered topology optimization based on a multi criteria objective
function given by the formulation (P)II

OC and (P)II
GCMMA in Eqs. (3.111)

and (3.112) in Sect. 3.2.3.2 is applied to the load case already illustrated
in Fig. 3.18 leading to a compliant gripping device. Here, the output
motion uout is maximized while it is forced to follow on a specified output
motion path uspec = (uspec1; uspec2).
Fig. 3.29 shows the output motion uout, i.e. displacement of the out-

put node, of the final topologies obtained by the staggered OC-GCMMA
algorithm for the optimization problem given in Eqs. (3.111) and (3.112)
for several FE mesh sizes.

Figure 3.29: Displacements uout of the output node for optimization
problem (3.111) and (3.112) for different specified output motions uspec
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The output node of the final topology in its initial (unchanged) posi-
tion is plotted at the local coordinates (uout1; uout2) = (0; 0). The desired,
specified output motions uspec are plotted as solid lines. The correspond-
ing output motions obtained by the staggered OC-GCMMA algorithm
uStagg

out are plotted as crosses. For instance, the entries highlighted as ”x
1;−1” represent the obtained output displacements uout for a specified
output motion uspec = (1;−1).
It can be seen that all the obtained output motions uStagg

out lie on
the specific output direction and vary only in the distance to the origin.
Thus, the topologies obtained by the OC-GCMMA algorithm based on
the multi-criteria method meet all considered motion requirements.
Table 3.4 lists in detail the corresponding output displacements uout

and parasitic errors for optimization problem (3.111) and (3.112) for
different specified output motions uspec for different numbers of FE. Fur-
ther results are given in the Appendix A.5. In column two, the specified
output direction (uspec1; uspec2) are listed. In column 3-6, the obtained
displacements of the output node, the directions (uout1; uout2) and the
parasitic errors are listed for the staggered OC-GCMMA algorithm.
Again, it can be seen that all parasitic motions of the topologies

obtained by the staggered OC-GCMMA algorithm are very small and
do not exceed 3%. Considering fine FE meshes with N > 5, 000, the
parasitic error is less than 0.1%.
Thus, the proposed staggered topology optimization algorithm gen-

erates successfully CM that meet specific output motion requirements.
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Table 3.4: Output displacements uout and relative errors for optimization
problem (3.111) and (3.112) for different specified output motions uspec

N uspec1 : uspec2 uStagg
out1 uStagg

out2 uStagg
out1 : uStagg

out2 Parasitic error
[−] [−] [μm] [μm] [−] [−]
400 10:1 1.89 0.19 10.00 0.0%
900 10:1 97.42 9.76 9.99 -0.1%
1,600 10:1 114.37 11.45 9.99 -0.1%
2,500 10:1 0.95 0.09 10.04 0.4%
3,600 10:1 -146.51 -14.66 10.00 0.0%
4,900 10:1 79.28 7.86 10.09 0.9%
6,400 10:1 75.11 7.51 10.00 0.0%
8,100 10:1 0.07 0.01 9.99 -0.1%
10,000 10:1 95.26 9.53 9.99 -0.1%

400 3:1 1.21 0.40 3.00 0.0%
900 3:1 64.10 21.38 3.00 -0.1%
1,600 3:1 27.54 9.18 3.00 0.0%
2,500 3:1 20.40 6.80 3.00 0.0%
3,600 3:1 14.31 4.76 3.00 0.1%
4,900 3:1 7.52 2.51 3.00 0.0%
6,400 3:1 2.18 0.73 3.00 0.0%
8,100 3:1 47.51 15.85 3.00 -0.1%
10,000 3:1 4.97 1.66 3.00 -0.1%

400 1:1 60.48 58.69 1.03 3.0%
900 1:1 69.08 69.09 1.00 0.0%
1,600 1:1 2.35 2.42 0.97 -2.7%
2,500 1:1 56.33 56.33 1.00 0.0%
3,600 1:1 38.76 39.67 0.98 -2.3%
4,900 1:1 51.39 51.38 1.00 0.0%
6,400 1:1 0.03 0.03 1.00 0.1%
8,100 1:1 10.40 10.40 1.00 0.0%
10,000 1:1 61.17 61.16 1.00 0.0%
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3.4 Summary

In this chapter, the non-intuitive topology optimization of large-displace-
ment CM with specified output motion was addressed. After describing
the relevant fundamentals of continuum mechanics, linear and nonlin-
ear FEA, and topology optimization methods, a robust and efficient
staggered topology optimization scheme, based on optimality criteria
method and globally convergent method of moving asymptotes, was im-
plemented. A single criterion objective function and a multi criteria ob-
jective function were formulated, implemented, applied and compared.
First, the topology optimization process was illustrated in a stepwise

manner. It could be seen, that CM were generated without any intuition
starting from an initial material domain with specified boundary condi-
tions. The obtained results based on the own OC algorithm agree well
with those of other research groups.
Second, the results based on linear and nonlinear FEA were compared

in terms of computation time and quality. It could be seen, that a
combination of linear and nonlinear FEA guarantees a time-efficient and
accurate topology synthesis. Therefore, all optimization processes in
this thesis are started out with linear FEA and, then, are finalized using
nonlinear FEA. The final results of this linear-nonlinear FEA converged
in all considered cases to the results obtained by the fully nonlinear
computation but in significantly less time.

Figure 3.30: Proposed staggered optimization scheme combining Opti-
mality Criteria (OC) method and Globally Convergent Method of Mov-
ing Asymptotes (GCMMA)
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Figure 3.31: Three steps of the applied topology optimization: Starting
out from a general material domain (left), transforming into a discretized
design domain (center) and obtaining an optimized topology (right)

Third, adding and tuning stiffnesses of the actuator at the input
node or the work piece at the output node yield successfully specifically
tailored CM meeting the requirements in terms of motion, stroke and
forces of different applications.
Fourth, the proposed staggered OC-GCMMA topology optimization

algorithm is superior to a simple OC algorithm and provides a robust
and broadly-functional method to generate CM with specified output
motions. The objective function was formulated and applied as a single
criterion objective function as well as a multi criteria objective function.
Both formulations result in equally satisfying results, i.e. the generated
CM meet the specified output motion requirements. In fact, all output
motions coincide with the specified directions and the parasitic errors
stay below 3%.
As a key result of the topology optimization process, the positions

of the hinges can be gathered from the final topology of the CM as
illustrated in Fig. 3.31. The application of a developed hinge detection
algorithm is briefly discussed later in Sect. 5.3. However, an optimal
shape of the hinges cannot be achieved. The hinges are represented by
single nodes (one-node hinges) in finite element analysis leaving doubts
on the physical meaning as well as an uncertainty in the manufacturing
process.
In order to overcome this one-node hinge problem of mathematically

optimized compliant mechanisms’ topologies, one-node hinges need to
be replaced by real flexure hinges providing desired deflection range and
the ability to bear internal loads without failure.
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4 Flexure hinges: key
elements of compliant
mechanisms

Flexure hinges (FH) are key elements of compliant mechanisms (CM)
enabling CM’s overall motion based on the elastic deflection of each
individual FH. Their function is similar to conventional pin-joint hinges,
i.e. to connect different stiff bodies or material areas with each other and,
thus, providing flexibility. However, the overall motion is not obtained
by a relative movement, but of the elastic deflection of certain "thin"
parts. These areas with a thin cross-section are called FH. In contrast to
their conventional counterparts, FH have no bearing play and, thus, are
highly suitable for ultra-precision applications, as mentioned in Sect. 2.2.
However, the performance of FH varies significantly depending on the

geometric shape of the hinges, i.e. differently shaped FH, as shown earlier
in Fig. 2.6 possess different mechanical properties. Desired, relevant
mechanical properties are named in Sect. 4.1. Analytical expressions
are derived in Sect. 4.2 and Sect. 4.3. The set-ups of the numerical
simulations and experimental studies are described in Sect. 4.4. Results
from the analytical, numerical and experimental studies are compared
and discussed in Sect. 4.5 . Finally, a conclusion is drawn in Sect. 4.6.

Remark. The influence of the geometric imperfections due to different
manufacturing techniques is discussed in detail in [172] and, thus, is not
further described here.
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4.1 Relevant mechanical properties of flex-
ure hinges

In order to incorporate appropriate planar FH into CM, the following
static and dynamic mechanical properties are highly relevant and need
to be calculated beforehand based on different loading conditions as il-
lustrated in Fig. 4.1:

• Mechanical stresses σ(x, z), τ(x, z), to identify critical regions
that are not apparent.

• Displacements u(x, z), w(x), to gain a better understanding of
the deflection of the entire FH.

• Stiffness kz and bending stiffness cψ, to be able to model FH
in an efficient manner.

• Maximum (elastic) deflection, to identify deflection limits and
avoid material failure.

• Precision, i.e. center of rotation P 01
eff and its motion with

deflection, to identify and compensate a change of kinematics.

• Natural frequencies f , to understand the behavior under dy-
namic load conditions and to check the quality of numerical simu-
lations against experimental data.

• Fatigue strengths Sf , to avoid expensive experimental studies
and to minimize the risk of unexpected fatigue failure.

Analytical expressions on the aforementioned properties are derived
using a standard x-z-coordinate system, as shown in Fig. 4.1. If possible,
numerical and experimental data are used to validate the analytical cal-
culations. Since FH are mainly used in CM to allow rotational motion,
the main focus is on axial bending caused by external nodal forces Fx,
Fz and moment My(x) also illustrated in Fig. 4.1.



Flexure hinges: key elements of compliant mechanisms 101

Figure 4.1: Planar, flexure hinge characterized by length l, depth b,
height h, variable thickness t(x) ≥ ts and common points P1, P2, P3 to
resist external loads Fx, Fz, My.

More importance is given to practice-oriented flexure hinge types
that are more cost-saving in terms of manufacturability and mathemat-
ical convenience, i.e. planar flexure hinges are examined: rectangular,
circular and parabolic flexure hinges, denoted by superscripts R, C and
P , respectively.

Remark. Circular FH are approximated by a parabolic function using
Taylor expansion to avoid complicated expressions. A detailed mathe-
matical derivation is given in the Appendix A.7.

The geometry of flexure hinges is described by length l, height h
and variable thickness t(x) ≥ ts as well as common points P1(0, h/2),
P2(l/2, ts/2) and P3(l, h/2), as shown in Fig. 4.1. The depth is set
to uniform b = 10mm over the entire FH, which is sufficient for the
majority of planar applications.
Key aspect for the following calculations is the geometric shape given

by the variable thickness t(x) of rectangular FH

tR(x) = ts, (4.1)
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for parabolic FH

tP (x) = 2
(
c1 + c2x + c3x

2
)

= h −
4x(h − ts)

l
+

4x2(h − ts)

l2
,

(4.2)

and for circular FH

tC(x) = 2(zM +
√

r2 − (x − xM)2)

=
h2 − t2s + l2

4(h − ts)
−

√
(l2 + (h − ts)2)2

(4(h − ts))2
−

(l − 2x)2

4
.

(4.3)

The expressions of parabolic and circular FH are first written in a general
form denoted by polynomial coefficients c1, c2, c3 and circle’s center co-
ordinates xM , zM and radius r, respectively. Second, relevant geometric
boundary conditions for parabolic FH

c1 =
h

2
, c2 =

−2(h − ts)

l
, c3 =

2(h − ts)

l2
, (4.4)

and circular FH

xM =
l

2
, zM =

ts
2

+ r, r =
l2 + (h − ts)

2

4(h − ts)
, (4.5)

are applied.
Throughout this thesis, the formulations tR,P,C = tR,P,C (x, h, l, ts)

are used to keep the solution adaptable to specific problems.
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4.2 Analytical calculation of static and quasi-
static mechanical properties

Explicit expressions for static and quasi-static mechanical properties, i.e.
moments of area, mechanical stresses, displacements, stiffness and bend-
ing stiffness, maximum elastic deflection as well as the center of rotation,
are derived analytically for differently shaped FH, in this section.

4.2.1 Moments of area

The moments of area for the considered flexure hinges are required to
calculate the stresses in the following sections. The areas of the cross-
section are

AR,P,C(x) = btR,P,C(x). (4.6)

The first moments of area Sy(x, z) =
∫

A∗ z∗dA are

SR
y (x, z) =

b

8
(t2s − 4z2),

SP
y (x, z) =

b

8l4

((
hl2 + 4(h − ts)(x

2 − lx)
)2

− 4l4z2
)

,

SC
y (x, z) =

b

2

((
zM +

√
r2 − (x − xM)2

)2
− z2

)

.

(4.7)

Remark. Note, that the first moment of area is calculated from z to
t(x)/2.

The second moments of area Iy(x) =
∫

A z2dA are

IR
y =

bt3s
12

,

IP
y (x) =

b

12l6
(
h(l − 2x)2 + 4ts(l − x)x

)3
,

IC
y (x) =

b

12r3

(
(x − xM)2 + 2r(zM − r)

)3
,

(4.8)
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where the thicknesses ts and tR,P,C(x) are given in Eqs. (4.1) - (4.3).
The listed moments of area are used to calculate nominal stresses and
displacements in the upcoming section.

4.2.2 Mechanical stresses

The normal stresses σx(x, z) = Fx

A(x) +
My(x)
Iy(x) z, and shear stresses τxz =

Fz(x)Sy(x,z)
Iy(x)b depend on the external loads, moment of area Sy(x, z), Iy(x, z)

and depth b, where a linear-elastic, isotropic stress-strain relation is as-
sumed. Furthermore, the normal stresses σy, σz and shear stresses τyz,
τxy in lateral direction are assumed to be negligible. Thus, the relevant
normal stresses are

σR
x (z) =

1

bts
Fx +

12(x − l)z

bt3s
Fz +

12z

bt3s
My,

σP
x (x, z) =

l2

bh3
∗(x)

Fx +
12l6(x − l)z

bh9
∗(x)

Fz +
12l6z

bh9
∗(x)

My,

σC
x (x, z) =

1

2bh∗∗(x)
Fx +

3z(x − l)

2bh3
∗∗(x)

Fz +
3z

2bh3
∗∗(x)

My,

(4.9)

and shear stresses are

τR
xz(z) =

(
−6z2

bt3s
+

3

2bts

)

Fz,

τP
xz(x, z) =

(
3l2 (−4l4z2 + h6

∗(x))

2bh9
∗(x)

)

Fz,

τC
xz(x, z) =

3
(
r2 − z2 − (x − xM)2 +

(
zM − 2

√
r2 − (x − xM )2

)
zM

)

4bh∗∗(x)
Fz,

(4.10)

where h3
∗(x) = h(l−2x)2+4(l−x)xts and h∗∗(x) = zM−

√
r2 − (x − xM)2

are introduced to keep the expressions short.

Remark. Note, that any stress concentration effects are not yet taken
into account as they will be considered later, in Sect. 4.2.5.
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4.2.3 Displacements

The displacements u(x, z), w(x) due to external loads Fx, Fz, My, as al-
ready shown in Fig. 4.1, are calculated. Later, they are used to calculate
stiffness and bending stiffness in Sect. 4.2.4.
In order to calculate displacements u(x, z), w(x) and bending slope

ψ(x), different beam theories are supposed to be applicable: Euler-
Bernoulli’s beam theory assumes that the (shear-indeformable) cross sec-
tion remains perpendicular to the neutral axis and ψ ≈ tan ψ = −w′(x),
which is sufficient for slender beams (e.g. rectangular flexure hinges)
undergoing small and moderate bending angles. Elastica beam the-
ory lifts the latter limitation using the correct, non-linear expression
w′′

E(x)/(1 + (w′
E(x))2)3/2 = −My(x)/EIy(x) and, thus, it also holds for

large bending angles. Timoshenko’s beam theory holds for small and
moderate bending angles, as Bernoulli’s theory does, but it takes the
shear deformation caused by arising shear stresses into account. Usually,
this has a minor effect on the displacements considering "long" rectan-
gular, leaf-type FH (t(x) << l). However, it cannot be neglected in the
case of "thick", notch-type FH with an increased "effective" thickness
teff = 1/l

∫
t(x)dx ≈ l compared to hinge length l, such as most circu-

lar and parabolic hinges. The influence of large deformations and shear
stresses is further described in [218] and [219], respectively.
In this work, Timoshenko’s beam theory is used to calculate the re-

quired displacements, since (a) FH do not undergo extremely large rota-
tions as assumed in the Elastica beam theory and (b) shear deformation
cannot be neglected as done in Bernoulli’s beam theory. The relevant
displacement expressions are

w′(x) = −ψ(x) +
Fz

αSGA(x)
,

ψ′(x) =
My(x)

EIy(x)
,

u(x, z) = z ψ(x) +

∫ x

0

Fx

EA(x)
dx.

(4.11)

Here, the angles w′(x) and ψ(x) differ by an additional shear deformation
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term, where αs is a shear correction factor compensating non-uniform
shear stresses τxs in the cross section. Furthermore, the displacement
u(x, z) is expanded by an additional axial displacement term caused by
axial forces Fx. Based on Eq. (4.11), the displacement expressions can
be calculated for different types of flexure hinges.
The displacements for a rectangular flexure hinge based on Timo-

shenko’s theory become

wR(x) =
12(1 + ν)t2sx + 30lx2 − 10x3

5Ebt3s
Fz −

6x2

Ebt3s
My,

ψR(x) = −
12lx − 6x2

Ebt3s
Fz +

12x

Ebt3s
My,

uR(x, z) =
x

Ebts
Fx −

(12lx − 6x2)z

Ebt3s
Fz +

12xz

Ebt3s
My.

(4.12)

The displacements of circular and parabolic FH are calculated in a gen-
eral form and given in the Appendix A.6. The derived displacements
expressions are used in Sect. 4.2.4 to calculate stiffness and bending
stiffness of different flexure hinges.

Remark. Anti-clastic bending effects are neglected, as suggested in [220].

4.2.4 Stiffness and bending stiffness

The stiffnesses kx, kz and, in particular, the bending stiffness cψ of an
FH is important for an efficient modeling of compliant mechanisms us-
ing discrete spring joints or reduced-order finite element models. The
loads f = (Fz, My, Fx)

T and displacements u = (w(x), ψ(x), u(x, z))T

are coupled by the compliance expressions u = C f as given in Eq.
(4.12). For modeling and topology optimization purposes, it is beneficial
to invert this relation to

Ku = f . (4.13)

The stiffness matrix K represents all mechanical properties (for static
and quasi-static problems) that are crucial for modeling purposes, topol-
ogy optimization problems and (embedded) finite element calculations
using efficient, reduced-order finite element models.
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Generally, these expressions are quite large, especially, for parabolic
and circular flexure hinges. Due to conciseness, the stiffness matrix of
a rectangular flexure hinge is presented solely. However, the stiffness
matrices of parabolic and circular hinges can be calculated based on
the displacement equation given in the Appendix A.6. Using the de-
rived relations between loads and corresponding displacements given in
Eq. (4.12) yield the stiffness matrix for rectangular FH

KR = Ebt3s






5
l(12(1+ν)t2s+5l2)

5
24(1+ν)t2s+10l2 0

5l
2l(12(1+ν)t2s+5l2)

10l2+6(1+ν)t2s
l(12(1+ν)t2s+5l2) 0

0 0 1
lt2s




 , (4.14)

where the diagonal entries represent kz, cψ and kx.

4.2.5 Maximum elastic deflection

Clearly, FH can undergo smaller rotational deflections than conventional
pin joints that have practically no limit. The maximum elastic deflec-
tion of FH can be estimated by combining the occurring stresses, given
in Eqs. (4.9) and (4.10), to an equivalent stress σV which has to be
lower than the yield stress S0.2: σV ≤ S0.2. Among various established
yield criteria, the von-Mises yield criterion σV =

√
σ2

x + 3τ 2
xz is mainly

used for ductile materials for quasi-static loading conditions and, thus,
applicable to the majority of materials in compliant mechanisms.
The maximum normal stress σx,max can be found at the thinnest

cross section x = x(t = ts) at the upper or lower edge z = ±ts/2.
Whereas the maximum shear stresses τxz,max occur at the center of the
thinnest cross section x = x(t = ts) at z = 0 and is zero at the edges
τxz(z = ±ts/2) = 0. Typically in applications considered here, normal
stresses are more dominant than shear stresses suggesting to neglect shear
stress. However, maximum shear stresses are taken into account in the
equivalent stress due to safety reasons. Therefore, the equivalent stresses
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become

σR,P,C
V,max =

√
(σmax,xKtt + σmax,bKtb)

2 + 3τ 2
max

=

√(
Fx

bts
Ktt +

6My(x)

bt2s
Ktb

)2

+ 3

(
Fz

2bts

)2

,

(4.15)

where stress concentration factors Ktt and Ktb for tensile and bending
loads (second indices t, b) are introduced due to the stress concentration
at the FH as illustrated in Fig. 4.2.

For rectangular FH, with uniform thickness t(x) = ts, the critical sec-
tion is solely determined by the maximum bending moment MR

y,max(x =
0) = My − lFz. In contrast to this, for parabolic and circular notch type
hinges, the critical section is determined by the thinnest cross section
ts, as well, leading to a critical section very close to the thinnest cross
section at x ≈ l/2, where the bending moment becomes MC,P

y,max(x ≈
l/2) = My − l/2 Fz. Thus, the maximum equivalent stresses are

σR
e,max =

√(
Fx

bts
KR

tt +
6(My − lFz)

bt2s
KR

tb

)2

+ 3

(
Fz

2bts

)2

,

σC,P
e,max =

√√
√
√
(

Fx

bts
KC,P

tt +
6(My − l

2Fz)

bt2s
KC,P

tb

)2

+ 3

(
Fz

2bts

)2

.

(4.16)

The stress concentration factors for rectangular leaf type hinges KR
tt ,

KR
tb strongly depend on the corner radius and can be found in [221].

For circular and parabolic hinges, stress concentration factors can be
approximated following [222] as
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Figure 4.2: Stress concentration at flexure hinges due to notch effect

KC,P
tt = 1 +

[

0.1
( r

t∗

)
+ 0.7

(

1 +
ts
2r

)2(
ts
2r

)−3

+0.13

(
ts
2r

)(
ts
2r

+
t∗

r

)−1(
t∗

r

)−1.25
]− 1

2

,

KC,P
tb = 1 +

[

0.08
( r

t∗

)0.66
+ 2.2

(

1 +
ts
2r

)2.25(
ts
2r

)−3.375

+0.2

(
ts
2r

)(
ts
2r

+
t∗

r

)−1(
t

r

)−1.33
]− 1

2

,

(4.17)

where t∗ = h−ts
2 and the radii of curvature r are

rC =
l2 + (h − ts)

2

4(h − ts)
= const. (4.18)
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and

rP

(

x =
l

2

)

=
l2

4(h − ts)
, (4.19)

for circular and parabolic hinges as shown in Fig. 4.2. Here, the geo-
metric properties given in Eqs. (4.1) – (4.3) and corresponding deriva-
tives t′(x), t′′(x) were applied to calculate the radius of a parabola
rP (x) =

∣
∣(1 + t′(x)2)3/2/t′′(x)

∣
∣.

Finally, the equivalent stresses can be calculated using Eq. (4.15) for
all types of FH considered in this work. Based on the material dependent
strength, the maximum values of axial and shear forces, Fx and Fz, as
well as of the bending moment My that are applicable can be determined,
which leads to the maximum elastic deformations by using Eq. (4.11).

4.2.6 Precision, i.e. center of rotation

The precision of FH is a significant performance indicator and refers –
from a kinematical point of view – to the center of rotation and its mo-
tion with deflection of bodies connected by flexure hinges. It is crucial
for a correct modeling of compliant mechanisms, i.e. ignoring the par-
ticular center of rotation of FH can lead to parasitic motion or failure of
the entire mechanism due to unwanted behavior, such as snap through
effects.
The center of rotation is usually considered for rigid-body-motions.

However, many parts of a CM that are connected by FH are very stiff
and can be treated in a similar way. In this work, the overall center of
rotation P 01

eff refers to a fixed point considering undeformed (0) and max-
imum elastically deformed state (1) as illustrated in Fig. 4.3, whereas
its motion refers to the herpolhode, i.e. the motion of the instantaneous
center of rotation with deflection.
In order to calculate the center of rotation of a rigid body attached to

an FH, the position of two single points PA, PB and the corresponding
displacements uA = u(l, 0), wA = w(l, 0) and uB = u(l,−h/2) are
considered. This yields an overall center of rotation
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Figure 4.3: Determination of instantaneous center of rotation P 01,(i) of
a flexure hinge

P 01
eff =




P 01

eff,x

P 01
eff,z



 =
1

2





wA

uA−uB
h + uA + uB + 2l

uA

uB−uA
h − uAuB

wA
+ wA



 , (4.20)

which holds for all types of flexure hinges.

The motion of the (instantaneous) center of rotation can be calculated
considering an infinite number of intermediate steps between undeformed
and maximum elastically deformed step. Therefore, the motion paths

S
(i)
A = PA +

(
u

(i)
A

w
(i)
A

)

, S
(i)
B = PB +

(
u

(i)
B

w
(i)
B

)

, (4.21)
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the tangent vectors

T
(i)
A = K̇A =

(
u̇

(i)
A

ẇ
(i)
A

)

, T
(i)
B = K̇B =

(
u̇

(i)
B

ẇ
(i)
B

)

, (4.22)

and the corresponding normal vectors

N
(i)
A =

(
ẇ

(i)
A

−u̇
(i)
A

)

, N
(i)
B =

(
ẇ

(i)
B

−u̇
(i)
B

)

, (4.23)

need to be calculated first where the operator ˙( ) refers to the change
from the ith to the (i+1)th intermediate step. Determining the point of
intersection of N

(i)
A and N

(i)
B leads to

P 01,(i) =






2(uA+l)u̇A−2(uB+l)u̇B+hẇA

2(u̇A−u̇B)

wA − 2(uA−uB)u̇B+hẇA

2(u̇A−u̇B)ẇA
u̇A




 , (4.24)

which is the center of rotation for all intermediate steps i, i.e. the desired
motion with deflection.
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4.3 Analytical calculation of dynamic me-
chanical properties

The explicit expressions for dynamic mechanical properties, i.e. first
natural frequency and fatigue strength, are derived analytically for dif-
ferently shaped FH, in this section.

4.3.1 Natural frequency

The natural frequency of a system consisting of a rigid body connected
to a flexure hinge as shown in Fig. 4.4 is relevant for compliant mecha-
nisms under dynamic loading conditions. In addition, it is a good quality
measure comparing analytical, numerical and experimental studies.
The natural frequencies are calculated analytically using the afore-

mentioned Timoshenko’s beam theory. Extending Eq. (4.11) to a dy-
namic state yield the differential equations:

ρA(x)ẅ(x) − (GA∗(x)(w′(x) + ψ))
′
= q,

ρIy(x)ψ̈ − (EIy(x)ψ′)′ + GA∗(w
′ + ψ) = 0.

(4.25)

Applying standard boundary conditions at fixed end x = 0

w = 0, ψ = 0, (4.26)

and free end x = l

EIyψ
′ = M, GA∗(w

′ + ψ) = F, (4.27)

the differential Eq. (4.25) can be solved, where the force F and the mo-
ment M depend on the (known) rigid body connected to the FH. How-
ever, solving these equations analytically for a variable, unspecified FH’s
thickness t(x) 6= const. is not always possible. Therefore, a numerical
approach, namely the Rayleigh quotient

ω2
1 =

max EP

max Ek
(4.28)
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(a) (b)

Figure 4.4: Continuous flexure hinge (a) and equivalent discrete torsion
spring model (b)

is chosen, where the first natural circular frequency ω1 is approximated
by the ratio of maximum values of potential and kinetic energies Ep and
Ek. Following [223] yields for the FH

ω2
1 =

∫ l

0 EIy(x)Ψ′(x)2 + GA∗(x)(W ′(x) + Ψ(x))2dx

ρ
∫ l

0 A(x)W (x)2 + Iy(x)Ψ(x)2dx
, (4.29)

where displacement and bending angle are described by appropriate test
functions Ψ(x) and W (x). In order to determine Ψ(x) and W (x), the
displacements and bending angle occurring from a uniform transverse
load q0 with a resulting bending moment My(x) = −1

2q0(l − x)2, as
suggested in [224], are used. The Eq. (4.29) is applied in Sect. 4.5.4 to
calculate the natural frequencies fana = ω1/2π analytically.
The natural frequency of a discrete model can be calculated from

Jψ̈(t) + cψψ(t) = 0, (4.30)

with J = mL2/12 as the mass moment of inertia of the attached rigid
body of the length L/2. Assuming a time-harmonic vibration ψ(t) =
a sin(ωt) yield

(
c − Jω2

)
sin(ωt) = 0, which must hold for all t. Sub-

stituting the circular frequency ω = 2πf and the mass of the half test
specimen m = ρAL/2 leads to cψ = 32π2f 2

1 /(3ρAL3) which leads to the
final relation

f dm
1 =

√
3ρAL3cψ

32π2
. (4.31)
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Thus, the natural frequency of the discrete model f dm
1 can be calculated

from the torsion spring’s stiffness, i.e. the bending stiffness of the FH.

4.3.2 Fatigue strength

The fatigue strengths of differently shaped FH are calculated using the
stress-life approach. Accordingly, the occurring mechanical stresses are
compared to the fatigue strength of a smooth test specimen which is then
lowered by applying different reduction factors, often called "knock-down
factors", accounting for nonzero mean stresses, notch effects and surface
finish.

Remark. Thermal effects (both ambient and generated) are considered
negligible for the applications of interest.

4.3.2.1 Stresses in flexural hinges

Since FH are mainly used in CM to allow rotational motion, the main
focus is on axial bending caused by the external nodal forces Fx, Fz

and the moment My(x), as already described for the quasi-static case in
Sect. 4.2. Here, dynamic effects are taken into account, where all loads
are assumed to be time-harmonic, with constant mean and amplitude
values, denoted by indexm and index a, respectively. For example, My =
Mmy ± May causes time-harmonic (bending) stresses σb = σmb ± σab.
According to standard literature, the largest principal tensile stress is

the most significant stress component in fatigue analysis for the materials
typically used in CM [225]. Assuming negligible normal stresses in lateral
direction, i.e. σy = σz = 0, the largest principal tensile stress is given by
the normal stress in the x-direction

σx(x, z) =
Fx

A(x)
+

My(x)

Iy(x)
z, (4.32)

which depends on the external loads Fx, My(x), cross-section A(x),
depth b, second area moment Iy(x, z) and the z-coordinate, where a
linear-elastic, isotropic stress-strain relation is assumed.
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Recalling Eq. (4.9), the relevant nominal stresses within flexural
hinges as shown in Fig. 4.1 are

σR
x (z) =

1

bts
Fx +

12(x − l)z

bt3s
Fz +

12z

bt3s
My,

σP
x (x, z) =

l2

bh3
∗(x)

Fx +
12l6(x − l)z

bh9
∗(x)

Fz +
12l6z

bh9
∗(x)

My,

σC
x (x, z) =

1

2bh∗∗(x)
Fx +

3z(x − l)

2bh3
∗∗(x)

Fz +
3z

2bh3
∗∗(x)

My,

(4.33)

where h3
∗(x) = h(l−2x)2+4(l−x)xts and h∗∗(x) = zM−

√
r2 − (x − xM)2

are introduced to keep the expressions concise.
In the ensuing sections, the axial force Fx causes a tensile stress

σt whereas the moment My and the force Fz cause a bending stress,
σb, within the cross-section of the FH. For both loading conditions, the
resulting mean stresses σm = (σmax + σmin)/2 , amplitude stresses σa =
(σmax − σmin)/2 and ratio R = σmin/σmax can be calculated using the
nominal stresses σR,P,C

x,max which occur at the thinnest cross section at the
upper or lower edge substituting x = l/2 and z = ±ts/2 into Eq. (4.33).

4.3.2.2 Fatigue strength with zero mean stress

Fatigue strengths Sf have been determined by extensive experiments
and, thus, are known for some materials. However, if bending fatigue
strength Sfb and tensile fatigue strength Sft are not available, they can
be estimated in absence of mean stress (σm = 0) based on numerous
experiments on unnotched standard test specimens. There are different
methods to estimate the fatigue strengths. A classical approach is given
by using the linear relation between tensile fatigue strength Sft and
ultimate tensile strength SU

Sft = αSU , (4.34)

where the factors α = 0.5 for steel and Titanium alloys, and α = 0.35
for aluminum alloys are typically used. As mentioned in [225], this is not
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Table 4.1: Material properties [227] and fatigue strengths in absence
of mean stresses (σm = 0) of aluminum alloys mainly used in compli-
ant mechanisms: experimental data Sf,exp [227], a linear estimate [225],
bending fatigue strength Sfb,Ra and tensile fatigue strength Sft,Ra [226]

Name S0.2 SU Sf,exp Sft = αSU Sfb,Ra Sft,Ra

[−] [MPa] [MPa] [MPa] [MPa] [MPa] [MPa]
Al 2024-O 75 185 90 65 74 63
Al 2024-T3 345 485 140 170 130 111
Al 2024-T351 325 470 140 165 130 111

necessarily a good measure and only provides an initial estimate. An-
other approach is suggested by Radaj [226], where the bending fatigue
strength Sfb,Ra is estimated for aluminum alloys possessing different ten-
sile strengths for N = 108 life cycles by the following

Sfb,Ra ≈

{
0.4SU for SU ≤ 325 MPa

130 MPa for SU ≥ 325 MPa,
(4.35)

and the tensile fatigue strengths Sft,Ra were further reduced to

Sft,Ra ≈ 0.85 Sfb,Ra. (4.36)

The different fatigue strengths in absence of any mean stresses (σm = 0)
are listed in Table 4.1.

4.3.2.3 Fatigue strength with nonzero mean stress

Considering nonzero mean stresses, the maximum permissible stress am-
plitudes need to be formulated as a function of the mean stresses Sai(σm),
i.e. the same number of life cycles can only be achieved for higher mean
stresses σm by reducing the stress amplitudes σa. The index i is used for
formulas which apply to both, tensile and bending load. Otherwise the
indexes b for bending and t for tension are used separately.
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Three established relations have been proposed by Gerber [228], Good-
man [229] and Soderberg [230] respectively:

Gerber: Sai(σm) = Sfi

(

1 −

(
σm

SU

)2
)

, (4.37)

Mod. Goodman: Sai(σm) = Sfi

(

1 −
σm

SU

)

, (4.38)

Soderberg: Sai(σm) = Sfi

(

1 −
σm

S0.2

)

, (4.39)

as illustrated later in Fig. 4.8(a). According to Suresh [231], Soderberg
provides a very conservative estimate, whereas Goodman and Gerber
match experimental data well. Modified Goodman is suggested for alu-
minum alloys and, thus, further considered.

4.3.2.4 Notch effect

The fatigue strength of FH is significantly lower than it is for unnotched
test specimens, due to stress concentrations that occur at the root of
FH, causing nucleation of microcracks which possibly leads to failure. In
a quasi-static analysis, the stress concentration factors Kti are mainly
used to account for the occurring higher peak stresses, compared to the
nominal stresses, as shown in [232]. The stress concentration factors for
tension KC,P

tt and bending KC,P
tb are already given for static calculations

in Eq. (4.17).
In fatigue analysis, various experiments have suggested that the static

stress concentration factors overestimate the notch severity of FH. There-
fore, the "notch effect" is described more precisely by the fatigue strength
reduction factor Kfi, also called fatigue notch factor, defined as the ratio
of the fatigue strength of unnotched test specimens (as described in the
previous section) and the fatigue strength of the notched specimens, i.e.
the flexural hinge:

1 ≤ Kfi =
Sfi,TestSpecimen

Sfi,F lexureHinge
≤ Kti. (4.40)
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Figure 4.5: Peak stresses depending on the curvature at the root lead to
a reduced fatigue strength of flexural hinges

The fatigue strength reduction factor Kfi can be calculated using the
notch sensitivity q, which is defined as

q =
Kfi − 1

Kti − 1
, (4.41)

where q varies from zero (no notch effect: Kfi = 1) to one (full notch
effect Kfi = Kti) and can be determined from Fig. 4.6.

Kfi can also be determined from experiments or empirical measures
as proposed by Peterson or Neuber:

Peterson: Kfi = 1 +
Kti − 1

1 + AP/r
, (4.42)

Neuber: Kfi = 1 +
Kti − 1

1 +
√

AN/r
, (4.43)

with AP and AN as material constants depending on the strength and
ductility, e.g. AP ≈ 0.66 mm for aluminum alloys [233]. Thus, the
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Figure 4.6: Notch sensitivity for different radii r [221]

reduced fatigue strength of flexural hinges is calculated by Eqs. (4.37) -
(4.39) yielding, for example, following Goodman

Sai(σm) =
Sfi

Kfi

(

1 −
σm

SU/Kti

)

, (4.44)

as illustrated in Fig. 4.8(b) where the ordinate and abscissa are scaled
by 1/Kti and 1/Kfi, respectively.

4.3.2.5 Superposed bending and tension

Thus far, pure bending or pure tensile cyclic loads were considered. Al-
though superposed bending and tension cause similar critical stresses,
the overall fatigue life is unequally more complex due to different ampli-
tudes, frequencies and phase relations. There are, to the authors’ knowl-
edge, neither material parameters nor precise methods known that hold
for arbitrary loading conditions. However, a reasonable equivalent stress
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σa,e can be estimated following Issler [233] by choosing, for example, the
tensile loading as a reference yielding

σa,e = σat + κσab, (4.45)

with κ = Sat/Sab as a reference coefficient.

4.3.2.6 Surface effect

The surface roughness of the root of FH affects the fatigue strength
significantly, due to possible crack nucleation and propagation on the
surface. The surface roughness reduction factor γ accounts for different
surface qualities obtained by different manufacturing technologies, such
as polishing, grinding, milling and drilling. It is defined as the ratio of
the fatigue strength of standard test specimens with a specific surface
quality and the fatigue strength of a very smooth test specimens

γ =
Sfi

Sfi,smooth
. (4.46)

It is assumed that the influence of the surface finish is similar for un-
notched and notched test specimens. Therefore, values for γ, which were
measured on unnotched test specimens are applied to FH, as well. The
surface roughness reduction factor γ depending on the surface roughness
Rt, also called total height of the profile, is shown in Fig. 4.7 for different
aluminum alloys.
The absolute arithmetic average surface roughness Ra for electrical

discharged machined (EDM) specimens is typically within a range of
1.6-5 μm [235]. There is no mathematical relation between Rt and Ra.
However, an experience-based estimate is given in [236] by a factor of 8.7
yielding approximate values of Rt ≈ 14-44 μm. Assuming a reasonable
surface roughness of Rt ≈ 20 μm yields for Al wrought alloys mainly used
in CM, e.g. Al 2024-T3 or Al 2024-T351, with a ratio S0.2/SU ≈ 0.7 a
surface reduction factor of γ = 0.75.
The fatigue strength of FH is further reduced to

Sai(σm) =
γSfi

Kfi

(

1 −
σm

SU/Kti

)

, (4.47)
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Figure 4.7: Surface roughness reduction factor γ for aluminum wrought
alloys adopted and modified from [226] based on VDI guideline 2226 [234]

as illustrated in Fig. 4.8(b) where the ordinate and abscissa are further
scaled by γ.
On the one hand, the geometry of FH can be designed for N = 108

life cycles using Eq. (4.47), where usually the material data and surface
finish are known beforehand. On the other hand, the fatigue strength
of an FH and a possible fatigue failure can be predicted. Basically, the
occurring mean and amplitude stresses need to stay below the lowest
graph in Fig. 4.8(b).
In Sect. 4.5.5, examples will illustrate the design process and the

failure prediction process.



Flexure hinges: key elements of compliant mechanisms 123

(a)

(b)

Figure 4.8: Fatigue diagrams: (a) three established relations, (b) reduced
fatigue strength of flexural hinges using modified Goodman relation
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4.4 Numerical simulation and experimental
set-up

In order to validate the analytical calculations, the mechanical behavior
of FH is examined by numerical simulations and experimental studies.
First, the test specimens with incorporated FH of different geometries are
described. Then, the numerical and experimental set-ups are explained.

Remark. The experimental studies were carried out and documented by
several students under the author’s supervision at the HSU [237–240].

4.4.1 Test specimens

All considered test specimens have a rectangular shape with the dimen-
sions

L = 100 mm, h1 = 4 mm, h2 = 10 mm, b = 10 mm, (4.48)

with incorporated FH at the center of each test specimen. Fig. 4.9(a)
illustrates the test specimens with differently-shaped FH.
The relevant dimensions of all considered test specimens are listed in

Table 4.2. The minimum thickness ts varies from 0.2 mm ≤ ts ≤ 2 mm.
All FH are symmetric but with different geometries, i.e. rectangular,
circular or parabolic shape, as described in Eqs. (4.1) – (4.3) and shown
in Fig. 4.9(b) – Fig. 4.9(e). Multiple sets of the described 21 different
test specimens are investigated, to reduce the effect of manufacturing
imperfections.
The test specimens are made of a high strength aluminum wrought

alloy EN AW Al 2024 -T351 with approx. 4% copper, 1% magnesium
and 0.5% manganese as the main alloying elements and less than a half
percent of silicon, zinc, nickel, chromium, lead and bismuth. Its chemical
notation is AlCu4Mg1. T351 is the temper of the material leading to its
high strength mechanical properties. In applications of CM, these Al
alloys are advantageous due to their high fatigue strength and their high
elastic strain. The relevant material specifications are

E = 70 GPa, ν = 0.33, ρ = 2790 kg m−3.
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(a) Test specimens with h = 10 mm (b) Upper half of FH with ts = 1 mm

(c) Rectangular notch (d) Circular notch (e) Parabolic notch

Figure 4.9: Selected test specimens of differently shaped flexure hinges

A detailed description and a listing of in-depth material data of suit-
able aluminum alloys is given in [227].

4.4.2 Numerical simulation

The mechanical behavior of all test specimens with differently-shaped
FH is simulated using the commercial software package Abaqus 6.8.1.
Particularly, the occurring mechanical stresses, displacements, stiffness
and bending stiffness and natural frequencies are simulated.
The test specimens are generated, modeled and meshed with a two-di-

mensional finite element (FE) model consisting of 8-node quadrilateral,
plane stress elements (CPS8R) with quadratic shape functions. The
numerical simulation is done considering the following aspects:

• The number of finite elements at the thinnest cross section is five
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Table 4.2: Geometric data of 21 different test specimens with rectangu-
lar, circular and parabolic flexure hinges
shape L b h FH’s thickness ts FH’s length l
[−] [mm] [mm] [mm] [mm] [mm]

10 2 8
10 1 9
4 1 3

R 100 10 4 0.8 3.2
4 0.6 3.4
4 0.4 3.6
4 0.2 3.8

10 2 8
10 1 9
4 1 3

C 100 10 4 0.8 3.2
4 0.6 3.4
4 0.4 3.6
4 0.2 3.8

10 2 8
10 1 9
4 1 3

P 100 10 4 0.8 3.2
4 0.6 3.4
4 0.4 3.6
4 0.2 3.8
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Step: Momenteinleitung, Punktuelles Moment an der rechten Seite
Increment      1: Step Time =    1.000

sim1
ODB: Job-12.odb    Abaqus/Standard Version 6.8-1    Thu Jun 07 13:52:14 GMT+02:00 2012

X

Y

Z

(a) Example mesh of flexure hinge

Figure 4.10: Numerical simulation of flexure hinges using Abaqus 6.8.1

or more.

• Distortion of finite elements is small.

• Areas without any noticeable displacements are not modeled, e.g.
the clamped (left) side of the test specimens.

As an example, Fig. 4.10 shows a close-up of a meshed FE model of a
circular FH before applying external loads. Later, Abaqus/Standard is
used to compute the nodal displacements from the (quasi-static) equi-
librium equations implicitly where a reduced 2 × 2 integration scheme
is utilized for the geometric nonlinear analyses. The modal analysis is
solved using the Lanczos solver. Further details are given in the Abaqus
Documentation and in Lanczos’ historical paper [241,242].

Remark. An adaptive meshing would be more efficient than the uniform
meshing applied here. However, the uniform meshing is chosen since the
numerical computation is cheap and lasts only a couple of seconds due
to the small number of degrees of freedom.
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4.4.3 Experimental set-up

The mechanical behavior of all test specimens with differently-shaped FH
is measured experimentally using the tensile testing machine TIRAtest
2810, the digital image correlation system Q400 and the scanning laser vi-
brometer PSV400. Particularly, the displacements due to a bending load
are measured with the TIRAtest and Q400, and the stiffness, bending
stiffness and precision are calculated afterwards. The natural frequencies
are measured with the PSV400.

4.4.3.1 Tensile testing machine

The test specimens are clamped in a horizontal direction and loaded by a
vertical force using the tensile testing machine TIRAtest 2810, as shown
in Fig. 4.11. The applied load is controlled by a standard PC connected
by an electronic drive control. The test specimen’s deflection due to the
applied load is measured immediately leading to stiffness kz and bending
stiffness cψ afterwards. In addition, the stepwise deflection is optically
measured by the digital image correlation system Q400 at the same time.

Figure 4.11: Tensile testing machine TIRAtest 2810 (left) and clamped
test specimen (right).
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4.4.3.2 Digital image correlation system

The deflection of each test specimen is measured optically in a step-
wise manner by a Digital image correlation system Q400 from Dantec
Dynamics. In order to enable the system to detect even the tiniest mo-
tions, fine, black and white varnishes were sprayed on the test specimens
beforehand.
Based on the measured displacements u(x, z) and w(x, z) of each

surface point of each test specimen, the deflection path and, thus, the
center of rotation is determined afterwards.
Fig. 4.12(a) shows the main components of the Q400: a light source

to illuminate the test specimen and a camera system with a (macro)
objective aperture to record the displacements. Fig. 4.12(b) shows a
close-up of the FH of a clamped test specimen that was sprayed before-
hand.

(a) Main components (b) Flexure hinge (optical)

Figure 4.12: Digital image correlation system Q400

4.4.3.3 Scanning laser vibrometer

The natural frequencies of each test specimen are measured optically
using a scanning laser vibrometer PSV400 from Polytec. This system
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Figure 4.13: Scanning laser vibrometer PSV400

measures the surface velocity based on the principle of laser interferom-
etry.
Each test specimen is clamped on one end on a vibration-damped

platform and is pulse-excitated at the free end (with the FH). The os-
cillations are measured with a properly adjusted laser beam that is sent
from the PSV400, reflected on the test specimen’s (oscillating) surface
and traced by the PSV400. Based on the recorded time signal of the (re-
sponse) oscillation, the natural frequencies under the fixed-free boundary
conditions can be determined after an automated Fourier transformation.
The experimental set-up is illustrated in Fig. 4.13.
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4.5 Results

The results of the analytical calculations on the mechanical behavior of
differently-shaped FH, as described in Sect. 4.1 - 4.3, are shown and
discussed in this section. Particularly, the maximum elastic deflection,
the (bending) stiffness, the precision, the natural frequency and the pre-
diction of fatigue strength and the optimal design of FH are addressed.
Additionally, the data of numerical simulations and experimental

studies, as described in Sect. 4.4, are used to validate the analytical
results.

4.5.1 Maximum elastic deflection

The maximum elastic deflection of FH is an important performance mea-
sure, in particular, in high stroke applications. As long as the occurring
stresses do not exceed the (known) yield stress S0.2, the deflection is con-
sidered to be elastic. The stresses in the FH are calculated analytically
using Eq. (4.16), where the stress concentration factors Ktt = Ktt (t(x))
and Ktb = Ktb (t(x)) are calculated using Eq. (4.17) for all considered
FH. The left end of the FH is clamped and the right end is free with a
vertical Force Fz applied at x = L
In Table 4.3, the analytical results of the maximum elastic deflection

w of differently sized parabolic and circular flexure hinges are listed for
different lengths l and thinnest thicknesses ts undergoing bending due
to a pure shear force Fz. Some of the these results are presented in
Fig. 4.14. The listed stress concentration factors result from the different
hinge geometries tC(x) and tP (x). The maximum elastic deflection w(l)
and, more importantly, the corresponding maximum bending angle ψ(l)
at the end of the FH are shown.
Caused by the smaller radii of curvature of parabolic FH, the stress

concentration is higher in parabolic FH than it is in circular FH, i.e.
KP

tt > KC
tt and KP

tb > KC
tb , respectively. This leads to smaller, applicable

shear forces Fz and to smaller deflections w(l) and slopes ψ(l) at the end
of parabolic FH. The stress concentration at all considered FH decreases
for smaller and thinner FH, and is hardly noticeable for ts < 2 mm.
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Table 4.3: Maximum elastic deflection of circular (C) and parabolic (P )
flexure hinges undergoing bending due to pure shear force Fz

h l ts Ktt Ktb Fz w(l) ψ(l)

[mm] [mm] [mm] [−] [−] [N] [μm] [°]
C 10 8 2 1.12 1.05 47.60 52.00 0.745
P 10 8 2 1.28 1.13 44.10 36.10 0.516

C 10 9 1 1.04 1.02 12.20 93.20 1.146
P 10 9 1 1.10 1.04 11.80 65.80 0.859

C 10 9.5 0.5 1.01 1.00 3.10 145.90 1.776
P 10 9.5 0.5 1.04 1.01 3.00 103.40 1.261

C 4 3.0 1.0 1.17 1.08 12.39 18.95 0.716
P 4 3.0 1.0 1.39 1.19 11.19 12.47 0.471

C 4 3.2 0.8 1.12 1.05 8.10 24.12 0.854
P 4 3.2 0.8 1.28 1.13 7.51 16.10 0.572

C 4 3.4 0.6 1.08 1.03 4.64 31.25 1.047
P 4 3.4 0.6 1.19 1.08 4.41 21.21 0.712

C 4 3.6 0.4 1.04 1.01 2.09 42.37 1.344
P 4 3.6 0.4 1.10 1.04 2.03 29.20 0.928

C 4 3.8 0.2 1.01 1.00 0.53 65.46 1.965
P 4 3.8 0.2 1.04 1.01 0.52 45.87 1.382

C 4 3.9 0.1 1.00 1.00 0.13 96.28 2.827
P 4 3.9 0.1 1.01 1.00 0.13 67.87 1.993

C 4 3.95 0.05 1.00 1.00 0.03 138.71 4.022
P 4 3.95 0.05 1.00 1.00 0.03 97.97 2.842
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Figure 4.14: Maximum elastic deflection of differently sized circular and
parabolic flexure hinges

In order not to exceed the yield stress, the maximum applicable loads
become smaller for thinner FH by approximately Fz ∼ 1/t2s. This re-
sults from the normal stress term in Eqs. (4.16) which becomes more
dominant. However, the smaller loads yield higher deflections due to the
term t3s in the denominator in Eq. (4.12). Thus, the resulting maximum
deflections and bending angles of thinner FH are significantly higher.
In Fig. 4.14, the maximum bending angle ψmax = ψ(l) is plotted

over the thickness ts for circular and parabolic FH. It can be noted, that
circular FH provide a larger deflection range by approx. 35% than sim-
ilarly sized, parabolic FH, i.e. if the same dimensions and the common
points P1, P2 and P3, as shown in Fig. 4.1, are kept.
Generally, the maximum elastic deflection are linked to the occur-

ring stresses that depend directly on the radii of curvature, i.e. smaller
radii of curvature result in higher stress concentration factors leading to
higher stresses and a lower elastic deflection range. This is not a surpris-
ing result, however Eqs. (4.15) - (4.19) provide analytical expressions to
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calculate the range of elastic deflection of common types of FH in CM
prior to any modeling or manufacturing efforts.

Remark. Rectangular FH are not examined in terms of maximum elas-
tic deflection due to an extreme deviation of the stress concentration
caused by the uncertainness of the radii at the ends of the rectangular
FH. Therefore, rectangular FH are not reliable, although they potentially
provide very high deflections due to their long, thin cross section.

4.5.2 Stiffness and bending stiffness

The bending stiffness cψ of FH are crucial characteristics in the modeling
and design process of CM. They are calculated analytically and measured
experimentally based on the applied loads and the corresponding deflec-
tions, as described in Sect. 4.2.4 and Sect. 4.4.3, respectively.
In Table 4.4, the bending stiffness cψ of differently sized, rectangular,

circular and parabolic FH are listed for different lengths l and thick-
nesses ts. Analytical results cψ,ana, experimentally gathered data cψ,exp

and the relative error e are shown, for experimentally measured hinge
dimensions. In addition, the analytical results c∗ψ,ana on the exact hinge
dimensions l∗ and t∗ are listed. In Fig. 4.15, the analytical and ex-
perimental results on the bending stiffness of differently shaped FH is
illustrated.
It can be noted for all hinge dimensions, that the analytical results

match the experimental approximately and the error is reasonably small.
In particular, for FH of small thicknesses ts < 0.6 mm that are frequently
used in CM, the analytical calculation yield accurate results.
In all considered FH, the rectangular FH yield the smallest bending

stiffnesses caused by the high deflection due to its long, thin cross section.
The circular and the parabolic FH yield considerably higher bending
stiffnesses, where the parabolic FH possess the highest stiffnesses due to
the short length of the thinnest cross section where t(x) ≈ ts.
Comparing the analytical results with the exact hinge dimensions,

reveals that parabolic FH are stiffer by approximately 40% compared to
circular FH.
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Table 4.4: Bending stiffness cψ for rectangular (R), circular (C) and
parabolic (P ) flexure hinges: analytical calculations and experimental
results

h l ts cψ,ana cψ,exp l∗ t∗s c∗ψ,ana

[mm] [mm] [mm] [N m rad−1] [N m rad−1] [mm] [mm] [N m rad−1]
R 10 8.42 2.28 82.11 61.18 8 2 58.33
C 10 8.08 2.00 142.96 133.71 8 2 143.64
P 10 8.03 2.13 230.86 180.06 8 2 199.37

R 10 9.47 1.18 10.12 8.86 9 1 6.48
C 10 9.09 0.99 22.76 27.98 9 1 23.46
P 10 9.09 1.07 38.61 37.70 9 1 33.05

R 4 3.08 0.94 16.15 14.20 3 1 19.44
C 4 3.07 0.94 35.96 28.47 3 1 42.15
P 4 3.03 0.96 52.52 33.75 3 1 57.85

R 4 3.26 0.76 8.00 6.92 3.2 0.8 9.33
C 4 3.22 0.76 20.17 16.63 3.2 0.8 22.98
P 4 3.25 0.76 28.21 21.13 3.2 0.8 31.90

R 4 3.47 0.54 2.70 2.69 3.4 0.6 3.71
C 4 3.47 0.54 8.22 7.58 3.4 0.6 10.73
P 4 3.37 0.59 14.42 10.13 3.4 0.6 15.02

R 4 3.64 0.35 0.70 0.63 3.6 0.4 1.04
C 4 3.61 0.41 3.99 2.55 3.6 0.4 3.75
P 4 3.53 0.40 5.29 3.40 3.6 0.4 5.29

R 4 3.80 0.20 0.12 - 3.8 0.2 0.12
C 4 3.84 0.16 0.37 0.25 3.8 0.2 0.64
P 4 3.81 0.15 0.45 0.38 3.8 0.2 0.91
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(a) Rectangular FH

(b) Circular FH

(c) Parabolic FH

(d) Analytical results

Figure 4.15: Bending stiffness of differently shaped flexure hinges: (a)-(c)
comparison of analytical and experimental results, and (d) comparison
of different hinge geometries
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4.5.3 Precision, i.e. center of rotation

The precision, i.e. the change of the position of the center of rotation
of FH is a significant performance measure since CM with incorporated
FH are primarily designed for high precision applications. The effective
center of rotation P 01

eff of circular and parabolic FH is calculated analyt-
ically for different heights h, lengths l and thicknesses ts, as described
in Sect. 4.2.6. Two different bending cases are considered: First, a su-
perposed bending due to a shear force Fz and a bending moment My.
Second, a bending due to a pure bending moment My without any shear
forces Fz. The same loads, i.e. Fz and/or My = FzL, as applied to
cause the maximum elastic deflection, as shown in Sect. 4.5.1 and listed
in Table 4.3, are applied.
In Table 4.5, theΔx- andΔz-coordinates of the effective centers of ro-

tation, P 01
eff,Δx and P 01

eff,Δz are listed. These coordinates refer to the geo-

metric center of each FH where the different superscripts of P
01,Fz,My

eff and

P
01,My

eff refer to the superposed bending and pure bending, respectively.
In Fig. 4.16, the effective centers of rotation of rectangular, parabolic
and circular FH are illustrated for both load cases.
It can be noted that for all considered FH, the effective center of

rotation does not remain in the geometric center of the FH. For almost all
parabolic and circular FH, it is shifted in the positive z-direction, i.e. in
the bending direction and in the positive x-direction, i.e. where the load
is applied. For rectangular FH, it is shifted in positive z-direction, and,
in positive or negative x-direction depending on the load case: for pure
bending moment it is shifted in positive x-direction whereas it is shifted in
negative x-direction for superposed shear force and bending moment. For
intermediate loading conditions (not shown), i.e. 0 < MY /(FZL) < 1,
the positions of the centers of rotation lie between the illustrated cases.
The shift in both directions decreases for lower loads and increases

for smaller thicknesses, where the shift of parabolic FH is smaller than
it is for circular or rectangular FH, i.e. parabolic hinges rotate closer
around its geometric center than circular or rectangular FH. This means,
that parabolic FH are more precise and, thus, better suited for in high-
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Table 4.5: Precision, i.e. the coordinates of the overall center of rotation
P 01

eff for rectangular (R), circular (C) and parabolic (P ) flexure hinges

h l ts P
01,Fz ,My

eff,Δx P
01,Fz ,My

eff,Δz P
01,My

eff,Δx P
01,My

eff,Δz

[mm] [mm] [mm] [mm] [mm] [mm] [mm]
R 10 8 2 -0.1547 0.0226 0.0049 0.0196
C 10 8 2 -0.0544 0.0260 0.0286 0.0229
P 10 8 2 -0.0574 0.0181 0.0199 0.0159

R 10 9 1 -0.1715 0.0580 0.0055 0.0493
C 10 9 1 0.0077 0.0456 0.0444 0.0400
P 10 9 1 0.0028 0.0320 0.0312 0.0281

R 10 9.5 0.5 -0.1867 0.1306 0.0059 0.1114
C 10 9.5 0.5 0.0535 0.0713 0.0657 0.0624
P 10 9.5 0.5 0.0380 0.0494 0.0455 0.0433

R 4 3 1 -0.0217 0.0069 0.0022 0.0065
C 4 3 1 -0.0046 0.0090 0.0115 0.0086
P 4 3 1 -0.0079 0.0062 0.0079 0.0059

R 4 3.2 0.8 -0.0217 0.0100 0.0024 0.0094
C 4 3.2 0.8 0.0013 0.0116 0.0138 0.0110
P 4 3.2 0.8 -0.0020 0.0081 0.0096 0.0077

R 4 3.4 0.6 -0.0224 0.0152 0.0026 0.0145
C 4 3.4 0.6 0.0081 0.0151 0.0170 0.0144
P 4 3.4 0.6 0.0042 0.0106 0.0119 0.0101

R 4 3.6 0.4 -0.0238 0.0258 0.0027 0.0243
C 4 3.6 0.4 0.0165 0.0207 0.0219 0.0197
P 4 3.60 0.40 0.0113 0.0146 0.0155 0.0140

R 4 3.80 0.20 -0.0258 0.0579 0.0029 0.0542
C 4 3.80 0.20 0.0308 0.0323 0.0324 0.0308
P 4 3.80 0.20 0.0221 0.0229 0.0230 0.0219

R 4 3.90 0.10 -0.0271 0.1225 0.0033 0.1304
C 4 3.90 0.10 0.0474 0.0478 0.0467 0.0456
P 4 3.90 0.10 0.0339 0.0339 0.0332 0.0323

R 4 3.95 0.05 -0.0278 0.2512 0.0030 0.2350
C 4 3.95 0.05 0.0692 0.0691 0.0667 0.0659
P 4 3.95 0.05 0.0492 0.0490 0.0473 0.0467
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(a) Pure bending moment

(b) Superposed shear force and bending moment

Figure 4.16: Precision, i.e. center of rotation of differently sized, circular
and parabolic flexure hinges under different loading conditions: (a) pure
bending moment, (b) superposed shear force and bending moment
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precision applications.

Remark. The effective center of rotation of rectangular, leaf type FH can
vary enormously from x ≈ l/3 to x ≈ l/2 depending on the shear force
Fz and in z-direction depending on the bending moment My. Therefore,
rectangular FH are usually not suitable for high precision applications.

4.5.4 Natural frequency

The natural frequencies of CM with incorporated, differently shaped FH
is highly relevant for dynamic high precision applications, where un-
wanted vibrations should be avoided as early as possible in the design
process. In addition, it is a valuable quality measure of the analytical
and numerical model.
In Table 4.6, the first natural frequencies of fixed-free test speci-

mens shown in Sect. 4.4.3 with incorporated differently shaped FH are
listed for different lengths l and thicknesses ts. Analytical, numerical
and experimental results fana, fnum, fexp, f dm

exp are shown. The analyti-
cal calculations fana are based on Eq. (4.29) using Timoshenko’s beam
theory. The numerical results fnum are calculated by a modal analysis
using the commercial software ABAQUS as described in Sect. 4.4.2. The
experimental data fexp is gathered using the scanning laser vibrometer,
as described in Sect. 4.4.3.3. Independent from those results, the ex-
perimental data f dm

exp is determined based on Eq. (4.31) for a discrete
torsional spring, as illustrated earlier in Fig. 4.4, and the determined
stiffness cexp experimentally measured with the tensile testing machine,
as described in Sect. 4.4.3.1. The results are shown in Fig. 4.17, too.
It can be noted, that the analytical calculations agree well with the

numerical and experimental results for all considered types and dimen-
sions of FH. The rectangular FH yield significantly lower natural fre-
quencies than circular and parabolic FH fR < fC < fP , which agrees
well with the results on the bending stiffness recalling the proportionality
c ∼ f 2 given in Eq. (4.31).
Comparing the independently measured, experimental data fexp and

f dm
exp with each other, a very small relative error eexp of less than 4% can be
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noted. This implies, that FH can be modeled appropriately by discrete
torsional springs using the bending stiffness cψ shown in Sect. 4.5.2.
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Table 4.6: First natural frequencies f of test specimens with incorpo-
rated rectangular (R), circular (C) and parabolic (P ) flexure hinges:
comparison of analytical, numerical and experimental results

l ts fana fnum fexp f dm
exp eexp

[mm] [mm] [Hz] [Hz] [Hz] [Hz] [-]
R 9.47 1.18 148.50 149.99 136.20 141.00 3.5%
C 9.09 0.99 224.14 216.71 238.40 242.50 1.7%
P 9.09 1.07 288.22 272.16 285.30 288.50 1.1%

R 8.42 2.28 420.66 418.14 368.10 370.00 0.5%
C 8.08 2.00 562.42 524.40 550.90 541.60 -1.7%
P 8.03 2.13 642.32 628.65 638.40 636.40 -0.3%

R 3.08 0.94 286.48 275.00 277.50 278.11 0.2%
C 3.07 0.94 428.66 398.40 404.40 393.80 -2.6%
P 3.03 0.96 497.73 445.54 439.40 428.79 -2.4%

R 3.26 0.76 204.54 198.42 193.80 194.08 0.1%
C 3.22 0.76 328.20 307.89 306.30 300.95 -1.7%
P 3.25 0.76 375.22 340.58 339.40 339.26 0.0%

R 3.47 0.54 119.61 116.93 118.80 121.01 1.9%
C 3.47 0.54 211.47 201.75 209.40 203.26 -2.9%
P 3.37 0.59 275.86 252.69 235.60 234.91 -0.3%

R 3.64 0.35 61.08 60.13 58.10 58.64 0.9%
C 3.61 0.41 148.29 143.23 116.90 117.88 0.8%
P 3.53 0.40 169.85 158.49 135.00 136.12 0.8%

R 3.80 0.20 26.28 25.68 13.80 - -
C 3.84 0.16 44.85 44.27 36.90 36.98 0.2%
P 3.81 0.15 49.15 47.74 44.40 45.60 2.7%
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(a) Rectangular FH

(b) Circular FH

(c) Parabolic FH

(d) Analytical results

Figure 4.17: First natural frequencies of test specimens with differently
shaped flexure hinges: (a)-(c) comparison of analytical, numerical and
experimental results, and (d) comparison of different hinge geometries.
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4.5.5 Fatigue strength and optimal design

Flexure hinges are the weak spots of CM due to their frequent elastic
deflection. In particular, fatigue failure of FH is a serious issue which
is addressed in the following. In a first step, explicit, analytical expres-
sions will be derived based on the equations already given in Sect. 4.3.2.
In a second step, these equations will be applied to two example cases
illustrating the analysis and design process.

4.5.5.1 Deriving explicit, analytical expressions

The resulting mean and amplitude stresses σm, σa that occur in FH
can be calculated by Eq. (4.33) based on given loads, for example, from
the topological synthesis. The highest capable stress amplitude for a
given mean stress Sai(σm) is linked to the flexural hinges geometric and
material properties by Eq. (4.47). The ratio of these values is typically
referred as the safety factor SD as

SD =
Sat(σm)

σa,e
, (4.49)

with σa,e as defined in Eq. (4.45).
The optimal shape of circular and parabolic flexural hinges are calcu-

lated inversely based on the explicit expressions derived in the previous
section and linked to the safety factor SD. In any case, the maximum
mean and amplitude stresses depend on the given loads as written in Eq.
(4.33) and occur at x = l

2 and z = ± ts
2 :

σmb =
6

bt2s
Mmy −

3l

bt3s
Fmz, σab =

6

bt2s
May −

3l

bt3s
Faz,

σmt =
1

bts
Fmx, σat =

1

bts
Fax.

(4.50)

Remark. The hinge height h is substituted by the relation h = 2t∗ + ts.
as illustrated in Fig. 4.5.
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Circular flexural hinges

In order to connect the geometric properties of circular flexural hinges
to the safety factor, the stress concentration factors are obtained by
Eqs. (4.17) and (4.18):

KC
tb = 1 +

(
0.32

(
4 + l2

t∗2

)0.66 +
0.01

(
l2 + 4t∗2

)1.33
ts

t2.66(2t∗ + ts)

+
0.02

(
l2 + 4t∗2

)1.13 (
l2 + 4t∗(t∗ + ts)

)2.25

(t∗ts)3.375

)−0.5 (4.51)

KC
tt = 1 +

(

0.01 +
0.013l2

t2
+

0.01
(
l2 + 4t∗2

)1.25
ts

t2.5(2t∗ + ts)

+
0.01

(
l2 + 4t∗2

) (
l2 + t∗(4t∗ + 4ts)

)2

t∗3t3s

)−0.5

.

(4.52)

The fatigue strengths become with Eqs. (4.42), (4.47) and (4.50)

Sab =
Sfb

(
l2 + 4t∗(2AP + t∗)

) (
3FmzK

C
tb l − 6KC

tbMmy + bSU t2s
)
γ

bSU

(
8AP t + KC

tb (l2 + 4t∗2)
)
t2s

,

Sat =
Sft

(
l2 + 4t∗(2AP + t∗)

)
(−FmxK

C
tt + bSU ts)γ

bSU

(
8AP t∗ + KC

tt (l2 + 4t2)
)
ts

.

(4.53)
Substituting Eq. (4.53) into Eq. (4.45) yield the equivalent stress

σa,e =
1

bts
Fax + κ

(
6

bt2s
May −

3l

bt3s
Faz

)

, (4.54)

with

κ =
Sft

(
8AP t∗ + KC

tb

(
l2 + 4t∗2

))
ts(−FmxK

C
tt + bSU ts)

Sfb

(
8AP t∗ + KC

tt (l2 + 4t∗2)
) (

3FmzKC
tb l − 6KC

tbMmy + bSU t2s
) .

(4.55)
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The safety factor becomes after substituting Eqs. (4.51) - (4.55) into
Eq. (4.49):

SD =
[
γSfbSft

(
l2 + 4t∗(2Ap + t∗)(−FmxK

C
tt + bSUts)

(
3FmzK

C
tb l − 6KC

tbMmy + bSUt2
s

)]/

[(
3SUSft(Fazl − 2May)

(
8AP t∗ + KC

tb(l
2 + 4t∗2)

)
(FmxK

C
tt − bSUts)

+FaxSfb

(
8AP t∗ + KC

tt (l
2 + 4t∗2)

) (
3FmzK

C
tb l − 6KC

tbMmy + bSUt2
s

))]
(4.56)

This expression explicitly links the safety factor SD with the design vari-
ables of any circular FH, i.e. the thicknesses tS, the root height t∗ and
the length l.

Remark. The relevant (scalar) variables are printed in bold and the de-
pendencies, e.g. Ktt = Ktt(ts, t

∗), are omitted for simplicity.

Parabolic flexural hinges

In order to connect the geometric properties of parabolic FH to the
safety factor, the stress concentration factors are obtained by Eqs. (4.17)
and (4.19)

KP
tb = 1 +

(
0.32t∗1.33

l1.33
+

0.01tsl
2.66

t∗2.66(2t∗ + ts)
+

0.02
(
l3 + 4lt∗ts

)2.25

(t∗ts)3.375

)−0.5

(4.57)

and

KP
tt = 1 + 3.67

(
1

t∗5.5t3s(2.t
∗ + ts)

l2.5
(
0.29(lt∗)3.5

+
t2s (4.71t5.5 + 2.69t4.5ts + 0.17t3.5t2s)

l0.5
+ 0.15l3.5t∗2.5ts + 0.13t∗3t4s

+l1.5ts
(
2.35t∗4.5 + 1.18t∗3.5ts

)
+

t2s (4.71t∗5.5 + 2.69t∗4.5ts + 0.17t∗3.5t2s)

l0.5

))−0.5

.

(4.58)
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The fatigue strengths are calculated with Eqs. (4.42), (4.47) and (4.50)

Sab =
γ
(
l2 + 8t∗AP

)
Sfb

(
3lFmzK

P
tb − 6KP

tbMmy + bSU t2s
)

b
(
8t∗AP + l2KP

tb

)
SU t2s

,

Sat =
γ
(
l2 + 8t∗AP

)
Sft

(
−FmxK

P
tt + bSU ts

)

b
(
8t∗AP + l2KP

tt

)
SU ts

.

(4.59)

The equivalent stress σa,e becomes with Eq. (4.45):

κ =

(
8t∗AP + l2KP

tb

)
Sftts

(
−FmxK

P
tt + bSU ts

)

(
8t∗AP + l2KP

tt

)
Sfb

(
3KP

tb (lFmz − 2Mmy) + bSU t2s
) ,

σa,e =
1

bts
Fax + κ

(
6

bt2s
May −

3l

bt3s
Faz

)

.

(4.60)

The safety factor SD is formulated after substituting Eqs. (4.57 - 4.60)
into Eq. (4.49) as:

SD =
[
γSfbSftt

2
s(l

2 + 8t∗AP )(−FmxK
P
tt + bSUts)

(
3KP

tb(lFmz − 2Mmy) + bSUt2
s

)]/

[
SUts

(
3Fx,atsK

P
tb

(8t∗AP + l2KP
tt ) (lFmz − 2Mmy) Sfb + 3(Fazl−

2May)Fmx(8t
∗AP + l2KP

tb)K
P
tt Sftts + bSUt2

s

(
Faxts(8t

∗AP + l2KP
tt )

Sfb − 3Sft(Fazl − 2May)(8t
∗AP + l2KP

tb)
))]

. (4.61)

This expression links explicitly the safety factor SD with the design vari-
ables of the parabolic flexural hinge, i.e. the thicknesses tS, t∗ and the
length l.

Remark. Again, the relevant (scalar) variables are printed in bold and
the dependencies, e.g. Ktt = Ktt(ts, t

∗), are omitted for simplicity.

The Eqs. (4.56) and (4.61) are nonlinear functions, where t∗, ts and l
must meet given geometric specifications. Maximizing SD(t∗, ts, l) results
in FH with optimal geometric properties. In general, this problem can be
solved numerically. However, plotting SD(t∗, ts, l) as given in Eqs. (4.56)
and (4.61) is not very costly and enables the analyst to easily pick opti-
mal geometric parameters for different safety factors. Two examples are
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given shortly. It can be seen, that circular hinges yield higher safety fac-
tors than parabolic hinges, for a given thinnest cross-section tS, i.e. an
infinite life is more likely using circular hinges. In other words, circular
hinges can have a thinner cross-section than parabolic hinges for a given
safety factor. However, the reader should be aware that circular flexural
hinges are not necessarily the best choice in terms of deflection range
and precision, as described in Sect. 4.5.1 and Sect. 4.5.3, respectively.

4.5.5.2 Example 1: Life cycle analysis

Consider a given parabolic flexural hinge (h = 10 mm, l = 8 mm, b =
10 mm, ts = 0.5 mm) is undergoing a cyclic loading of My = 20 ±
30 N mm and Fx = 10± 20 N. The monolithic CM is made of aluminum
wrought alloy T3 and the hinges are manufactured by wire cutting-EDM
(surface roughness Rt = 20μm). A check is made for infinite life (with a
safety factor SD ≥ 2) by performing the following:

1. Calculate the maximum nominal stresses by Eq. (4.33):

σmb =
6

bt2s
Mmy = 48 N mm−2, σab =

6

bt2s
May = 72 N mm−2,

σmt =
1

bts
Fmx = 2 N mm−2, σat =

1

bts
Fax = 4 N mm−2.

2. Determine the ultimate tensile strength and the fatigue strength
of unnotched test specimens from Table 4.1:

SU = 485 MPa, Sfb,R = 130 MPa, Sft,R = 111 MPa.

3. Calculate the fatigue strength reduction factor by Eq. (4.42) using
Eq. (4.19):

r = 1.68 mm, Ktb = 1.02, Ktt = 1.06,

Kfb = 1.01, Kft = 1.04.
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4. Determine the surface roughness reduction factor by Fig. 4.7:

γ = 0.75.

5. Calculate the fatigue strength of the flexural hinge by Eq. (4.47)
using the results from steps 2 - 4:

Sab = 86.78 MPa, Sat = 79.73 MPa.

6. Calculate the equivalent deflection stress σae by Eq. (4.45):

κ = 0.92, σae = 70.2 N mm−2.

7. Calculate the safety factor using Eq. (4.49) and check with speci-
fications:

SD = 1.14 < 2.

Conclusion: Reliability of the parabolic flexural hinge against fatigue
failure with a safety factor SD ≥ 2 cannot be guaranteed. A logical ques-
tion is, how a flexural hinge can be designed to prevent fatigue failure,
which is addressed in the second example.

4.5.5.3 Example 2: Optimal design

Consider a parabolic flexural hinge undergoing superposed tensile (Fx =
10±20 N) and bending (My = 120±50 N mm) cyclic loading. The mono-
lithic CM is made of Al wrought alloy T351 and the flexural hinges are
manufactured by drilling (surface roughness Rt = 28 μm). The length l
of the flexural hinge is rigorously limited to 1 mm so that it fits into the
CM. The thinnest cross-section ts and the notch depth t∗ need to be
determined in order to provide infinite life with safety factor SD ≥ 2 by
performing the following steps:

1. Determine the surface roughness reduction factor by Fig. 4.7:

γ = 0.69.
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2. Calculate the stress concentration factors by Eq. (4.57):

KP
tt =1 +

(
t∗3t3s (2.t∗ + ts)

)0.5
∗
(
0.01ts + 0.35t3t2s + 0.01t∗0.5t4s

t∗2ts
(
0.18 + 0.2t2s

)
+ t∗

(
0.02 + 0.09t2s + 0.01t4s

) )−0.5
,

KP
tb =1 +

(

0.32t∗1.32 +
0.01ts

t∗2.66 (2t∗ + ts)
+

0.02 (1 + 4t∗ts)
2.25

(t∗ts)
3.38

)−0.5

.

3. Calculate the safety factor using Eq. (4.61):

SD = 2.05(1 + 5.28t∗)(KP
tt − 485ts)

(
−72KP

tb + 485t2s
)/

[
t∗ts(852746 + 66580.8ts) + KP

tb(−2205KP
tt − 9884.16t∗

+161505ts) + KP
tt

(
−1758.24t∗ + 12610t2s

)]
. (4.62)

Conclusion: The dependencies between the design variables, ts and t∗,
and the safety factor SD are illustrated in Fig. 4.18 for parabolic and
circular flexural hinges. The latter one was obtained by a similar (but
not explicitly shown) calculation. Geometric parameters can be chosen
to achieve optimal flexural hinges with infinite life for a desired safety
factor, e.g. t∗ = 3.5 mm and tS = 1.0 mm for SD = 2.

4.5.5.4 Overall result

In order to avoid fatigue failure of flexural hinges in compliant mecha-
nisms, explicit analytical expressions for the fatigue life of circular and
parabolic flexural hinges were derived, accounting for stress concentra-
tion, surface finish and non-zero mean stresses. Time-harmonic, constant
amplitude loads, namely axial forces, shear forces and bending moments,
were considered. Optimally designed FH with an infinite life were then
obtained by an inverse solution of the derived explicit expressions for
given loads.
Two example cases were described in detail to illustrate the proposed

fatigue analysis and design process. Comparing circular and parabolic
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Figure 4.18: Safety factor SD as a function of t∗ and ts for parabolic and
circular flexural hinges as listed in Eq. (4.62)

hinges in terms of fatigue life, it was shown, that circular hinges provide
a "safer" design than parabolic hinges for a given thinnest cross-section.
Or in other words, circular hinges can have a thinner cross-section than
parabolic hinges, while providing the same safety against fatigue failure.
Generally, the resulting fatigue strength of flexural hinges depend on

the surface finish and on the notch effect that is linked directly with the
radii of curvature, i.e. smaller radii of curvature result in lower fatigue
strengths. This is not a surprising result, however Eq. (4.47) provides
explicit analytical expressions to calculate the reduced fatigue strength
of flexural hinges prior to any modeling or manufacturing efforts.
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4.6 Summary
Relevant mechanical properties of differently shaped FH were examined.
For this, analytical expressions on mechanical stresses, displacements,
stiffnesses and bending stiffnesses, maximum elastic deflection, preci-
sions, natural frequencies, fatigue strengths and optimal design of rect-
angular, circular and parabolic FH were derived and applied. Numerical
simulations and experimental studies were conducted to validate the an-
alytical results. The benefits of the derived explicit expressions relating
the shape and mechanical properties of FH are illustrated in Fig. 4.19.
The strengths and weaknesses of rectangular, circular and parabolic FH
are summarized in Table 4.7.
A high elastic deflection is obtained by rectangular FH due to

its long, thin cross section. However, a reliable, analytical prediction is
hardly possible, since the occurring stresses vary by magnitudes with the
very small root radius. Circular FH obtain moderate elastic deflections,
whereas parabolic FH yield only small deflections.
A high bending stiffness is obtained by parabolic FH. Circular and

rectangular FH possess moderate and low bending stiffness, respectively.
The analytical calculations match the numerical and experimental data
well. Therefore, the derived expressions are well suited to calculate the
stiffness of FH or to design FH with specific stiffnesses.
A high precision is obtained by circular and, in particular, by

parabolic FH. Rectangular FH provide poor performances in this field. In
addition, the enormous influence of different superposed loadings leaves
rectangular FH unsuitable for high precision applications. In contrast to
this, circular and parabolic FH seems to be highly applicable.

Figure 4.19: Benefits of explicit, analytical expressions linking flexure
hinge’s geometry with its corresponding mechanical properties
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Table 4.7: Strengths and weaknesses of differently-shaped FH
Rectangular

FH
Circular
FH

Parabolic
FH

Maximum deflection + + ◦ –

High bending stiffness – ◦ +

High precision – – + + +

High natural frequency – – + + +

High endurance – – + + +

Potential for design – + + + +

A high natural frequency for a certain configuration is obtained
by circular and, in particular, parabolic FH. Rectangular FH yield low
natural frequencies. Again, the analytical results on all considered FH
match the numerical and experimental data quite well. A discrete model,
consisting of a torsional spring connected to a rigid bar, was introduced
and a relation between stiffness and natural frequency was derived from
the equation of motion. This relation was used to compare experimental
data gathered by different, independent experimental setups. The mea-
sured and calculated bending stiffnesses match very well with a relative
error of less than 4%.
A high endurance is obtained by parabolic FH and, in particular,

by circular FH, whereas rectangular FH provide a poor performance.
This means, that – given an infinite life – parabolic and circular FH are
able to endure higher stress amplitudes and higher mean stresses than
rectangular FH. The derivation of analytical, explicit and applicable ex-
pressions of differently shaped FH is highly relevant to many researchers
and engineers, and, so far, not existent to the author´s knowledge. Ex-
perimental studies on the fatigue life of differently shaped FH were not
conducted and, again, not known to the author.
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A high potential for optimal design is provided by circular and
parabolic FH, whereas rectangular FH are poorly suited due to an almost
unpredictable, high stress concentration of real machined root radii.
From a topological synthesis standpoint, the derived, explicit, ana-

lytical expressions provide an effective analysis and design process, in
order to incorporate optimal flexural hinges into compliant mechanisms
for quasi-static and dynamic applications prior to any modeling or man-
ufacturing efforts. These formulations eliminate unclear interpretation
issues that would be encountered during any later manufacturing stage
of a compliant mechanism.
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5 A compliant mechanism
with incorporated flexure
hinges

In this chapter, the incorporation of flexure hinges into the topological
design is illustrated by a sample case. For this purpose, the non-intuitive
staggered topology optimization process and the gained knowledge of
differently-shaped flexure hinges are now melted together as illustrated
in Fig. 5.1. As an example, an optimized compliant gripping device with
incorporated flexure hinges is designed, tested and rapid-prototyped.
First, the specifications in terms of geometric dimensions and desired

motion performance are set. Second, the staggered OC-GCMMA topol-
ogy optimization process is applied. Third, a hinge detection algorithm
is implemented and applied to the final topology. Fourth, commercial
computer-aided design (CAD) and FEA software tools are used to gen-
erate and examine a blue print of the CM. Finally, a rapid-prototyped
CM is manufactured based on the previously generated CAD model.

5.1 Performance specifications

Starting from an initial, rectangular material design domain as shown in
Fig. 5.2, a compliant gripping device with a horizontal input motion fin

at the left center and an output gripping on a specific output motion
path uout at the right border is desired.
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Figure 5.1: Multi-step synthesis of compliant mechanisms

Fixed boundary conditions are only set to the left upper and lower corner.
The ratio of the overall length and height of the design domain is Ld :
Hd = 1 : 2. The output height is set to 1/8 Hd, no void area is set.

Figure 5.2: Initial design domain (length Ld, height Hd) with specified
boundary conditions, an input force fin and a desired output gripping
uout pointing in a specific output motion direction



A compliant mechanism with incorporated flexure hinges 157

5.2 Topology optimization process

The staggered OC-GCMMA topology optimization process, as described
in Sect. 3 is applied here. Table 5.1 lists the relevant details of the
staggered algorithm. The design domain is divided by its horizontal
symmetry axis where the upper half of the design domain is discretized
by N = Nx × Ny = 3, 600 FE. The interval lengths of the staggered
optimization algorithm are set to be nOC = 2 and nGCMMA = 2 with a
maximum number of iterations of nStagg

max = 252. The linear FEA switched
over to nonlinear FEA at iteration number nnonlinear = 200.

Table 5.1: Data of the staggered topology optimization process
Nx Ny N nOC nGCMMA nStagg

max nnonlinear

[−] [−] [−] [−] [−] [−] [−]
60 60 3,600 2 2 250 200

Figure 5.3 shows the staggered topology optimization process of a
compliant gripping device with 2×3,600 FE in a stepwise manner: start-
ing from an initial, material design domain (Fig. 5.3(a)), running through
several intermediate topologies (Fig. 5.3(b) - Fig. 5.3(g)) and resulting
in a final topology (Fig. 5.3(h)).
At each selected iteration number, two plots show the current de-

sign after the GCMMA-algorithm (left) and after the concurrent OC-
algorithm (right). It can be seen, that (a) the topology of the CM is
designed stepwise and (b) the left and right topologies melt together
after several iterations.
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(a) Starting point (b) 2nd iteration

(c) 6th iteration (d) 20th iteration

(e) 50th iteration (f) 80th iteration

(g) 100th iteration (h) 252nd iteration

Figure 5.3: Stepwise process of the staggered topology optimization al-
gorithm: plots after GCMMA-algorithm (left) and after OC-algorithm
(right) with an interval of nGCMMA = 2 and nOC = 2
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5.3 Hinge detection

As mentioned in Sect. 3.4, one key result of the topology optimization
process is that the "hinge areas" can be extracted from the final plot
of the design variables, as shown by Fig. 5.3(h). In order to replace
the "hinge areas" with real flexure hinges, the exact positions are deter-
mined by a hinge detection algorithm that scans the CM’s final topology
for one-node hinges and one-cell hinges that are illustrated in Fig. 5.4.
Eventually, the final topology with highlighted hinges (green circle) as
well as input and output nodes (red and blue x) is shown in Fig. 5.5(a).
Besides the positions of the FH, the deflection of each individual FH

is required. Therefore, another (nonlinear) FEA with the known design
variables, input displacements and output displacements is performed
again yielding the nodal displacements and, thus, the maximum deflec-
tions of each individual hinge.

(a) (b)

(c) (d)

Figure 5.4: One-node hinges (a) and (b), and one-cell hinges (c) and (d)
detected by hinge detection algorithm
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5.4 Computer-aided design and finite ele-
ment analysis

The relevant positions and geometrical data are passed to a commercial
CAD software tool, namely Solid Works. Here, a 2D and 3D blueprint
are generated automatically based on the submitted data where circular
flexure hinges with the following geometry data are chosen

h = 5 mm, r = 2.3 mm, ts = 0.4 mm, b = 15 mm.

and incorporated in the CM. Fig. 5.5(a) shows the final topology with
highlighted coordinates of the input (red) and output motion (blue) as
well as of the flexure hinges. Fig. 5.5(b) shows the corresponding 3D
blueprint.
The resulting CAD files are, then, passed to a commercial FEA soft-

ware, namely ANSYS. Here, the same displacements that were calculated
previously within the optimization procedure as described in Sect. 3, are
computed. Fig. 5.5(c) and Fig. 5.5(d) show the meshed part and the
corresponding y-displacement contour plot.
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(a) (b)

(c) (d)

Figure 5.5: Post-processing of final topology of the compliant gripping
device: starting from detected hinge’s positions (a) and resulting in com-
mercial CAD models (b) and FEA models (c) and (d)
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5.5 A rapid-prototyped compliant mechanism

The CAD files are also passed to a rapid prototyping machine software
where a real prototype is manufactured quickly. Fig. 5.6 shows the cor-
responding real prototype.

Figure 5.6: A rapid-prototyped compliant gripping device

This example demonstrates the systematic way of generating real
CM with incorporated FH starting from a few geometric and material
specifications, designing non-intuitively the optimal topology, detecting
and incorporating FH and, finally, manufacturing a prototype.
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6 Thesis’ conclusion

In this final chapter, a summary of the thesis, its main achievements as
well as future prospects are given.

6.1 Summary

As a part of the priority programme "Small machine tools for small work
pieces" initiated by the German Research Foundation, this dissertation
focused on the synthesis of compliant mechanisms. It addressed two
major challenges: first, the difficult, non-intuitive design process and,
second, the hardly-predictable influence of incorporated flexure hinges.
In order to address the first challenge, a staggered topology optimiza-

tion algorithm that includes a nonlinear finite element analysis, optimal-
ity criteria method and globally convergent method of moving asymp-
totes, was developed. This algorithm was tested on different common
load cases resulting in different topologies corresponding to the bound-
ary conditions and motion specifications.
In order to address the second challenge, analytical expressions were

derived and tested providing explicit relations between the hinge geom-
etry and important mechanical properties. These relations were applied
in both directions, i.e. the mechanical properties were determined di-
rectly from the geometry, and an optimal geometry was found meeting
certain mechanical performance criteria including the highly desirable
prediction on the fatigue life.
Finally, the appropriate flexure hinges were incorporated in the op-

timized topology yielding a prototype of a compliant gripping device.
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6.2 Main achievements

Focussing on the non-intuitive and systematic synthesis of compliant
mechanisms with incorporated appropriately-designed flexure hinges, the
thesis’ main achievements that contribute an advancement to present
research work are:

• Developing a robust and broadly-applicable topology optimization
method by staggering two different established optimization algo-
rithms, namely OC and GCMMA, that yields the successful and
robust generation of compliant mechanisms with desired output
motions.

• Implementing a (self-written) nonlinear FEA code into the topol-
ogy optimization algorithm accounting for a highly accurate and
stable modeling of the large deformations occurring in CM.

• Bridging the gap between topology optimization synthesis and real-
world flexure hinges by developing a broadly-applicable hinge de-
tection algorithm that extracts the positions and deflections of FH
from a final topology of a compliant mechanism enabling a rapid
modeling with other (commercial) CAD and/ or FEA software.

• Deriving explicit, analytical expressions connecting relevant me-
chanical characteristics with the geometric dimensions of flexure
hinges, and validating the analytical results regarding maximum
elastic deformation, stiffness, precision as well as natural frequency
by numerical simulations and experimental studies.

• Deriving novel and explicit analytical expressions connecting the
important fatigue life of flexure hinges with their geometric di-
mensions and external loads. These equations provide a straight-
forward and powerful method (a) to predict the fatigue life of the
highly- susceptible flexure hinges and (b) to optimally design long-
lasting flexure hinges.

All in all, this dissertation improves and accelerates the design process of
compliant mechanisms with incorporated flexure hinges by the proposed
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(a) (b)

(c) (d)

Figure 6.1: Compliant feed unit with optimized topology recently de-
signed at HSU

topology optimization algorithm and the explicit analytical expressions
that are ready to be applied prior to any modeling and manufacturing
efforts.
As shown in Fig. 6.1, for instance, a prototype of a compliant feed

unit providing a high stroke amplification designed for a piezoceramic
actuator was generated, modeled and manufactured at the HSU in 2013,
where numerous aspects of the proposed methodology have been applied.
In the future, the proposed topological synthesis of compliant mech-

anisms with appropriate flexure hinges can be applied to a variety of
other applications, as well.
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6.3 Future prospects

In order to continue and further develop the presented research work,
the following future prospects seem to be reasonable:

• The flexure hinges can be modeled more efficiently by applying
model order reduction techniques based on the equations provided
in this work. These reduced models of FH could be implemented
directly into the topology optimization process resulting in a sig-
nificant reduction of computation time.

• For highly dynamic applications, the inertia of masses and the
damping of the structure of the CM need to be taken into account.
This can be done by extending the presented quasi-static FEA to a
dynamic FEA within the topology optimization synthesis leading
to time-dependent sets of equations. For this, powerful parallel
programming techniques are necessary due to a required time-wise
discretization that causes an enormous increase of computation
time.

• In order to achieve a more compact design, actuators can be embed-
ded directly into the material of the compliant mechanism. Com-
bining different smart materials with individual strokes and fre-
quency ranges could also reduce disturbing oscillations that effect
the CM’s precision.

The proposed future prospects would potentially lead to a further de-
velopment and an advancement to present research work on the field of
compliant mechanisms with incorporated flexure hinges.
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List of Symbols and
Abbreviations

Roman letters

A Area of cross section m2

A∗ Area of cross section with shear correction m2

AN Material constant (Neuber) m

AP Material constant (Peterson) m

b Depth of flexure hinge in Chap. 4 m

bk
e Substitute variable for OC method -

B0 Matrix containing derivatives (reference configuration) -

B0 Matrix containing derivatives with deformation gradient -

[C] Reduced elasticity matrix N m−2

C Fourth-order elasticity tensor N m−2

C Compliance matrix m N−1

C Superscript denoting circular flexure hinge -

cψ Bending stiffness of flexure hinge in x-z-plane N rad−1

E Green strain tensor -

e Almansi strain tensor -

E Young’s modulus N m−2
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e Error -

EK Kinetic energy kg m2 s−2

Elin Linearized Green strain tensor -

elin Linearized Almansi strain tensor -

EP Potential energy kg m2 s−2

f Load vector N, N m

F Deformation gradient -

f Natural frequency of flexure hinge Hz

f0, g0 Objective function -

f dm Natural frequency of discrete model of flexure hinge Hz

f ext External load vector N

fi, gi Constraints (i ≥ 1) -

f int Internal load vector N

f int
geo Internal load vector for geometric tangent stiffness N

f int
mat Internal load vector for material tangent stiffness N

Fx, Fz Forces in x- and z-direction N

G Shear modulus N m−2

h Height of flexure hinge m

h∗, h∗∗ Abbreviatory heights m

I Identity matrix -

Iy Second moment of area m4

J Jacobian matrix -

J Jacobian -



List of Symbols and Abbreviations 197

K Global stiffness matrix N m−1, N rad−1

Ke
lin Element stiffness matrix (linear FEA) N m−1

Ke
nonlin Element stiffness matrix (nonlinear FEA) N m−1

KD Diagonalized stiffness matrix N m−1, N rad−1

Kf Fatigue strength reduction factor -

KT Tangent stiffness matrix N m−2

Ktb, Ktt Stress concentration factors -

kx Stiffness of flexure hinge in x-direction N m−1

kz Stiffness of flexure hinge in z-direction N m−1

L Lagrangian function -

l Length of flexure hinge m

M Bending moment N m

m Mass kg

My Bending moment in x-z-plane N m

N Matrix containing shape functions -

n Outward normal vector -

N Number of finite elements -

Ni Shape functions -

N
(i)
A , N

(i)
B Normal vectors of points A and B at i-th step m s−1

ND Life cycles until fatigue failure -

Nelx Number of finite elements in x-direction -

Nely Number of finite elements in y-direction -

nGCMMA Interval length, i.e. number of iterations GCMMA -
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nnonlinear Number of iterations denoting sole nonlinear FEA -

nOC Interval length, i.e. number of iterations OC -

P First Piola-Kirchhoff stress tensor N m−2

P Optimization problem -

P Superscript denoting parabolic flexure hinge -

P 01,(i) Center of rotation for the i-th step m

P 01
eff Overall center of rotation m

P1, P2, P3 Geometric points -

PA, PB Geometric points for center of rotation m

q Notch sensitivity -

R Residual vector N

R Ratio of extremal stresses in Sect. 4.3.2.1 -

R Superscript denoting rectangular flexure hinge -

r Radius of circular flexure hinge m

Ra Average surface roughness m

Rt Surface roughness m

S Second Piola-Kirchhoff stress tensor N m−2

S0.2 Yield strength N m−2

S
(i)
A , S

(i)
B Motion paths of points A and B at i-th step m s−1

Sa Stress amplitude N m−2

Sab Amplitude bending strength N m−2

Sat Amplitude tensile strength N m−2

Sf Fatigue stress limit N m−2
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Sfb Bending fatigue strength N m−2

Sft Tensile fatigue strength N m−2

Sm Mean stress N m−2

SU Ultimate tensile strength of a material N m−2

Sy First moment of area m3

T Transformation matrix -

t Stress vector N m−2

T Computation time s

t Thickness of flexure hinge m

T
(i)
A , T

(i)
B Tangent vectors of points A and B at i-th step m s−1

ts Minimal thickness m

t∗ Height of notch m

u, v Displacement vectors m, rad

u, v, w Displacements in x-, y- and z-direction m

δv Test function (vector-valued) m

V Overall volume fraction -

wi, wj Gauss weights -

W (x) Test function m

X Material coordinates m

x Spatial coordinates m

x, y, z Cartesian coordinates m

xM , zM Center coordinates of circular flexure hinge m

ye Intervening variable for OC method -
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Greek letters

α, β, θ Dimensions and rotation angle of unit cell in Fig. 2.5(c) -

α Positive scalar-valued variable for convex approximations -

α Material factor in Sect. 4.3.2.2 -

αIJ Scalar value in geometric tangent stiffness matrix N m−2

αs Shear correction factor -

Γ Boundary of design domain -

γ Surface roughness reduction factor -

∂ Matrix containing derivative operators -

ε Small strain tensor -

κ Reference coefficient for superposed bending -

λ Lagrange multiplier -

λ, μ Lamé constants N m−2

λ1, λ2, λ3 Eigenvalues -

∇ Derivative operator -

ν Poisson’s ratio -

ξ, η Cartesian coordinates (master element)

Ψ(x) Test function -
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A Further details and
results

A.1 Voigt notation

In FE formulations, symmetric second-order tensors are often written as
column matrices which is called the Voigt notation. The Voigt rule for
kinetic tensors such as stresses is in 2D

S =

[
S11 S12

S21 S22

]

=⇒ {S} =






S11

S22

S12





=






S1

S2

S3





. (A.1)

The Voigt rule for kinematic tensors such as strains is in 2D

E =

[
E11 E12

E21 E22

]

=⇒ {E} =






E11

E22

2E12





=






E1

E2

E3





. (A.2)

The Voigt notation for higher-order tensors such as the fourth-order
material tensor using a linear elastic constitutive law in plane strain
becomes a matrix as

[C] =




C11 C12 C13

C21 C22 C23

C31 C32 C33



 =




C1111 C1122 C1112

C2211 C2222 C2212

C1211 C1222 C1212



 . (A.3)
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A.2 Sensitivity analysis

The objective function g0 is expressed as a function of the displacements
u(ρ) and the design variables ρ itself

g0(ρ) = f (u(ρ), ρ) . (A.4)

The sensitivity expression is obtained by differentiating with respect to
each component ρi of ρ

dg0

dρi
=

∂f

∂u

du

dρi
+

∂f

∂ρi
, (A.5)

where ∂f
∂u and

∂f
∂ρi
are explicit derivatives, and du

dρi
is an implicit derivative

which can be calculated by direct differentiation or by adjoint method.

A.2.1 Direct differentiation sensitivities

The implicit derivative du
dρi
is evaluated using the residual vector of the

(nonlinear) FEA R given in Eq. (3.98)

R (u(ρ), ρ) = 0, (A.6)

that vanishes after each FEA. Taking the derivative with respect to the
design variables yields

dR

dρi
=

∂R

∂u

du

dρi
+

∂R

∂ρi
, (A.7)

which is zero since R (u(ρ), ρ) = 0 = const. This leads to

du

dρi
= −

(
∂R

∂u

)−1
∂R

∂ρi
, (A.8)

where the inverse term is calculated using the decomposed tangent stiff-
ness matrix given by Eq. (3.100). By plugging Eq. (A.8) into Eq. (A.5)
the desired sensitivities can be computed.
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Remark. The direct differentiation method can be computationally cheap
since it uses the previously calculated tangent stiffness matrix. However,
in this work it was tested against the adjoint method yielding a slower
performance.

A.2.2 Adjoint sensitivities

The sensitivities are obtained using the Lagrange multiplier method,
which eliminates the implicit derivative du

dρi
by introducing an augmented

function
ĝ0(ρ) = f (u(ρ), ρ) − λ(ρ)R (u(ρ), ρ) , (A.9)

where λ is the Lagrange multiplier. Since the added constraint term
R (u(ρ), ρ) is zero, the objective function remains equal, i.e. g0 = ĝ0.
Differentiating the augmented function with respect to the individual
design parameter ρi result in

dĝ0

dρi
=

∂f

∂u

du

dρi
+

∂f

∂ρi
−

dλ

dρi
R − λ

(
∂R

∂u

du

dρi
+

∂R

∂ρi

)

. (A.10)

The differentiated constrained expression is equal to the unconstrained
expression, i.e. dc

dρi
= dĉ

dρi
, since R = 0 and ∂R

∂u
du
dρi

+ ∂R
∂ρi

= 0. Rewriting
Eq. (A.10) yields

dĝ0

dρi
=

∂f

∂ρi
− λ

∂R

∂ρi︸ ︷︷ ︸
explicit term

+
du

dρi

(
∂f

∂u
−

(
∂R

∂u

)T

λ

)

︸ ︷︷ ︸
implicit term

+
dλ

dρi
R

︸ ︷︷ ︸
=0

(A.11)

The implicit term is eliminated by choosing the Lagrange multiplier λ
such that (

∂R

∂u

)T

λ =
∂f

∂u
, (A.12)

where the decomposed tangent stiffness matrix is used to solve for the
adjoint response λ in an efficient manner. Finally, the sensitivity expres-
sion reduces to

dĝ0

dρi
=

∂f

∂ρi
− λ

∂R

∂ρi
. (A.13)
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Remark. The adjoint method was tested to be very efficient for a single
cost function and a large number of design variables. If there exist several
cost functions resulting in several adjoint problems, direct differentiation
is preferable.
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A.3 Specified output motion vector

The desired output motion is described by a specified output motion
vector uspec as illustrated in Fig. A.1.

ϕ
uspec

a

uout

uout : Output motion vector
uspec : Specified output motion vector

‖a‖ : Distance between desired and actual displacement

y

x

Output node

Figure A.1: Distance between desired and actual displacement vectors

This yields the following optimization problem

(P)GCMMA =






max
ρ

g0(ρ) =
‖uout‖

‖uout − αuspec‖
s.t. g1(ρ) =

∑N
e=1 (ρe − V ) ≤ 0

K(ρ)u(ρ) = F

{ρ ∈ RN : ρ ≤ ρe ≤ ρ, e = 1, . . . , N},

(A.14)

Considering coordinate-wise displacement expressions yields

uout,1 =v(ρ)TK(ρ)u(ρ), (A.15)

uout,2 =v(ρ)T
⊥K(ρ)u(ρ). (A.16)
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Thus, the denominator becomes

‖uout − αuspec‖ =

∥
∥
∥
∥

(
vTK u
vT⊥K u

)

−

(
vTK u ∙ uspec,1 + vT⊥K u ∙ uspec,2
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)

uspec

∥
∥
∥
∥

=

∥
∥
∥
∥

(
vTK u
vT⊥K u

)

−
1

‖uspec‖2

(
vTK u ∙ u2

spec,1 + vT⊥K u ∙ uspec,1uspec,2

vTK u ∙ uspec,1uspec,2 + vT⊥K u ∙ u2
spec,2

)∥∥
∥
∥

=

∥
∥
∥
∥
∥
∥
∥
∥







uout,1 −
uout,1u

2
spec,1 + uout,2uspec,1uspec,2

‖uspec‖2

uout,2 −
uout,1uspec,1uspec,2 + uout,2u

2
spec,2

‖uspec‖2







∥
∥
∥
∥
∥
∥
∥
∥

‖uout − αuspec‖ =

((

uout,1 −
uout,1u

2
spec,1 + uout,2uspec,1uspec,2

‖uspec‖2

)2

+ (A.17)

(

uout,2 −
uout,1uspec,1uspec,2 + uout,2u

2
spec,2

‖uspec‖2

)2
) 1

2

. (A.18)

Finally, the cost function can be computed as

g0(x) = −
(
u2

out,1 + u2
out,2

) 1
2

∙





(

uout,1 −
uout,1u

2
spec,1 + uout,2uspec,1uspec,2

‖uspec‖2

)2

+

(

uout,2 −
uout,1uspec,1uspec,2 + uout,2u

2
spec,2

‖uspec‖2

)2




− 1
2

.

(A.19)

The volume constraint can be computed as

g1(ρ) =
N∑

e=1

(ρe − V ) . (A.20)
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The required sensitivities are:

∂g0

∂ρi
=

∂‖uout‖
∂ρi

‖uout − αuspec‖ − ‖uout‖
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=
1
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(
1
2

(
u2

out,1 + u2
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)− 1
2

(
−2uout,1pρp−1

i vTi Ki ui − 2uout,2pρp−1
i vT⊥iKi ui

))

−
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1
2
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2
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+
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2
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)2




− 1
2

(A.21)

∙
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(A.22)

∂g1

∂ρi
= 1. (A.23)

These equations are implemented in the GCMMA algorithm.

Remark. In order to obtain output motions in the second and third
quadrant, an additional constraint such as g2(ρ) = −sgn(uspec1) uout1 ≤
0 needs to be added. Otherwise, it cannot be distinguished between
uspec = (1;−1)T and uspec = (−1; 1)T , or uspec = (1; 1)T and uspec =
(−1;−1)T due to the appearance of u2

spec1, u2
spec2 and uspec1 uspec2 in

Eq. (A.19).
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A.4 Specified output motion path

The objective function and the constraint equations are calculated based
on the displacements uout, v and v⊥ caused by the real load fin, dummy
load fout and perpendicular dummy load fout,⊥, and the specified motion
path uspec:

g0(ρ) = uout(ρ)

=
((

vT K u
)2

+
(
vT

⊥K u
)2) 1

2

, (A.24)

g1(ρ) = (uspec − uout)
2 − ε ≤ 0

=
(
f
(
vT K u

)
− vT

⊥K u
)2

− ε, (A.25)

g2(ρ) =

N∑

e=1

(ρe − V ) ≤ 0. (A.26)

The corresponding sensitivities can be calculated as

∂g0

∂ρi
=
(
u2

out,1 + u2
out,2

)− 1
2 ∙ pρp−1

i

(
uout,1v

T
i Ki ui + uout,2v

T
⊥iKi ui

)
,

(A.27)
∂g1

∂ρi
= 2 ∙ (f(uout,1) − uout,2) ∙

(
∂f(uout,1)

∂ρi
+ pρp−1

i vT
⊥iKi ui

)

(A.28)

e.g. for f(uout,1) = −u2
out,1

= −2 ∙ (+u2
out,1 + uout,2) ∙ pρ

p−1
i (2uout,1v

T
i Ki ui + vT

⊥iKi ui),

(A.29)
∂g2

∂ρi
= 1. (A.30)

The Eq. (A.24)-(A.30) are implemented in the GCMMA algorithm.
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A.5 Further results on topology optimiza-
tion

In Table A.1 - Table A.5, further results of the staggered topology op-
timization process based on specified output motions as discussed in
Sect. 3.3.4.3 are listed.
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Table A.1: Output displacements uout and relative errors for optimiza-
tion problem (3.111) and (3.112) for different specified output motions
uspec

# of FE uspec1 : uspec2 uStagg
out1 uStagg

out2 uStagg
out1 : uStagg

out2 Parasitic error
[−] [−] [μm] [μm] [−] [−]
400 100:1 93.36 0.93 100.01 0.0%
900 100:1 83.16 0.85 97.95 -2.1%
1,600 100:1 87.57 0.88 99.67 -0.3%
2,500 100:1 90.87 0.83 108.87 8.9%
3,600 100:1 67.56 0.66 101.82 1.8%
4,900 100:1 87.25 0.87 100.01 0.0%
6,400 100:1 99.98 1.02 97.93 -2.1%
8,100 100:1 93.52 0.94 99.98 0.0%
10,000 100:1 2.28 0.02 99.82 -0.2%

400 10:1 1.89 0.19 10.00 0.0%
900 10:1 97.42 9.76 9.99 -0.1%
1,600 10:1 114.37 11.45 9.99 -0.1%
2,500 10:1 0.95 0.09 10.04 0.4%
3,600 10:1 -146.51 -14.66 10.00 0.0%
4,900 10:1 79.28 7.86 10.09 0.9%
6,400 10:1 75.11 7.51 10.00 0.0%
8,100 10:1 0.07 0.01 9.99 -0.1%
10,000 10:1 95.26 9.53 9.99 -0.1%

400 3:1 1.21 0.40 3.00 0.0%
900 3:1 64.10 21.38 3.00 -0.1%
1,600 3:1 27.54 9.18 3.00 0.0%
2,500 3:1 20.40 6.80 3.00 0.0%
3,600 3:1 14.31 4.76 3.00 0.1%
4,900 3:1 7.52 2.51 3.00 0.0%
6,400 3:1 2.18 0.73 3.00 0.0%
8,100 3:1 47.51 15.85 3.00 -0.1%
10,000 3:1 4.97 1.66 3.00 -0.1%
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Table A.2: Output displacements uout and relative errors for optimiza-
tion problem (3.111) and (3.112) for different specified output motions
uspec

# of FE uspec1 : uspec2 uStagg
out1 uStagg

out2 uStagg
out1 : uStagg

out2 Parasitic error
[−] [−] [μm] [μm] [−] [−]
400 1:1 60.48 58.69 1.03 3.0%
900 1:1 69.08 69.09 1.00 0.0%
1,600 1:1 2.35 2.42 0.97 -2.7%
2,500 1:1 56.33 56.33 1.00 0.0%
3,600 1:1 38.76 39.67 0.98 -2.3%
4,900 1:1 51.39 51.38 1.00 0.0%
6,400 1:1 0.03 0.03 1.00 0.1%
8,100 1:1 10.40 10.40 1.00 0.0%
10,000 1:1 61.17 61.16 1.00 0.0%

400 1:3 -3.97 -11.61 0.34 2.5%
900 1:3 2.98 8.93 0.33 0.0%
1,600 1:3 1.80 5.36 0.34 0.5%
2,500 1:3 10.72 32.15 0.33 0.0%
3,600 1:3 1.02 3.05 0.33 0.0%
4,900 1:3 11.35 34.11 0.33 -0.1%
6,400 1:3 0.85 2.56 0.33 0.0%
8,100 1:3 12.48 37.44 0.33 0.0%
10,000 1:3 16.04 48.15 0.33 -0.1%

400 1:10 3.44 34.45 0.10 0.0%
900 1:10 1.94 19.56 0.10 -0.8%
1,600 1:10 0.30 2.87 0.10 4.3%
2,500 1:10 0.00 0.03 0.10 0.9%
3,600 1:10 3.12 31.23 0.10 -0.1%
4,900 1:10 1.43 14.33 0.10 0.0%
6,400 1:10 -3.70 -36.67 0.10 0.8%
8,100 1:10 4.35 44.04 0.10 -1.1%
10,000 1:10 3.61 36.11 0.10 0.0%
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Table A.3: Output displacements uout and relative errors for optimiza-
tion problem (3.111) and (3.112) for different specified output motions
uspec

# of FE uspec1 : uspec2 uStagg
out1 uStagg

out2 uStagg
out1 : uStagg

out2 Parasitic error
[−] [−] [μm] [μm] [−] [−]
400 1:100 -0.14 -14.29 0.01 0.8%
900 1:100 0.00 0.02 0.01 0.2%
1,600 1:100 0.39 39.06 0.01 -1.2%
2,500 1:100 0.00 0.02 0.01 11.0%
3,600 1:100 0.00 0.02 0.01 11.8%
4,900 1:100 0.21 25.68 0.01 -16.8%
6,400 1:100 0.38 38.56 0.01 -0.2%
8,100 1:100 0.00 0.13 0.01 8.0%
10,000 1:100 0.36 34.74 0.01 3.1%

400 100:-1 69.84 -0.70 -100.13 0.1%
900 100:-1 0.26 0.00 -100.06 0.1%
1,600 100:-1 72.06 -0.72 -99.99 0.0%
2,500 100:-1 0.57 -0.01 -99.70 -0.3%
3,600 100:-1 65.01 -0.65 -100.15 0.1%
4,900 100:-1 1.10 -0.01 -100.02 0.0%
6,400 100:-1 77.75 -0.75 -103.41 3.4%
8,100 100:-1 23.72 -0.24 -98.19 -1.8%
10,000 100:-1 70.80 -0.71 -100.12 0.1%

400 10:-1 44.95 -4.49 -10.00 0.0%
900 10:-1 61.16 -6.15 -9.94 -0.6%
1,600 10:-1 43.37 -4.33 -10.01 0.1%
2,500 10:-1 0.09 -0.01 -10.00 0.0%
3,600 10:-1 50.27 -5.03 -10.00 0.0%
4,900 10:-1 55.24 -5.49 -10.05 0.5%
6,400 10:-1 41.87 -4.13 -10.15 1.5%
8,100 10:-1 51.18 -5.14 -9.95 -0.5%
10,000 10:-1 55.34 -5.53 -10.01 0.1%
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Table A.4: Output displacements uout and relative errors for optimiza-
tion problem (3.111) and (3.112) for different specified output motions
uspec

# of FE uspec1 : uspec2 uStagg
out1 uStagg

out2 uStagg
out1 : uStagg

out2 Parasitic error
[−] [−] [μm] [μm] [−] [−]
400 3:-1 20.05 -6.67 -3.01 0.2%
900 3:-1 27.20 -9.08 -3.00 -0.1%
1,600 3:-1 10.64 -4.33 -2.46 -18.1%
2,500 3:-1 32.96 -10.98 -3.00 0.0%
3,600 3:-1 25.25 -8.42 -3.00 0.0%
4,900 3:-1 29.63 -9.88 -3.00 0.0%
6,400 3:-1 32.95 -10.98 -3.00 0.1%
8,100 3:-1 34.58 -11.53 -3.00 0.0%
10,000 3:-1 30.31 -10.10 -3.00 0.0%

400 1:-1 12.79 -12.80 -1.00 0.0%
900 1:-1 26.34 -26.33 -1.00 0.0%
1,600 1:-1 32.59 -32.60 -1.00 0.0%
2,500 1:-1 25.29 -25.30 -1.00 0.0%
3,600 1:-1 30.92 -30.61 -1.01 1.0%
4,900 1:-1 41.17 -41.20 -1.00 -0.1%
6,400 1:-1 38.74 -38.74 -1.00 0.0%
8,100 1:-1 41.82 -41.81 -1.00 0.0%
10,000 1:-1 38.07 -37.83 -1.01 0.6%

400 1:-3 7.51 -22.55 -0.33 0.0%
900 1:-3 7.25 -21.76 -0.33 0.0%
1,600 1:-3 17.85 -53.54 -0.33 0.0%
2,500 1:-3 9.73 -29.05 -0.33 0.4%
3,600 1:-3 14.83 -44.49 -0.33 0.0%
4,900 1:-3 16.00 -47.54 -0.34 0.9%
6,400 1:-3 10.41 -31.24 -0.33 0.0%
8,100 1:-3 16.10 -48.28 -0.33 0.0%
10,000 1:-3 14.91 -44.72 -0.33 0.0%
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Table A.5: Output displacements uout and relative errors for optimiza-
tion problem (3.111) and (3.112) for different specified output motions
uspec

# of FE uspec1 : uspec2 uStagg
out1 uStagg

out2 uStagg
out1 : uStagg

out2 Parasitic error
[−] [−] [μm] [μm] [−] [−]
400 1:-10 3.95 -38.88 -0.10 1.7%
900 1:-10 3.13 -31.26 -0.10 0.0%
1,600 1:-10 -3.42 34.23 -0.10 0.0%
2,500 1:-10 -3.11 31.38 -0.10 -0.9%
3,600 1:-10 -0.09 0.93 -0.10 0.0%
4,900 1:-10 5.07 -51.21 -0.10 -1.0%
6,400 1:-10 -3.45 34.45 -0.10 0.0%
8,100 1:-10 -3.14 31.37 -0.10 0.0%
10,000 1:-10 -2.98 30.11 -0.10 -1.0%

400 1:-100 0.19 -17.57 -0.01 8.0%
900 1:-100 -0.02 2.30 -0.01 -8.6%
1,600 1:-100 -0.11 10.64 -0.01 4.6%
2,500 1:-100 -0.38 39.27 -0.01 -2.3%
3,600 1:-100 -0.31 31.08 -0.01 -1.6%
4,900 1:-100 0.00 0.02 -0.01 -0.7%
6,400 1:-100 0.00 -0.11 -0.01 20.1%
8,100 1:-100 0.00 0.30 -0.01 -0.9%
10,000 1:-100 -0.32 32.22 -0.01 -2.1%
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A.6 Displacements of parabolic and circular
flexure hinges
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A.7 Taylor expansion on circular flexure hinges

In order to avoid mathematically inconvenient root terms, a Taylor ex-
pansion of tC(x) given in Eq. (4.3) at x0 = l

2 = xM is beneficial. Since
differentiability is given, the general form can be written as

tC(x) =

∞∑

j=0

t
(j)
k (xM)

k!
∙ (x − xM)j. (A.34)

The Taylor expansion for nTaylor = 2 yields

tC(x) = (−2r + 2zM) +
(x − xM)2

r
+ O(x − xM)3, (A.35)

where third order terms (and higher) O(x − xM)3are neglected leading
to

tC,2(x) = (−2r + 2zM) +
(x − xM)2

r
, (A.36)

which equals tP with the following parameters

a = zM − r +
x2

M

2r
, c =

−xM

r
, d =

1

2r
, (A.37)

In order to check the error, i.e. the residuum O(x − xM)nTaylor+1 =
Rn(x, x0), the Lagrange polynomials are further considered

RnTaylor
(x, x0) =

1

(nTaylor + 1)!
∙(x − x0)

(nTaylor+1) ∙t(nTaylor+1)
k (z), (A.38)

which leads in the case of nTaylor = 2 at x0 = xM to

R2(x, xM) =
1

3!
∙ (x − xM)3 ∙ t(3)

C (z)

=
1

3!
∙ (x − xM)3 ∙

6r2(x − xM)

((r + x − xM)(r − x + xM))5/2
.
(A.39)

The (absolute) maximum residuum can be found at x = 0 und z = 0 by

|R2(0, xM)| = |R2,max| ≤
1

3!
∙ |xM |3 ∙ |

6r2xM

((r − xM)(r + xM))5/2
|, (A.40)
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Substituting r and xM results in

|R2,max| ≤ |
4l4
(
l2 + (H − ts)

2
)

2 (H − ts)
3

(H2 − l2 − 2Hts + t2s)
5

|, (A.41)

which is further simplified since H > ts to

|R2,max| ≤ |
4l4
(
l2 + H2

)
2H3

(H2 − l2) 5
|. (A.42)

It can be noted, that the residuum increases for H ≈ l. In order to
calculate the overall error, an integrated formulations is introduced

Rn(x) =

∫ x

x0

(x − t)n

n!
∙ t(n+1)

k (t) dt, (A.43)

which becomes for nTaylor = 2

R2(x) = −
(x − xm) 2 + 2r

(
−r +

√
(r + x − xm) (r − x + xm)

)

r

=
1

2

(

H +
l2

H − ts
−

2(l − 2x)2 (H − ts)

l2 + (H − ts) 2
− ts

−

√
16lx (H − ts) 2 − 16x2 (H − ts) 2 + (H2 − l2 − 2Hts + t2s)

2

H − ts

)

(A.44)

Example A.7.1. The maximum overall error of a Taylor expanded,
circular FH with the geometric properties

l = 8 mm H = 10 mm ts = 1 mm

is to be evaluated.
Substituting these values into Eq. (A.44) results in a maximum

residuum R2(0) = 3.1 mm with x = 0, i.e. an relative thickness er-
ror of approx. 30% at the beginning of the circular FH.

Clearly, the occurring errors can not be neglected at the first sight.
However, the mathematical convenience of the Taylor expanded expres-
sions outweighs the occurring errors at the ”thick” edges of the FH, since
the approximation at the more relevant, ”thinnest” cross section in the
center of the FH remains excellent.
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