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Zusammenfassung

Für das Design von Überwachungs- und Diagnosesystemen (Structural Health Moni-
toring) für Faserverbundwerkstoffe auf der Basis von Ultraschallwellen ist das phänome-
nologische und quantitative Verständnis der Wellenausbreitung in Verbundwerkstoffen
sowie der Interaktionen der Ultraschallwellen mit geometrischen und mechanischen Eigen-
schaften der Strukturen unabdingbar. Bei Strukturen, die Bewegungen durch Wech-
selwirkungen mit ambienten Fluiden unterliegen, muss die Wirkung der Fluid-Struktur-
Interaktion (FSI) auf die Wellenausbreitung betrachtet und modelliert werden. In der vor-
liegenden Arbeit wird ein Konzept zur Kopplung von FSI mit einer Ultraschallwellenaus-
breitung zur Schadensdetektion entwickelt, das als das erweiterte Problem der Fluid-
Struktur-Interaktion (eXFSI) bezeichnet wird. Das eXFSI Problem beschreibt eine ein-
seitige Kopplung eines FSI Problems mit der Wellenausbreitung in einer Struktur, die aus
Festkörperanteilen und fluiden Bereichen (Fuid-Festkörper) gebildet wird. Die Wellenaus-
breitung in der Fluid-Festkörper-Struktur wird als das WpFSI Problem bezeichnet und als
gekoppeltes Problem akustischer und elastischer Wellengleichungen modelliert. Im WpFSI
Problem wird in jedem Zeitschritt die aus dem eXFSI Problem resultierende Deformation
des Festkörpers zugrunde gelegt. Ein derartiges Modell erscheint in der Literatur neu zu
sein. Das FSI Problem wird durch Lagrange-Euler-Koordinaten (ALE Technik) beschrieben
und koppelt die isothermen, inkompressible Navier-Stokes-Gleichungen mit nichtlinearer
Elastodynamik nach dem Saint-Venant Kirchhoff-Festkörpermodell. Das WpFSI Problem
wird dann auf dem beweglichen Raumgitter gelöst, das in jedem Zeitschritt automatisch
vom FSI Problem übernommen wird. Der ALE-Ansatz bietet eine einfache, aber effiziente
Methodik, um Verformungen von Festkörpern durch Fluideinwirkungen mathematisch zu
beschreiben. Hierbei werden die Fluidgleichungen über die ALE-Abbildung auf eine feste
Referenzkonfiguration transformiert. Allerdings stellt diese Kombination von Fluiddynamik
und Strukturanalyse aufgrund der unterschiedlichen, domänenspezifischen Natur der Teil-
probleme eine große Herausforderung selbst für die modernsten numerischen Techniken
dar. Das Hauptziel dieser Arbeit ist es, Konzepte für die effiziente numerische Lösung des
eXFSI Problems zu erforschen und zu entwickeln. Die Finite-Elemente-Methode wird für
die räumliche Diskretisierung verwendet. Die zeitliche Diskretisierung beruht auf finiten
Differenzen und wird als ein Ein-Stufen-θ-Schema formuliert mit besonderem Fokus auf
dem Shifted Crank-Nicolson-Verfahren und der Fractional-Step-θ-Methode. Das nicht-
lineare Problem wird über eine Newton-ähnliche Methode gelöst. Das Potential der en-
twickelten eXFSI und WpFSI Modelle und der numerischen Approximationstechniken wird
in umfanreichen numerischen Studien untersucht und sorgfältig dokumentiert. Die Haup-
tanwendung der eXFSI und WpFSI Modelle liegt im Design von Online und Offline Struc-
tural Health Monitoring (SHM) Systemen für Verbundwerkstoffe und Leichtbau. Weitere
Anwendungen der Modelle finden sich in der Biomechanik und Biomedizin, z.B. Hämo-
dynamik, der Vibro-Mechanik und der Poroelastizität. Die Implementierung der Modelle
und Verfahren erfolgte mithilfe der Software-Bibliotheken DOpElib und deal.II.





Summary

As a part of Structural Health Monitoring (SHM) system design, it is important to
understand phenomenologically and quantitatively wave propagation in composite mate-
rials, while taking into account effects of the geometrical and mechanical properties of
the structures. In particular, to foster the design of SHM systems, the role of the fluid-
structure interaction (FSI) for the wave propagation has to be considered. In the present
thesis, a concept of coupling FSI with an ultrasonic wave propagation is proposed, which
is referred to as the extended Fluid-Structure Interaction (eXFSI) problem. The eXFSI
is a one-directional coupling of a typical FSI problem with ultrasonic wave propagation
in fluid-solid and their interaction (WpFSI). The WpFSI is a strongly coupled problem
of acoustic and elastic wave equations, where fluid-solid interface boundary and mesh
position are automatically adopted from the FSI problem at each time step. To the best
of our knowledge, such a model is novel in the literature. The FSI is modelled in terms
of the arbitrary Lagrangian-Eulerian (ALE) technique and couples the isothermal, incom-
pressible Navier-Stokes equations with nonlinear elastodynamics using the Saint-Venant
Kirchhoff solid model. The ALE approach provides a simple, but powerful procedure to
couple solid deformations with fluid flows using a monolithic solution algorithm. In such
a setting, the fluid equations are transformed to a fixed reference configuration via the
ALE mapping. However, combining fluid dynamics with structural analysis traditionally
poses a formidable challenge for even the most advanced numerical techniques due to
the disconnected, domain-specific nature of analysis tools. The principal aim of this re-
search is to explore and introduce new concepts for the efficient numerical solution of the
eXFSI problem. The finite element method is used for the spatial discretization. Tem-
poral discretization is based on finite differences and is formulated as one step-θ scheme,
from which we can consider shifted Crank-Nicolson and the fractional-step-θ schemes.
The nonlinear problem is solved via a Newton-like method. In extended numerical stud-
ies the potential of the eXFSI and WpFSI models is analyzed and carefully evaluated.
Our application of the eXFSI and WpFSI models is the design of on-line and off-line
Structural Health Monitoring (SHM) systems, respectively, for composite material and
lightweight structures. Further applications of the models can be found in biomechanics
and biomedicine e.g. hemodynamics, vibro-mechanics, poroelasticity as well as subsur-
face and porous media flow. The implementation is accomplished via the software library
package DOpElib and deal.II.
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Chapter 1

Introduction

Catastrophes such as the collapse of the Mississippi River Bridge in 2007 are rare, but
do highlight the problem of timely detection of structural damage in bridges, tunnels,
buildings, etc [1, 2]. In the year 2005, the Mississippi River bridge was classified as
“structurally deficient”. However, the true extent of the existing damage was underes-
timated. Only after the collapse, when the bridge was rebuilt in the year 2008, was it
fitted with 500 “smart bridge” sensors [2]. These sensors track response to vibration,
corrosion, and environmental conditions, as well as trigger an automated anti-icing
system when the wind, temperature and humidity reach certain levels. The bottom
line is that the new design advances on the previous one in terms of reliability and
security. The system that comprises evaluation of the state of a structure and detec-
tion of the material failure during the operational period is termed as the structural
health monitoring (SHM) system. The adoption of SHM system not only significantly
improves safety, but also reduces maintenance and repair expenses. In other words, it
is not only a matter of risk aversion but also a question of cost-effectiveness. Hence,
there has been increasing interest in SHM systems.

The SHM system features the ability to implement a damage identification strategy
(DIS) for mechanical, aerospace, or civil engineering infrastructures, using the prin-
ciple of non-destructive testing (NDT). However, unlike other NDT methods, sensors
in SHM systems are permanently embedded into the structure and feature the in-
tegrated system approach. The ultrasonic (pulse-echo) or piezoelectric inspection is
one of the most promising and highly efficient evaluation tools available for such a
monitoring system based on the phenomenon of wave propagation (see Figure 1.1).
The wave propagation-based approach advances on the vibration-based approach by
allowing for identification of small hidden defects of the structure. This is due to
the fact that the size of the defect substantially exceeds the wavelength. The wave

3



propagation based SMH system relies on the continuous monitoring of the physical
behaviour of the structures in real-time. This approach is particularly effective for
damage identification in/on the material during its lifetime. Here, structural damage
is defined as changes in the geometric and physical properties, including those in sys-
tem connectivity and boundary conditions, which adversely affect the infrastructure
reliability and performance.

Reflected wave

Original wave

Sensor
Object

Figure 1.1: The schematic representation of the SHM system in operation

In general, the SHM system elements are classified into hardware and software el-
ements. The hardware elements are the sensors that produce the stream of data.
There are two types of sensors: (i) those only sensing a signal (passive); or (ii) those
sensing and actuating a signal (active). Hence, different types of data at the output
and, thus, various types of algorithms are required to process the data. The damage
modelling and detection algorithms constitute the software elements of the SHM sys-
tem [3].

The present research contributes to the emerging strand of literature focusing on
computational techniques that support the SHM process. In particular, we concen-
trate on the so-called on-line SHM system. The on-line, as opposed to the off-line,
SHM system conducts monitoring during the operation time; for example, during the
flight of a plane or operation of a wind turbine. The concept of on-line SHM system is
illustrated in Figure-1.2. Here, we see an array of sensors used to monitor operations
and material conditions of a structure e.g. an aircraft or wind turbines, etc. The host
of sensors provides outputs during operation. The recorded data is post-processed to
survey the condition of the structures. The sensors system forms a network, allow-
ing for communication between the elements of the system. The network operation
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complexity can be compared to the human nervous system; the network of sensors
evaluates and diagnoses structural integrity. Based on these data, the system may
propose recommendations for actions to be undertaken: either repair the damage or
replace the specific part. For a deeper discussion about the SHM system, we refer to
[3, 4, 5, 6, 7, 8, 9, 10].

Sensor 
Network

Signal / Data 
communication

NDT Signal
Interpretation

NDT Signal
Analyses

Damage
Identification

Damage 
Indicator

Figure 1.2: The on-line structural health monitoring (SHM) system.

The SHM is trans- and inter-disciplinary field. It requires, inter alia, a thorough
understanding of (i) physics and chemistry of matter; (ii) sensor and actuator tech-
nologies; (iii) damage diagnosis and prognosis; (iv) signal and image processing algo-
rithms, and (v) statistical analysis. Currently, there is no clear and proven mathemat-
ical model for an on-line SHM system. So far, most SHM studies are experimental,
with very few numerical simulations. The reason is the complexity of mathematical
models. We take up the challenge and propose one such model. This thesis proposes
a mathematical model of an on-line SHM system, which comprises coupling of wave
propagation theory with the fluid-solid interaction phenomenon. We approach the
question of an on-line SHM system from a systems perspective. We point out that
the problem of a damage detection in a moving structure is at the nexus of com-
putational fluid dynamics (CFD), computational structural dynamics (CSD), and
computational wave propagation (CWP) theories (see Figure 1.3). In the present
research, we term this problem as the eXtended Fluid-Structure Interaction problem
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(henceforth referred to as eXFSI). We propose a roadmap to tackle the challenge of
dealing with the problem, providing an overview of existing studies and highlighting
the contribution of the present work.

Figure 1.3: The eXtended Fluid-Structure Interaction (eXFSI) problem.

Mathematical modelling and solution of this type of system is highly challenging. The
problem may not have a unique solution due to a large number of unknown param-
eters. The mathematical models are necessary to determine the frequency response
function (FRF) or system transfer function of metallic or composites structure. In
general, damage identification systems of composites structures are more complex
and challenging compared to the simple metallic structures. Also, the mathematical
model must reflect the mechanical properties of the damage and thus, ex-ante, con-
sider alternative possibilities.

First, to design an ultrasonic-wave-based on-line SHM system, it is important to
understand phenomenologically and quantitatively wave propagation in the struc-
ture and the influence of the mechanical and geometrical properties of the matter.
In the present work, we focus on developing a mathematical model that facilitates
understanding of the behaviour of metallic or composite structure in alternative en-
vironments: maritime, i.e. for offshore wind park, the airspace above the oceans,
seas, bays, estuaries, islands, coastal areas, marine vessel, etc. We do so in order to
integrate the design and operation from both safety and economic viewpoints.
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There is an extensive literature that addresses issues related to the wave-propagation
based SHM systems from an experimental perspective (see: [51, 89, 91, 189, 190,
191, 200]). In particular, the ultrasonic guided/Lamb wave inspection systems are
applied for the damage detection. Among them, damage detection of a structure
based on the laser ultrasonic techniques are derived in [184, 185, 186, 197, 189].
For example, [185, 186] conducted an experimental inspection of an ultrasonic wave
propagation behaviour on a steel fan blade with stationary and rotating conditions.
In particular, the authors demonstrate that the signal pattern is not autonomous
and breaks down due to the effect of blade rotation. For other experimental stud-
ies on ultrasonic wave propagation in rotating and vibrating structures, we refer to
[187, 188, 200]; for an ultrasonic wave inspection on a composite structure, we refer
to [90, 92, 184, 192, 193, 195, 202, 205]. Numerical analysis of wave propagation on
metallic or composites structures is conducted in [84, 85, 86, 87, 88, 174].

Second, to accelerate the design of SHM systems, we propose the time-harmonic
strongly coupled acoustic and elastic wave propagation (WpFSI) problem in/on fluid-
solid and their interface, which can be used to identify damages in/on metallic as
well as composite structures. Due to the nonlinear properties of fluids and solids,
as well as the shape of the solid structures, only mathematical approaches can be
used to solve this coupled wave propagation problem. The choice of the numer-
ical approximation technique depends upon the size of the damage. If the dam-
age is significant relative to the structural dimensions, Finite Element (FE) or Fi-
nite Difference (FD) approaches have been proven to be useful. If the damage
size is negligible, the wave-propagation-based SHM model needs input pulse sig-
nals with a very high frequency with a slight duration (µs or lower). In this case,
the Spectral Finite Element (SFE) method would be preferable. In this thesis,
we rely upon the FE-based approach. Here, we refer to the arbitrary Lagrangian-
Eulerian (ALE) framework. A detailed overview of the ALE method can be found in
[24, 68, 71, 73, 93, 96, 101, 104, 150, 155, 144, 147]. The present study focuses on the
monolithic approach as described in [12, 13, 68, 71, 78, 93, 144, 146, 147, 148, 161].
The monolithic, also referred to as strongly coupled approach, features simultaneous
solution of all the system equations, where the interface and boundary conditions
are automatically satisfied at each time step. Here, the continuity of velocity, the
normal stresses, and the interface conditions are automatically achieved at each time
step [123, 124, 125, 126]. However, we note that this coupling leads to an additional
nonlinearity in the overall system.
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Third, we note that the proposed FE-based SHM model belongs to wave-propagation-
based methods and falls under the fluid-structure interactions (FSI) problems cate-
gory. FSI theory describes the interaction of a movable or deformable structure with
an internal or ambient fluid flow, which introduces the coupled dynamics of fluid
mechanics and structural mechanics. These types of problems are known as classical
multi-physics problems. These problems can be either stable or oscillatory. Histori-
cally, the practical importance of this kind of challenge originates from the design of
many engineering systems such as aircraft wings, wind turbines, internal combustion
engines, towers, bridges, etc. One of the prominent FSI study cases is the collapse
of the Tacoma Narrows Bridge on 7th of November 1940, which resulted from the
64 km/h airflow [30, 73]. Another interesting example where FSI problems arises
is flow-induced transient loads on the nozzle during the start-up of a liquid rocket
engine. As such, a sudden increase in pressure produces deformations in the noz-
zle. The resulting changes in the flow pattern may give non-symmetrical loads on
the structure [137]. The emergency landing of the aircraft on water i.e. ditching is
another example where understanding FSI is crucial. A substantial amount of com-
mercial aircrafts have been reported as ditched. Among them, the Ethiopian Airlines
Flight 961 (Boeing 767-200ER) in November 1996, which was hijacked and ditched
near to Mitsamiouli at the northern end of Grande Comore island. Another example
is the US Airways Flight 1549 (Airbus A320) in January 2009, when the aircraft
flew into a flock of Canadian geese and ditched into the Hudson River with disabled
engines. In both cases, the failure of the plane due to the fluid-solid interaction took
place. Striving for safety in air traffic, the Federal Aviation Administration developed
a strategic plan titled “Destination 2025” [183]. Among the identified goals is the aim
of reaching zero fatal aircraft accidents. The research of fluid-structure interaction
problem is clearly a necessary condition to meet this plan, allowing for improvements
in the structural integrity of an airplane. For more details about the FSI effect on
aircraft water ditching, we refer to [80]. In [80], Satterwhite et al. show the validation
of the FSI effect in aircraft crashworthiness studies.

FSI also plays a fundamental role in other areas, including: (i) biomedical engineer-
ing, e.g. pulsating blood flow can cause the rupture of an abdominal aortic or cerebral
aneurysm, implicatively insinuating a great risk for the patient [25, 26, 28, 153]; (ii)
ball bearing design [79]; and (iii) mechanical engineering, aero-elasticity, and aero-
acoustics (cf. [24, 27, 76, 118, 176, 177, 178]). These seemingly distinct cases commu-
nicate the same point – structural strength may be jeopardised due to the FSI effect.
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It is thus important to consider the FSI effect throughout the design process of any
SHM or inspection system. In the last few decades, FSI problems have been the
subject of intensive research studies, including numerical estimation and simulation.
However, they remain an indisputably challenging topic with an immense number
of unresolved issues. While the numerical analysis of the coupled system regard-
ing well-posedness and convergence is typically restricted to simple model problems,
some new insights have been gained from numerical simulations. Established meth-
ods like the immersed boundary method or the arbitrary Lagrangian-Eulerian (ALE)
method have been successfully implemented in a wide range of engineering appli-
cations. Still, a large number of engineering problems remain where most of the
established methods fail. In particular, FSI problems are encountered with structural
deformations or contact problems, stiff couplings, extreme parameters or extreme
computational complexity. For a general introduction to the FSI problem we refer to
[12, 13, 14, 15, 16, 17, 18, 19, 20, 75].

In recent years, solving the FSI problems based on the monolithic FEM has gained
attention as an attractive numerical methodology to perform complex fluid-flow sim-
ulations with elastic structural deformations. The FSI simulations allow for a deeper
understanding of the convective flow, pressure fields, and deformation through the
solution of the nonlinear multiphysics problem. Many studies explore the reliability
and accuracy of FSI models for simulating different benchmark problems. Turek
et al., Hron et al. [144, 147, 148, 161] introduced a monolithic FEM solver for
fluid-structure interaction in the ALE framework with configuration for numerical
benchmarking. Rannacher et al. [12, 14, 16] considered FSI problems in ALE, fully
Eulerian and fully Lagrangian coordinates for the FSI benchmark test cases. Richter
et al. [20, 93, 101, 103, 104, 105, 162] developed the numerical technique, includ-
ing mesh adaptivity and goal-oriented error estimation for FSI simulation in fully
Eulerian coordinates. Wick et al. [94, 95, 97, 98, 99, 100, 163] conducted studies
on FSI, introducing goal-oriented mesh adaptivity and mesh movement techniques.
Wick considered the FSI problems with the monolithic approach for a heart valve
simulation [71, 152, 153, 154] and proposed a numerical model for a crack propa-
gation via coupling the fluid-structure interaction problem with phase-field fracture
[116, 117, 145].
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Fourth, in the present thesis we introduce a fluid-structural interaction problem fully
coupled with the WpFSI problem – eXFSI [165, 166, 167, 168, 169, 170, 172]. Ac-
cordingly, we combine the following models:

1. Nonlinear fluid-structure interaction in the ALE framework, including

(a) Incompressible Navier-Stokes in the ALE framework,

(b) Elastodynamics equations in the Lagrangian framework,

(c) Biharmonic mesh moving model,

2. Coupled wave propagation (WpFSI) problem in the ALE framework, which is
a coupled problem of

(a) Time-harmonic elastic wave propagation with a signal force in the ALE
framework,

(b) Acoustic wave propagation (modelled by the displacements terms) in the
ALE framework.

In the nonlinear FSI model, we are dealing with three types of nonlinearities: fluid
convection, a geometrically nonlinear Green-Lagrange strain tensor, and the nonlin-
ear ALE mapping. Concerning the second model, we emphasize that we consider a
strongly coupled time-harmonic acoustic and elastic wave propagation problem in the
ALE framework to account for the structural deformation due to the FSI effect. For
the solution of the so-derived fully-coupled model (i.e. eXFSI) we refer to monolithic
solution technique. Combining the Lagrangian and Eulerian setting for describing
eXFSI involves conceptual difficulties. In this thesis, we present the state-of-the-art
in coupling techniques and computational methods for the eXFSI problem in the ALE
framework. The basic partitioned approach does not contain a variational equation for
the eXFSI problem. Therefore, we introduce an auxiliary coordinate transformation
function T̂ (i.e. the ALE mapping) for the Eulerian setting. The ALE approach pro-
vides a simple procedure to couple solid deformations with fluid flows by a monolithic
solution algorithm. In such a setting, the fluid flow and wave propagation problems
are transformed to a reference configuration by the ALE mapping (cf. Figure-1.4).
Figure-1.4 illustrates the principle behind the eXFSI problem solution approach as
deformation changes and wave propagates with time t.

The resulting variational formulation is consequently prescribed in an arbitrary fixed
reference domain. Here, all coupling conditions are satisfied in an accurate variational
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Figure 1.4: Arbitrary transformation approach with a monolithic coupling of the
eXFSI problem in the ALEfx framework. The coupled system is solved all-at-once.

fashion on the continuous level. This ALE formulation is fully-coupled and can be
written in terms of the monolithic Galerkin form, which provides excellent stability
properties for the solution algorithm. By solving the eXFSI problem in a monolithic
way, we avoid the difficulties with the so-called added-mass effect [106, 108] that can
arise in iteratively partitioned solution approaches such as Dirichlet-Neumann cou-
pling [33, 36]. For the numerical simulation, we use the in-house C++ code linked
to differential equations and optimization libraries DOpElib [209, 210], which is a
flexible modularized high-level algorithm toolbox based on the finite element library
deal.II [211, 212].

For discretization we employ the Rothe (horizontal line) strategy [71, 93, 94, 95,
98, 99]. Here, the temporal discretization is performed by using the finite difference
scheme. Specifically, we use the one step-θ schemes, focusing on the Crank-Nicolson
[64, 71], shifted Crank-Nicolson [71], and the fractional-step-θ schemes [55, 57, 65,
101, 103]. For spatial discretization, we refer to a standard Galerkin finite element
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approach. We use the finite element Qc
2{P

dc
1 for the fluid flow [54, 56, 58, 59, 60, 61, 62,

63, 66]. For the structural deformations [20, 163] and the coupled wave propagation
problems, we use the element Qc

2 [165, 166, 167, 168, 169, 170, 172]. In Newton-like
method, we conduct linearization of the nonlinear problem, in which the Jacobian is
derived by the exact linearization. At each Newton iteration, this linearized problem
is solved. Thereby, we ensure robustness, while opting for rapid convergence.

To sum up, the novelties of the present thesis are six-fold:

1. We present two multiphysics models for analysing ultrasonic wave propagation
in composite domains with and without the FSI effect to provide a comprehen-
sive framework that features the ability to identify structural damage.

2. We propose a new FE-based off-line SHM model for pure metal and composite
structures, which constitutes a coupled acoustic and elastic wave propagation
problem in fluid-solid and their interface (the WpFSI problem). In particular,
we explore the ultrasonic waves propagation through alternative domains: the
static elastic plate and periodic composite domain with/without inclusions. We
refer to the case study method by considering several alternative configurations.

3. We explore the coupled fluid-multiple-structure interaction phenomenon within
the WpFSI setting. For this, we conduct the sensitivity analysis concern-
ing physical parameterizations and different constitutive tensors for composite
structures.

4. We elucidate the interface and boundary conditions for coupling the fluid and
structure within the FSI setting and within the WpFSI problem in the ALE
framework. Thereby, we demonstrate the effect of boundary conditions on the
dynamics of the coupled wave propagation problem.

5. We formulate a coupled wave propagation problem in the ALE framework,
adding it to the FSI model. Thereby, we develop a new FE-based on-line SHM
model, the eXFSI problem. Specifically, we track the wave propagation in the
dynamic structure. To mimic the latter, we consider the effect of ambient fluid
flow on elastic beam. Here, we explore the effects of dynamic boundary condi-
tions. Further, we analyse the associated implications for the wave propagation.
Overall, we contribute to the research on the on-line SHM design by advancing
the computational techniques.
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6. Finally, we propose the dual linear solving technique to address the eXFSI
problem using a monolithic algorithm.

Thesis outline

The layout of this thesis is the following:

Chapter 2: Notations and Definitions
First of all, we briefly recall the basic concepts of the FSI problem, introduce nota-
tions and all necessary function spaces for the eXtended Fluid-Structure Interaction
(eXFSI) formulations that are used throughout this thesis. A brief introduction to
the usual Lebesgue and Sobolev spaces is also given.

Chapter 3: Continuum Mechanics
We briefly recall the basics of continuum mechanics, used to describe the dynamics of
fluids, solids and wave propagation problem in their natural coordinates and the core
relations. Moreover, we address the caveats in regard to the arbitrary Lagrangian-
Eulerian (ALE) framework, which we further use to derive a monolithic setting for
the coupled problem. Next, we discuss the transformation between the Eulerian and
Lagrangian coordinate systems. Finally, we describe the different formulations of
stress tensors with the help of the Piola transformation.

Chapter 4: Governing Equations
This chapter is devoted to the study of the generalized partial differential equations
(PDEs) for structural deformations under fluid flow and wave propagation problem
in their natural framework. Specifically, fluid flow and wave propagation are typically
described in the Eulerian framework, whereas structural deformations are modelled in
Lagrangian coordinates. We introduce a monolithic setting for the coupled problem
by transforming the fluid and wave equations in the ALE coordinate with the help
of a biharmonic mesh moving PDE model. Further, we present the kinematic and
dynamic interface conditions that must be fulfilled at the common interface of the
fluid and solid domain.

Chapter 5: Finite Element Approximation
In this chapter, we refer to the Rothe method for the discretization of the monolithi-
cally coupled eXFSI problem in the ALE framework. First, we briefly introduce the
temporal discretization, which is performed using the finite difference schemes. The
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variational form is formulated using the one step-θ scheme, from which we consider
the shifted Crank-Nicolson and the fractional-step-θ scheme. Then, we provide the
framework for the Galerkin finite element (FE) method for the spatial discretization.
Here the spatial discretization is treated by a pair of inf-sup stable finite elements.
Next, we present the linearization and solution algorithms. To solve the linear equa-
tion systems, we use a direct solver with dual linear solving technique.

Chapter 6: Numerical Results
To achieve the goal of developing the FE-based off-line and on-line structural health
monitoring (SHM) system simulation, we split this chapter into two parts. In the
first part, we present several numerical simulation results, which serve the purpose of
evaluation of the coupled wave propagation behaviour in different test configurations,
including the coupled fluid-multiple-structure interaction problem. In the second part,
we perform numerical tests for solving the non-stationary eXtended fluid-structure
interaction problems. We close this chapter with a numerical example of the eXFSI
problem with an overview of an artificial boundary condition.

Chapter 7: Conclusion
Chapter 7 address a recapitulation of the presented focal results from Chapter 6 and
give recommendations for future work.

References
In this section, we list some interesting journals, books, conference proceeding papers,
lecture notes, and preprint working papers. These served as a reference as well as an
inspiration for the present thesis.
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Chapter 2

Notations and Definitions

For convenient access to the eXtended fluid-structure interaction problem (eXFSI),
a diagrammatic layout is presented in Figure 2.1. Here, we see a prototypical eXFSI
setting: the solid (orange-coloured area) is immersed in a fluid (blue-coloured area).
Figure 2.1(a) illustrates the initial alignment. Next, we introduce the fluid flow,
which is prescribed by an inflow condition (cf. Figure 2.1(b)). The evolving flow
exerts shear stress on the solid, causing a deformation. In turn, this deformation
changes the fluid domain (blue-coloured area). In other words, the problem is fully-
coupled: the coupled dynamics of fluid and solid leads to the deformation of the solid
domain, deforming the fluid domain. That is, the computational domain partitioning
is changing over time. This time-dependent structural deformation is one of the major
difficulties in the mathematical modelling and approximation of the fluid-structure
interaction (FSI) problem [20, 31, 36, 68, 71, 94, 144, 163]. In Chapter 4, we briefly
introduce the FSI modelling caveats. Besides, Figure 2.1 illustrates the actuator
embedded in the geometric centre of a solid domain (red circle). The Lamb wave burst
signal is excited using this actuator. While wave propagation has no implications for
the domains, the FSI problem alters the wave propagation. Therefore, it is a particular
challenge to model this wave propagation in a solid subdomain, which is deforming
under the fluid flow [165, 166, 167, 168, 169, 170, 172, 171]. Next, we introduce
definitions of function spaces and basic notations used throughout the present thesis.
It goes without saying that these are configuration-specific.

2.1 Domains and Boundaries

We start with the characterization of the domain, where the interactions between the
two phases of a matter, i.e. fluid and solid, are analyzed. Let us consider the time
interval I “ r0, T s, where T ą 0. We define the domain Ωptq Ă Rd, with d P t2, 3u, as
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(a) t “ 0

(b) t ą 0

Figure 2.1: The eXtended fluid-structure interaction problem: (a) primary form of
the structure, and (b) structural deformation due to fluid flow.

open, connected, and bounded domain, which varies with time t P I. As illustrated in

Figure 2.1, the domain is composed of two time-dependent subdomains Ωf ptq (fluid

part) and Ωsptq (solid part):

Ωptq “ Ωf ptq YΩsptq. (2.1)

Importantly, the two sub-domains do not overlap i.e.

Ωf ptq XΩsptq “ H. (2.2)
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The domain Ωptq has Lipschitz boundary BΩptq Ă Rd´1, which is subdivided into
four parts as follows

BΩptq “ BΩinptq Y BΩwallptq Y BΩbaseptq Y BΩoutptq. (2.3)

Here we consider the Dirichlet condition (for the velocities and displacements) on the
inflow boundary BΩinptq, the wall boundary BΩwallptq, and the base wall BΩbaseptq.
That is:

BΩDptq “ BΩinptq Y BΩwallptq Y BΩbaseptq. (2.4)

The Neumann condition is prescribed on the outlet boundary BΩoutptq

BΩNptq “ BΩoutptq, (2.5)

where

BΩptq “ BΩDptq Y BΩNptq and BΩDptq X BΩNptq “ H. (2.6)

More specifically, we define fluid boundary BΩf ptq Ă Rd´1 and solid boundary BΩsptq Ă

Rd´1 as follows:

BΩf ptq “ BΩiptq Y BΩinptq Y BΩwallptq Y BΩoutptq,

BΩsptq “ BΩiptq Y BΩbaseptq,
(2.7)

where BΩiptq Ă Rd´1 is the common interface boundary between the solid and fluid.
The latter is referred to as the fluid-solid interface and is defined as follows:

BΩiptq “ Ωf ptq XΩsptq. (2.8)

Moreover, BΩfDptq “ BΩinptq Y BΩwallptq, BΩsDptq “ BΩbaseptq are fluid and solid
Dirichlet boundaries, respectively, and BΩfNptq “ BΩoutptq denotes the fluid outflow
Neumann boundary, i.e.

BΩf ptq “ BΩiptq Y BΩfDptq Y BΩfNptq,

BΩsptq “ BΩiptq Y BΩsDptq.
(2.9)

The outward normal vectors of fluid and solid at the fluid-solid interface are denoted
by nf and ns, respectively.

The initial (henceforth reference) domains, i.e. at t “ 0, are denoted by Ω̂s and
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Ω̂f . Here, the fluid boundary BΩ̂f Ă Rd´1 and solid boundary BΩ̂s Ă Rd´1 are given
by:

BΩ̂f “ BΩ̂i Y BΩ̂fD Y BΩ̂fN ,

BΩ̂s “ BΩ̂i Y BΩ̂sD.

Accordingly, the initial common interface boundary BΩ̂i Ă Rd´1 is referred to by

BΩ̂i “ Ω̂f X Ω̂s.

Note, the corresponding outward normal vectors at the fluid-solid interface are de-
noted by n̂f and n̂s. In this spirit, the outer boundary is denoted by BΩ̂ Ă Rd´1 and
is defined by

BΩ̂ “ BΩ̂D Y BΩ̂N .

The fluid displacements and velocities are set to zero on BΩ̂wall, i.e. no-slip con-
dition. Besides, the solid and wave displacements and velocities are set to zero on
BΩ̂D. In the present work, we use the biharmonic mesh motion model (as described
further) and rely upon the second type of boundary conditions (cf. Equation (4.28)
in Section 4.2.3). Thereby, the displacement in the normal direction should be zero
and in the tangential direction set free, allowing for fluid mesh to move along the
boundary. Next, we should note that in our configuration setting the domain is trun-
cated. Thereby, the question arises as to what boundary condition should we impose
on BΩ̂out. To address this, for the fluid flow, we follow the traditional approach of
prescribing the “do-nothing” outflow condition. In the Appendix D, we present the
implications of alternative domain truncations for the simulation results. Besides, the
wave displacements are presumed to be zero on BΩ̂out.

In general, there are two possible configurations of the reference domain: stress-free
and prestressed. The prestressed configuration presumes the application of the stress
prior to the reference time t “ 0. This implies possible deformation already at time
t “ 0. The choice of the initialization is application-dependent. For example, in the
present work, we presume the stress-free initialization as we track the changes right
from the time when the external forcing is applied (i.e. fluid flow impacts the solid).

Another important question, which arises when analyzing moving objects is coor-
dinate framework: Lagrangian or Eulerian. The former is used to describe changes of
the object in space at a particular time and the latter – changes of a particular object
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over time. Coming back to our prototypical problem, when we describe the deforma-
tions - it is a Lagrangian viewpoint. In the Eulerian framework, we describe variables
on the deformed and possibly moving object. In the reference case, boundaries do not
move over time. Thus, Lagrangian and Eulerian coordinates coincide. In Chapter 3,
we elucidate on the coordinate systems used in the present thesis. For convenience,
we omit the explicit time-dependence term when indicating the time-dependent do-
mains i.e. Ω :“ Ωptq. Throughout this thesis, we use “s” and “f” suffixes to indicate
solid and fluid related terms, respectively.

2.2 Function spaces

Let d be a positive integer representing the dimension. By Ω̂X Ă Rd we denote an
arbitrary bounded Lipschitz domain with boundary BΩ̂X Ă Rd´1. Here, X “ ts, fu

is a set of suffixes: “f” stands for the fluid and “s” stands for the solid domain. We
consider standard Lebesgue space LppΩ̂Xq, 1 ď p ď 8, that is composed of functions
û, which are Lebesgue-integrable to the p–th power. For spaces of the d– dimensional
vector-valued functions we use LppΩ̂Xq

d. The set LppΩ̂Xq forms a Banach space with
the norm }û}LppΩ̂Xq:

}û}LppΩ̂Xq :“

¨

˚

˝

ż

Ω̂X

|ûpx̂q|p dx̂

˛

‹

‚

1
p

, if 1 ď p ă 8, and

}û}LppΩ̂Xq :“ ess sup
x̂PΩ̂X

|ûpx̂q|, if p “ 8.

(2.10)

The Sobolev space Wm,ppΩ̂Xq, m P N, 1 ď p ď 8 is the space of functions in LppΩ̂Xq

that have distributional derivatives up to order m, which belong to LppΩ̂Xq. This
space is equipped with the norm

}û}Wm,ppΩXq :“

¨

˝

ÿ

|α|ďm

}Dαû}p
LppΩ̂Xq

˛

‚

1
p

, if 1 ď p ă 8, and

}û}Wm,ppΩXq :“ max
|α|ďm

}Dαû}LppΩ̂Xq, if p “ 8.

(2.11)

Here, α “ pα1, . . . , αdq P Nd is a multi-index with the following properties

|α| “ α1 ` . . .` αd “
d
ÿ

i“1

αi,

Dα
“

ˆ

B

Bx1

˙α1

¨ ¨ ¨

ˆ

B

Bxd

˙αd

“
B|α|

Bxα1
1 . . . Bxαdd

.

(2.12)
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Finally, the functions u inWm,ppΩ̂Xq with zero traces on BΩ̂X are denoted byWm,p
0 pΩ̂Xq

[31, 37, 38]. For p “ 2; HmpΩ̂Xq :“ Wm,2pΩ̂Xq is a Hilbert space equipped with the
norm } ¨ }HmpΩ̂Xq

“ } ¨ }Wm,2pΩ̂Xq
. The dual space of Hm

0 pΩ̂Xq is denoted by H´mpΩ̂Xq.
We indicate the duality pairing between H´mpΩ̂Xq and Hm

0 pΩ̂Xq by

xf̂ , ûy, for f̂ P H´m
pΩ̂Xq, and û P Hm

0 pΩ̂Xq. (2.13)

The dual space is a Banach space with the norm

}f̂}H´mpΩ̂Xq :“ sup
ψPHm

0 pΩ̂Xq

xf, ψy

| ψ |HmpΩ̂Xq

. (2.14)

Specifically, H1
0,BΩ̂XD

pΩ̂Xq is the subspace of the fuctions in H1pΩ̂Xq with zero traces

on BΩ̂XD can be defined as follows

H1
0,BΩ̂XD

pΩ̂Xq “ tû P H
1
pΩ̂Xq : û “ 0 on BΩ̂XDu, (2.15)

here BΩXD is part of the boundary BΩ̂X where Dirichlet conditions are imposed.
Furthermore, we assume the common fluid-solid interface boundary BΩ̂i is regular
enough. Thereby, we consider the fluid-solid interface displacement ûi P H

1
2 pBΩ̂iq,

where H
1
2 pBΩ̂iq denotes the range of the trace operator tr : H1pΩ̂f q Ñ L2pBΩ̂iq

H
1
2 pBΩ̂iq “ tûi P L

2
pBΩ̂iq

ˇ

ˇ Dûf P H
1
pΩ̂f q : ûi “ trpûf qu,

}ûi}H
1
2 pBΩ̂iq

“ inf
ûfPH1pΩ̂f q

 

}ûf}H1pΩ̂f q

ˇ

ˇ trpûf q “ ûi
(

,
(2.16)

where, ûf is the fluid displacement. Here for the sample domain (cf. Figure 2.1), we
consider displacement ûpx̂, tq and velocity v̂px̂, tq for the whole domain as given by

ûpx̂, tq “

$

&

%

ûf px̂, tq, x̂ P Ω̂f , t P I,

ûspx̂, tq, x̂ P pΩ̂s Y BΩ̂iq, t P I,

v̂px̂, tq “

$

&

%

v̂f px̂, tq, x̂ P Ω̂f , t P I,

v̂spx̂, tq, x̂ P pΩ̂s Y BΩ̂iq, t P I.

(2.17)

Therefore, in case of fluid-structure interaction problems, we have coupling condi-
tions: e.g. ûf “ ûsp“ ûiq, on the common fluid-solid interface BΩ̂i Ă Rd´1.

We approach the study of partial differential equations by defining the spaces as
follows. First, the spaces are defined for spatial discretization only. Further, for
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time-space-dependent variables we refrain from using the Bochner spaces. Instead,
the time t is explicitly accounted for. Specifically, let us consider a smooth solution
u “ upx, tq to the sample problem given by

Problem 2.1

Btu`∆u “ f, onΩ, t P I,

upx, tq “ 0, on BΩ, t P I,

upx, 0q “ u0, @x P Ω.

(2.18)

Next, we rewrite the function as follows. Consider u being a mapping u : r0, T s Ñ

H1
0 pΩq, which is defined by ruptqspxq :“ upx, tq, with x P Ω and 0 ď t ď T . It can be

shown that when solving the sample initial-boundary-value problem, it is reasonable
to look for a weak solution such that Btu P H´1pΩq for a.e. time 0 ď t ď T (cf. [31]).

To conclude, the weak solution u of the Problem-2.1 is defined as follows:

Definition 2.1 The function u P L2p0, T ;H1
0 pΩqq with Btu P L2p0, T ;H´1pΩqq is

referred to as a weak solution of the Problem-2.1, assuming it holds that:

• xBtu, φy ` x∇u,∇φy “ xf, φy for all φ P H1
0 pΩq and a.e. time 0 ă t ď T ; and

• up0q “ u0.

Now we are prepared to list the spaces. In this thesis, we frequently use the following
short notations only for the spatial discretization in the reference domain. In the fluid
domain, we work with the following spaces:

L̂Ω̂f :“ L2
pΩ̂f q, L̂0

Ω̂f
:“ L2

pΩ̂f q{R,

V̂Ω̂f :“ H1
pΩ̂f q, V̂ 0

Ω̂f
:“ H1

0,BΩ̂fD
pΩ̂f q.

In the fluid-structure interaction problems, for the velocity variables (in the fluid
domain) we consider the following trial and the test space:

V̂ 0
Ω̂f ,v̂f

:“ tv̂f P H
1
pΩ̂f q

d : v̂f “ v̂s on BΩ̂i, v̂f “ 0 on BΩ̂fDu,

V̂ 0
Ω̂f ,φ

v
f

:“ tφ̂vf P H
1
pΩ̂f q

d : φ̂vf “ φ̂vs on BΩ̂i, φ̂vf “ 0 on BΩ̂fDu.

For the artificial displacement (fluid mesh motion model), we consider the following
trial and test space:

V̂ 0
Ω̂f ,ûf

:“ tûf P H
1
pΩ̂f q

d : ûf “ ûs on BΩ̂i, ûf “ 0 on BΩ̂fD Y BΩ̂fNu,

V̂ 0
Ω̂f ,φ̂

u
f

:“ tφ̂uf P H
1
pΩ̂f q

d : φ̂uf “ φ̂us on BΩ̂i, φ̂uf “ 0 on BΩ̂fD Y BΩ̂fNu.
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In the solid domain, we work with the following spaces:

L̂Ω̂s :“ L2
pΩ̂sq, L̂0

Ω̂s
:“ L2

pΩ̂sq{R,

V̂Ω̂s :“ H1
pΩ̂sq, V̂ 0

Ω̂s
:“ H1

0,BΩ̂sD
pΩ̂sq.

Furthermore, with regard to the elastic wave propagation problem in the solid domain,
we work with the following trial and the test space for the displacement variables:

V̂ 0
Ω̂s,ûws

:“ tûws P H
1
pΩ̂sq

d : ûws “ ûwf on BΩ̂i, ûws “ 0 on BΩ̂sDu.

In the fluid domain for the acoustic wave propagation problem (modelled by the
wave displacements), we work with the displacement space V̂ 0

Ω̂f
. Since we are using a

variational monolithic coupling method [20, 71, 163, 169, 170, 172], the velocity space
is extended to the entire domain Ω̂ “ Ω̂f Y Ω̂s. We do so for convenience in working
with the global H1 function space, which is defined as follows

V̂ 0
Ω̂

:“ tv̂ P H1
pΩ̂qd : v̂ “ 0 on BΩ̂Du.

Thereby, coupling conditions of the fluid-structure interaction problem in the varia-
tional formulation are automatically satisfied. Analogously, the global function spaces
for the wave propagation problem can be defined in resemblance to those for the FSI
problem. Last but not least, for the current domains Ω, Ωs and Ωf , we denote the
corresponding spaces without the hat (“ ˆ”) notation.

Outlook to the next chapter

In the next chapter, we introduce the description of the natural coordinates of fluids
and structures and the associated relations. Furthermore, we explore the arbitrary
Lagrangian-Eulerian (ALE) framework, upon which we rely in the derivation of a
monolithic setting for the coupled problem.
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Chapter 3

Continuum Mechanics

In this chapter, we recall the fundamentals of continuum mechanics. The continuum
mechanics is a branch of physics that is dealing with the large-scale behaviour of
a matter – deformation and motion – under mechanical load. It is of particular
relevance for mathematical modelling of the FSI problem. First, to combine different
coordination systems, we need to understand basic concepts of kinematics, including
alternative coordinate systems: Lagrangian and Eulerian (cf. Section 3.1). Next, we
explore Eulerian and Lagrangian modelling and the associated transformations (cf.
Section 3.2 and 3.3). In Section 3.4, we elucidate the conservation laws.

3.1 Coordinate systems

When observing moving objects, two viewpoints, i.e. coordinate systems, can be
distinguished: Lagrangian and Eulerian. In the former, the focus is on a particular
material point (particle) x̂. In contrast, Eulerian coordinates are characterized by the
emphasis on a fixed point in space. While the Lagrangian framework is the natural
choice for analyzing solid mechanics problems, the Eulerian is a natural framework for
fluid-dynamical problems. Thereby, coupled fluid-solid systems require an alternative
framework to fulfil the interface boundary conditions. The intermediate between the
two coordinates is the so-called arbitrary Lagrangian–Eulerian (ALE) formulation
[71, 68, 109, 72]. In such a setting, the fluid flow model is transformed to a fixed
reference configuration via the ALE mapping [109]. The ALE is one of the oldest and
most widely used algorithms, where the computational system is not a prior set in
space. It is an efficient, robust, accurate method that is relatively easy to implement
[20, 68, 71, 162, 163]. Furthermore, there are two ways of how any FSI problem can
be realized in the ALE framework:
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• ALEdm (explicit mesh movement): The fluid equations are computed on the
deformed configuration, and the mesh is moving explicitly;

• ALEfx (implicit mesh movement): The fluid equations are transformed onto
the fixed reference configuration Ω̂, and the mesh movement is “hidden” in the
transformations F̂ and Ĵ [144].

In the present thesis, we use an implicit mesh moving (ALEfx) technique.

Let us consider some function fpx, tq, which is sufficiently differentiable in space
and in time. The spatial coordinate is denoted by x P Rd and temporal coordinate
by t P I “ r0, T s. Henceforth we use the following notations to describe (physical)
variables:

• f̂px̂, tq in terms of Lagrangian coordinates;

• fpx, tq in terms of Eulerian coordinates.

Here, in the former case, we use the “hat" because the Lagrangian framework is always
described in the reference system. Next, we contrast alternative frameworks for one-

Mesh point

Material point

(a) Lagrangian framework

Mesh 
point

Material point

(b) Eulerian framework

Mesh 
point

Material point

(c) Arbitrary Lagrangian Eulerian framework

Figure 3.1: Different frameworks Illustrated for one-dimensional computational mesh
points.

24



dimensional case. Figure 3.1 portrays the Lagrangian, Eulerian, and ALE viewpoints
for one-dimensional case [21, 81, 82]. For each framework, there are two configurations
of mesh points and material displayed: (i) the initial configuration (top) and (ii) the
changed configuration (bottom). While material and material points are deformed
in the same way for each framework, the alternative viewpoints differ in movements
of the nodes of the computational mesh. Specifically, in the Eulerian approach, the
mesh points are kept fixed. In the Lagrangian approach, the mesh points are moved
with the initially assigned material points. In contrast, the ALE method allows for an
arbitrary movement of mesh points, independent of the content. Thereby, the ALE
advances on the two classical descriptions in two ways: (i) greater distortions of the
structure can be handled than would be encouraged by a purely Lagrangian method,
and (ii) the resolution exceeds that of Eulerian approach [21].

3.2 The Lagrangian and Eulerian modelling

Here, we discuss modelling-specific issues. In particular, we explore Eulerian and
Lagrangian descriptions of a motion and a deformation. However, first, we provide
mathematical descriptions.

From the perspective of mathematics, deformation is 1 : 1 mapping, which trans-
forms points from the reference domain Ω̂ to the deformed configuration:

T̂m : Ω̂ Ñ Ω with x̂Ñ x “ T̂mpx̂, tq. (3.1)

This mapping associates each point x̂ P Ω̂ to a new position x P Ω, where Ω denotes

Figure 3.2: Displacement of a particle from the origin point x̂ in Ω̂ to point x in Ω
by T̂m (cf. [20, 163]).
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the physical domain. Here, the particle trajectory [20, 68, 71] can be written as

xpx̂, tq :“ xpT̂mpx̂, tq, tq, (3.2)

and the displacement field ûpx̂, tq is defined as

ûpx̂, tq “ x´ x̂ “ T̂mpx̂, tq ´ x̂.

Here, a particle’s position in the reference configuration x̂ relates to its corresponding
position in the current configuration x at time t (cf. Figures 3.2 and 3.3) [20, 163].
In general, a motion will change body’s shape, position, and orientation. Here, a
continuum body that changes its shape is called deformable. It is important to notice
that a deformation is independent of time.

3.2.1 The Lagrangian viewpoint

Figure 3.3 illustrates the concept behind the Lagrangian framework.

Figure 3.3: The Lagrangian framework: The time-evolution of a particle point x̂ P Ω̂
is described by the mapping T̂m (cf. [20, 163]).

Let us consider a function fpx, tq “ f̂px̂, tq with x :“ T̂mpx̂, tq, describing some
property in a Lagrangian setting. Then:

Proposition 3.1 (Total/Material time derivative of a Lagrangian field): Total/Ma-
terial time derivative d

dt
is defined by

d

dt
f̂px̂, tq “

B

Bt
f̂px̂, tq.

In other words, the total and the partial derivatives coincide. This is the case because
we essentially measure the rate at which f̂ changes in time of precisely the same parti-
cle at all times. From the computational point of view, this represents a considerable
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advantage. In particular, when tackling problems with history-dependent materials.
However, Lagrangian algorithms loss accuracy in case of substantial deformations,
potentially leading to inability to finalize the calculations because of distortions of
the computational mesh. [21].

3.2.2 The Eulerian viewpoint

Let us consider a continuum approach for the description of the large-scale dynamics.
We denote a computational domain by Ω. It is entirely occupied by some particles.
Instead of describing every single particle, we only observe the variations of physical
quantities such as density ρ : Ω Ñ R, velocity v : Ω Ñ Rd, pressure p : Ω Ñ R, tem-
perature T : Ω Ñ R, stresses σ : Ω Ñ Rdˆd, etc., as functions of time ptq, everywhere
within a certain spatial region. All physical quantities possess some smoothness.
These properties are considered as local density distributions. For instance, by the
velocity vpx, tq for some time t and point x P Ω, we consider the average velocity of
the particle, which at time t is located in the point x.

Figure 3.4: The Eulerian framework where the particle at point x have different posi-
tions at different times. The continuum Ω is moving with time, while the viewpoint
is fixed (cf. [20, 163]).

Figure-3.4 illustrates an expression upx, tq for the deformation at the spatial location
x P Ω of a particle x̂ P Ω̂ at time t. The only difference evident in this viewpoint is
as follows: where ûpx̂, tq denotes the deformation of the particle x̂ at time t, and by
upx, tq, we indicate the distortion of whatever particle x̂ happens to be at location
x at time t. If at time t it holds x “ xpx̂, tq, both concepts of deformation describe
the same configuration. If we base the description of the continuum on the spatial

27



coordinates, we speak of the Eulerian framework. Here our focus is set on a spatial
domain Ω Ă Rd and all points x P Ω. This framework is the natural viewpoint for
fluid dynamics and wave propagation problems.

Definition 3.1 (Spatial/Eulerian description of the displacement field): If x P Ω is
the position of a given particle in a time-dependent domain Ω at any time t ě t0,
then in the Eulerian framework we describe the behaviour of that particle as

x “ x̂px, tq ` ûpx̂, tq ô upx, tq “ ûpx̂, tq “ x´ x̂px, tq.

This is formulated in terms of the current displacement, which results from its original
position x̂ plus the displacement of that position. We recall that the two displacement
descriptions can be transformed through the deformation, namely, x “ Tmpx̂, tq [109,
163].

Furthermore, using the chain rule, we obtain the following standard relation between
the total/material time-derivative and the partial time derivative as

Proposition 3.2 (Total/Material time derivative of an Eulerian field): Assume fpx, tq :

Rd Ñ R and x :“ px1, x2, . . . , xd´1q P Rd´1. Then,

d

dt
fpx, tq “

B

Bt
fpx, tq ` pvpx, tq ¨∇qfpx, tq,

where the term pvpx, tq ¨∇qfpx, tq is referred to as a transport term [71].

Proof. The relation can be proven by using the chain rule (cf. [20, 68, 162, 163]).

The material derivative is defined as a change of the Eulerian variable fpx, tq at a
fixed material point x̂, which at time t is located at the point x. The velocity is
expressed in terms of given point x and at the considered time t i.e. vpx, tq. In the
right-hand side of the above-described relation, there are two terms: (i) the first term
expresses local changes, and (ii) the second term describes changes initiated by the
movement of the particle through the domain [163].

To sum up, Eulerian methods are used in fluid mechanics. The Eulerian formulation
advances on the Lagrangian in terms of accuracy e.g. for large material deforma-
tions. However, Eulerian framework poses difficulties related to deforming material
interfaces and mobile boundaries. In particular, it separates the mesh nodes from
the material particles: the mesh is fixed and the object moves. Therefore, due to the
relative motion between the deforming material and the computational grid, convec-
tive effects arise. The non-symmetric character of the convection operators represents
numerical difficulties.
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3.2.3 The arbitrary Lagrangian-Eulerian (ALE) framework

The ALE framework constitutes a combination of the Eulerian and Lagrangian frame-
works. Here, both computational domain and object are in motion. The computa-
tional domain evolves due to the moving solid-fluid interface, which in turn results
from the deformations of the solid. Evolution of the fluid flow’s mesh has to be either
prescribed or solved. The ambition of the ALE is to ensure the mesh regularity and
equidistribution of mesh vertices while keeping the mesh topology the same [163].
Mathematically, the ALE mapping is defined as follows [73, 96, 104, 163]

T̂ px̂, tq : Ω̂ ˆ I Ñ Ω, with T̂ px̂, tq “ x̂` ûpx̂, tq. (3.3)

where û : Ω̂ Ñ Rd is any mesh displacement. Note, the benefits of the ALE mapping

Figure 3.5: Transport of material particles via the deformation T̂ : Ω̂ˆI Ñ Ω. Here,
dx̂ in Ω̂ and dx “ F̂ dx̂ in Ω with deformation gradient F̂ “ I ` ∇̂û (cf. [20, 163]).

are subject to the following properties of the mapping [163]:

1. It has to be a bijective (i.e., injective and surjective: one-to-one and onto)
mapping:

T̂ px̂, tq : Ω̂ ˆ I Ñ Ω, T̂ ´1px̂, tq : Ω ˆ I Ñ Ω̂.

2. Along the fluid-structure interface BΩ̂i, it should coincide with the Lagrange-
Euler transformation of the structure domain (in the FSI framework):

T̂f px̂, tq|BΩ̂i “ T̂spx̂, tq|BΩ̂i , @x̂ P BΩ̂i.

3. The transformation should be regular, i.e. Ĵ ą 0 or, preferably, Ĵ « 1.
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For more details about the ALE mapping properties, we refer to [20, 48, 162, 163].
Next, we specify the mapping. This mapping (cf. Figure-3.5) is defined by the
deformation gradient F̂ : Ω̂ Ñ Rd and its determinant Ĵ , where deformation gradient
denoted the local change of relative position under deformation:

F̂ :“ ∇̂T̂ “ Î ` ∇̂û, Ĵ :“ detpF̂ q, (3.4)

where Î is the identity matrix in Rdˆd. The presence of the transport term is a result
of the motion of the computational domain.

Remark 3.1 In the present thesis, we restrict our considerations to a two-dimensional
(2D) example. First, it serves the ultimate goal of the thesis well. Second, in this
case, the inverse of the deformation matrix can easily be stated in the explicit form.
Explicitly, the deformation matrix reads as follows

F̂ “ I ` ∇̂û “
ˆ

I ` B̂1û1 B2û1
B1û2 I ` B̂2û2

˙

. (3.5)

From this we can calculate the inverse of the deformation matrix as follows:

Ĵ F̂´1 “

ˆ

I ` B̂2û2 ´B2û1
´B1û2 I ` B̂2û2

˙

. (3.6)

Its directional derivative in the direction δû “ pδû1, δû2q is given by

pĴ F̂´1q
1

pδûq “

ˆ

B̂2δû2 ´B2δû1
´B1δû2 B̂2δû2

˙

. (3.7)

Finally, using the Proposition-3.2, we define the ALE time derivative as follows:

Proposition 3.3 (The ALE time derivative): The ALE time derivative is defined as

B̂

B̂t
fpx, tq :“

B

Bt
|T̂ fpx, tq “

B

Bt
fpx, tq ` ŵ ¨∇fpx, tq,

where ŵpx̂, tq “ BtT̂ is the mesh/domain velocity for all x̂ P Ω̂ with wp¨, tq “ ŵp¨, tq ˝

T̂ ´1. The bottom line is that in a Lagrangian description it holds w “ v (i.e. the
domain is deflecting with the fluid velocity v), and in the Eulerian framework w “ 0.
Moreover, in the ALE framework, we have 0 ď w ď v, where

w “ v at BΩi,

0 ă w ă v a bit away from BΩi,

w “ 0 far away from BΩi.
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Note, as before, v is used to denote the fluid velocity. For a deeper discussion we refer
to [48, 163].

In order to compute the fluid mesh displacements, additional PDEs are required.
These are referred to as a mesh motion PDEs (or MMPDE) models. Note, the se-
lection of the MMPDE model to be applied should aim at guaranteeing that the
determinant of the deformation gradient has a positive value Ĵ ą 0. The mathemat-
ical implications of the condition Ĵ ą 0 are discussed in Appendix F (cf. [71, 163]).
We recall that the condition Ĵ ą 0 preserves the orientation of the mapping T̂ . Thus,
T̂ is locally invertible: each point in Ω̂ has a neighbourhood where T̂ is injective.
However, this by no means is a guarantee of the general (i.e. in the entire domain)
injectivity. For details, we refer to [94, 98, 99, 100, 101, 163].

Next, we list the three alternative MMPDE models [94, 163, 71, 20]:

• The harmonic equation,

• The equation of linear elasticity,

• The biharmonic equation.

The alternative mesh motion techniques are elucidated in [12, 13, 14, 16, 19, 20, 94,
144] and the references cited therein. Note, in this thesis we use the MMPDE model
based on the biharmonic equation. The rationale behind our choice is related to
the freedom it gives in choosing boundary conditions [44, 94, 100, 115, 163]. The
biharmonic operator advances on harmonic and linear-elastic models concerning reg-
ularity. It allows for a smooth transition from fluid to the solid domain. Besides, no
configuration-dependent parameter tuning is necessary. Here, it is of the fourth order,
and it has to be taken into account when applied due to model-specific discretiza-
tion caveats. Thereby, either, C1 conforming finite elements, or a mixed formulation
is required. The numerical benchmark problems are intensive computational efforts
(cf. [20, 94, 163]), with computing times up to 10 times higher than for the sim-
ple harmonic extension. Hence, it is suggested to direct particular attention to the
parameter tuning and choose one of the previously discussed options. Importantly
for the present research, numerical experiments show that the biharmonic mesh mo-
tion for the FSI problem in the ALE configuration has a competitive computational
cost for long-term simulations with numerous time steps [162, 163]. Furthermore, it
provides advantages for significant structural deformations due to higher fluid-mesh
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regularity. As a result, less Newton iterations per time step are required, which com-
pensates for the higher cost in the linear solver. In sum, the biharmonic MMPDE
advance on the other MMPDE models in terms of the CPU time. In this spirit, our
findings indicate that for the eXFSI problem, the biharmonic mesh motion model is
competitive due to the better regularity of the ALE mapping and less Newton itera-
tions per time step despite the higher cost in each linear solve. In fact, in the case of
large deformations, the solid domain that enters the fluid domain with sharp edges
imposes strong regularity problems. To be precise, it is not a substantial bending of
the solid domain, which causes problems, but a significant deformation of the fluid
domain. In the next Chapter (cf. Section 4.2.3), we discuss our MMPDE model,
providing a detailed overview and exploring the mesh/domain velocity.

3.3 Transformations

In this section, we focus on transformations between alternative coordinate systems
necessary to facilitate mathematical modelling. To foster coupling of fluid and struc-
ture interactions, which is based upon the mapping of the fluid problem to a fixed
reference system, we present the derivations for some fixed arbitrary reference system.

Figure 3.6: Moving Eulerian domain Ω with Lagrangian reference Ω̂ and an arbitrary
reference domain Ω̂R

The diagrammatic representation of transformations can be found in Figure-3.6. Here,
Ω is the moving Eulerian framework, and Ω̂ is the Lagrangian framework. In exten-
sion, we consider an arbitrary second fixed reference system Ω̂R, which is fixed in
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time. We estimate an invertible mapping T̂R : Ω̂R Ñ Ω with gradient F̂R :“ ∇̂T̂R
and determinant ĴR :“ detpF̂Rq. Note, F̂R, and ĴR have the same properties as the
Lagrangian deformation gradient.

As illustrated in Figure 3.6, there are three reference systems: (i) the Lagrangian
particles, x̂ P Ω̂; (ii) their Eulerian path xpx̂, tq P Ω and (iii) their path in a fixed
arbitrary reference system, x̂R P Ω̂R, where T̂Rpx̂R, tq “ x “ T̂ px̂, tq. Here, we dis-
tinguish between the physical velocity v̂ and the velocity of the arbitrary coordinate
system motion i.e. v̂ ‰ BtT̂R. Before we proceed with transformations, we state a few
important properties of the mapping:

1. For inverse mapping TR : Ω Ñ Ω̂R, its gradient F̂R :“ ∇TR, and determinant
JR :“ detpFRq, it holds that: FR “ F̂´1R , JR “ Ĵ´1R , and BtTR “ ´F̂´1R BtT̂R.

2. For function f : Ω Ñ R and a vector field x : Ω Ñ Rd with counter parts f̂ and
x̂R on Ω̂R it holds that:

(a) ∇f “ F̂´TR ∇̂f̂

(b) ∇xR “ ∇̂x̂RF̂´1R .

The conditions and proofs are elucidated in [20]. Next, after [20], we introduce
transformation of temporal derivatives to the general coordinate system (Ω̂ ‰ Ω̂R):

Proposition 3.4 Consider f : Ω Ñ R and it’s counterpart f̂px̂R, tq “ fpx, tq : Ω Ñ

R. Then:

d

dt
f “

B

Bt
f̂ `

ˆ

F̂R
´1

ˆ

v̂ ´
B

Bt
T̂R

˙

¨ ∇̂
˙

f̂ ,

B

Bt
f “

B

Bt
f̂ ´

ˆ

F̂R
´1 B

Bt
T̂R ¨ ∇̂

˙

f̂ .

(3.8)

As a particular case, for transformation between Eulerian and Lagrangian coordinate
systems i.e. if Ω̂R “ Ω̂ it holds:

pv ¨∇qf “
´

F̂´1v̂ ¨ ∇̂
¯

f̂ . (3.9)

Note, if Ω̂R “ Ω̂, then T̂R “ T̂ as well as F̂R “ F̂ and ĴR “ Ĵ . For broader overview
of relevant concepts from continuum mechanics we refer to [20, 75, 76, 162, 163].

Finally, we explore transformations of the divergence of the stresses to the refer-
ence domain. In line with the domain deformations, the surface forces need to be
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transformed. Therefore, we need to find the exact form of the first Piola–Kirchhoff
stress tensor [42, 45, 46]. For this, we consider Piola transformation [20] as described
below.

Proposition 3.5 (The Piola transformation): Let x : Ω Ñ Rd be a differentiable
vector field and x̂ : Ω̂ Ñ Rd its representation in the reference system. Moreover, T̂
be injective on Ω such that F̂ is invertible at all points in Ω̂. The Piola transformation
of x is given by

Ĵ F̂´1x̂. (3.10)

In a nutshell, the Piola transformation relates tensor fields between the deformed and
reference configurations [163]. By introducing it here, the ultimate goal we pursue is
to use it for the conversion of the Cauchy stress tensor from Eulerian coordinates to
the Piola–Kirchhoff stress tensor into the Lagrangian framework. Next, we present
the application of this proposition. Consider a tensor σ in Ω defined at the point
x “ T̂ px̂, tq P Ω. Using the Piola transformation, we define the corresponding tensor
σ̂ P Ω̂ as follows:

σ “ Ĵ F̂´1σ̂ for x “ T̂ px̂, tq, x̂ P Ω̂. (3.11)

Proposition 3.6 (Divergence of the Piola transformation): Let T̂ : Ω̂ Ñ Ω with
T̂ px̂q “ x̂` ûpx̂q be a C2-diffeomorphism and x̂ : Ω̂ Ñ Rd be the Piola transformation
of x : Ω Ñ Rd. Then, for the divergence of the Piola transform on every volume Ω
with corresponding reference volume Ω̂ it holds that

ż

BΩ

n ¨ x ds “

ż

BΩ̂

n̂ ¨ pĴ F̂´1x̂q dŝ,

ż

Ω

div x dx “

ż

Ω̂

d̂ivpĴ F̂´1x̂q dx̂ .

(3.12)

Further, in a point-wise sense, it holds that

Ĵ div x “ d̂ivpĴ F̂´1x̂q @x P T̂ px̂q, x̂ P Ω̂. (3.13)

Proof. For proof we refer to [20, 162, 163].

Definition 3.2 (The first Piola-Kirchhoff stress tensors): The first Piola-Kirchhoff
stress tensor is defined by [162]

σ̂pk1 “ Ĵ σ̂F̂´T . (3.14)

It relates forces in the Eulerian coordinate framework with coordinates in a reference
framework.

34



Definition 3.3 (The second Piola-Kirchhoff stress tensor): The second Piola-Kirchhoff
stress tensor is given by [162]

σ̂pk2 “ F̂´1σ̂pk1 “ Ĵ F̂´1σ̂F̂´T . (3.15)

Note, the first Piola-Kirchhoff stress tensor σ̂pk1 is not symmetric, while the second
Piola-Kirchhoff stress tensor σ̂pk2 is symmetric,

σ̂pk2 “ σ̂Tpk2 .

To conclude, these three stress-tensors differ in several aspects:

1. In the current configuration at a point x, the Cauchy stress-tensor σ (symmetric,
i.e. σ “ σT ) represents the “real stress";

2. For a material point x̂ in reference configuration, the first Piola–Kirchhoff tensor
σ̂pk1 points to the stress expressed in the current configuration;

3. The stress for the reference configuration is given by the second Piola–Kirchhoff
tensor σ̂pk2 [20, 162, 163].

Definition 3.4 (Right Cauchy-Green tensor Ĉ): It can be defined as

Ĉ “ F̂ T F̂ , (3.16)

which is symmetric and positive definite for all x̂ P Ω̂.

As a particular case, let us consider Ĉ “ I, where I is the identity. This setting
holds for the rigid deformation. Since the deformation gradient F̂ is small, we can
refer to the approximation as follows: F̂ “ I and Ĵ “ 1. Thereby, both Eulerian and
Lagrangian coordinates coincide. Therefore, we skip the hat (“ ˆ”) symbol. Next, we
introduce yet another strain measure – the Green-Lagrange strain tensor [162]:

Definition 3.5 (Green-Lagrange strain tensor Ê):

Ê “
1

2
pĈ ´ Iq “

1

2
pF̂ T F̂ ´ Iq

“
1

2
p∇̂û` ∇̂ûT ` ∇̂û ¨ ∇̂ûT q,

(3.17)

which is again symmetric and positive definite for all x̂ P Ω̂ since Ĉ and I have these
properties.
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Performing geometric linearization of the strain tensor, which is reasonable, for ex-
ample, when }∇̂û} ăă 1, we arrive at:

Ê “
1

2
p∇̂û` ∇̂ûT q. (3.18)

This simplification not only rules out the large elastic deformations, but also penalizes
rigid body rotations. In other words, a small deformation is not a sufficient condition
for the linearization.

So far, we presented linearized stress tensor for the case of small strains. However,
to specify the material properties, a constitutive law for the stress tensor is required.
For this, we introduce the linear relationship between stress and strain as follows:

Lemma 3.1 (Hooke’s Law): Under the assumption of a linear, homogeneous, isotropic
and symmetric material law, the stress-strain relation is as follows:

σ̂pk1 “ ĈÊ, (3.19)

and

σ̂pk2 “ 2µsÊ ` λs trpÊqI, (3.20)

where, µs and λs are material parameters.

Using (3.15), we can calculate the Cauchy stress tensor σs as follows:

σ̂s “
1

Ĵ
F̂
´

2µsÊ ` λs trpÊqI
¯

F̂ T ,

and the first Piola–Kirchhoff tensor is given by

σ̂pk1 “ F̂
´

2µsÊ ` λs trpÊqI
¯

.

Now, let us consider the strain-energy function W : Rdˆd Ñ R`, which is used to
characterize different materials. Then, for St. Venant Kirchhoff material model the
strain-energy function is defined as follows:

W :“ W pÊq “ µsptr Êq
2
`
λs
2

´

trpÊq
¯2

, with Ĉ “ Î ` 2Ê.

Then, with the help of the second Piola-Kirchhoff stress tensor (3.15), we arrive at
the following:

σ̂pk2 “
BW

BE
,

and

F̂ σ̂pk2 “ F̂
´

2µsÊ ` λs trpÊqÎ
¯

.

For details we refer to [20, 42, 71, 163].
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3.4 Conservation principles

Here, we resume building up the ground for the model design. Since the derivation
of the basic equations of continuum mechanics in the context of fluid or structural
dynamics relies upon the essential conservation principles of classical physics, here we
elucidate the three relevant principles. These are: (i) conservation of mass (cf. Section
3.4.2); (ii) conservation of momentum (cf. Section 3.4.3); and (iii) conservation of
angular momentum. These principles state the time-autonomy of certain properties
within an isolated system. We provide a detailed overview in the following sections.
We present the derivation of conservation of mass and balance of linear momentum
for material. Substituting the stress-strain relation for an isotropic linear elastic
material into the equation of balance of linear momentum, we obtain the equations
that represent the motion of such materials. To derive the equations of motion for
material, we start by stating the transport theorem (cf. Section 3.4.1). Briefly, the
three principle statements under consideration of the present research are as follows
[208]:

• Conservation of mass: the total mass is conserved i.e. mass is neither created,
nor destroyed;

• Conservation of momentum: the rate of change of the momentum is equivalent
to the applied forces and the change in angular momentum is equal to the
torque. In conservation of angular momentum, a system or material body that
is rotating continues to rotate at a similar rate unless any twisting force, called
a torque, is applied to it.

3.4.1 Transport theorem

Theorem 3.1 (Reynolds’ transport theorem): Let us consider T̂ : Ω̂ Ñ Ω to be a
C2–diffeomorphism and a sufficiently smooth scalar function fpx, tq to be continuously
differentiable on Ω. Then for any material volume Ω Ă Rd at time t P r0, T s, it holds
that

d

dt

ż

Ω

f dx “

ż

Ω

ˆ

Bf

Bt
`∇ ¨ pfvq

˙

dx. (3.21)

Here, ∇ is the usual gradient, and v denotes the velocity vector. Terms on the
right-hand side describe both time evolution of f independent of domain changes and
implications of the changing domain Ω in time.
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Proof. The proof is composed of the three steps: (i) transformation to the reference
configuration; (ii) application of the chain rule; and (iii) application of the Eulerian
expansion formula (Proposition 3.2). Note, transformation theorem supports the use
of the transformation mapping to Ω̂ i.e. T̂ : Ω̂ Ñ Ω. The mathematical proof can
be found in [20, 42, 163]. l

Furthermore, if the quantity f is conserved i.e.

d

dt

ż

Ω

f dx “ 0 @Ω Ă Rd, (3.22)

then we arrive at the simplified form of the Reynolds transport theorem as follows:
ż

Ω

Bf

Bt
dx “ ´

ż

BΩ

n ¨ fv d s. (3.23)

Thus, the change of value f in Ω over time equals the negative flux over the boundary
BΩ.

The law of mass conservation is derived from the Reynolds transport theorem, which
is applied to the scalar value f :“ ρ. Hence, we arrive at the following law of mass
conservation, which is also called the continuity equation:

ż

Ω

ˆ

Bρ

Bt
`∇ ¨ pρvq

˙

dx “ 0. (3.24)

Here, if both ρ and v are sufficiently smooth, then the expression pBtρ `∇ ¨ pρvqq is
continuous. This assumption holds for the physical properties of the material that
we discuss in the subsequent sections.

3.4.2 Conservation of Mass

Let us consider ρ be the mass density in the Eulerian coordinates. The total mass in
Ω is a conserved quantity in the absence of sources or sinks, i.e.

d

dt

ż

Ω

ρ dx “ 0. (3.25)
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Proposition 3.7 (Conservation of mass): Let us consider ρ, and v are sufficiently
smooth, and Theorem-3.1 is valid for any sub-domain Ω Ă Rd. Then, the equation of
mass conservation holds in a point-wise manner

Bρ

Bt
`∇ ¨ pρvq “ 0. (3.26)

This is one form of the equation of conservation of mass for a material.

Remark 3.2 If changes in density are time-independent, we have

∇ ¨ pρvq “ 0. (3.27)

From this, by setting the density ρ to be constant in time, we derive the incompress-
ibility condition for fluid flows:

∇ ¨ v “ 0. (3.28)

3.4.3 Conservation of Momentum

To begin with, we state the Newton’s second law: the temporal change of momentum
in a body with the volume Ω Ă Rd is equivalent to the applied forces (i.e. volume
forces pFvq and surface forces pFsq). Further, after [20, 162, 163], we use this to
derive the conservation of momentum law, which holds for both fluid and structure
models. Here, the coordinate system is Eulerian. Mathematically, the conservation
of mass reads as:

d

dt
MpΩq “ 0, (3.29)

where the volume’s mass MpΩq is given by

MpΩq “

ż

Ω

ρ dx. (3.30)

In continuum mechanics, Newton’s second law is as following:

d

dt

ż

Ω

ρv dx “ Fv ` Fs, (3.31)

where volume pFvq and surface forces pFsq are given by:

Fv “

ż

Ω

ρfvol dx

Fs “

ż

BΩ

fsur d s.

(3.32)
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In the former, fvol : Ω Ñ Rd is a prescribed volume force density (e.g. the gravita-
tional force, g is a volume force). In the latter, fsur is a surface force. The surface
force is dependent (linearly) upon the normal direction. In fact, the surface stress
vector fsur : BΩ Ñ Rd in x P Ω on an imaginary surface s with normal vector n is
given by: fsur “ σ ¨ n. Here, σ “ Rdˆd is a Cauchy stress tensor. Next, we rely upon
Cauchy’s existence of the stress tensor and implement the Gauss’ divergence theorem
to the surface integral. Thereby, we arrive at:

Fs “

ż

BΩf

fsur d s “

ż

BΩ

σ ¨ n ds “
ż

Ω

div σ dx. (3.33)

From (3.31) conservation of momentum is given by:

d

dt

ż

Ω

ρv dx “

ż

Ω

ρf dx`

ż

Ω

div σ dx.

The conservation of momentum law is derived from the Reynolds Transport Theorem,
which is applied to the left integral:

ż

Ω

pBtpρvq `∇ ¨ pρvvqq dx “

ż

Ω

ρf dx`

ż

Ω

div σ dx.

For j “ 1 . . . d we obtain:
ż

Ω

pBtpρvjq `∇ ¨ pρvjvq ´ ρfj ´ p∇ ¨ σqjq dx “ 0. (3.34)

For the first two terms in (3.34), we use the product rule and the continuity equation
(3.26), arriving to:

Btpρvjq `∇ ¨ pρvjvq “ ρBtvj ` vjBtρ`∇ ¨ pρvjvq

“ ρBtvj ´ vj∇ ¨ pρvjq `∇ ¨ pρvjvq

“ ρBtvj ` ρv ¨∇vj.

Thereby, we get:
ż

Ωf

pρBtvj ` ρv ¨∇vj ´ ρfj ´ p∇ ¨ σqjq dx “ 0,

or rewritten in a compact form:
ż

Ωf

pρBtv ` ρv ¨∇v ´ ρf ´∇ ¨ σq dx “ 0.
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Now, consider ρ, v, σ to be smooth functions and Ω is an arbitrary domain. Then,
the conservation of momentum in the non-conservative formulation is as following:

ρBtv ` ρpv.∇qv ´ div σ “ ρf. (3.35)

Finally, we can state the following system of equations, which describes the conser-
vation of momentum and mass balance:

Proposition 3.8 (Incompressible, isothermal equations with constant density): As-
sume density and temperature are constant. Then, we arrive at the following system:

div v “ 0 inΩ, t P I,

ρBtv ` ρpv ¨∇qv ´ div σ “ ρf inΩ, t P I,

vpx, 0q “ v0 @x P Ω,

vpx, tq “ vD on BΩD,

σ n “ g on BΩN ,

(3.36)

where the Cauchy stress tensor σ is defined in Ω with t P I “ p0, T q.

Here, the two equations are augmented by the initial and boundary conditions.

Outlook to the next chapter

In this chapter, we introduced the descriptions of fluids and structures in their natu-
ral coordinate systems, transformations between alternative coordinate systems, and
elucidated the conservation laws. With the goals of this thesis in mind, in the next
chapter, we present the fluid-structure interaction (FSI) model equations. In partic-
ular, we explore the FSI coupling in a monolithic framework, which combines fluid-
structure interaction (FSI), wave propagation in fluid-solid & their interface (WpFSI),
and extended fluid-structure interaction (eXFSI) problems.
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Part II

Mathematical Model & Numerical
Approximation
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Chapter 4

Governing Equations

In this chapter, we present the equations that govern the eXFSI problem. To start
with, we discuss the modelling caveats that arise when considering governing equa-
tions of the structural deformations under fluid flow and an ultrasonic wave propaga-
tion in the FSI setting (cf. Section 4.1). Next, we elucidate the model equations. We
do so in five steps. First, we explore modelling the fluid flow (cf. Section 4.2). Here,
we recall the constitutive laws (cf. Section 4.2.1). In general, modelling fluid flow
relies upon the assumption that mass, momentum, angular momentum, and energy
are conserved. Noteworthy, in the present thesis, we only consider the incompressible
fluid flow. Thus, it is sufficient to presume the conservation of mass and momentum
only. Next, the relevant equations are introduced in the natural frameworks (cf. Sec-
tion 4.2.2). Followed by the equations formulation in the ALE framework (cf. Section
4.2.4), the mesh motion modelling is introduced (cf. Section 4.2.3). Here, we employ
the biharmonic mesh motion approach. Second, we explore modelling of the solid
deformations (cf. Section 4.3). Accordingly, we discuss the constitutive laws for solid
(cf. Section 4.3.1) and introduce the model in its natural, i.e. Lagrangian, framework
(cf. Section 4.3.2). Third, we explore the problem of an interaction between the fluid
and the solid (cf. Section 4.4). In particular, we introduce the kinematic and dy-
namic interface conditions, which have to be fulfilled at the common interface of the
fluid and solid. In the fourth step, we direct our attention towards the coupled wave
propagation problem (cf. Section 4.5). Here, we introduce two time-harmonic wave
equations. The Navier-Cauchy equations describe the elastic wave propagation in a
solid medium [76, 77, 78] (cf. Section 4.5.1). In a fluid part, the wave equations are
modelled in terms of displacements, related to the ultrasonic propagation or acous-
tic problems [75] (cf. Section 4.5.2). Next, we introduce the conditions for coupled
formulation of the acoustic and elastic wave propagation problems (cf. Section 4.5.3)
and state the coupled problem (cf. Section 4.5.4). At a final, fifth, step, we explore
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the wave propagation problem together with the FSI problem in the ALE framework
(cf. Section 4.6). Note, in the present work, we use a monolithic approach, where
all the equations are solved simultaneously in each time step. This makes the overall
system exceptionally complex and its solution – particularly challenging.

4.1 The system of partial differential equations

The interactions of alternative materials in time and space, which underlie the eXFSI
problem, give rise to a system of partial differential equations (PDEs). What’s more,
the PDEs are of different classes. Specifically, the classes include: (i) second-order or
fourth-order elliptic equations: the mesh motion equation; (ii) second-order parabolic
equations: Navier-Stokes equations for fluid flow; (iii) second-order hyperbolic equa-
tions: elastodynamic equations for structural deformations; (iv) second-order hy-
perbolic equations: elastic wave equation for wave propagation in solid; and (v)
second-order hyperbolic equations: acoustic wave equation, as modelled by the dis-
placements, for wave propagation in fluid [20, 163]. Importantly, there is no general
theory underlying the PDE analyzes. In sum, challenges posed by the eXFSI problem
solution go beyond verification of regularity and well-posedness and include coupling
PDEs of different classes. In the following, we briefly present all required PDEs for
the solid and fluid problem part based on conservation principles in their natural
framework as described in the previous chapter.

4.2 Modelling fluid flow

4.2.1 Constitutive laws

Cauchy stress tensor is the primary variable in the theory of elasticity. So far, we
talked about the Cauchy stress tensor σ in general setting i.e. without specifying the
material properties, cf. Proposition 3.8. Apart from experiments, constitutive laws
rely upon some basic principles, including material frame-indifference and material
symmetry. The former states the invariance to a change of observer. Hence, indepen-
dence with respect to the reference system. The latter states that the constitutive
equations comply with symmetry properties of a material body concerning a change
of the reference. Importantly, the constitutive laws feature similarity when applied
to both fluids and solids. This holds true under certain conditions (see the Rivlin-
Ericksen theorem in [20, 163]). The bottom line is that for a linear material law,
the two physical parameters – shear and volume – are sufficient for the stress tensor
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decomposition in its principle invariants. Now, we derive the particular formulation
of the stress tensor for fluids.

In this present thesis, we focus on an incompressible Newtonian fluid, where the
viscous stresses are arising from its flow. At each point, the viscous stresses are lin-
early proportional to the local strain rate. The latter refers to the rate of change of its
deformation over time. Accordingly, we decompose the stress tensor into an isotropic
part ´pf I and a viscous element τ as follows

σf “ ´pf I`τ, (4.1)

where pf is the hydrostatic pressure. The assumption for the viscous part τ reads as

τ “ λ div vf I`2µ 9ε. (4.2)

Here λ “ ´2
3
µf is called volumetric or bulk viscosity, µf “ ρfνf is the dynamic

viscosity, and νf is kinematic viscosity. The rate of strain tensor (or the strain rate
tensor) denotes the local change of velocity in the current system. It is given by:

9ε “
1

2
p∇vf `∇vTf q. (4.3)

In the case of incompressible materials, i.e. div vf “ 0, the relationship in Eg. (4.1)
reduces to

σf “ ´pf I`ρfνf p∇vf `∇vTf q. (4.4)

4.2.2 Fluid model in the Eulerian framework

Let us consider time-dependent domain Ωf Ă Rd, d “ 2, 3, which is occupied by a
Newtonian incompressible fluid. If temperature and density pρf px, tq ” ρf P Rq are
constant in Ωf in time t P I “ p0, T q, then we arrive at the following equations for
conservation of momentum and mass balance together with the Cauchy stress tensor
σf and extranal force ff :

div vf “ 0 in Ωf , t P I,

ρfBtvf ` ρf pvf ¨∇qvf ´ div σf “ ρff in Ωf , t P I,
(4.5)

with an initial, i.e. at time t “ 0, condition for the velocity is the following

vf px, 0q “ v0f , x P Ωf . (4.6)
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The Dirichlet boundary conditions are as follows

vf px, tq “ vDf px, tq on BΩfD Ă BΩf , (4.7)

where vDf : BΩfDˆI Ñ Rd is a given function. On rigid walls, the function represents
the “no-slip boundary” condition, given by:

vDf px, tq “ 0 on BΩwall Ă BΩfD, (4.8)

while on inflow boundary the function takes the following form

vDf px, tq “ vfinpx, tq on BΩin Ă BΩfD. (4.9)

Moreover, in the case of a fluid-structure interaction setting, Dirichlet boundary con-
dition is given in the velocity domain on the interface BΩi by

vf px, tq “ vspx, tq on BΩi. (4.10)

Furthermore, we consider Neumann condition on the outflow boundary as follows

σf nf “ gf px, tq on BΩout “ BΩfN , (4.11)

where the so-called “do-nothing” condition is prescribed. The latter appears naturally
in the variational formulation, hence it is called “do-nothing” condition, referring to
the fact that nothing has to be done. In case of channel flow with parabolic inflow
(e.g. Dirichlet inflow, cf. Figure C.1 in Appendix C) this condition yields parallel
streamlines on the outlet. Furthermore, when working with the non-symmetric fluid
stress, we define the “true do-nothing” condition, which is prescribed as a natural
boundary condition on the outlet and reads:

´pf nf `ρfνf∇vf nf “ 0 on BΩout. (4.12)

However, to ensure the conservation of angular momentum, and thus physical rele-
vance, as we are working with symmetric fluid stresses σf “ ´pf I`ρfνf p∇vf`∇vTf q,
it is necessary to impose a “correction term” on the outlet in order to keep parallel
streamlines on the outflow boundary. In this case, we arrive at the following expres-
sion

´pf nf `ρfνf∇vf nf “ ´ρfνf∇vTf nf on BΩout. (4.13)
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In order to produce parabolic outflow profiles for a channel flow with parabolic inflow,
in the weak formulation we consider a boundary integral as follows:

´

ż

BΩout

ρfνf∇vTf ¨ nf φ
v
f ds . (4.14)

For further discussions and references, we refer to [59, 61, 62].

In Appendix C (cf. Figure C.1), we present a numerical simulation results for two al-
ternative time points with the Dirichlet inflow on BΩ̂in and the “do-nothing condition”
on outlet BΩ̂out. In this case, when the fluid flow achieves a steady-state condition,
the outflow and inflow velocity are visually identical.

We derive the weak formulation of the Navier-Stokes equations in the Eulerian frame-
work by multiplying with suitable test functions as we discussed in Section 2.2. Let
vDf be a suitable extension of Dirichlet inflow data (given by Equation (4.9)). Then,
we arrive at the variational formulation of the Navier-Stokes equations in the Eulerian
framework as follows:

Problem 4.1 Find the velocity vf P tvDf ` V 0
Ωf ,vf

u and pressure pf P L0
Ωf
, such that

the initial condition vf p0q “ v0f is satisfied, and for almost all time t P I it holds that:

pρfBtvf , φ
v
f qΩf ` pρf pvf ¨∇qvf , φvf qΩf ` pσf ,∇φvf qΩf

´xσf nf , φ
v
fyBΩi ´ xgf , φ

v
fyBΩout ´ pρfff , φ

v
f qΩf “ 0 @φvf P V̂

0
Ω̂f ,φ

v
f
,

pdiv vf , φ
p
f qΩf “ 0 @φpf P L

0
Ωf
,

(4.15)

with the Cauchy stress tensor

σf “ ´pf I`ρfνf p∇vf `∇vTf q,

and a correction term for the do-nothing outflow boundary condition:

gf :“ ´ρfνf∇vTf nf on BΩout.

For more details about the nonstationary Navier-Stokes equations including stabil-
ity, regularity and numerical analysis, we refer to the book [40], journal papers
[54, 58, 59, 60, 61, 62, 66], preprint report [164], and references cited therein. Besides,
for the discussions of existence and uniqueness of the solution, as well as discretization
and error analysis, see [55, 56, 57, 63, 64, 65].
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Dealing with moving domain requires a non-standard discretization techniques. As
discussed earlier, we consider each problem in its original framework: the fluid flow
problem is given in the moving domainΩf and the elastic structural system is provided
in the reference domain Ω̂s. This gives rise to a number of problems, including compu-
tational mesh changes in the fluid domain with time steps: Ωf ptn´1q Ñ Ωf ptnq. To ad-
dress this problem, we formulate the flow problem on a fixed domain Ω̂f . Next, for the
formulation of the fluid-structure interaction in the ALEfx coordinates, the fluid flow
problem needs to be modified as explained in the Proposition-3.4 ([12, 13, 20, 163]).

Before we go into the details of the fluid flow model in ALE framework, we introduce
the fluid mesh motion PDE (MMPDE) model. This model constitutes a key step in
construction of the ALE mapping between the reference domain Ω̂f and the moving
domain Ωf .

4.2.3 Mesh motion PDE (MMPDE) models

We start with the discussion of the ALE map construction. In fact, there is flexibility
in terms of a reference domain and a mapping when it comes to the ALE formulation
of the Navier-Stokes equations [20]. Specifically, for a moving domain Ωf there are
several alternative options to be considered as a reference domain. Also, different
mappings T̂f ptq : Ω̂f Ñ Ωf can be employed. In the present research, we follow the
traditional approach by choosing the primary domain as a reference i.e. Ω̂f :“ Ωf |t“0.
Next, we need to specify the mapping T̂f ptq : Ω̂f Ñ Ωf . The mapping specification is
conducted by the auxiliary problem statement as follows. Consider the motion of the
boundary BΩf being given. If Ω̂f :“ Ωf |t“0, then the mapping satisfies the following
equality:

T̂f px̂, tq :“ x̂` ûf px̂, tq, (4.16)

where ûf is a deformation of the fluid domain. Further, there are several alternative
options for extending the solid deformation usi from the interface to the fluid domain
ufi . This formulation is used for the definition of the ALE mapping:

T̂fipx̂, tq :“ x̂` ûfipx̂, tq. (4.17)

The constraint BΩ̂f Ñ BΩf can be used as a boundary value for the mapping ûf . In
the interior of Ωf , the deformation ûf is constructed by solving a partial differential
equation (PDE). In the following, we discuss a two-dimensional configuration where
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the fluid mesh moves in both x1 and x2-direction. Thereby the vector-valued artificial
displacement variable is given by

ûf :“ pû
p1q
f , û

p2q
f q. (4.18)

One of the advanced approaches for extending the deformation to the fluid domain
is to define ûf as the solution of a biharmonic problem [119].

To illustrate this we consider the biharmonic problem

∆̂2ûf “ 0 in Ω̂f , (4.19)

with the boundary conditions given by

ûf “ 0, Bnûf “ 0 on BΩ̂f1 ,

∆ûf “ 0, Bn∆ûf “ 0 on BΩ̂f2 ,
(4.20)

where BΩ̂f “ BΩ̂f1YBΩ̂f2 . Introducing an auxiliary variable ŵf (additional velocity),
we recast (4.19) in the following mixed formulation

ŵf “ ´∆̂ûf in Ω̂f

´∆̂ŵf “ 0 in Ω̂f ,
(4.21)

with the following boundary conditions

ûf “ 0, Bnûf “ 0, on BΩ̂f1 ,

ŵf “ 0, Bnŵf “ 0, on BΩ̂f2 .
(4.22)

Using the biharmonic mesh motion model for the FSI problem, we enforce the two
following conditions on the interface:

ûf “ ûs on BΩ̂i,

Bnûf “ Bnûs on BΩ̂i.
(4.23)

The variational formulation of the biharmonic mesh motion model for the FSI problem
is given by:

Problem 4.2 Find an auxiliary variable ŵf P V̂Ω̂f and fluid displacement ûf P
V̂ 0
Ω̂f ,ûf

, such that for almost all times t P I it holds that:

pŵf , φ̂
w
f q ´ p∇̂ûf , ∇̂φ̂wf q “ 0 @φ̂wf P V̂Ω̂f ,

p∇̂ŵf , ∇̂φ̂uf q “ 0 @φ̂uf P V̂
0
Ω̂f ,φ̂

u
f
.

(4.24)
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This mixed formulation helps us to avoid the use of H2–conforming finite elements for
the spatial discretization (cf. Ciarlet-Raviart mixed formulation [43]). Furthermore,
the biharmonic model can be considered in a mixed formulation with a control pa-
rameter αu [44]. The latter is employed to steer the mesh motion. Here, we consider
solving

αuŵf “ ´αu∆̂ûf and ´ αu∆̂ŵf “ 0, (4.25)

with boundary conditions given above. Then, the weak formulation of the biharmonic
mesh motion model is now given by:

Problem 4.3 (Biharmonic mesh motion models):
Find an auxiliary variable ŵf P V̂Ω̂f and fluid displacement ûf P V̂ 0

Ω̂f ,ûf
, such that for

almost all times t P I it holds that:

pαuŵf , φ̂
w
f q ´ pαu∇̂ûf , ∇̂φ̂wf q “ 0 @φ̂wf P V̂Ω̂f ,

pαu∇̂ŵf , ∇̂φ̂uf q “ 0 @φ̂uf P V̂
0
Ω̂f ,φ̂

u
f
.

(4.26)

We emphasize that the biharmonic model does not require a careful choice of a mesh-
dependent parameter. Using this model, we simply choose a small number αu ą 0

[71, 94, 163].

For computational reasons it is more convenient to consider a single component for-
mulation for the biharmonic mesh motion model. For this, the single displacement
components ûp1qf and ûp2qf are given by

αuŵ
p1q
f “ ´αu∆̂û

p1q
f and ´ αu∆̂ŵ

p1q
f “ 0,

αuŵ
p2q
f “ ´αu∆̂û

p2q
f and ´ αu∆̂ŵ

p2q
f “ 0.

(4.27)

with the boundary conditions

û
p1q
f “ Bnû

p1q
f “ 0 and ŵ

p1q
f “ Bnŵ

p1q
f “ 0 on pBΩ̂in Y BΩ̂outq,

û
p2q
f “ Bnû

p2q
f “ 0 and ŵ

p2q
f “ Bnŵ

p2q
f “ 0 on BΩ̂wall.

(4.28)

These are referred to as the second type of boundary conditions and allow mesh
movement only in the tangential direction. As a result, mesh cell distortion is reduced
(cf. [94, 100, 144, 152]). This is the case because only the perpendicular directions
of ûf and ŵf are constrained to zero at the different parts of BΩ̂. The interface
conditions (4.23) are enforced as before.
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4.2.4 Fluid model in ALE framework

Let T̂ : Ω̂f Ñ Ωf be a mapping between this (arbitrary) reference domain Ω̂f and
the moving domain Ωf . As discussed earlier (in the section-3.2.3), we can obtain
the Navier-Stokes equations on a fixed domain based upon the fundamental concepts
from continuum mechanics. Inter alia, we obtain additional geometric nonlinearities
formulated in terms of the deformation tensor F̂ and its determinant Ĵ . Thereby, the
function spaces are fixed, and the domain movement is introduced via the transfor-
mation rules F̂ and Ĵ .

The boundary of fluid domain Ω̂f is sub-divided into three non-overlapping parts
as follows

BΩ̂f “ BΩ̂fD Y BΩ̂fN Y BΩ̂i

where BΩ̂i denotes the common fluid-sold interface. In case of simple fluid flow
problems, it coincides with BΩ̂fN . The Dirichlet boundary conditions are given by

v̂f px, tq “ v̂Df on BΩ̂fD,

such that the boundary conditions are prescribed on rigid walls as the no-slip bound-
ary condition

v̂Df “ 0 on BΩ̂wall Ă BΩ̂fD,

and on inflow boundaries as

v̂Df “ v̂fin on BΩ̂in Ă BΩ̂fD,

where v̂fin is a suitable extension of Dirichlet inflow data. The outflow boundaries
are given by

Ĵ σ̂f F̂
´T n̂f “ Ĵ ĝf F̂

´T on BΩ̂out “ BΩ̂fN .

Let us consider ĝf accounting for Neumann data i.e. a correction term for the do-
nothing outflow condition [59, 163] is given by

ĝf “ ´ρ̂fνf F̂
´T ∇̂v̂Tf n̂f on BΩ̂out. (4.29)

Let us consider, v̂Df is a suitable extension of Dirichlet inflow data (cf. Equation
(4.9)). Now, we can introduce the variational form in Ω̂f as:
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Problem 4.4 (Nonstationary Navier-Stokes in ALEfx coordinates):
Find the fluid velocity v̂f P tv̂Df ` V̂ 0

Ω̂f ,v̂f
u and pressure p̂f P L̂0

Ω̂f
, such that the initial

condition v̂f p0q “ v̂0f is satisfied and for almost all time t P I it holds that:

pĴ ρ̂fBtv̂f , φ̂
v
f qΩ̂f ` pĴ ρ̂f pF̂

´1
pv̂f ´ ŵf q ¨ ∇̂qv̂f , φ̂vf qΩ̂f

`pĴσf F̂
´T , ∇̂φ̂vf qΩ̂f ´ xĴ ĝf F̂

´T , φ̂vfyBΩ̂out

´xĴ σ̂f F̂
´T n̂f , φ̂

v
fyBΩ̂i ´ pĴ ρ̂f f̂f , φ̂

v
f qΩ̂f “ 0 @φ̂vf P V̂

0
Ω̂f ,φ̂

v
f
,

pd̂ivpĴ F̂´1v̂f q, φ̂
p
f qΩ̂f “ 0 @φ̂pf P L̂

0
Ω̂f
,

(4.30)

with the transformed Cauchy stress tensor

σ̂f “ ´p̂f I`ρ̂fνf p∇̂v̂f F̂´1 ` F̂´T ∇̂v̂Tf q.

Here, the value of ŵf is determined from the fluid mesh motion model. Regularity of
the standard Navier-Stokes equations in a fixed domain is discussed in Appendix G
(cf. [71, 163]).

4.3 Modelling solids deformations

4.3.1 Constitutive laws for solid

Here, we explore the constitutive law for the stress tensor. So far, we discussed the
linearized strain tensors (when dealing with small strains). Next, we examine the
relationship between the stress and strain. In this spirit, for the nonlinear STVK ma-
terial, the constitutive law reads as follows. Let us consider an isotropic, homogeneous
material in its reference (natural) configuration, then

σ̂pk2 :“ σ̂pk2pûq “ 2µsÊs ` λs trpÊsqÎ , (4.31)

where λs and µs are the Lamé parameters (also referred to as the shear modulus).
These two parameters are related to the Poisson ratio (νs) as following

νs “
λs

2pλs ` µsq
, (4.32)

which describes the compressibility and Young’s modulus of elasticity (Es)

Es “ µs
3λs ` 2µs
λs ` µs

, (4.33)

which describes the stiffness. The two material parameters – µs and λs – are charac-
terized by:

µs “
Es

2p1` νsq
, λs “

νsEs
p1` νsqp1´ 2νsq

. (4.34)
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As a final note, we recall that the Poisson’s ratio νs is used to characterize the rate
at which a compressed material expands into the two directions orthogonal to the
compression direction. In case νs “ 1

2
, we are dealing with incompressible material;

here, the volume will stay constant. For νs ă 1
2
(compressible materials) the volume

will decrease. Note, there are some materials with negative Poisson ratio. These are
important in the context of FSI. In particular, the STVK constitutes a reasonable
approximation for metals at small deformations.

4.3.2 Solid model in the Lagrangian framework

Here, we introduce the model of an elastic solid, which is realized by a system of non-
linear partial differential equations. The problem complexity calls for simplifications,
including (i) the deformation gradient is small and thus Eulerian and Lagrangian
frameworks coincide; and (ii) strains are small enough to allow for Green–Lagrange
strain tensor linearization. For the linear St. Venant Kirchhoff material, we arrive at
the following set of equations:

Problem 4.5 (Nonstationary Navier-Lamé equations): Let us consider Ωs Ă Rd,
d “ t2, 3u, is a bounded domain with a boundary split into Dirichlet and Neumann
parts BΩs “ BΩsDYBΩsN . Let us consider fs P L2pΩsq is an extranal force then, find
u : I ˆΩs Ñ Rd such that for almost all times t P I it holds that:

Bttus ´ div σs “ fs inΩs,

uspx, 0q “ u0s inΩs,

Btuspx, 0q “ v0s inΩs,

uspx, tq “ vDs on BΩsD,

σs ns “ gs on BΩsN ,

(4.35)

with the linearized material law

σs “ 2µsEs ` λs trpEsqI, Es “
1

2

`

∇us `∇uTs
˘

.

In this section, for solid modelling we mainly concentrate on the dynamics of elastic
structure in the Lagrangian reference system. The volume in the undeformed ref-
erence state is denoted by Ω̂s. Let us consider the application of the forces in the
volume or on the surface of the volume Ω̂s. As a result, the structure will experience
some deformations ûpx̂, tq. This deformation can be of two types: either (i) a real
dynamic process yielding a time-depending deformed volume Ωs, or (ii) leading to a
new equilibrium position after some initial dynamic deformation.

55



In the Lagrangian viewpoint, we are interested in the deformation field ûpx̂, tq for ev-
ery material point x̂ of the reference volume Ω̂s. However, as discussed in Chapter-2,
using the Piola transform, the conservation of momentum (3.35) is formulated in the
Lagrangian reference system Ω̂s as follows

ρ̂sBttûs ´ d̂iv σ̂pk1 “ ρ̂sf̂s in Ω̂s, t P I. (4.36)

where the first Piola-Kirchhoff stress tensor σpk1 “ Ĵ σ̂sF̂
´T is not symmetric; it is

often rewritten in terms of the second Piola-Kirchhoff stress tensor σpk2 “ F̂´1Ĵ σ̂sF̂
´T

as

ρ̂sBttûs ´ d̂iv
´

F̂ σ̂pk2

¯

“ ρ̂sf̂s in Ω̂s, t P I. (4.37)

Then, we arrive at

ρ̂sBttûs ´ d̂iv
´

Ĵ σ̂sF̂
´T

¯

“ ρ̂sf̂s in Ω̂s, t P I. (4.38)

This second-order (in time) equation is the so-called equation of elastodynamics.
Next, we state a standard mixed formulation of the structure equations:

ρ̂spBtûs ´ v̂sq “ 0 in Ω̂s, t P I,

ρ̂sBtv̂s ´ d̂iv
´

Ĵ σ̂sF̂
´T

¯

“ ρ̂sf̂s in Ω̂s, t P I.
(4.39)

This first-order (in time) equation is supplemented by appropriate initial and bound-
ary conditions. The initial conditions at time t “ 0 are given by:

ûsp0q “ û0s in Ω̂s,

Btûsp0q “ v̂0s in Ω̂s.
(4.40)

The Dirichlet boundary conditions are given by:

ûs “ ûDs on BΩ̂sD Ă BΩ̂s, (4.41)

where ûDs is a predefined function. The Neumann boundary condition reads as

F̂ σ̂pk2 n̂s “ Ĵ σ̂sF̂
´T n̂s “ ĝs on BΩsN Ă BΩ̂s, (4.42)

where ĝs is a given vector-valued function. The equations for structures are already
defined in Lagrangian coordinates, in a fixed domain Ω̂s. Thereby, there is no need to
redefine them in the ALE framework. We use the first-order in time system (i.e. mixed
formulation (4.39)), to obtain the variational formulation of the structure equations
for compressible structures (such as the STVK material):
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Problem 4.6 (Compressible structure problems in Lagrangian coordinates):
Considering the fluid flow, let ûDs be a suitable extensions of Dirichlet inflow data.
Find the structural displacement ûs P tûDs ` V̂ 0

Ω̂s
u and velocity v̂s P L̂Ω̂s, such that the

initial conditions ûsp0q “ û0s and Btûsp0q “ v̂0s are satisfied, and for almost all time
t P I it holds that:

pρ̂sBtv̂s, φ̂
v
sqΩ̂s ` pĴ σ̂sF̂

´T , ∇̂φ̂vsqΩ̂s
´xĝs, φ̂

v
syBΩi ´ pĴ ρ̂sf̂s, φ̂

v
sqΩ̂s “ 0 @φ̂vs P V̂

0
Ω̂s
,

ρ̂spBtûs ´ v̂s, φ̂
u
s qΩ̂s “ 0 @φ̂us P L̂Ω̂s ,

(4.43)

where the stress tensor is given by

σ̂s “
1

Ĵ
F̂
´

2µsÊs ` λs trpÊsqÎ
¯

F̂ T ,

where λs and µs are Lamé parameters.

4.4 Modelling fluid-structure interaction problem

So far, we have stated the physical model of incompressible, namely Newtonian fluid
flow and compressible elastic material concerning conservation laws and partial differ-
ential equations. Here, we aim to couple these two models (Problem-4.4 and 4.6) into
the ALE framework and thus formulate the FSI problem. We use a fixed-mesh ALE
coupling technique, where the problem is projected on a fixed background mesh. The
ALE approach belongs to the interface-tracking class of methods, where the mesh is
moved to fit the FSI-interface in all time steps. However, this leads to a degeneration
of the ALE map. To circumvent such a degeneration, we refer to a biharmonic mesh
motion technique.

In the structure domain, T̂ takes the place of the Lagrangian-Eulerian coordinate
transformation, while in the fluid domain, T̂ has no physical meaning but serves as
the ALE mapping. Consider the density ρ̂ and the Cauchy stress tensor σ̂ for the
whole domain as given by

ρ̂px̂, tq “

$

&

%

ρ̂f px̂, tq, x̂ P Ω̂f , t P I,

ρ̂spx̂, tq, x̂ P pΩ̂s Y BΩ̂iq, t P I,

σ̂px̂, tq “

$

&

%

σ̂f px̂, tq, x̂ P Ω̂f , t P I,

σ̂spx̂, tq, x̂ P pΩ̂s Y BΩ̂iq, t P I.

(4.44)

57



Next, we elucidate the coupling conditions, which include: (i) kinematic; (ii) dy-
namic; (iii) geometric; and (iv) interface regularity and boundary conditions [20, 93,
94, 95, 162, 163]. The kinematic condition states the continuity of velocities i.e. on
the interface the velocity of the fluid and the velocity of the solid are continuous.
This is Dirichlet boundary condition. The normal stresses of fluid and solid are also
continuous on the interface (dynamic condition). This condition is a Neumann bound-
ary condition. Apart from conditions of a physical nature, there is a restriction on
the geometry. Specifically, continuity of displacements is required, which is Dirichlet
boundary condition in our problem. Next, we go into details on these conditions.

Geometric condition

For fluid-structure interaction based on the ALE framework, the choice of appropriate
fluid mesh motion models (MMPDE) is necessary. In this thesis, we use the bihar-
monic equation as the MMPDE model. As mentioned earlier, it provides a greater
freedom of the choice of boundary and interfaces conditions (cf. Section 4.2.3).

Figure 4.1: Illustration of the geometric coupling condition on BΩi (the corresponding
definition on the fixed BΩ̂i), which is necessary for the fluid mesh motion.

In the discrete setting of the coupled FSI problem, the MMPDE model requires the
following interface condition to be satisfied. The displacements of the fluid mesh
motion must follow the movement of the solid i.e.

ûf “ ûs on BΩ̂i. (4.45)

Taking the time derivative of both sides, we arrive at ŵ “ v̂s. In other words, the
two sub-domains neither separate, nor overlap (Figure 4.1).
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(a)

(b)

Figure 4.2: Illustration of the physical coupling conditions on BΩi (respectively its
corresponding definition on the fixed BΩ̂i), which are necessary for the (a) fluid system
solution and (b) solid system solution.

Physical conditions

The velocity field in a fluid must be continuous across the interface, which is regarded

as a Dirichlet condition. This condition is the result of the law of mass conservation.

Furthermore, for the structural problem, we assume that sufficient interface regularity

conditions are satisfied. This is realized by adding smoothing terms to the structure

equations. Noteworthy, the Dirichlet conditions in the variational-monolithic coupling

are incorporated by means of a globalized Sobolev space V̂ 0
Ω. The Neumann conditions

– through the interface integrals. Although these cancel out as we are working with

V̂ 0
Ω. More specifically, it holds that

v̂f “ ŵ “ v̂s on BΩ̂i. (4.46)
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Furthermore, we enforce the balance of the normal stresses on the fluid-solid interface
BΩ̂i to complete the structure problem part as following

Ĵ σ̂f F̂
´T n̂f `Ĵ σ̂sF̂

´T n̂s “ 0 on BΩ̂i. (4.47)

This condition is a Neumann-like boundary condition for the structure sub-system
(Figure 4.2).

Added-mass effect

Here, we direct specific attention to the coupling algorithms. These can be either a
monolithic (all-at-once solution) or a partitioned scheme coupling. The partitioned-
scheme coupling comprises a subsequent settlement of the fluid and structure subprob-
lems. Here, it is important to ensure that the energy balance on the interface holds
at each time step. There are alternatively partitioned schemes e.g. weakly-coupled
and semi-implicit schemes [163]. Note, the monolithic coupling is also referred to as
strongly-coupled scheme. On short time scales, the fluid emerges as an added mass
to the structural operator. As a result, the stability and convergence properties of
the sub-iteration process are dependent upon the ratio of the two masses. In this
spirit, it has been demonstrated that weakly-coupled schemes introduce instabilities
when both densities are of a similar order; consequently, strongly-coupled systems are
required [106, 163]. De facto, certain explicit schemes are unconditionally unstable.
The weak coupling is often sufficient when the density ratio is large, i.e.

ρs " ρf .

Strong coupling is required if

ρs „ ρf .

The other factor that contributes to the added-mass effect is e.g. the geometry of the
domain [20, 106, 162, 163]. Specifically, the added mass operator acts as an additional
mass on the degrees of freedom on the interface [20, 162]. In order to stabilize the
weakly-coupled schemes, several stabilization techniques have been proposed (e.g.
[81, 128, 129, 130, 132]). In the present thesis, we consider a nonstationary FSI
problem with biharmonic mesh motion in ALEfx coordinates with a Dirichlet inflow
condition. Furthermore, we neglect the extrenal force terms f̂f and f̂s. These can be
added as a right-hand side in Problem 4.7 in the following form:

´pĴ ρ̂f f̂f , φ̂
v
f qΩ̂f ´ pĴ ρ̂sf̂s, φ̂

v
sqΩ̂s .
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Due to the fluid flow, let us consider, v̂D, ûDf and ûDs are suitable extensions of
Dirichlet inflow data. Then, the variational form of the FSI problem (here, without
gravity terms) is given by:

Problem 4.7 (Nonstationary FSI problem with biharmonic mesh motion):
Find the global velocity v̂ P tv̂D`V̂ 0

Ω̂
u, fluid displacement ûf P tûDf `V̂ 0

Ω̂f ,ûf
u, additional

velocity ŵf P V̂Ω̂f , fluid pressure p̂f P L̂0
Ω̂f
, structural displacement ûs P tûDs ` V̂ 0

Ω̂s
u,

and additional velocity ŵs P V̂Ω̂s, such that the initial conditions v̂p0q “ v̂0, ûf p0q “
û0f , and ûsp0q “ û0s are satisfied, and for almost all time t P I it holds that:

pĴ ρ̂fBtv̂, φ̂
v
qΩ̂f ` pĴ ρ̂f pF̂

´1
pv̂ ´ ŵf q ¨ ∇̂qv̂f , φ̂vqΩ̂f

`pĴσf F̂
´T , ∇̂φ̂vqΩ̂f ´ xĴ ĝfF

´T , φ̂vy
BΩ̂out

`pρ̂sBtv̂, φ̂
v
qΩ̂s ` pĴ σ̂sF̂

´T , ∇̂φ̂vqΩ̂s “ 0 @φ̂v P V̂ 0
Ω̂
,

pαuŵf , φ̂
w
f qΩ̂f ´ pαu∇̂ûf , ∇̂φ̂

w
f qΩ̂f “ 0 @φ̂wf P V̂Ω̂f ,

pαuŵs, φ̂
w
s qΩ̂s ´ pαu∇̂ûs, ∇̂φ̂

w
s qΩ̂s “ 0 @φ̂ws P V̂Ω̂s ,

pαu∇̂ŵf , ∇̂φ̂uf qΩ̂f “ 0 @φ̂uf P V̂
0
Ω̂f ,φ̂

u
f
,

ρ̂spBtûs ´ v̂s, φ̂
u
s qΩ̂s “ 0 @φ̂us P L̂Ω̂s ,

pd̂ivpĴ F̂´1v̂f q, φ̂
p
f qΩ̂f “ 0 @φ̂pf P L̂

0
Ω̂f
,

(4.48)

where all the quantities are defined in Problems 4.4, and 4.5. The mesh monitor
control parameter αu is defined in Problem 4.3.

For both the fluid and the solid subdomains, the test functions are from the global
test space φ̂v P V̂ 0

Ω̂
, and they coincide on the interface BΩ̂i. Thus, the Neumann

coupling conditions on the interface are fulfilled (in a variational way). Thereby, the
following condition is implicitly accounted for in Problem 4.7:

xĴ σ̂f F̂
´T n̂f , φ̂

v
y
BΩ̂i
` xĴ σ̂sF̂

´T n̂s, φ̂
v
y
BΩ̂i
“ 0 on BΩ̂i.

Moreover, in this work, we focus on the STVK material model, where the pressure
term is redundant, because there is no physical pressure p̂s in the compressible struc-
tures.
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4.5 Modelling coupled wave propagation problem

The wave equation describes the propagation of waves and is a second-order hyper-
bolic partial differential equation. The waves can be of different types: acoustic,
elastic, and electromagnetic. In the present research, we focus on acoustic and elastic
waves and their interactions. That is, we restrict the analysis to small vibrations in
solids and fluids only. First, it serves the purpose of the present study well. Second,
we avoid overcomplicating the already complex FSI-wave-propagation problem. More
specifically, we explore the derivation of the vector-valued Navier-Cauchy equation for
the elastic wave propagation in the structure (cf. Section 4.5.1), and then we describe
the acoustic wave propagation concerning wave displacement in the fluid. Followed by
a statement of the coupled wave propagation model (cf. Section 4.5.4), the coupling
conditions are elucidated (cf. Section 4.5.3). The conditions ensure that the problem
is well-posed and is physically sensible. Further, the model is introduced from the
fundamental laws of continuum mechanics – the conservation of mass, momentum,
and energy.

4.5.1 Elastic wave propagation

In this section, we present the fundamental equations of the linear theory of elastic-
ity and derive the Navier-Cauchy equation, which governs the time-harmonic wave
propagation in an elastic body Ωs assuming negligible deformations. Elastic material
means that, although deformed as a result of applied force, the material returns to its
original shape. Here, the geometric distortion is referred to as strain and the applied
forces in a unit area of the solid body called as stresses. The derivation of the elastic
wave propagation is built upon (i) conservation equations, and (ii) the stress-strain
relation [8]. The latter is commonly referred to as generalized Hooke’s law, which
states that stress is a linear function of strain. First, we derive the equations of
motion concerning the displacement of the material. The conservation of the linear
momentum in the elastic solid domain Ωs is given by

ρspBtvws ` pvws.∇qvwsq ´ div σws “ fws onΩs, t P I, (4.49)

where ρs is density. For small deformations, we can assume the following approxima-
tion: pvws.∇qvws « 0 and Btvws « Bttuws. Therefore, for an elastic solid domain Ωs

under a time-dependent signal force fws the equation of motion is given by:

ρsBttuws ´ div σws “ fws onΩs, t P I. (4.50)
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Next, we prescribe the first-order (in time) equation by

ρspBtuws ´ vwsq “ 0 onΩs, t P I,

ρsBtvws ´ div σws “ fws onΩs, t P I.
(4.51)

These equations are supplemented by the appropriate initial and boundary conditions.
The initial conditions, i.e. at time t “ 0, are given by

uwsp0q “ u0ws inΩs,

Btuwsp0q “ v0ws inΩs.
(4.52)

The Dirichlet boundary conditions are prescribed by:

uwspx, tq “ uDwspx, tq on BΩsD Ă BΩs, (4.53)

where ûDs is a given function. We can also employ Neumann boundary condition as

σws ns “ gws on BΩi Ă BΩs, (4.54)

where gwspx, tq is a vector-valued function. Finally, the standard mixed formulation of
elastic wave equations for St. Venant–Kirchhoff (STVK) compressible elastic material
model in the variational form is as follows:

Problem 4.8 (Navier-Cauchy equations for STVK structure):
Find the elastic wave displacement uws P V 0

Ωs,uws
and velocity vws P LΩs, such that the

initial conditions uwsp0q “ u0ws and Btuwsp0q “ v0ws are satisfied, and for almost all
time t P I it holds that:

ρspBtuws ´ vws, φ
uw
s qΩs “ 0 @φuws P LΩs ,

pρsBtvws, φ
vw
s qΩs ` pσws,∇φvws qΩs

´xgws, φ
vw
s yBΩi ´ pfws, φ

vw
s qΩs “ 0 @φvws P V 0

Ωs ,

(4.55)

where the linearized stress tensor is given by

σws “ 2µsEws ` λs trpEwsqI,

Ews “
1

2

`

∇uws `∇uTws
˘

.
(4.56)

Here, µs and λs are the Lamé coefficients for the solid.

In the present thesis, the ultimate goal is to determine the wave propagation in an
elastic solid under FSI. Noteworthy, the FSI problem (4.48) is formulated in the ALE
framework. Thereby, we have to represent the elastic wave propagation model (4.55)
on an arbitrary reference domain Ω̂s. We do so based on the theory of transformations
as discussed in Section 3.3. Accordingly, the elastic wave propagation problem in the
ALEfx coordinates is given by:

63



Problem 4.9 (Navier-Cauchy equations in the ALEfx coordinates):
Find the elastic wave displacement ûws P V̂ 0

Ω̂s,ûws
and velocity v̂ws P L̂Ω̂s, such that the

initial conditions ûwsp0q “ û0ws and Btûwsp0q “ v̂0ws are satisfied, and for almost all
time t P I it holds that:

pĴ ρ̂spBtûws ´ pF̂
´1ŵs ¨ ∇̂qûws ´ v̂wsq, φ̂uws qΩ̂s “ 0 @φ̂uws P L̂Ω̂s ,

pĴ ρ̂sBtv̂ws, φ̂
vw
s qΩ̂s ´ pĴ ρ̂spF̂

´1ŵs ¨ ∇̂qv̂w, φ̂vws qΩ̂s
`pĴ σ̂wsF̂

´T , ∇̂φ̂vws qΩ̂s ´ xĴ ĝwsF̂
´T , φ̂vws yBΩ̂i ´ pĴ f̂ws, φ̂

vw
s qΩ̂s “ 0 @φ̂vws P V̂ 0

Ω̂s
,

(4.57)

with the linearized stress tensor given by

σ̂ws “
1

Ĵ
F̂
´

2µsÊws ` λs trpÊwsqÎ
¯

F̂ T ,

Êws “
1

2

´

∇̂ûwsF̂´1 ` F̂´T ∇̂ûTws
¯

.

Here the value of ŵs is determined from the FSI problem.

4.5.2 Acoustic wave propagation

Acoustic waves are small oscillations of pressure (or displacement), which arise with
local motions of particles in the fluid [8]. Accordingly, the fluid domain modelling
includes the differential equations of acoustic pressures. Let us consider in the time-
dependent FSI configuration wave signals which originate in the elastic solid body
Ωs. As a wave confronts the fluid domain, the implications are twofold: (i) it is
partly reflected, and (ii) it slightly passes to the fluid domain and turns into acoustic
vibrations. Note, the reflections from structure to fluid exceed those from the fluid
to structure. In other words, the magnitude of the reflection is dependent upon the
difference between the densities and the wave speeds of the materials; the reflections
are relatively stronger for the stiffer structures.

There are several alternative ways to state the fluid-structure interaction between
acoustic and elastic waves. The displacement is usually solved in the elastic structure,
and the fluid part is modelled using the finite element formulations based on velocity
potential or displacement potential, fluid pressure, and displacement [84, 142]. In
particular, the acoustic wave equation can be expressed by the pressure in the fluid
domain. As a result, we arrive at a non-symmetric formulation [113, 120, 140]. In the
case where we refer to the velocity potential or displacements, we arrive at a symmet-
ric system of equations [121, 122, 141]. For details on symmetric and non-symmetric
formulations, we refer to [84], and the references cited therein.
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The symmetric formulation allows for the simultaneous solution of the time-dependent
equations governing the fluid domain and the displacement of the structure i.e. ap-
plying the monolithic approach. In contrast, in the non-symmetric formulation, the
time-dependent equations are solved separately. In both cases, one needs to provide
the boundary conditions at the interface between solving acoustic and elastic prob-
lems, which we discuss in the following section.

Note, in the present thesis, we demonstrate the acoustic wave propagation in terms of
wave displacement. Thus, we formulate a symmetric system of equations (displace-
ment in both domains) for direct coupling of acoustic and elastic wave propagation
problems.

Let ρf be density, which is homogeneous throughout the fluid domain Ωf . Besides,
there is no friction between the fluid particles due to the wave propagation, and no
thermal diffusion is involved. It is further assumed that the flow velocity is small.
These allow for the approximations as follows: ∇ ¨ vf “ 0 and for small deformation
pvwf .∇qvwf « 0 and Btvwf « Bttuwf [84, 113]. Based on these considerations, we state
the linear wave equation in a fluid domain Ωf in the strong form as follows:

ρfBttuwf ´ c
2ρf∇ ¨ p∇uwf q “ 0 onΩf , t P I. (4.58)

This equation can be rewritten as the first-order (in time) equations:

ρf pBtuwf ´ vwf q “ 0 onΩf , t P I,

ρfBtvwf ´ c
2ρf∇ ¨ p∇uwf q “ 0 onΩf , t P I,

(4.59)

with the initial conditions at time t “ 0

uwf p0q “ u0wf inΩf ,

Btuwf p0q “ v0wf inΩf .
(4.60)

The Dirichlet boundary conditions are prescribed as:

uwf px, tq “ uDwf px, tq on BΩfD Ă BΩf , (4.61)

where ûDf is a given function. The Neumann boundary condition reads as

c2ρf p∇uwf q nf “ gwf on BΩi Ă BΩf , (4.62)

where gwf px, tq is a vector-valued function and c is a wave speed. The variational
formulation is given by:
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Problem 4.10 (Acoustic wave propagation):
Find the acoustic wave displacement uwf P V 0

Ωf
and velocity vwf P LΩf , such that the

initial conditions uwf p0q “ u0wf and Btuwf p0q “ v0wf are satisfied, and for almost all
times t P I it holds that:

pρfBtvwf , φ
vw
f qΩf ` pc

2ρf p∇uwf q,∇φvwf qΩf ´ xgwf , φ
vw
f yBΩi “ 0 @φvwf P V 0

Ωf
,

ρf pBtuwf ´ vwf , φ
uw
f qΩf “ 0 @φuwf P LΩf .

(4.63)

Note, the FSI (4.48) and elastic wave propagation problems (4.57) are formulated in
the ALE framework. Thereby, the acoustic wave equations (4.63) has to be given to
an arbitrary reference domain Ω̂f . Accordingly, we arrive at the following problem
statement:

Problem 4.11 (Acoustic wave propagation in the ALEfx coordinates): Find the
acoustic wave displacement ûwf P V̂ 0

Ω̂f
and velocity v̂wf P L̂Ω̂f , such that the ini-

tial conditions ûwf p0q “ û0wf and Btûwf p0q “ v̂0wf are satisfied, and for almost all time
t P I it holds that:

pĴ ρ̂fBtv̂wf , φ̂
vw
f qΩ̂f ´ pĴ ρ̂f pF̂

´1wf ¨ ∇̂qv̂wf , φ̂vwf qΩ̂f
`pc2Ĵ ρ̂f pF̂

´1∇̂ ¨ ûwf qF̂´T , ∇̂φ̂
vw
f qΩ̂f ´ xĴ ĝwf F̂

´T , φ̂vwf yBΩ̂i “ 0 @φ̂vwf P V̂ 0
Ωf
,

pĴ ρ̂f pBtûwf ´ pF̂
´1wf ¨ ∇̂qûwf ´ v̂wf q, φ̂uwf qΩ̂f “ 0 @φ̂uwf P L̂Ωf .

(4.64)

Here the value of ŵf is determined by solving the FSI problem.

4.5.3 Coupling conditions

In the case of the coupled formulation of the wave propagating problem in fluid-solid
and their interface setting, we have to reinforce the balance of the normal components
of displacements and forces on the interface BΩ̂i between the fluid and solid domains
as follows.

ûwf “ ûws on BΩ̂i, (4.65)

and

Ĵ σ̂wsF̂
´T n̂s`c

2Ĵ ρ̂f pF̂
´1∇̂ ¨ ûwf qF̂´T n̂f “ 0 on BΩ̂i. (4.66)

This condition relates to a Neumann-like boundary condition for the structure sub-
system. To sum up, combining the acoustics (4.64) and elastic wave equations (4.57)
with the contact and boundary conditions, we arrive at the coupled wave propagation
problem in fluid-solid and their interface (referred to as the WpFSI problem).
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4.5.4 Modelling coupled wave propagation problem

In the present thesis, we consider the nonstationary coupled wave propagation (WpFSI)
problem in ALEfx coordinates, which is driven by a time-dependent signal force fsptq.
The associated variational form of the WpFSI problem is given by:

Problem 4.12 (The coupled wave propagation problem in the ALEfx coordinates):
Find the global wave displacement ûw P V̂ 0

Ω̂
, and wave velocity v̂w P L̂Ω̂, such that the

initial conditions ûwp0q “ û0w, and Btûwp0q “ v̂0w are satisfied, and for almost all time
t P I it holds that:

pĴ ρ̂sBtv̂w, φ̂
vwqΩ̂s ´ pĴ ρ̂spF̂

´1ŵs ¨ ∇̂qv̂w, φ̂vws qΩ̂s
`pĴ σ̂wsF̂

´T , ∇̂φ̂vwqΩ̂s ´ pĴ f̂ws, φ̂
vwqΩ̂s

`pĴ ρ̂fBtv̂w, φ̂
vwqΩ̂f ´ pĴ ρ̂f pF̂

´1ŵf ¨ ∇̂qv̂w, φ̂vwqΩ̂f
`pc2Ĵ ρ̂f pF̂

´1∇̂ ¨ ûwqF̂´T , ∇̂φ̂vwqΩ̂f “ 0 @φ̂vw P V̂ 0
Ω̂
,

pĴ ρ̂spBtûw ´ pF̂
´1ŵs ¨ ∇̂qûw ´ v̂wq, φ̂uwqΩ̂s

`pĴ ρ̂f pBtûw ´ pF̂
´1ŵf ¨ ∇̂qûw ´ v̂wq, φ̂uwqΩ̂f “ 0 @φ̂uw P L̂Ω̂,

(4.67)

where all the quantities can be found in Problem-4.9 and 4.11. Here the value of ŵf
and ŵs are found from the FSI problem solution, which allows us to link the WpFSI
problem to the FSI problem.

Here, the test functions for the fluid and the solid subdomains belong to the global
test space φ̂vw P V̂ 0

Ω̂
. Thereby, they coincide on the interface BΩ̂i. Accordingly, the

Neumann coupling conditions on the interface are satisfied (in a variational way) and
the following condition is implicitly accounted for in Problem 4.12:

xĴ σ̂wsF̂
´T n̂s, φ̂

vwy
BΩ̂i
` xc2Ĵ ρ̂f pF̂

´1∇̂ ¨ ûwf qF̂´T n̂f , φ̂
vwy

BΩ̂i
“ 0 on BΩ̂i.

As a final note, we recall the application of the modelling framework developed
throughout the present thesis. Here, we use the WpFSI model with the principal
of nondestructive testing to design an off-line SHM system. In particular, we focus
on the ultrasonic wave propagation on a solid, fluid and their interface without any
physical deformation caused by wave forces. This model can be useful for the geo-
physics applications, e.g. [22, 88, 179, 180].

In the following section, we present the core contribution of the present thesis –
coupling of the WpFSI problem with the FSI setting (i.e. the eXFSI problem). Here,
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the WpFSI problem reveals an ultrasonic wave propagation in the computational do-
main with the principal of nondestructive evaluation. Since both WpFSI and FSI
problems are formulated in the ALEfx framework, we only need to put these two
problems (Problem 4.7 and 4.12) together. Thereby, all the coupling conditions will
be achieved automatically for each problem in the coupled setting. In this setting,
the FSI part captures the physical deformation under fluid flow, and the WpFSI part
tracks the ultrasonic signal (wave) propagation in that deformed FSI domain.
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4.6 The eXtended Fluid-Structure Interaction

The core contribution of the present research is to offer the holistic approach to the
inter-relations between the FSI and modelling and simulation of the ultrasonic wave
propagation in composite materials in ALE variational formulations. This modelling
framework is referred to as the eXtended Fluid-Structure Interaction (eXFSI) prob-
lem. In this model, we couple Problem 4.7 with Problem 4.12. Accordingly, the
variational formulation in the ALEfx coordinates can be written as follows:

Problem 4.13 (The eXtended Fluid-Structure Interaction problem):
Let us consider, v̂D, ûDf and ûDs are suitable extensions of Dirichlet inflow data. Find
the global velocity v̂ P tv̂D ` V̂ 0

Ω̂
u, fluid displacement ûf P tûDf ` V̂ 0

Ω̂f ,ûf
u, additional

velocity ŵf P V̂Ω̂f , fluid pressure p̂f P L̂0
Ω̂f
, structural displacement ûs P tûDs ` V̂ 0

Ω̂s
u,

additional velocity ŵs P V̂Ω̂s, global wave displacement ûw P V̂ 0
Ω̂
, and global wave

velocity v̂w P L̂Ω̂, such that the initial conditions v̂p0q “ v̂0, ûf p0q “ û0f , ûsp0q “ û0s,
ûwp0q “ û0w, and Btûwp0q “ v̂0w are satisfied, and for almost all time t P I it holds
that:

pĴ ρ̂fBtv̂, φ̂
v
qΩ̂f ` pĴ ρ̂f pF̂

´1
pv̂ ´ ŵf q ¨ ∇̂qv̂f , φ̂vqΩ̂f

`pĴσf F̂
´T , ∇̂φ̂vqΩ̂f ´ xĴ ĝf F̂

´T , φ̂vy
BΩ̂out

`pρ̂sBtv̂, φ̂
v
qΩ̂s ` pĴ σ̂sF̂

´T , ∇̂φ̂vqΩ̂s “ 0 @φ̂v P V̂ 0
Ω̂
,

pĴ ρ̂sBtv̂w, φ̂
vwqΩ̂s ´ pĴ ρ̂spF̂

´1ŵs ¨ ∇̂qv̂w, φ̂vws qΩ̂s
`pĴ ρ̂sσwsF̂

´T , ∇̂φ̂vwqΩ̂s ´ pĴ f̂ws, φ̂
vwqΩ̂s

`pĴ ρ̂fBtv̂w, φ̂
vwqΩ̂f ´ pĴ ρ̂f pF̂

´1ŵf ¨ ∇̂qv̂w, φ̂vwqΩ̂f
`pc2Ĵ ρ̂f pF̂

´1∇̂ ¨ ûwqF̂´T , ∇̂φ̂vwqΩ̂f “ 0 @φ̂vw P V̂ 0
Ω̂
,

pĴ ρ̂spBtûw ´ pF̂
´1ŵs ¨ ∇̂qûw ´ v̂wq, φ̂uwqΩ̂s

`pĴ ρ̂f pBtûw ´ pF̂
´1ŵf ¨ ∇̂qûw ´ v̂wq, φ̂uwqΩ̂f “ 0 @φ̂uw P L̂Ω̂,

pαuŵf , φ̂
w
f qΩ̂f ´ pαu∇̂ûf , ∇̂φ̂

w
f qΩ̂f “ 0 @φ̂wf P V̂Ω̂f ,

pαuŵs, φ̂
w
s qΩ̂s ´ pαu∇̂ûs, ∇̂φ̂

w
s qΩ̂s “ 0 @φ̂ws P V̂Ω̂s ,

pαu∇̂ŵf , ∇̂φ̂uf qΩ̂f “ 0 @φ̂uf P V̂
0
Ω̂f ,φ̂

u
f
,

ρ̂spBtûs ´ v̂s, φ̂
u
s qΩ̂s “ 0 @φ̂us P L̂Ω̂s ,

pd̂ivpĴ F̂´1v̂f q, φ̂
p
f qΩ̂f “ 0 @φ̂pf P L̂

0
Ω̂f
,

(4.68)

where all the quantities are defined in Problems 4.7 and 4.12.

We solve the eXFSI problem using the monolithic approach, where all the equations
are solved simultaneously (see Figure-1.4). Opting for a strongly coupled approach,
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we ensure that the interface conditions, the continuity of velocity and the normal
stresses are automatically achieved at each time step. De facto, a coupled monolithic
variational formulation is an inevitable prerequisite for gradient-based optimization
methods, for rigorous goal-oriented error estimation and mesh adaptation. However,
this coupling does lead to an additional nonlinearity in the overall system.

As an alternative, one could reformulate the model by substituting the FSI part
by the Biot or Biot-Lamé-Navier problem [182]. This would allow for exploring the
physical phenomenon of a battery (i.e. wave pattern and its effect on the electrode
materials, etc.), as well as poroelasticity, subsurface and porous media flow, etc. If
we did introduce the Biot model in the FSI setting, substituting the WpFSI model,
we would arrive at the environment that would enable us to investigate the crack
propagation in the porous media due to the fluid flow. In other words, the proposed
framework with some changes allows for very different applications.

4.6.1 Multi-structure model

Ω"#

𝜕Ω"% Ω"&

Ω"&𝜕Ω"%

Ω"𝒔
𝒇

Ω"𝒔
𝒑

𝜕Ω"*+,,

𝜕Ω"*+,,

𝜕Ω"-./𝜕Ω"%0

Figure 4.3: Composite structure with coupled fluid-multiple-structure interaction
phenomenon.

Here, we direct specific attention to the multiple-structure setting. The importance
of the multi-structure modelling is evident when considering the wave propagation in
the composite structure with coupled fluid-multiple-structure interaction phenomenon
(cf. Figure 4.3). Most composite materials have strong, stiff fibres in a matrix. The
latter, is, in turn, weaker and less stiff. Here, the different parts of the structure are
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described by the same material model, but with alternative coefficients and material
properties. Let us consider the subdivision of the domain as following

Ω̂s “ Ω̂p
s Y Ω̂

f1
s Y ¨ ¨ ¨ Y Ω̂

fn
s

Then, the material properties and constitutive tensors can be given as (cf. [71, 163]).

Table 4.1: The properties and constitutive tensors in a composite structure.

Parameter Base Plate Fibre Remarks

Density: ρ̂ps in Ω̂p
s , ρ̂fs in Ω̂f

s , ρ̂fs ‰ ρ̂ps,

Elastic modulus: µ̂ps in Ω̂p
s , µ̂fs in Ω̂f

s , µ̂fs ‰ µ̂ps,

Poisson’s ratio: ν̂ps in Ω̂p
s , ν̂fs in Ω̂f

s , ν̂fs ‰ ν̂ps ,

Cauchy stress tensor: σps in Ω̂p
s , σfs in Ω̂f

s ,

1st Piola-Kirchhoff tensor: σppk1 in Ω̂p
s , σfpk1 in Ω̂f

s ,

2nd Piola-Kirchhoff tensor: σppk2 in Ω̂p
s , σfpk2 in Ω̂f

s ,

The complexity of this solid domain comes at a price of higher computational costs
for the numerical simulations. In order to reduce the computational cost, homoge-
nization technique is advisable. The latter is used for analyzing the porous media
and multiscale composite materials. In the present thesis, we explore the setting that
is limited to periodic composite material model consideration, where both base and
fiber are compressible materials (STVK model). However, it would be interesting to
go beyond the single material consideration and analyze e.g. compressible base plate
and incompressible fiber. We leave this for the future considerations.

Outlook to the next chapter

In this chapter, we derived the coupled problem based on a monolithic coupling
scheme, which leads to the conventional setting of all the equations. Such a setting
enables us to use a standard discretization technique. In the next chapter, we present
the discretization of the monolithically coupled eXFSI problem. Also, we briefly
describe the linearization of the nonlinear eXFSI problem. Finally, we provide a
description of the inner form of the arising systems of linear equations at each Newton
step and explain the derivation of an efficient solution process.
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Chapter 5

Finite Element Approximation

In this chapter, we propose a discretization of the monolithically coupled eXFSI prob-

lem in the ALEfx framework introduced in the previous chapter (cf. Problem 4.13).

Instead of using the traditional vertical method of lines, we opt for the Rothe method

(also known as horizontal line method). We recall that the difference between the two

is in the order of discretization: in the vertical method of lines the spatial treatment

is followed by discretization in time; in the Rothe method – vice versa. The rationale

behind this choice lies in flexibility that Rothe method gives concerning spatial mesh.

However, the flexibility comes at a price of more complex data structures and matrix

assembly and thus greater computational cost [20, 68, 71, 75, 117, 163]. Another

possibility is to refer to full space-time formulation. This approach goes beyond the

scope of the present thesis.

Following the order that underlies the Rothe method, we start with temporal dis-

cretization (cf. Section 5.2). Here, we rely upon the one step-θ scheme. In particular,

we explore Crank-Nicolson, shifted Crank-Nicolson, and the fractional-step-θ schemes.

The spatial discretization is done via the inf-sup stable pair of finite elements for the

fluid problem (cf. Section 5.3). Here, we present the linearization of the nonlinear

problem. At each time step, this linearized problem is solved by using a Newton-like

method. This is based on solving the linear defect-correction problem, which requires

the evaluation of the corresponding Jacobi matrix of the eXFSI problem to be known.

However, calculating the Jacobian matrix can be cumbersome due to the nonlinear

nature of the eXFSI problem. In conclusion, we discuss the derivation of an efficient

solution process for complete systems of linear equations at each Newton step (cf.

Section 5.4).
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5.1 Complete variational formulation

We consider the eXtended fluid-structure interaction problem, i.e. Problem 4.13,
with biharmonic mesh motion in the reference computational domain Ω̂ and the time
interval I “ r0, T s. We define the space of unknown variables as follows:

X̂0
D :“tv̂D ` V̂ 0

Ω̂
u ˆ tûDf ` V̂

0
Ω̂f ,ûf

u ˆ V̂Ω̂f ˆ L̂
0
Ω̂f

ˆ tûDs ` V̂
0
Ω̂s
u ˆ V̂Ω̂s ˆ V̂

0
Ω̂
ˆ L̂Ω̂,

X̂0 :“V̂ 0
Ω̂
ˆ V̂ 0

Ω̂f ,φ̂
u
f
ˆ V̂Ω̂f ˆ L̂

0
Ω̂f
ˆ V̂ 0

Ω̂s
ˆ V̂Ω̂s ˆ V̂

0
Ω̂
ˆ L̂Ω̂,

(5.1)

where, v̂D, ûDf and ûDs are suitable extensions of Dirichlet inflow data. We can rewrite
the equations in Problem 4.13, introducing the semilinear form ÂpÛqpφ̂q, which is the
sum of the left-hand sides (except the force terms) of the equations (4.68). Let
F̂nvspφ̂q denote the sum of the force terms in (4.68). Then, we arrive at the following
expressions:

ÂpÛqpφ̂q “ pĴ ρ̂fBtv̂, φ̂
v
qΩ̂f ` pĴ ρ̂f pF̂

´1v̂ ¨ ∇̂qv̂, φ̂vqΩ̂f
´ pĴ ρ̂f pF̂

´1ŵf ¨ ∇̂qv̂, φ̂vqΩ̂f ` pĴσf F̂
´T , ∇̂φ̂vqΩ̂f

´ xĴ ĝf F̂
´T , φ̂vy

BΩ̂out
` pρ̂sBtv̂, φ̂

v
qΩ̂s ` pĴ σ̂sF̂

´T , ∇̂φ̂vqΩ̂s
` pĴ ρ̂fBtv̂w, φ̂

vwqΩ̂f ´ pĴ ρ̂f pF̂
´1ŵf ¨ ∇̂qv̂w, φ̂vwqΩ̂f

` pc2Ĵ ρ̂f pF̂
´1∇̂ ¨ ûwqF̂´T , ∇̂φ̂vwqΩ̂f ` pĴ ρ̂sBtv̂w, φ̂

vwqΩ̂s

´ pĴ ρ̂spF̂
´1ŵs ¨ ∇̂qv̂w, φ̂vwqΩ̂s ` pĴ ρ̂sσwsF̂

´T , ∇̂φ̂vwqΩ̂s
` pĴ ρ̂fBtûw, φ̂

uwqΩ̂f ´ pĴ ρ̂f pF̂
´1ŵf ¨ ∇̂qûw, φ̂uwqΩ̂f

´ pĴ ρ̂f v̂w, φ̂
uwqΩ̂f ` pĴ ρ̂sBtûw, φ̂

uwqΩ̂s ´ pĴ ρ̂sv̂w, φ̂
uwqΩ̂s

´ pĴ ρ̂spF̂
´1ŵs ¨ ∇̂qûw, φ̂uwqΩ̂s ` pαuŵf , φ̂

w
f qΩ̂f

´ pαu∇̂ûf , ∇̂φ̂wf qΩ̂f ` pαuŵs, φ̂
w
s qΩ̂s ´ pαu∇̂ûs, ∇̂φ̂

w
s qΩ̂s

` pαu∇̂ŵf , ∇̂φ̂uf qΩ̂f ` pρ̂sBtûs, φ̂
u
s qΩ̂s ´ pρ̂sv̂s, φ̂

u
s qΩ̂s

` pd̂ivpĴ F̂´1v̂f q, φ̂
p
f qΩ̂f ,

(5.2)

and

F̂nvspφ̂q “ pf̂ws, φ̂
vwqΩ̂s . (5.3)

Here

Û “ tv̂, ûf , ŵf , p̂f , ûs, ŵs, v̂w, ûwu P X̂
0
D,

Ûi “ tv̂, ûf , ûs, v̂w, ûwu,
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and

φ̂ “ tφ̂v, φ̂uf , φ̂
w
f , φ̂

p
f , φ̂

u
s , φ̂

w
s , φ̂

vw , φ̂uwu P X̂0.

Note, here the fluid convection term pĴ ρ̂f pF̂
´1pv̂f ´ ŵf q ¨ ∇̂qv̂f , φ̂vf qΩ̂f is decomposed

into two parts for further purposes.

Finally, we can rewrite the Problem 4.13 in a more compact form:

Problem 5.1 Let ÛD :“ tv̂D, ûDf , û
D
s u be a suitable extension of the Dirichlet inflow

data. Find Û P X̂0
D, such that the initial condition Ûi|t“0 “ Û0

i is satisfied, and for
almost all t P I it holds that:

ÂpÛqpφ̂q “ F̂nvspφ̂q @φ̂ P X̂0. (5.4)

The semi-linear forms and further notations are as defined in (5.2) and (5.3).

5.2 Temporal discretization

The time discretization is done via the finite difference (FD) method. In this section,
we first discuss alternative FD schemes, balancing pros and cons. An explanation of
the time space partition (cf. Section 5.2.1) is followed by elucidation of the selected fi-
nite difference schemes, which is the one step-θ scheme (cf. Section 5.2.2), from which
we can consider the Crank-Nicolson, shifted Crank-Nicolson and the fractional-step-θ
schemes. Finally, we state the time-discretized problem (cf. Section 5.2.4).

The classical choice for the problems with the stationary limit is the backwards (im-
plicit) Euler first order scheme. It is strongly A-stable, which allows for flexibility
regarding choosing a step size. It is also dissipative. As an alternative, we can con-
sider the Crank-Nicolson scheme, which is a second order, A-stable (although, not
strongly) (implicit) scheme. Here, two important considerations: (i) it has very little
dissipation, but (ii) the stability is weak due to rough initial and/or boundary data
(cf. [20, 57, 63, 68, 71, 163]). To foster global stability, we can opt for a shifted
Crank-Nicolson scheme instead [57, 64, 66, 163]. The difference between the two for
unsteady FSI problem is demonstrated in [71, 163]. In particular, they illustrate the
stability for computations over long-term time intervals: the step-size is set to 0.01

s. They find that while the shifted Crank-Nicolson scheme is stable throughout the
entire time interval, the Crank-Nicolson scheme leads to unstable behaviour. The
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Fractional-step-θ scheme advances on the schemes mentioned above by featuring the
following properties: (i) it has second order accuracy; (ii) it is strongly A-stable; and
(iii) it is well-suited for computing solutions with a rough initial, boundary data over
a long time interval [63, 65, 103]. The applications of this scheme to the unsteady
FSI problems can be found in [71, 103]. The time stability of multi-physics problems,
including FSI, are addressed in [20, 163].

In this thesis, to compute the wave propagation in fluid-solid and their interface
(WpFSI) and the framework of the eXtended fluid-structure interaction (eXFSI) prob-
lem, we limit ourselves to the short time intervals and shifted Crank-Nicolson scheme
to avoid the unstable behaviour. Next, we introduce the time interval and its subdi-
vision.

5.2.1 Time interval

Let us divide the computational time interval I “ r0, T s into nˆm P N subintervals
as follows:

I “
n
ď

j“1

m
ď

i“1

I ij. (5.5)

The time-step size is defined by kij, for i “ 1, 2, ...,m, j “ 1, 2, ..., n (cf. Figure 5.1).
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Figure 5.1: The whole time interval I in parts with different time step size kij, where
k1j ‰ k2j ‰ ¨ ¨ ¨ ‰ kmj and ki1 “ ki2 “ ¨ ¨ ¨ “ kin, for i “ 1, 2, ...,m, j “ 1, 2, ..., n.
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The subintervals that share the same step size length are grouped into intervals I i

i.e.:

I1 “ t0u Y I11 Y ¨ ¨ ¨ Y I
1
n, i “ 1,

I2 “ I21 Y I
2
2 Y ¨ ¨ ¨ Y I

2
n, i “ 2,

...

Im “ Im1 Y I
m
2 Y ¨ ¨ ¨ Y I

m
n , i “ m.

(5.6)

The half-open subintervals are defined by I in “ ptin´1, tins. Accordingly, the time step
size is kin :“ tin ´ t

i
n´1, where

tin “
n´1
ÿ

j“1

I ij ` k
i
n, i “ 1, 2, ..,m. (5.7)

Next, we collect the terms on the right-hand side of (5.2) as follows. The identified
classes are (i) time-dependent terms; (ii) implicit terms; (iii) pressure terms, and (iv)
the rest of the terms, i.e.

ÂpÛqpφ̂q :“ ÂT pÛqpφ̂q ` ÂIpÛqpφ̂q ` ÂP pÛqpφ̂q ` ÂOpÛqpφ̂q. (5.8)

The resulting sets of terms are as follows:

• Time-dependent terms (including the time derivatives)

ÂT pÛqpφ̂q “ pĴ ρ̂fBtv̂, φ̂
v
qΩ̂f ´ pĴ ρ̂f pF̂

´1ŵf ¨ ∇̂qv̂, φ̂vqΩ̂f
` pρ̂sBtv̂, φ̂

v
qΩ̂s ` pρ̂sBtûs, φ̂

u
s qΩ̂s ` pĴ ρ̂fBtv̂w, φ̂

vwqΩ̂f

´ pĴ ρ̂f pF̂
´1ŵf ¨ ∇̂qv̂w, φ̂vwf qΩ̂f ` pĴ ρ̂sBtv̂w, φ̂

vwqΩ̂s

´ pĴ ρ̂spF̂
´1ŵs ¨ ∇̂qv̂w, φ̂vwqΩ̂s ` pĴ ρ̂fBtûw, φ̂

uwqΩ̂f

´ pĴ ρ̂f pF̂
´1ŵf ¨ ∇̂qûw, φ̂uwqΩ̂f ` pĴ ρ̂sBtûw, φ̂

uwqΩ̂s

´ pĴ ρ̂spF̂
´1ŵs ¨ ∇̂qûw, φ̂uwqΩ̂s .

(5.9)

• Implicit terms (e.g., the incompressibility of the fluid)

ÂIpÛqpφ̂q “ pαuŵf , φ̂
w
f qΩ̂f ´ pαu∇̂ûf , ∇̂φ̂

w
f qΩ̂f ` pαuŵs, φ̂

w
s qΩ̂s

´ pαu∇̂ûs, ∇̂φ̂ws qΩ̂s ` pαu∇̂ŵf , ∇̂φ̂
u
f qΩ̂f ` pd̂ivpĴ F̂´1v̂f q, φ̂

p
f qΩ̂f .

(5.10)

• Pressure terms

ÂP pÛqpφ̂q “ pĴσfpF̂
´T , ∇̂φ̂vf qΩ̂f . (5.11)
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• All remaining terms (e.g., stress terms, convection, etc.)

ÂOpÛqpφ̂q “ pĴ ρ̂f pF̂
´T v̂ ¨ ∇̂qv̂, φ̂vqΩ̂f ` pĴσfv F̂

´T , ∇̂φ̂vqΩ̂f
´ xĴ ĝf F̂

´T , φ̂vy
BΩ̂out

` pĴ σ̂sF̂
´T , ∇̂φ̂vqΩ̂s ´ pρ̂sv̂s, φ̂

u
s qΩ̂s

` pc2Ĵ ρ̂f pF̂
´1∇̂ ¨ ûwqF̂´T , ∇̂φ̂vwqΩ̂f ´ pĴ ρ̂sv̂w, φ̂

uwqΩ̂s

` pĴ ρ̂sσwsF̂
´T , ∇̂φ̂vwqΩ̂s ´ pĴ ρ̂f v̂w, φ̂

uwqΩ̂f ,

(5.12)

where the reduced tensors σ̂fp and σ̂fv are given by:

σ̂fp “ ´p̂fI,

σ̂fv “ ρ̂fνf p∇̂v̂f F̂´1 ` F̂´T ∇̂v̂Tf q.
(5.13)

Let us consider the computational time interval I “ r0, T s, T ą 0, which is subdi-
vided into three subintervals, i.e. i “ 1, 2, 3.. These subintervals have different sizes
of the time step. Here, we can redraw the Figure 5.1 as follows:
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Figure 5.2: Non-uniform time step in the computational time interval I “ r0, T s.

Using a backward difference quotient, the time derivative in ÂT pÛqpφ̂q is approxi-
mated. Next, for the time step tn P I, for n “ 1, 2, ..., N (N P R), we compute v̂n,
ûnf , ûns , v̂nw, and ûnw via solving the following

ÂT pÛ
n,t
qpφ̂q «

1

k
pĴn,θρ̂f pv̂

n
´ v̂n´1q, φ̂vqΩ̂f ´

1

k
pĴ ρ̂f pF̂

´1
p̂ûnf ´ û

n´1
f q ¨ ∇̂qv̂, φ̂vqΩ̂f

`
1

k
pρ̂spv̂

n
´ v̂n´1q, φ̂vqΩ̂s `

1

k
pρ̂spû

n
s ´ û

n´1
s q, φ̂us qΩ̂s

`
1

k
pĴn,θρ̂spv̂

n
w ´ v̂

n´1
w q, φ̂vwqΩ̂s ´

1

k
pĴ ρ̂spF̂

´1
pûns ´ û

n´1
s q ¨ ∇̂qv̂w, φ̂vwqΩ̂s

`
1

k
pĴn,θρ̂f pv̂

n
w ´ v̂

n´1
w q, φ̂vwqΩ̂f ´

1

k
pĴ ρ̂f pF̂

´1
pûnf ´ û

n´1
f q ¨ ∇̂qv̂w, φ̂vwqΩ̂f

`
1

k
pĴn,θρ̂f pû

n
w ´ û

n´1
w q, φ̂uwqΩ̂f ´

1

k
pĴ ρ̂f pF̂

´1
pûnf ´ û

n´1
f q ¨ ∇̂qûw, φ̂uwqΩ̂f

`
1

k
pĴn,θρ̂spû

n
w ´ û

n´1
w q, φ̂uwqΩ̂s ´

1

k
pĴ ρ̂spF̂

´1
pûns ´ û

n´1
s q ¨ ∇̂qûw, φ̂uwqΩ̂s .

(5.14)

Furthermore, let us define Ĵn,θ as follows:

Ĵn,θ “ θĴn ` p1´ θqĴn´1, (5.15)
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where θ P r0, 1s is a preselected parameter. In addition, we assume: Ĵ :“ Ĵn :“ Ĵptnq,
v̂n “ v̂ptnq and v̂nw “ v̂wptnq, etc. The value v̂n´1 “ v̂ptn´1q, etc. denotes the former
time step.

5.2.2 One step-θ scheme

Let the previous solution Ûn´1 “ tv̂n´1, ûn´1f , ŵn´1f , p̂n´1f , ûn´1s , ŵn´1s , v̂n´1w , ûn´1w u and
the time step size k :“ kn “ tn ´ tn´1 be given (cf. [71, 163]).

Figure 5.3: Time step computation using the One-Step-θ schemes.

Problem 5.2 Find Ûn “ tv̂n, ûnf , ŵ
n
f , p̂

n
f , û

n
s , ŵ

n
s , v̂

n
w, û

n
wu, such that

ÂT pÛ
n,t
qpφ̂q ` θÂOpÛ

n
qpφ̂q ` ÂP pÛ

n
qpφ̂q ` ÂIpÛ

n
qpφ̂q

“ ´p1´ θqÂOpÛ
n´1
qpφ̂q ` θF̂nvspÛ

n
qpφ̂q ` p1´ θqF̂nvspÛ

n´1
qpφ̂q

(5.16)

where F̂ n
nvspφ̂q “ pf̂

n
ws, φ̂

vw
s qΩ̂s with f̂

n
ws :“ f̂wsptnq.

From the general form of the one-step-θ scheme, we obtain the alternative particular
time schemes by choosing the alternative values of θ P r0, 1s. In particular, the
following schemes can be defined:

• Forward (explicit) Euler scheme, if θ “ 0;

• Backward (implicit) Euler scheme, if θ “ 1;

• Crank-Nicolson scheme, if θ “ 0.5;

• Shifted Crank-Nicolson scheme, if θ “ 0.5` kn.

Besides this set of options, the one-step-θ scheme can be easily extended to the
fractional-step-θ scheme.
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5.2.3 Fractional-step-θ scheme

The idea behind the fractional-step-θ scheme is to subdivide each time interval tn´1 Ñ
tn into three subintervals, as follows:

tn´1 Ñ tn´1`θ Ñ tn´θ Ñ tn. (5.17)

Figure 5.4: Time step computation using the Fractional-step-θ scheme.

We set the following parameter values:

θ “ 1´

?
2

2
, θ1 “ 1´ 2θ,

α P p0.5, 1s, β “ 1´ α.

Let us consider the previous solution Ûn´1 “ tv̂n´1, ûn´1f , ŵn´1f , p̂n´1f , ûn´1s , ŵn´1s , v̂n´1w ,

ûn´1w u. We also assume that the time step size k :“ kn “ tn ´ tn´1 is given.

Problem 5.3 Find Ûn “ tv̂n, ûnf , ŵ
n
f , p̂

n
f , û

n
s , ŵ

n
s , v̂

n
w, û

n
wu, such that

ÂT pÛ
n´1`θ,t

qpφ̂q ` αθÂOpÛ
n´1`θ

qpφ̂q ` θÂP pÛ
n´1`θ

qpφ̂q ` ÂIpÛ
n´1`θ

qpφ̂q

“ ´βθÂOpÛ
n´1
qpφ̂q ` θF̂nvspÛ

n´1
qpφ̂q,

ÂT pÛ
n´θ,t

qpφ̂q ` αθÂOpÛ
n´θ
qpφ̂q ` θ1ÂP pÛ

n´θ
qpφ̂q ` ÂIpÛ

n´θ
qpφ̂q

“ ´αθ1ÂOpÛ
n´1`θ

qpφ̂q ` θ1F̂nvspÛ
n´θ
qpφ̂q,

ÂT pÛ
n,t
qpφ̂q ` αθÂOpÛ

n
qpφ̂q ` θÂP pÛ

n
qpφ̂q ` ÂIpÛ

n
qpφ̂q

“ ´βθÂOpÛ
n´1
qpφ̂q ` θF̂nvspÛ

n´θ
qpφ̂q.

(5.18)

For a general introduction to the fractional-step-θ scheme for the FSI problem we
refer to [20, 68, 71, 163].
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5.2.4 The time-discretized problem

Let us consider the following approximation of the time-dependent terms (after time
discretization) [20, 162, 163]:

ÂT pÛqpφ̂q « ÂT pÛ
n,t
qpφ̂q. (5.19)

Thereby, we can state the time-discretized semi-linear form as follows:

ÂpÛn
qpφ̂q :“ ÂT pÛ

n,t
qpφ̂q ` ÂIpÛ

n
qpφ̂q ` ÂP pÛ

n
qpφ̂q ` ÂOpÛ

n
qpφ̂q. (5.20)

Next, we formulate the time-discretized problem as follows:

Problem 5.4 (The time-discretized problem):
Let ÛD “ tv̂D, ûDf , û

D
s u be a suitable extension of the Dirichlet inflow data and assume

that the previous solution Ûn´1 “ tv̂n´1, ûn´1f , ŵn´1f , p̂n´1f , ûn´1s , ŵn´1s , v̂n´1w , ûn´1w u is
given. Find Ûn “ tv̂n, ûnf , ŵ

n
f , p̂

n
f , û

n
s , ŵ

n
s , v̂

n
w, û

n
wu P X̂

0
D, for all n “ 1, 2, ¨ ¨ ¨ , N , such

that

ÂpÛn
qpφ̂q “ F̂nvspφ̂q @φ̂ P X̂0. (5.21)

The semilinear forms and further notations are defined as in (5.2) and (5.3). This
equation is treated with one particular time-stepping scheme as introduced previously.

5.3 Spatial discretization

So far, we derived the time-discretized equations. This forms a starting point for our
next step towards the eXFSI problem formulation – discretization in space. For this,
we refer to the finite element Galerkin discretization method. The time-discretized
form is characterized by continuous spatial spaces V̂ , V̂ 0, L̂, and L̂0, etc. Next, we
construct the finite dimensional subspaces: V̂h Ă V̂ , V̂ 0

h Ă V̂ 0, L̂h Ă L̂, and L̂0
h Ă L̂0,

of piecewise polynomial functions up to order l (cf. Section 5.3.1). The FE method is
referred to as conforming method if these discrete spaces are contained in the respec-
tive continuous spaces. Finally, we specify the basis functions of the discrete spaces.
As we discuss later on, the preferred elements of the continuous finite-dimensional
space are (i) the biquadratic, discontinuous linear finite element pair pQc

2{P
dc
1 q for the

fluid flow, and (ii) the biquadratic pQc
2q element for both solid deformation and wave

propagation.
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The defining characteristic of the ALEfx approach is that the spatial terms are com-
puted in a fixed reference configuration. This allows employing the ALEfx approach
directly in a programming code [93, 94, 98, 99]. Noteworthy, error estimations are
beyond the scope of the present thesis. Nevertheless, we refer to Cea’s lemma for
linear problems for convergence of the Galerkin methods. Besides, Cea’s Lemma es-
tablishes the relation between the discretization error and best approximation error
[20, 97, 105, 163].

5.3.1 Finite element spaces

Consider the fixed reference computational domain Ω̂ Ă Rd, d “ t2, 3u, which is
partitioned into open cells K̂. These depend upon the spatial dimension d. The
quadrilateral (2D) or hexahedron (3D) cells K̂ add up to form the mesh T̂ĥ “ tK̂u
of Ω̂, where ĥ is a mesh parameter – a scalar cell-wise constant function. Here, the
cells are non-overlapping. The mesh comprises n cells with the diameter ĥK̂ . The
diameter is given by ĥK :“ diampK̂q with ĥmax :“ max

K̂PTĥ

ĥK̂ .

The approximation is subject to the regularity of the mesh. After [163], in the fol-
lowing, we list the sufficient conditions. The mesh T̂ĥ is regular if:

1. Ω̂ “
Ť

i“1,¨¨¨ ,n

K̂i, K̂ P T̂ĥ,

2. ˚̂
K “ H for all K̂ P T̂ĥ,

3. ˚̂
Ki X

˚̂
Kj “ H, for all K̂i, K̂j P T̂ĥ with K̂i ‰ K̂j for all i ‰ j,

4. Any face or edge of any cell K̂i P T̂ĥ is either a subset of the boundary BΩ̂ or a
common face, edge or vertex of another cell K̂j P T̂ĥ, where K̂i Y K̂j “ ℘, for
all K̂i, K̂j P T̂ĥ with K̂i ‰ K̂j for all i ‰ j. Here ℘ is a common face, edge or
vertex of K̂i and K̂j,

5. diampK̂q “ ĥK ď ĥ for all K̂ P T̂ĥ.

In case one chooses to opt for the adaptive mesh refinement, the fourth condition
may be too restrictive. In this thesis, however, we do not consider the adaptive mesh
refinement.

Going back to our discretization process, we need to link the reference cell to the
physical cell. This is realized with the help of mappings as follows (cf. Figure 5.6).
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(1,0)(0,0)

(0,1) (1,1)

Figure 5.5: Transformation mapping Ψ̂K̂ : K̂unit Ñ K̂ and T̂ : K̂ Ñ K.

First, we consider the bilinear mapping, which for each cell K̂ P T̂ĥ transforms the
unit cell (K̂unit) to the ALE cell (K̂) i.e. Ψ̂K̂ : K̂unit Ñ K̂. Second, the transforma-
tion T̂ : K̂ Ñ K converts the ALE cell to the physical cell K. In fact, by definition
(from continuum mechanics) the transformation T̂ is equivalent to the ALE mapping.

Yet another condition to be satisfied by the FE spaces is the one related to the
geometry of the cells. In particular, the uniformity and the weaker uniformity are
assumed [41, 42, 45, 45, 47, 49]. It means that there exist a constant CK such that
for each transformation Ψ̂K̂ : K̂unit Ñ K̂ it holds:

sup
!

}∇̂Ψ̂K̂px̂qx̂}
ˇ

ˇ

ˇ
x̂ P K̂, }x̂} “ 1

)

inf
!

}∇̂Ψ̂K̂px̂qx̂}
ˇ

ˇ

ˇ
x̂ P K̂, }x̂} “ 1

) ď CK, K̂ P
ď

h

T̂h, (5.22)

and

ĥK̂
ρ̂K̂

ď CK, K̂ P
ď

h

T̂h. (5.23)

Finally, we are prepared for introducing the finite element spaces. The ultimate goal
is to sufficiently accurately approximate the infinite dimensional spaces by the finite
dimensional spaces. The spaces of triangular finite elements V̂ l

h are the subspaces of
the piecewise-polynomials spaces (cf. [33]):

V̂ l
h :“ tv̂h P CpΩ̂q| v̂h|K̂ P PlpK̂q @K̂ P T̂ĥu Ď H1

pΩ̂q, l ě 1, (5.24)

where PlpK̂q, l ě 0 is a space of polynomials of degree less than or equal to l with
respect to each variable. The continuous H1 conforming spaces of the parallelepipedal
finite elements V̂ l

h are defined by (cf. [33]):

V̂ l
h :“ tv̂h P CpΩ̂q| v̂h|K̂ ˝ Ψ̂

´1

K̂
P QlpK̂q @K̂ P T̂ĥu Ď H1

pΩ̂q, l ě 1. (5.25)
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Note, in case K̂ P T̂ĥ is a rectangle with sides parallel to the coordinate axis, we can
denote the spaces of parallelepipedal finite elements V̂ l

h by (cf. [71, 163]):

V̂ l
h :“ tv̂h P CpΩ̂q| v̂h|K̂ P QlpK̂q @K̂ P T̂ĥu Ď H1

pΩ̂q. (5.26)

Here, QlpK̂q is the space of polynomials of the maximum degree l in each variable on
K̂ P T̂ĥ. Note, the reference unit cell K̂unit “ p0, 1q

d, K̂ is referred to as parallelogram
as in the present thesis d “ 2 (in case d “ 3, it is parallelepiped). The space QlpK̂q
of tensor product polynomials on the reference unit cell is defined as follows:

QlpK̂unitq :“ span

#

d
ź

i“1

x̂αii |αi P t0, 1, ..., lu

+

, (5.27)

where l denotes the degree of the polynomials.

�̂�

𝑢$ , 𝑢$&,
𝑣$, 𝑣$&,

𝑢$, 𝑢$&,
𝑣$, 𝑣$&,

Figure 5.6: The inf-sup stable finite element pair: the biquadratic, discontinuous
linear Qc

2{P
dc
1 element.

In the present thesis, we consider the monolithically coupled extended fluid-structure
interaction (eXFSI) problem. Hence, the need for holistic approach to the question
of the appropriate discretization. After thorough consideration, we choose elements
Qc

2{P
dc
1 (for v̂df , p̂f ) and Qc

2 (for v̂ds , ŵdf , ŵds , ûdf , ûds, v̂dwf , v̂dws, ûdwf , and û
d
ws). Before

we introduce the elements, we explain our choice. The rationale behind using the
biquadratic, discontinuous linear finite element pair Qc

2{P
dc
1 (cf. Figure 5.6) lies in the

following criteria: (i) the element preserves the local mass conservation, features inf-
sup stability (under the Ladyshenskaja-Babuska-Brezzi (LBB) condition), and is of
low order; (ii) the velocity values are continuous across alternative cells; (iii) pressure
can be discontinuous across faces. Thus, it is a reasonable fit for both fluid flow and
fluid-structure interaction problems. The discrete inf-sup condition is of particular
importance for the incompressible fluid flow problem. First, it ensures existence and
uniqueness (up to a constant) of the approximation. Second, it ensures a suitability
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of the approximation i.e. (i) pressure depends continuously on the problem data; and
(ii) it satisfies the stability estimate. This discrete inf-sup condition (i.e. LBB) reads:

min
qhPLh

max
φhPVh

pqh,∇ ¨ φhq
}qh}}∇φh}

ě βh ě β ą 0, (5.28)

where h Ñ 0, βh is a discrete stability constant and β is a continuous stability con-
stant [20, 162, 163].

Under this condition, we arrive at a unique fluid pressure. The present setting allows
for exploring the systems with multiple structures (because the pressure elements are
discontinuous and thus independent computations are possible). Additionally, and
most importantly, the element Qc

2{P
dc
1 allows for computations of the eXtended fluid-

structure interaction (eXFSI) problems as there is no relationship between fluid and
structure pressure.

(a) (b)

Figure 5.7: (a) The biquadratic Qc
2, and (b) the discontinuous linear P dc

1 finite ele-
ment.

Furthermore, in the present thesis, we go beyond the fluid-structure interaction by
analyzing the wave propagation problem. To facilitate the problem formulation, we
direct specific attention to the boundary conditions. As mentioned earlier, for the
mesh motion modelling we use mixed biharmonic equation. For the spatial discretiza-
tion of the latter, for both ûh and ŵh, we use Qc

2 elements.

Finally, we specify the aforementioned elements. First, we consider the mapping Ψ̂K̂
(bilinear transformation) for each cell K̂. Accordingly, the Qc

2 element of dimension
9 is given by (Figure 5.7(a)):

Qc
2pK̂q :“

"

q̂ ˝ Ψ̂´1
K̂

: q̂ P span t1, x̂1, x̂2, x̂1x̂2, x̂
2
1, x̂

2
2, x̂

2
1x̂2, x̂1x̂

2
2, x̂

2
1x̂

2
2u

*

. (5.29)
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By dimension, we indicate the number of degrees of freedom on a single cell (for each
cell). Second, we introduce the element P dc

1 , which is composed by linear functions
(Figure 5.7(b)) as follows:

P dc
1 pK̂q :“

"

q̂ ˝ Ψ̂´1
K̂

: q̂ P span t1, x̂1, x̂2u

*

. (5.30)

Here, dimP dc
1 “ 3. Accordingly, the paired element Qc

2{P
dc
1 has the dimension of 21

(for our case i.e. when d “ 2) i.e. 21 local degrees of freedom on each mesh cell.

So far, the discussions were given for a pre-selected mesh T̂ĥ. Yet, we may go beyond it
and increase the number of cells by the “mesh refinement”. This includes subdividing
the cell into 2d subcells. This is done via connecting the midpoints of opposing faces
or edges of a cell. Noteworthy, the so-obtained meshes are also regular. There are
two alternative approaches to the refinement: global and local. These two approaches
differ in an area of its application: (i) in the global case - each cell is subdivided, and
(ii) local approach limits the subdivision process to a particular set of cells. The local
refinement is relevant for problems where we want to achieve a better-quality result
in a particular area. Also, the refinement may be done on several levels, as illustrated
in Figure-5.8.

Refinement level 1 Refinement level 2 Refinement level 3

Figure 5.8: Global refinement. A regular mesh after two cycles.
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Here, we present an example of the application of the two global refinements to a
cell (same for all other cells). Again, each mesh features regularity. In the present
thesis, we only use global refinement for all numerical case studies. Thereby, we avoid
the presence of hanging nodes.

To put things into perspective, we characterize the number of cells and the num-
ber of degrees of freedom for several refinement levels (Table 5.1). It is done for a
vector-valued Q2

c element in two and three dimensions. We mention that as we move
to the next refinement level, the number of cells rise by a factor of 4 for the case d “ 2

and by a factor of 8 for d “ 3.

Table 5.1: Global number of DoFs using uniform mesh refinement.

Level Cells (d=2) pQc
2q
d“2 Cells (d=3) pQc

2q
d“2

0 1 18 1 81

1 4 50 8 375

2 16 162 64 2187

3 64 578 512 14739

4 256 2178 4096 107811

Table 5.2: Local number of DoFs on a cell.

Problem Variable(s) FE 2D (d=2) 3D (d=3)

Elasticity u “ puqd pQc
2q
d 18 81

Navier-Stokes vd, p pQc
2q
d{P dc

1 21 85

FSI vdf , pf , vds , pQc
2q
d{P dc

1 , pQc
2q
d,

wd, pQc
2q
d, 93 409

udf , uds pQc
2q
d, pQc

2q
d

WpFSI vdwf , v
d
ws , pQc

2q
d, pQc

2q
d, 72 324

udwf , u
d
ws pQc

2q
d, pQc

2q
d

eXFSI vdf , pf , vds , pQc
2q
d{P dc

1 , pQc
2q
d,

wd, pQc
2q
d,

udf , uds pQc
2q
d, pQc

2q
d 165 733

vdwf , v
d
ws , pQc

2q
d, pQc

2q
d,

udwf , u
d
ws pQc

2q
d, pQc

2q
d

As a final note, we summarize the discussion of the four problems in terms of: (i) vari-
ables; (ii) finite elements; and (iii) degrees of freedom (DoFs) (for d “ t2, 3u) (Table
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5.2). Besides, for computation of the eXtended fluid-structure interaction (eXFSI)
problems, below we list the finite element spaces for the velocities, displacements,
pressure, wave displacements and wave velocities.

Definition 5.1 (Spatial discretizations)

V̂Ω̂,v̂,h :“ tv̂h P rCpΩ̂hqs
d
ˇ

ˇ

ˇ
v̂h|K̂ ˝ Ψ̂

´1

K̂
P rQc

2pK̂qs
d

@K̂ P T̂ĥ, v̂h|BΩ̂zBΩ̂i “ 0u,

V̂Ω̂f ,ûf ,h :“ tûf,h P rCpΩ̂f,hqs
d
ˇ

ˇ

ˇ
ûf,h|K̂ ˝ Ψ̂

´1

K̂
P rQc

2pK̂qs
d

@K̂ P T̂ĥ, ûf,h|BΩ̂zBΩ̂i “ 0u,

L̂Ω̂f ,p̂f ,h :“ tp̂f,h P rL̂
2
pΩ̂f,hqs

ˇ

ˇ

ˇ
p̂f,h|K̂ P rP

dc
1 pK̂qs @K̂ P T̂ĥu,

V̂Ω̂s,ûs,h :“ tûs,h P rCpΩ̂s,hqs
d
ˇ

ˇ

ˇ
ûs,h|K̂ ˝ Ψ̂

´1

K̂
P rQc

2pK̂qs
d

@K̂ P T̂ĥ, ûs,h|BΩ̂zBΩ̂i “ 0u,

V̂Ω̂,ûw,h :“ tûw,h P rCpΩ̂hqs
d
ˇ

ˇ

ˇ
ûw,h|K̂ ˝ Ψ̂

´1

K̂
P rQc

2pK̂qs
d

@K̂ P T̂ĥ, ûw,h|BΩ̂zBΩ̂i “ 0u.

Let us consider, ÛD
h “ tvDh , u

D
f,h, u

D
s,hu as a finite element extensions of the Dirichlet

inflow data for the FSI setting. Then, we present the space-time discretized problem
from 5.4 as follows:

Problem 5.5 Let us assume that the fully discretized previous time step solution
Ûn´1
h “ tv̂n´1h , ûn´1f,h , ŵn´1f,h , p̂n´1f,h , ûn´1s,h , ŵn´1s,h , v̂n´1w,h , û

n´1
w,h u is given. Find Ûn

h “

tv̂nh , ûnf,h, ŵnf,h, p̂nf,h, ûns,h, ŵns,h, v̂nw,h, ûnw,hu P X̂0
D,h, where X̂0

D,h :“ tvDh ` V̂ 0
Ω̂,v,h

u

ˆtuDf,h` V̂
0
Ω̂f ,ûf ,h

u ˆV̂Ω̂f ,h ˆL̂
0
Ω̂f ,p̂f ,h

ˆtuDs,h` V̂
0
Ω̂s,ûs,h

u ˆV̂Ω̂s,h ˆL̂Ω̂,h ˆV̂
0
Ω̂,ûw,h

, for all
n “ 1, 2, ..., N , such that

ÂpÛn
h qpφ̂hq “ F̂nvspφ̂hq @φ̂h P X̂

0
h, (5.31)

where φ̂h= tφ̂vh, φ̂uf,h, φ̂wf,h, φ̂
p
f,h, φ̂

u
s,h, φ̂ws,h, φ̂

vw
h , φ̂uwh u and X̂

0
h :“ V̂ 0

Ω̂,v,h
ˆV̂ 0

Ω̂f ,φ̂
u
f ,h
ˆV̂Ω̂f ,h

ˆL̂0
Ω̂f ,h

ˆV̂ 0
Ω̂s,h

ˆV̂Ω̂s,h ˆL̂Ω̂,h ˆV̂
0
Ω̂,h

. The semilinear forms and further notations are
as defined in equations (5.2), (5.3) and the Problem 4.13. This equation is treated
with one specific time-stepping scheme as introduced previously.

In the present thesis, although we are dealing with low Reynolds numbers, the chal-
lenges are apparent. Things get worse in the case of higher Reynolds numbers. In
particular, the convective terms would dominate the fluid flow problem. Hence, sta-
bilization techniques need to be applied (cf. [71, 163]).
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5.4 Solution algorithms

The computational cost is one of the most important factors that define the quality
of the solution approach. To ensure cost-efficiency of our problem solution approach,
we first explore the problem specification. The WpFSI problem constitutes a mathe-
matical model of non-destructive testing, where wave propagation pattern is tracked
as the wave passes through a structure immersed in a fluid. Importantly, it means
solution to the WpFSI problem does not alter FSI problem. Therefore, instead of a
fully-coupled one-loop algorithm, i.e. solving FSI and WpFSI problems simultane-
ously, we introduce the dual linear solution algorithm, which comprises a sequential
solution of the FSI and WpFSI problems at each time step. In the former, we solve 93

local DOFs per mesh cell and in the latter – 72 local DOFs. This approach allows us to
avoid handling big data. In a fully-coupled one-loop solution algorithm (i) we would
have to solve at least 165 local DOFs per mesh cell, (ii) we would have to deal with
highly nonlinear, unstable and very computationally expensive multiphysics problem
that demands a large amount of computational memory.

Below, we describe the dual linear solving algorithm (cf. Algorithm 5.1). At each
time step tn, for the nonlinear algebraic problem we introduce the dual linear solving
algorithm (cf. Figure 5.9). Overall, we distinguish the FSI loop and the WpFSI loop.
In the FSI loop, the nonlinear, spatially discretized FSI problem is solved with the
Newton-like method (cf. Section 5.4.1). Here, we determine the structural deforma-
tion (or vibration). In the WpFSI loop, at each Newton step, we solve the nonlinear
WpFSI problem with the Newton-like method. Here, we characterize the wave prop-
agation in the fluid, solid, and their interface (cf. Section 5.4.2). At each Newton
iteration, a linear system of equations is solved.

Algorithm 5.1. Dual linear solver for the eXFSI problem

1. Set an iteration counter k “ 0, where k “ 0, 1, 2, . . . , N .

2. Choose an initial Newton guess for the FSI problem, Un,0
F,h,k P Rd.

3. Find Ûn,j
F,h,k using Newton-like method via Algorithm 5.2.

4. Check the stopping criterion:
›

›ÂF pÛ
n,j`1
F,h,k qpφ̂hq

›

›

l2
ă

›

›ÂF pÛ
n,j
F,h,kqpφ̂hq

›

›

l2
. If it is

not satisfied, then GOTO step 3, i.e. k Ðâ k ` 1.

5. Update the initial and boundary conditions for the WpFSI iteration
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Yes

Increment
k	<			k+1

WpFSI loop

FSI loop

k=N

Boundary
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',)

Figure 5.9: Algorithm 5.1. Dual linear solver for the eXFSI problem for each time
step tn.
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(a) Choose an initial Newton guess for the WpFSI problem, Un,0
W,h P Rd.

(b) Find Ûn,j
W,h,k with Newton-like method via Algorithm 5.3.

(c) Check the stopping criterion: RW pÛ
n,j`1
W,h,k,lq ă RW pÛ

n,j
W,h,k,lq. If it is not

satisfied, then GOTO step (b) , i.e. k Ðâ k ` 1, where k “ N satisfies the
stopping criterion.

(d) Update the initial and boundary conditions for the next time step.

6. Increment tn Ñ tn`1.

5.4.1 The FSI loop

In the FSI loop, for the fluid-structure interaction problem part, temporal and spatial
discretization lead to a nonlinear quasi-stationary problem at each single time step

ÂF pÛ
n
F,h,kqpφ̂hq “ 0 @φ̂h P X̂

0
h, (5.32)

which is solved with a Newton-like method. Here k is Newton’s step.

Algorithm 5.2. The FSI loop

1. Let an initial Newton guess Ûn,0
F,h,k be given. Find the update δÛn

F,h of the linear
defect-correction problem for j “ 0, 1, 2, . . .

Â1F pÛ
n,j
F,h,kqpδÛ

n,j
F,h,k, φ̂hq “ ´ÂF pÛ

n,j
F,h,kqpφ̂hq,

Ûn,j`1
F,h,k “ Ûn,j

F,h,k ` λF δÛ
n,j
F,h,k,

(5.33)

where λF P p0, 1s is a damping parameter for line search iterations.

2. A simple strategy is to modify the update step in (5.33) as follows: For given
λ P p0, 1q determine the minimal l˚ P N via l “ 0, 1, ..., Nl, such that

›

›ÂF pÛ
n,j`1
F,h,k qpφ̂hq

›

›

l2
ă
›

›ÂF pÛ
n,j
F,h,kqpφ̂hq

›

›

l2
,

Ûn,j`1
F,h,k,l “ Ûn,j

F,h,k ` λ
l
F δÛ

n,j
F,h,k.

(5.34)

3. For the minimal l˚, we set

Ûn,j`1
F,h,k :“ Ûn,j`1

F,h,k,l˚ . (5.35)
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In this algorithm, we emphasize the two caveats: i) for (highly) nonlinear problems
particular important is the appropriate determination of λF ; and ii) for the fluid-
structure interaction problem – the directional derivative Â1F pÛF qpδÛF , φ̂q (Gǎteaux
derivative) (cf. [20, 68, 71, 163]). The application to a semi-linear form reads:

Â1F pÛF qpδÛF , φ̂q :“ lim
εFÑ0

1

εF

!

ÂF pÛF ` εF δÛF qpφ̂q ´ ÂF pÛF qpφ̂hq
)

“
d

dεF
ÂF,hpÛF ` εF δÛF qpφ̂q |εF“0

(5.36)

Calculation of the Jacobian matrix is cumbersome for two reasons. First, the size
of the Jacobian matrix is substantial. Second, the extended fluid-structure interac-
tion problem in the monolithic ALE framework features strongly nonlinear behaviour.
Nevertheless, we utilize the Jacobian matrix to identify the optimal convergence prop-
erties of the Newton-like method. Evaluation of the directional derivatives is done
via automatic differentiation [68, 71].

As before, let us consider the solutions Ûn
h “ tv̂

n
f,h, v̂

n
s,h, û

n
f,h, û

n
s,h, ŵ

n
f,h, ŵ

n
s,h, p̂nf,h, p̂ns,hu P

X̂0
D,h to be given. Moreover, let δÛn

h “ tδv̂nf,h, δv̂
n
s,h, δû

n
f,h, δûns,h, δŵnf,h, δŵns,h, δp̂nf,h,

δp̂ns,hu P X̂
0
D,h. In the following, for convenience, we omit the explicit notation of “h”,

“n” and “k”. The Jacobian Â1F pÛqpδÛ , φ̂q is split up into fluid and structure terms
as

Â1F pÛqpδÛ , φ̂q :“ Â1F,f pÛF,f qpδÛF,f , φ̂F,f q ` Â
1
F,spÛF,sqpδÛF,s, φ̂F,sq. (5.37)

By using (5.8), for the FSI problem we deal with

Â1F,f pÛF,f qpδÛF,f , φ̂F,f q “ Â1F,f,T pÛF,f qpδÛF,f , φ̂F,f q ` Â
1
F,f,IpÛF,f qpδÛF,f , φ̂F,f q

` Â1F,f,P pÛF,f qpδÛF,f , φ̂F,f q ` Â
1
F,f,OpÛF,f qpδÛF,f , φ̂F,f q,

(5.38)

and

Â1F,spÛF,sqpδÛF,s, φ̂F,sq “ Â1F,s,T pÛF,sqpδÛF,s, φ̂F,sq ` Â
1
F,s,IpÛF,sqpδÛF,s, φ̂F,sq

` Â1F,s,P pÛF,sqpδÛF,s, φ̂F,sq ` Â
1
F,s,OpÛF,sqpδÛF,s, φ̂F,sq.

(5.39)

The exact evaluation of each term on the fully discrete level is derived in Appendix-
I (cf. [71, 163]).
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Proposition 5.1 In the FSI loop, at each Newton step (5.33), we solve a linear
system, where the Jacobian of this problem is split into fluid and structure terms as

Â1F pÛqpδÛ , φ̂q :“ Â1F,f pÛF,f qpδÛF,f , φ̂F,f q ` Â
1
F,spÛF,sqpδÛF,s, φ̂F,sq.

Below, we clarify expressions from (5.38) for the fluid domain:

Â1F,f,T pÛF,f qpδÛF,f , φ̂F,f q “
1

k
pĴn,θρ̂fδv̂f , φ̂

v
f qΩ̂f `

θ

k
pĴ ρ̂f trpF̂´1∇̂δûf qpv̂f ´ v̂n´1f q, φ̂vf qΩ̂f

` pĴ ρ̂f p∇̂v̂f F̂´1qpδv̂f ´
1

k
δûf q, φ̂

v
f qΩ̂f ,

Â1F,f,IpÛF,f qpδÛF,f , φ̂F,f q “ pαuδŵf , φ̂
w
f qΩ̂f ´ pαu∇̂δûf , ∇̂φ̂

w
f qΩ̂f ` pαu∇̂δŵf , ∇̂φ̂

u
f qΩ̂f

` pĴ trp∇̂δv̂f F̂´1q, φ̂pf qΩ̂f ` pĴ trpF̂´1∇̂δûf q trp∇̂v̂f F̂´1q, φ̂pf qΩ̂f
´ pĴ trp∇̂v̂f F̂´1∇̂δûf F̂´1q, φ̂pf qΩ̂f ,

Â1F,f,P pÛF,f qpδÛF,f , φ̂F,f q “ pBÛpĴσfpF̂
´T
qδÛF,f , ∇̂φ̂vf qΩ̂f ,

Â1F,f,OpÛF,f qpδÛF,f , φ̂F,f q “ pĴ ρ̂f trpF̂´1∇δûf qp∇v̂f F̂´1qpv̂f ´ ŵq, φ̂vf qΩ̂f
` pĴ ρ̂f p∇v̂f p´F̂´1∇δûf F̂´1qpv̂f ´ ŵq, φ̂vf qΩ̂f
` pĴ ρ̂f p∇δv̂f F̂´1qpv̂f ´ ŵq, φ̂vf qΩ̂f ´ xBÛ ĝF,fδÛF,f , φ̂

v
fyBΩ̂N

` pBÛpĴσfv F̂
´T
qδÛF,f , ∇̂φ̂vf qΩ̂f .

and expression (5.39) for the solid takes the form as follows:

Â1F,s,T pÛF,sqpδÛF,s, φ̂F,sq “
1

k
pρ̂sδv̂s, φ̂

v
sqΩ̂s `

1

k
pρ̂sûs, φ̂

u
s qΩ̂s

Â1F,s,IpÛF,sqpδÛF,s, φ̂F,sq “ pBÛ P̂sδÛF,s, φ̂
p
sqΩ̂s ,

Â1F,s,P pÛF,sqpδÛF,s, φ̂F,sq “ pBÛpĴσfpF̂
´T
qδÛF,s, ∇̂φ̂vf qΩ̂f ,

Â1F,s,OpÛF,sqpδÛF,s, φ̂F,sq “ pBÛpĴ σ̂sF̂
´T
qδÛF,s, ∇̂φ̂vsqΩ̂s ´ pρ̂sδv̂s, φ̂

u
s qΩ̂s .

5.4.2 The WpFSI loop

In the WpFSI loop, temporal and spatial discretization imply a nonlinear quasi-
stationary problem at each single time step

ÂW pÛ
n
W,h,kqpφ̂hq “ F̂nvspφ̂hq @φ̂h P X̂

0
h, (5.40)

which is solved with a Newton-like method, where we can express (5.40) in terms of
the defect:

d :“ ÂpÛn
W,h,kqpφ̂hq ´ F̂nvspφ̂hq @φ̂h P X̂

0
h. (5.41)
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Algorithm 5.3. The WpFSI loop

1. Find the update δÛn
W,h of the linear defect-correction problem with a given

initial Newton guess Ûn,0
h

Â1W pÛ
n,j
W,h,kqpδÛ

n,j
W,h,k, φ̂hq “ ´ÂW pÛ

n,j
W,h,kqpφ̂hq ` F̂ pφ̂hq,

Ûn,j`1
W,h,k “ Ûn,j

W,h,k ` λW δÛ
n,j
W,h,k,

(5.42)

where j “ 0, 1, 2, ... and λW P p0, 1s is a damping parameter for line search
iterations.

2. A simple strategy is to modify the update step in (5.42) as follows: For given
λ P p0, 1q determine the minimal l˚ P N via l “ 0, 1, ..., Nl, such that

RW pÛ
n,j`1
W,h,k,lq ă RW pÛ

n,j
W,h,k,lq,

Ûn,j`1
W,h,k,l “ Ûn,j

W,h ` λ
l
W δÛ

n,j
W,h,k.

(5.43)

3. We set for the minimal l˚

Ûn,j`1
W,h,k :“ Ûn,j`1

W,h,k,l˚ . (5.44)

In this context, the nonlinear residual RW p¨q is defined as

RW pÛ
n
W,h,kq :“ max

i

›

›

›
ÂpÛn

W,h,kqpφ̂h,iq ´ F̂ pφ̂h,iq
›

›

›

l2
@Ûn

W,h,k P X̂
0
h, (5.45)

where φ̂h,i denotes the nodal basis of X̂0
h. The directional derivative Â1W pÛW qpδÛW , φ̂q

is utilized as described in (5.42), where the semi-linear form reads:

Â1W pÛW qpδÛW , φ̂q :“
d

dεW
ÂW,hpÛW ` εW δÛW qpφ̂q |εW“0 . (5.46)

The evaluation of the directional derivatives of WpFSI problem is done with the help
of automatic differentiation method.

Let us consider the solutions Ûn
h “ tv̂

n
wf,h, v̂

n
ws,h, û

n
wf,h, û

n
ws,hu P X̂

0
h are given. Further-

more, δÛn
h “ tδv̂

n
wf,h, δv̂

n
ws,h, δû

n
wf,h, δû

n
ws,hu P X̂

0
h. For convenience, in the following,

we omit explicit notation of temporal (indexed by “n”) and spatial (indexed by “h”)
discretization. The Jacobian Â1W pÛqpδÛ , φ̂q is split up into fluid and structure terms
as follows

Â1W pÛqpδÛ , φ̂q :“ Â1W,f pÛW,f qpδÛW,f , φ̂W,f q ` Â
1
W,spÛW,sqpδÛW,s, φ̂W,sq. (5.47)
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For the WpFSI problem, based on the previous arrangement(5.8), we are dealing with

Â1W,f pÛW,f qpδÛW,f , φ̂W,f q “ Â1W,f,T pÛW,f qpδÛW,f , φ̂W,f q

` Â1W,f,OpÛW,f qpδÛW,f , φ̂W,f q,
(5.48)

and

Â1W,spÛW,sqpδÛW,s, φ̂W,sq “ Â1W,s,T pÛW,sqpδÛW,s, φ̂W,sq

` Â1W,s,OpÛW,sqpδÛW,s, φ̂W,sq.
(5.49)

After deriving directional derivatives for each term, we arrive at the following:

Proposition 5.2 In the WpFSI loop, at each Newton step (5.40), we solve a linear
system, where the Jacobian is split into two terms as follows

Â1W pÛqpδÛ , φ̂q :“ Â1W,f pÛW,f qpδÛW,f , φ̂W,f q ` Â
1
W,spÛW,sqpδÛW,s, φ̂W,sq.

From (5.48) we arrive at the following expressions in the fluid domain

Â1W,f,T pÛW,f qpδÛW,f , φ̂W,f q “
θ

k
pĴ ρ̂f trpF̂´1∇̂δûwf qpv̂wf ´ v̂n´1wf q, φ̂

vwf
f qΩ̂f

`
1

k
pĴn,θρ̂fδv̂wf , φ̂

vwf
f qΩ̂f `

1

k
pĴn,θρ̂fδûwf , φ̂

uwf
f qΩ̂f

` pĴ ρ̂f p∇̂v̂wf F̂´1qpδv̂f ´
1

k
δûf q, φ̂

vwf
f qΩ̂f

` pĴ ρ̂f p∇̂ûwf F̂´1qpδv̂f ´
1

k
δûf q, φ̂

uwf
f qΩ̂f ,

Â1W,f,OpÛW,f qpδÛW,f , φ̂W,f q “ pBÛpĴc
2ρ̂f pF̂

´1∇̂δûwf qF̂´T qδÛW,f , ∇̂φ̂
vwf
f qΩ̂f

´ pρ̂fδv̂wf , φ̂
uwf
f qΩ̂f ,

and from (5.49) we derive the following expressions in the solid domain

Â1W,s,T pÛW,sqpδÛW,s, φ̂W,sq “
θ

k
pĴ ρ̂s trpF̂´1∇̂δûwsqpv̂ws ´ v̂n´1ws q, φ̂

vws
s qΩ̂s

`
1

k
pĴn,θρ̂sδv̂ws, φ̂

vws
s qΩ̂s `

1

k
pĴn,θρ̂sδûws, φ̂

uws
s qΩ̂s

` pĴ ρ̂sp∇̂v̂wsF̂´1qpδv̂s ´
1

k
δûsq, φ̂

vws
s qΩ̂s

` pĴ ρ̂sp∇̂ûwsF̂´1qpδv̂s ´
1

k
δûsq, φ̂

uws
s qΩ̂s ,

Â1W,s,OpÛW,sqpδÛW,s, φ̂W,sq “ pBÛpĴ σ̂wsF̂
´T
qδÛW,s, ∇̂φ̂vwss qΩ̂s ´ pρ̂sδv̂ws, φ̂

uws
s qΩ̂s .
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5.4.3 Block-structure and solution techniques

At each Newton step, we are solving a linearized problem. Here, we explore the block-
structure of the semi-linear form for nonstationary FSI, relying upon the biharmonic
fluid mesh motion. For simplicity, we omit the hat (“ ˆ ”), while keeping in mind
that the computations are conducted in the reference configuration Ω̂. Extending
the ideas of the previous section, we can identify the global linear equation system
(5.50) for the nonstationary eXtended fluid-structural interaction (eXFSI) problem
using the biharmonic fluid mesh motion. The latter has the following format each
Newton step:

AδU “ b, (5.50)

where A is a block-diagonal matrix. We split the system into the FSI and WpFSI
variables. Then, the coupled system can be written as

„

AF 0
0 AW

 „

δUF
δUW



“

„

bF
bW



, (5.51)

where the second part AW (i.e. WpFSI) of this block matrix directly depends on the
time-dependent behaviour of the first part AF (i.e. FSI) of the block matrix. Next,
we split the FSI and WpFSI systems into fluid and structure variables as follows

AF “

„

AFf 0
0 AFs



and AW “

„

AWf
0

0 AWs



. (5.52)

First, we explore the FSI problem. Here, for the fluid subproblem, we get the following
system

»

—

—

–

Mvv

k
`Nvv ` Lvv Svu Bvp 0

0 0 0 αwLuw
BT
vp Spu 0 0
0 αuLwu 0 αuMww

fi

ffi

ffi

fl

»

—

—

–

δvf
δuf
δpf
δwf

fi

ffi

ffi

fl

“

»

—

—

–

bvf
buf
bpf
bwf

fi

ffi

ffi

fl

, (5.53)

and for the structure (using the STVK material) part the following system
»

—

—

–

Mvv

k
Lvu 0 0

Muv
Muu

k
0 0

0 0 Mpp 0
0 αuLwu 0 αuMww

fi

ffi

ffi

fl

»

—

—

–

δvs
δus
δps
δws

fi

ffi

ffi

fl

“

»

—

—

–

bvs
bus
bps
bws

fi

ffi

ffi

fl

. (5.54)

Finally, the global linear equation for the FSI system has the following form in each
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Newton step (5.33):
»

—

—

–

Mvv

k
`Nvv ` Lvv `

Mvv

k
Svu ` Lvu Bvp 0

Muv
Muu

k
0 αwLuw

BT
vp Spu Mpp 0
0 αuLwu 0 αuMww

fi

ffi

ffi

fl

»

—

—

–

δv
δu
δp
δw

fi

ffi

ffi

fl

“

»

—

—

–

bv
bu
bp
bw

fi

ffi

ffi

fl

. (5.55)

Here, in the first block, Mvv is the mass term in the fluid domain, Nvv is the convec-
tion term, Lvv is the Laplacian and Mvv is a mass matrix in the structural part. In
the upper row of the next block, we find Lvu, which is the elasticity of the structure,
and Svu – coupling terms in the fluid domain. Further, Bvp is a gradient matrix. In
the second row of the first two blocks, we find the two mass termsMuv andMuu in the
structural domain. In the last block, we find a Laplacian Luw due to the biharmonic
fluid mesh motion. In the third row, we find the (negative) transposed divergence
matrix BT

vp. Here, again we see a coupling term Spu, and in the third entry of the
system matrix, we see the pressure mass matrix in the structure domain. Finally, in
the last row, we start in the second block with a Laplacian Lwu because of the mesh
motion model. The same reasoning holds for the appearance of the mass term Mww

in the last block.

Except for the diffusion parameters of the mesh motion model and the time step
k, we have omitted all other parameters. Specifically, the θ parameter of the time-
stepping scheme is not shown. Note, all the terms of the previous time step are hidden
in the right-hand side vector b.

Second, on the other hand, for the WpFSI problem, we arrive at the wave propa-
gation problem in the STVK material in the following form

„Mvwvw

k
Lvwuw

Muwvw
Muwuw

k

 „

δvws
δuws



“

„

bvws
buws



, (5.56)

and we get the following for the wave propagation in the fluid subdomain
„Mvwvw

k
Lvwuw

Muwvw
Muwuw

k

 „

δvwf
δuwf



“

«

bvwf
buwf

ff

. (5.57)

Here, the global linear equation for the WpFSI system in each Newton step reads as
(5.42):

„ Mvwvw

k
`

Mvwvw

k
Lvwuw ` Lvwuw

Muwvw `Muwvw
Muwuw

k
`

Muwuw

k

 „

δvw
δuw



“

„

bvw
buw



. (5.58)
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Note, we refer to the direct solver UMFPACK (cf. [214]) for solution of the linear
equation systems at each Newton step. The rational behind this choice relates to
the fact that we are interested in simulations with relatively small number of spatial
variables. On the other hand, in case we analyze large structural deformations, when
the number of spacial unknowns is large, iterative solution algorithms are required
instead. For this, one has to employ the derivations presented above.

Outlook to the next chapter

In this chapter, we present the temporal and spatial discretization of the monolithi-
cally coupled eXFSI problem. Moreover, we briefly describe the solution algorithms
with linearization of the WpFSI and eXFSI problems. In the next chapter, we ex-
plore numerical simulation results for several alternative configurations. Specifically,
we track the coupled wave propagation with and without FSI oscillation effect.
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Part III

Numerical Simulation Results
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Chapter 6

Numerical Results: Case Study

Here, we investigate the behaviour of engineering artifacts based on the proposed com-
putational numerical modelling framework. The ultimate goal is to develop a com-
prehensive framework that features the ability to detect structural damage. Thereby,
we offer the state-of-the-art approach for structural health monitoring system (SHM)
design. To achieve the core ambition of the present work, we proceed in two steps.
First, we investigate the coupled ultrasonic wave propagation problem in the static
elastic plate (cf. Section 6.1). This requires the solution of the WpFSI problem.
The propagation of Lamb waves depends on the medium through which the wave
propagates. Accordingly, we refer to the case study method exploring several alterna-
tive configurations. Second, we focus on the wave propagation in dynamic structure,
solving the eXFSI problem (cf. Section 6.2). In particular, we consider elastic struc-
tural deformations under ambient fluid flow. Apart from the fluid flow, no additional
forces are applied to the elastic structure. We model the effect of fluid flow around
an elastic beam and analyze the associated implications for the wave propagation.
For this, we refer to the fully coupled FSI-wave-propagation (eXFSI) problem. Here,
we also explore the effects of dynamic boundary conditions. From the perspective
of the application of this theoretical considerations, we investigate the impacts of
FSI on the SHM process. The numerical solutions for test cases are implemented in
the in-house C++ code based on the differential equations and optimization libraries
DOpElib [209, 210] and the finite element library deal.II [211, 212, 213].

The numerical simulations are conducted using the high-performance Red Hat En-
terprise Linux cluster system with 15 dual-processor nodes, where each of them is a
hexacore Intel Xeon X5675 processor. Each node has a total amount of 48 GB of
main memory. The processor has 3.06 GHz of a base frequency and 3.46 GHz of
the maximum turbo frequency, which is equipped with a total amount of 12 MB of
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level-3-cache. Here, each computational process can allocate up to 4 GB of the total
main memory amount and up to 2 MB of the total level-3-cache amount.

6.1 Numerical tests: the WpFSI problem

In this section, we consider the coupled wave propagation problem in the elastic plate
with and without the solid/fluid subdomain in the ALE framework. In the WpFSI
test configuration 1, we track the wave propagation in a pure solid plate, while in
test configuration 2 we explore the wave propagation in a pure solid plate with a fluid
or secondary solid subdomain. Next, in the test configuration 3, we investigate wave
propagation in a periodic composite material. Finally, in test configuration 4, we track
the wave propagation in a periodic composite material with a fluid subdomain. We
use the same geometric configurations and the non-vanishing disc-shaped input signal
for all the test cases. Furthermore, five global refinement iterations are conducted
for each cell. We do so to improve the quality of the results while ensuring the mesh
regularity. We refine geometrical mesh up to 82, 944 quadratic-shaped mesh cells.
The time discretization is done via the well-known shifted Crank-Nicolson scheme
with the step size k “ 33.33 µs and the total time T “ 20 ms. The absolute tolerance
is set to 1 ˆ 10´8; the relative tolerance for the Newton iteration is 1 ˆ 10´10. The
numerical test simulations took approximately 82 hours of clock time, and the output
constituted 600 files of the global solution. Here, we present the numerical results in
two ways: qualitative and quantitative. First, we illustrate the global solution for the
two displacement field components ûx1 and ûx2 on the top surface of a solid plate.
Second, we provide a closer look on the quantitative side of the results: we show the
displacement field component ûx1 for alternative point-in-time-snapshots on the line
segment between the points p0, 0q and p0.175, 0q.

6.1.1 Baseline configuration

The geometry of a square solid plate used for the numerical calculations is defined as
follows. The plate has a length L and a widthW aligned to the x1-axis and the x2-axis,
respectively. Here, L “ W “ 350 mm. This plate is aligned in a Cartesian coordinate
system; the solid domain is defined by Ω̂ws :“ p´0.175,´0.175q ˆ p0.175, 0.175q.
The notations are given in Figures 6.1, 6.5, 6.20, and 6.25, where we illustrate the
test configurations under consideration. Furthermore, we use the non-vanishing disc-
shaped piezoelectric actuator f̂wspx̂, tq with a radius r̂fws of 7.5 mm, which is located
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at the geometric centre p0, 0q of the solid plate. The actuator is used for the excitation
of a burst Lamb wave package. The burst signal force is given by:

f̂wspx̂, tq “

„

rptq cospϕpx̂qq
rptq sinpϕpx̂qq



, x̂ P Ω̂fs , (6.1)

where domain Ω̂fws is:

Ω̂fws “
 

x̂1, x̂2 P Ω̂s

ˇ

ˇ x̂21 ` x̂
2
2 ď r̂2fs

(

, (6.2)

ϕpx̂q is given by:

ϕpx̂q “

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

arctan

ˆ

x̂2
x̂1

˙

, x̂1 ą 0 and x̂2 ě 0,

π

2
, x̂1 “ 0 and x̂2 ą 0,

π ` arctan

ˆ

x̂2
x̂1

˙

, x̂1 ă 0,

3π

2
, x̂1 “ 0 and x̂2 ă 0,

2π ` arctan

ˆ

x̂2
x̂1

˙

, x̂1 ą 0 and x̂2 ă 0,

(6.3)

and rptq radius of the non-vanishing signal in time t. The time evolution of rptq can
be approximated by:

rptq :“

ˆ

signptq ´ sign

ˆ

t´
nws
fc

˙˙

¨

ˆ

1´ cos

ˆ

2π
fc
nws

t

˙˙

¨

ˆ

1

4
cos p2πfctq

˙

, (6.4)

where fc “ 1000 Hz, nws “ 5 and π is a mathematical constant, approximated by
3.14159. Here, for the numerical simulation tests of the WpFSI problem, we consider
a five-cycle Lamb wave package, which has two main displacement field components
ûx1 and ûx2 in the plane. For the details on the non-vanishing disc-shaped signal
forces, we refer to [86, 85].

6.1.2 Initial and boundary conditions

We consider the following initial conditions for the WpFSI problem:

ûwspx̂, tq|t“0 “ 0, ûwf px̂, tq|t“0 “ 0,

Btûwspx̂, tq|t“0 “ 0, Btûwf px̂, tq|t“0 “ 0.
(6.5)

For the left, right, upper and lower boundaries (all denoted by BΩ̂D), we prescribe
displacement fields and velocities for the solid part as follows

ûwspx̂, tq “ 0 on BΩ̂D. (6.6)
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6.1.3 WpFSI test configuration 1

In this example, we consider the pure solid plate, which is illustrated in Figure-6.1.
Inside the plate, there is no defect i.e. no solid/fluid inclusions. The computations are
limited to elastic parts only in the WpFSI model. The elastic solid is characterized
by the mass density ρs, Young’s modulus of elasticity µs, and the Poisson ratio νs as
given in Table-6.1.

Table 6.1: Parameter setting for the WpFSI test configuration 1.

Parameter WpFSI-1

ρs [103 kgm´3] 10

νs 0.4

µs [106 kgm´1s´2] 0.50

Figure 6.1: Configuration of 2D solid plate with a disc-shaped burst signal fws.

The ultimate goal of this numerical test case is to demonstrate an ultrasonic wave
propagation in a pure solid plate. Before discussing the simulation results for the
above-described domain, we note on the results representation. To improve visual-
ization of the displacement field component, we are using colour gradient. The latter
uses three base colours: (i) the green-coloured areas correspond to a nearly vanishing
displacement field components amount; (ii) the blue-coloured areas correspond to a
negative displacement field components amount of at least 6 ˆ 10´10; and (iii) the
red-coloured areas correspond to a positive displacement field components amount of
at least 6ˆ 10´10. This colour scale is applied for all following test cases.
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(a) t “ 1.67 ms (b) t “ 1.67 ms

(c) t “ 5.67 ms (d) t “ 5.67 ms

(e) t “ 8.33 ms (f) t “ 8.33 ms

Figure 6.2: WpFSI test configuration 1, case WpFSI-1. The displacement field com-
ponents ûx1 (left) and ûx2 (right) in a solid plate.
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(a) t “ 10.73 ms (b) t “ 10.73 ms

(c) t “ 13.53 ms (d) t “ 13.53 ms

(e) t “ 20 ms (f) t “ 20 ms

Figure 6.3: WpFSI test configuration 1, case WpFSI-1. The displacement field com-
ponents ûx1 (left) and ûx2 (right) in a solid plate.

106



×10$%
8

0

0.06 0.120

−8

0

0

0

0

6

5

5

5

−6

−5

−5

−5
0.03 0.09

𝑥/
𝑡	(
𝑚
𝑠)

0.15 0.175

×10$%

×10$%

×10$%

×10$%

5

6.67

8.33

10

11.67
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Figures 6.2 and 6.3 illustrates the wave displacement field components ûx1 and ûx2 of
a five-cycle Lamb wave burst signal on the top surface of a solid plate. To depict the
evolution over time, we present the point-in-time-snapshots for the simulation times
1.7ms, 5.67 ms, 8.3 ms, 10.07 ms, 13.53 ms, and 20.0 ms. When t ą 10.8 ms, we
can clearly trace the additional symmetric wave, which is the reflection of the wave
package from the boundaries due to the homogeneous Dirichlet boundary conditions
(cf. Figures 6.3(c) and 6.3(d)). Here, we observe that both displacement field com-
ponents ûx1 and ûx2 are increased. To provide quantitative insights, we express the
development of the wave displacement field component ûx1 in terms of a space-time
coordinate system. Specifically, plots in Figure 6.4 illustrate how the symmetric wave
package propagates from its origin over time. Here, the x1-axis reflects the distance
from the origin, which spans between 0 and 0.175 m. We see that as the signal propa-
gates, the signal pattern remains autonomous and the signal amplitude is diminishing
[87, 149]. The decrease in the amplitude is a result of spacial redistribution of the
energy. Specifically, the total amount of the wave’s energy is constant, but the energy
per unit area goes down as wave propagates further. To this end, we considered the
ultrasonic wave propagation in a pure solid plate. Next, we analyze the cases when
foreign particles are present in a solid plate. Specifically, we explore the alterations
to the wave propagation pattern in the vicinity of the damage (i.e. foreign particle).
Here, we use the foreign particle to mimic the mechanical damage.

6.1.4 WpFSI test configuration 2

Test configuration 2 is characterized by the solid plate with a rectangular-shaped for-
eign particle (cf. Figure-6.5). Here, we distinguish two alternative cases of the foreign
particle material: fluid (case WpFSI-2.a) and solid (case WpFSI-2.b). Note, in case
WpFSI-2.b, although the foreign particle is solid, the material is different from the
one of the base domain.

We start by analyzing the wave displacement field components ûx1 and ûx2 of a five cy-
cle Lamb wave burst signal in a solid plate with a rectangular-shaped fluid subdomain
at the different simulation times (cf. Figures 6.6 and 6.7). The parameter setting for
this case, i.e. case WpFSI-2.a, is summarized in Table 6.2. From the resulting plots
presented in Figures 6.2 and 6.3 (case WpFSI-1), we identify several case-specific fea-
tures. First, at the simulation time t “ 6.57ms, the rectangular-shaped fluid domain
is detectable (cf. Figure 6.6(e)). Yet, the fluid domain is not detectable from the
alternative perspective – depicted by the component ûx2 – due to its positioning (cf.
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(a) With a fluid subdomain. (b) With a secondary solid subdomain.

Figure 6.5: Configuration of a 2D solid plate with rectangular-shaped fluid/solid
subdomain.

Table 6.2: Parameter setting for the WpFSI test configuration 2.a.

Parameter WpFSI-2.a
ρsr103 kgm´3s 10
ρf r103 kgm´3s 1

νs 0.4
νf r10´3 m2s´1s 1

µsr106 kgm´1s´2s 0.50

c2r103s 1

Figure 6.6(f)). The propagation from solid to the fluid is accompanied by reflections
as evident from Figure 6.7(c). Over time, the wave propagates even further through
the fluid subdomain. At the fluid-solid boundary, the reflections feature lower reflec-
tion coefficient value. Here, we focus on a qualitative behaviour, and therefore we
do not estimate the exact value of the reflection coefficients. Nevertheless, the fact
that reflections at the solid-fluid boundary exceed those of the fluid-solid boundary
is obvious. In this respect, our simulation results agree with the fundamental theory;
e.g. cf. [181]. Furthermore, we can additionally trace the symmetric wave, which is
the reflection of the wave package from the boundaries, when the simulation time t
exceeds 10 ms, e.g. Figures 6.7(e) and 6.7(f).
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(a) t “ 1.67 ms (b) t “ 1.67 ms

(c) t “ 5.33 ms (d) t “ 5.33 ms

(e) t “ 6.67 ms (f) t “ 6.67 ms

Figure 6.6: WpFSI test configuration 2.a, case WpFSI-2.a. The displacement field
components ûx1 (left) ûx2 (right) in a solid plate with a rectangular-shaped fluid
inclusion.
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(a) t “ 8.33 ms (b) t “ 8.33 ms

(c) t “ 10 ms (d) t “ 10 ms

(e) t “ 12.9 ms (f) t “ 12.9 ms

Figure 6.7: WpFSI test configuration 2.a, case WpFSI-2.a. The displacement field
components ûx1 (left) ûx2 (right) in a solid plate with a rectangular-shaped fluid
inclusion.
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In line with the test configuration 1 (case WpFSI-1), we now express the development
of the wave displacement field component ûx1 in terms of the space–time coordinate
system (cf. Figure 6.8). To highlight the important details of the wave propagation
on the fluid subdomain, we zoom into the area that corresponds to the fluid domain.
In particular, we demonstrate that for a given parameterization the acoustics move
at a lower frequency across the fluid domain. The calculations behind this result are
straightforward. Acoustic wave propagation for the fluid is proportional to the Neu-
mann force i.e. is about Op1q; whereas for the elastic wave equation, it is proportional
to the Neumann force at about Op102q. Comparing the results of test configuration
2.a (case WpFSI-2.a) to the reference response of the undamaged configuration (test
configuration 1), we demonstrate the use of the Lamb wave for the damage identifi-
cation. Specifically, this is done by analysing the transmitted and/or reflected wave
as it interacts with the foreign particle (e.g. fluid inclusions, cf. Figure 6.9). Our
numerical experiments deliver both qualitative and quantitative information: (i) we
observe the presence of the foreign particle in the material (cf. Figures 6.6, 6.7 and
6.9); and (ii) we identify its location (cf. Figure 6.8).

(a) Without inclusion. (b) With a fluid inclusion.

Figure 6.9: WpFSI test configuration 2.a, case WpFSI-2.a. The displacement field
component ûx1 in a solid plate at t “ 10 ms.

Now, we consider the case when both reference and foreign materials are solid. This
case is explored in test configuration 2.b (case WpFSI-2.b.1). First, we pre-define
the properties of the foreign solid material i.e. density, modulus of elasticity, and
Poisson’s ratio (Table-6.3). Noteworthy, density and modulus of elasticity of the for-
eign particle exceed those of the base material. The numerical simulation results
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of a five cycle in plane Lamb wave burst signal components (i.e. displacement field
components) ûx1 and ûx2 in a solid plate with a rectangular-shaped secondary solid
subdomain at different times are illustrated in Figures 6.10 and 6.11.

Table 6.3: Parameter setting for the WpFSI test configuration 2.b.

Parameter WpFSI-2.b.1

ρbs [104 kgm´3] 1

ρds [104 kgm´3] 2

νbs 0.4

νds 0.3

µbs [106 kgm´1s´2] 0.50

µds [106 kgm´1s´2] 2

At the simulation time t ą 9 ms, the rectangular-shaped solid domain starts to be-
come visible due to different magnitudes of ûx and ûy displacement field components
in the solid-solid and their interface. As the wave propagates from the base to the
foreign particle through the common interface, we observe strong reflections (cf. Fig-
ure 6.11(a)). As the wave further propagates through the foreign particle, we detect
additional reflections (cf. Figures 6.11(c) and 6.11(e)). Interestingly, those reflection
signal patterns have altered. The quantitative insights are presented in Figure 6.12.
We use red dotted blocks to stress the wave propagation behaviour in the solid sub-
domain i.e. damage. To sum up, compared to a fluid inclusion, the solid inclusion
induces more prominent changes to the signal.

To this end, we investigated the solid foreign particle with material density and
Young’s modulus of elasticity, which exceed those of the base material. Next, we
explore the changes that come with alternative material characteristics. These are
presented in Table 6.4

Case WpFSI-2.b.2 represents the situation when the base material density and mod-
ulus elasticity exceed those of the foreign particle’s material (cf. Figures 6.13, 6.14,
and 6.15). Here, the wavelength diminishes when passing through the foreign particle
(e.g. Figure 6.19). Besides, the wave is propagating at a higher rate relative to the
previous test case. It is evident when contrasting Figures 6.12 (c) and 6.15 (c).
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(a) t “ 1.67 ms (b) t “ 1.67 ms

(c) t “ 8.33 ms (d) t “ 8.33 ms

(e) t “ 13 ms (f) t “ 13ms

Figure 6.10: WpFSI test configuration 2.b, case WpFSI-2.b.1. The displacement field
components ûx1 (left) ûx2 (right) in a solid plate with a rectangular-shaped solid
inclusion.
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(a) t “ 15 ms (b) t “ 15 ms

(c) t “ 16.67 ms (d) t “ 16.67 ms

(e) t “ 20 ms (f) t “ 20 ms

Figure 6.11: WpFSI test configuration 2.b, case WpFSI-2.b.1.The displacement field
components ûx1 (left) ûx2 (right) in a solid plate with a rectangular-shaped solid
inclusion.
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(a) t “ 1.67 ms (b) t “ 1.67 ms

(c) t “ 6 ms (d) t “ 6 ms

(e) t “ 10.33 ms (f) t “ 10.33 ms

Figure 6.13: WpFSI test configuration 2.b, case WpFSI-2.b.2. The displacement field
components ûx1 (left) ûx2 (right) in a solid plate with a rectangular-shaped solid
inclusion.
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(a) t “ 13.17 ms (b) t “ 13.17 ms

(c) t “ 16.67 ms (d) t “ 16.67 ms

(e) t “ 20 ms (f) t “ 20 ms

Figure 6.14: WpFSI test configuration 2.b, case WpFSI-2.b.2. The displacement field
components ûx1 (left) ûx2 (right) in a solid plate with a rectangular-shaped solid
inclusion.
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Figure 6.15: WpFSI test configuration 2.b, case WpFSI-2.b.2. The displacement field
component ûx1 for alternative point-in-time-snapshots on the line segment between
the points p0, 0q and p0.175, 0q. Here, red dotted area depicts the solid inclusion.
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(a) t “ 1.67 ms (b) t “ 1.67 ms

(c) t “ 6.33 ms (d) t “ 6.33 ms

(e) t “ 8.67 ms (f) t “ 8.67 ms

Figure 6.16: WpFSI test configuration 2.b, case WpFSI-2.b.3. The displacement field
components ûx1 (left) ûx2 (right) in a solid plate with a rectangular-shaped solid
inclusion.
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(a) t “ 11.67 ms (b) t “ 11.67 ms

(c) t “ 16.67 ms (d) t “ 16.67 ms

(e) t “ 20 ms (f) t “ 20 ms

Figure 6.17: WpFSI test configuration 2.b, case WpFSI-2.b.3. The displacement field
components ûx1 (left) ûx2 (right) in a solid plate with a rectangular-shaped solid
inclusion.
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Table 6.4: Parameter setting for the WpFSI test configuration 2.b.

Parameter WpFSI-2.b.2 WpFSI-2.b.3
ρbs [104 kgm´3] 2 1

ρds [104 kgm´3] 1 1

νbs 0.3 0.3

νds 0.4 0.4

µbs [106 kgm´1s´2] 2 2

µds [106 kgm´1s´2] 0.50 0.50

Finally, we explore the situation when the foreign and base material have the same
density but differ in terms of Young’s modulus of elasticity – test case WpFSI-2.b.3.
Specifically, the base material features higher elasticity. The corresponding numerical
simulation results are presented in Figures 6.16, 6.17, and 6.18. Here, we observe even
smaller wavelength as the wave is passing through the foreign particle.

(a) WpFSI-2.b.1: ρbs ă ρds (b) WpFSI-2.b.2: ρbs ą ρds (c) WpFSI-2.b.3: ρbs “ ρds

Figure 6.19: The displacement field components ûx1 in a solid plate with a rectangular-
shaped solid inclusion.

Figure 6.19 illustrates the displacement components ûx1 for various relations between
the density of a solid plate and density of a rectangular-shaped solid inclusion. The
first row depicts the time snapshot at time t “ 6.33ms and the second row for the
time t “ 8.2ms.
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6.1.5 WpFSI test configuration 3

Here, we mimic a composite material consisting of solid fiber inclusions placed peri-
odically in a host solid base plate of rectangular-shape (cf. Figure 6.20).

Figure 6.20: Configuration for a 2D periodic composite material with a disc-shaped
burst signal fws.

Table 6.5: Parameter setting for the WpFSI test configuration 3.

Parameter WpFSI-3.1 WpFSI-3.2
ρbr104 kgm´3s 2 1

ρfnr104 kgm´3s 1 2

νb 0.3 0.4

νfn 0.4 0.3

µbr106 kgm´1s´2s 2 0.50

µfnr106 kgm´1s´2s 0.50 2

Next, we track the Lamb wave propagation through the above-described configu-
ration. We consider two alternative parameterizations – WpFSI-3.1 and WpFSI-3.2
(Table 6.5). The results for WpFSI-3.1 are illustrated in Figures 6.21 and 6.22. When
the wave passes through the fiber, it alters substantially. First, reaching the four
nearest inclusions, it changes the shape creating reflections (cf. Figure 6.21 (c)). The
further it spreads the more reflection and changes occur. In WpFSI-3.2 we switch
the two materials – base plate and fiber. In contrast to WpFSI-3.1, here the wave
propagates at a higher rate. Over time the initially round shape of the displacement
field alters towards the rectangular-shaped (cf. Figures 6.23 and 6.24).
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(a) t “ 1.67 ms (b) t “ 1.67 ms

(c) t “ 3.67 ms (d) t “ 3.67 ms

(e) t “ 5.67 ms (f) t “ 5.67 ms

Figure 6.21: WpFSI test configuration 3, case WpFSI-3.1. The displacement field
components ûx1 (left) ûx2 (right) in a periodic composite material.
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(a) t “ 8.33 ms (b) t “ 8.33 ms

(c) t “ 10.33 ms (d) t “ 10.33 ms

(e) t “ 13.5 ms (f) t “ 13.5 ms

Figure 6.22: WpFSI test configuration 3, case WpFSI-3.1. The displacement field
components ûx1 (left) ûx2 (right) in a periodic composite material.
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(a) t “ 1.67 ms (b) t “ 1.67 ms

(c) t “ 3.67ms (d) t “ 3.67ms

(e) t “ 5.67ms (f) t “ 5.67ms

Figure 6.23: WpFSI test configuration 3, case WpFSI-3.2. The displacement field
components ûx1 (left) ûx2 (right) in a periodic composite material.
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(a) t “ 8.33ms (b) t “ 8.33ms

(c) t “ 10.33ms (d) t “ 10.33ms

(e) t “ 13.5ms (f) t “ 13.5ms

Figure 6.24: WpFSI test configuration 3, case WpFSI-3.2. The displacement field
components ûx1 (left) ûx2 (right) in a periodic composite material.
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6.1.6 WpFSI test configuration 4

This configuration extends on the previous one by adding a rectangular-shaped fluid
subdomain. The latter is illustrated in Figure 6.25 by blue colour.

Figure 6.25: Configuration for a 2D periodic composite material with rectangular-
shaped fluid domain.

Table 6.6: Parameter setting for the WpFSI test configuration 4.

Parameter WpFSI-4.1 WpFSI-4.2
ρbr104 kgm´3s 2 1

ρfnr104 kgm´3s 1 2

ρf r103 kgm´3s 1 1

νf r10´3 m2s´1s 1 1

c2r103s 1 1

νb 0.3 0.4

νfn 0.4 0.3

µbr106 kgm´1s´2s 2 0.50

µfnr106 kgm´1s´2s 0.50 2

To discuss the question of wave propagation in a comprehensive manner, again we
explore two alternate cases of relations between the material properties of the base
and the fiber in the composite plate. The cases are referred to as – WpFSI-4.1
and WpFSI-4.2. Both materials properties and properties of the fluid domain are
summarized in Table 6.6. Comparing the solutions for WpFSI-4.1 (see Figures 6.26
and 6.27) and WpFSI-4.2 (see Figures 6.28 and 6.29), we clearly see the difference:
the wave propagates at a higher rate in WpFSI-4.2.
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(a) t “ 1.67 ms (b) t “ 1.67 ms

(c) t “ 5.67 ms (d) t “ 5.67 ms

(e) t “ 7.83 ms (f) t “ 7.83 ms

Figure 6.26: WpFSI test configuration 4, case WpFSI-4.1. The displacement field
components ûx1 (left) ûx2 (right) in a periodic composite material with a rectangular-
shaped fluid subdomain.
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(a) t “ 9.3 ms (b) t “ 9.3 ms

(c) t “ 10.37 ms (d) t “ 10.37 ms

(e) t “ 11.67 ms (f) t “ 11.67 ms

Figure 6.27: WpFSI test configuration 4, case WpFSI-4.1. The displacement field
components ûx1 (left) ûx2 (right) in a periodic composite material with a rectangular-
shaped fluid subdomain.
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(a) t “ 1.67 ms (b) t “ 1.67 ms

(c) t “ 5.67 ms (d) t “ 5.67 ms

(e) t “ 10.77 ms (f) t “ 10.77 ms

Figure 6.28: WpFSI test configuration 4, case WpFSI-4.2. The displacement field
components ûx1 (left) ûx2 (right) in a periodic composite material with a rectangular-
shaped fluid subdomain.
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(a) t “ 11.8 ms (b) t “ 11.8 ms

(c) t “ 12.37 ms (d) t “ 12.37 ms

(e) t “ 14.47 ms (f) t “ 14.47 ms

Figure 6.29: WpFSI test configuration 4, case WpFSI-4.2. The displacement field
components ûx1 (left) ûx2 (right) in a periodic composite material with a rectangular-
shaped fluid subdomain.
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6.2 Numerical tests: the eXFSI problem

The ultimate goal of tests conducted in this section is tracking the wave propagation to
identify the damage in a moving target. This is the core challenge of the on-line SHM
system. It features a particular mathematical caveat due to the coupled nature of the
problem, where the wave propagation problem further supplements the interactions
between the solid and the fluid. This setting mimics the real-life challenges faced by
the on-line SHM systems. Here, we consider the wave propagation problem in the
deformable elastic structure immersed in the fluid. Further, we contrast results for a
static fluid case and a case for interaction with an ambient fluid flow. Here, we test
three alternative configurations: (i) pure solid (cf. Figure 6.30); (ii) solid with one
fluid inclusion (i.e. subdomain, Figure 6.39); and (iii) solid with two fluid detached
inclusions (cf. Figure 6.42). The cases share the same geometric configuration and all
feature the non-vanishing disc-shaped input signal. Space discretization is done via
one global refinement iteration. Accordingly, we define the geometrical structure into
66, 450 quadratic-mesh cells. The time discretization is done by the shifted Crank-
Nicolson scheme. To enhance the quality of the numerical solution at a particular time
segment, we apply uniform time discretization within a segment. Here, the timesteps
differ among the segments. Specifically, we distinguish three time segments: I1 “
r0; 2q, I2 “ r2; 2.01125q, and I3 “ r2.01125; 2.51125s. Each segment In, n “ 1, 2, 3,
is discretized via a segment-specific time-step kn. Here, k1 “ 0.2 s, k2 “ 0.000125 s,
and k3 “ 0.05 s. The absolute tolerance is set to 1 ˆ 10´8; the relative tolerance in
the Newton iteration is set to 1 ˆ 10´10. Here, the computational time amounts to
about 92 hours of clock time.

6.2.1 Baseline configuration

The domain is illustrated in Figures 6.30, 6.39, and 6.42. It also provides the notations
and illustrates the domains.

• The disc-shaped burst signal fws is at (0,0) with the radius rfs =0.0075 when
t=2.0;

• The control points are fixed at the upper right corner of the structure with
Aptq|t“0 “ p0.25, 0.5q, measuring deflections due to the FSI effect;

• We introduce two eXFSI test cases that are treated with different inflow veloc-
ities (see Table-6.7).
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Table 6.7: Parameter setting for the eXFSI test cases.

Parameter eXFSI-1 eXFSI-2
Structure model STVK STVK
ρf [103 kgm´3] 1 1
ρs [103 kgm´3] 1 10
νf r10´3 m2s´1s 1 1

νs 0.4 0.4
µs [106 kgm´1s´2] 0.50 2.0

Umrms
´1s 0.2 1.0

Re 100 500

6.2.2 Initial and boundary conditions

The boundary conditions are as follows:

• A constant parabolic inflow profile is prescribed at the left inlet as

vpx1, x2q|x1“0 “ 1.5Um
4ypH ´ x2q

H2
,

where Um is the mean inflow velocity, H is the inflow boundary length (set to
1), and the maximum inflow velocity is 1.5Um.

• At outlet, zero-stress σ.n “ 0 is realized by using the “do-nothing” approach in
the variational formulation;

• Along the upper and lower boundary, the usual “no-slip” condition is used for
the velocity;

• Bottom end of “K” shaped solid is considered rigid.

For the FSI problem, we start with a smooth increase of the inflow velocity profile
with time, as given by:

vpx1, x2; tq|x1“0 “

$

&

%

vf p0, x2q
1´cospπ

2
tq

2
, t ă 2.0,

vf p0, x2q, t ě 2.0.

(6.7)

We consider the initial conditions for the WpFSI problem as following

ûwspx̂, tq|t“0 “ 0, ûwf px̂, tq|t“0 “ 0,

Btûwspx̂, tq|t“0 “ 0, Btûwf px̂, tq|t“0 “ 0.
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6.2.3 eXFSI test configuration 1

The results for test configuration 1 (cf. Figure 6.30) are illustrated in Figures 6.31 –
6.36. First, we provide convergence tests in time and space (see Figures 6.31 and 6.34).
Here, we demonstrate convergence results in terms of: (i) deflection in the x1-direction
for the point p0.25, 0.5q; (ii) deflection in the x2-direction for the point p0.25, 0.5q; (iii)
drag force, fD (i.e. force acting opposite to the relative motion); and (iv) the lift force,
fL (i.e. the component of the aerodynamic force that is perpendicular to the incoming
flow direction). Here, for the given test configuration we have

pfD, fLq “

ż

BΩ̂i

σ̂s ¨ n̂s ds .

This is done for: (i) alternative time steps sizes i.e. k=0.1s, 0.04s, 0.02s, and 0.01s;
and for (ii) global mesh refinements i.e. n=1, 2, 3, and 4. Overall, the presented
results confirm the convergence in all the variables of interest.

Figure 6.30: Configuration for 2D eXFSI test model with a disc-shaped burst signal
fws.

Next, we present a sequence of time-snapshots for two alternative specifications: (i)
no fluid flow i.e. Um “ 0 ms´1 (left column) and (ii) flow with velocity Um “ 0.2 ms´1

(right column) (see Figures 6.35 and 6.36). Note, the time from the burst of a signal
is the same for Figures in each row, e.g. in both Figures 6.35 (a) and (b) the time
snapshot is taken after 3.5 ms since the wave started propagating. Here, we observe
a solid deformation under the ambient fluid flow. We clearly identify that under fluid
flow the wave propagation pattern is squeezed. The further the wave propagates,
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(a)

(b)

Figure 6.31: Convergence tests in time (a) and space (b) for the point value
ûx1p0.25, 0.5q (deflection in the x1-direction).
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(a)

(b)

Figure 6.32: Convergence tests in time (a) and space (b) for the point value
ûx2p0.25, 0.5q (deflection in the x2-direction).
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(a)

(b)

Figure 6.33: Convergence tests in time (a) and space (b) for the drag force.
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(a)

(b)

Figure 6.34: Convergence tests in time (a) and space (b) for the lift force. Here, to
observe the convergence to the steady state, we need to increase the simulation time.
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(a) t “ 2.5 ms (b) t “ I1 ` 2.5 ms

(c) t “ 6 ms (d) t “ I1 ` 6 ms

(e) t “ 6.88 ms (f) t “ I1 ` 6.88 ms

(g) t “ 7.25 ms (h) t “ I1 ` 7.25 ms

Figure 6.35: eXFSI test configuration 1, case eXFSI-1. The displacement field com-
ponent ûx2 in a solid plate with fluid flow Um “ 0 (left) and Um “ 0.2 ms´1 (right)
with velocity field for different time.
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(a) t “ 7.5 ms (b) t “ I1 ` 7.5 ms

(c) t “ 8.75 ms (d) t “ I1 ` 8.75 ms

(e) t “ 9.38 ms (f) t “ I1 ` 9.38 ms

(g) t “ 11.25 ms (h) t “ I1 ` 11.25 ms

Figure 6.36: eXFSI test configuration 1, case eXFSI-1. The displacement field com-
ponent ûx2 in a solid plate with fluid flow Um “ 0 (left) and Um “ 0.2 ms´1 (right)
with velocity field for different time.
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the more obvious are the differences between the two columns for the corresponding
results. Although squeezed, the pattern is not attenuated. This is the case if no
foreign particle is present. In the case of presence of the foreign particle, as we will
see in the next problem setting, the distortion of the pattern occurs. Coming back to
the present setting, from Figures 6.36(c)–6.36(h) we clearly see that when the wave
reaches the fluid-solid interface, the reflections occur. To clarify the change, we zoom
into the wave propagation pattern (cf. Figure 6.37). Note, the observed changes
occur even for a small flow velocity (cf. Figure 6.38). The stronger the velocity, the
more the pattern alters. In the next experiments, we explore the ability to detect
the damage i.e. we analyze the wave propagation pattern alterations caused by the
foreign particle in the base structure.

(a) Um “ 0 ms´1 (b) Um “ 0.2 ms´1

Figure 6.37: The wave propagation patterns in a solid plate for alternative fluid flow
velocities.

Figure 6.38: The displacement field in FSI setting due to the fluid flow. The maximum
solid displacement is about 0.7 mm under fluid flow, Um “ 0.2 ms´1.
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6.2.4 eXFSI test configuration 2

Here, we explore the numerical simulation results for the baseline structure config-

uration extended by adding the fluid inclusion as illustrated in Figure 6.39 by the

green-coloured subdomain.

Figure 6.39: Configuration for 2D eXFSI test model with a disc-shaped burst signal
fws.

Figures 6.40 and 6.41 illustrate the numerical simulation results for the eXFSI test

configuration 2 (case eXFSI-1). The results presentation echoes that of the previous

configuration. The results are two-folds. First, the presence of the fluid subdomain

alters the frequency that the wave propagates towards lower values (cf. Section 6.1.4

for the relevant discussion). Second, the fluid flow deforms the solid structure squeez-

ing the wave pattern. The present setting allows us to observe the different behaviour

of the wave pattern between the two parts of the solid. Only the wave propagation

in the part that is immersed in the fluid is squeezed. In the parts of the solid with

the highest level of structural displacement, we observe greater changes in the wave

pattern. Another prominent feature is the behaviour of the wave when reaching the

fluid-solid interface. Here, we talk about the interface between the fluid inclusion

and the solid. As wave propagation reaches the fluid sub-domain, it reflects. The

structural deformations not only alter the solid domain but also change the shape of

the fluid inclusion. This phenomenon is also apprehended by our model as evident

from the numerical simulations.
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(a) t “ 2.5 ms (b) t “ I1 ` 2.5 ms

(c) t “ 6 ms (d) t “ I1 ` 6 ms

(e) t “ 6.88 ms (f) t “ I1 ` 6.88 ms

(g) t “ 7.25 ms (h) t “ I1 ` 7.25 ms

Figure 6.40: eXFSI test configuration 2, case eXFSI-1. The displacement field com-
ponent ûx2 in a solid plate with a rectangular-shaped fluid domain with fluid flow
Um “ 0 (left) and Um “ 0.2 ms´1 (right) with velocity field for different time.
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(a) t “ 7.5 ms (b) t “ I1 ` 7.5 ms

(c) t “ 8.75 ms (d) t “ I1 ` 8.75 ms

(e) t “ 9.38 ms (f) t “ I1 ` 9.38 ms

(g) t “ 11.25 ms (h) t “ I1 ` 11.25 ms

Figure 6.41: eXFSI test configuration 2, case eXFSI-1. The displacement field com-
ponent ûx2 in a solid plate with a rectangular-shaped fluid domain with fluid flow
Um “ 0 (left) and Um “ 0.2 ms´1 (right) with velocity field for different time.
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6.2.5 eXFSI test configuration 3

Test configuration 3 comprises the baseline configuration extended by adding the two
fluid inclusions (subdomains). As illustrated in Figure 6.42, the two subdomains are
located symmetrically with respect to the actuator. Importantly, one subdomain is
located in the part of the solid that is exposed to the fluid flow. The other subdomain
– in the part of the solid, which is not exposed. This setup allows us to contrast the
effects of the same signal in a structure in motion and in a fixed structure. Also,
we consider two alternative parameterizations: eXFSI-1 and eXFSI-2 (Table 6.7).
Thereby, we explore the effects of alternative relations between the material and the
damage e.g. when either of these two possesses a greater density, etc.

Figure 6.42: Configuration for 2D eXFSI test model with a disc-shaped burst signal
fws.

The results for eXFSI test configuration 3 (case eXFSI-1) are illustrated in Figures
6.43 – 6.44 and the results for the eXFSI-2 case are illustrated in Figure 6.45. Again,
it is evident that the wave propagation pattern illustrates three features of the setting.
First, when reaching the part of the solid that is under the force of the fluid flow,
the wave pattern is squeezing. Second, as waves reach the fluid inclusion, they create
reflections and disrupts. Third, finally reaching the fluid-solid interface, the further
reflections appear. Importantly, the behaviour of reflections is also subject to solid
deformation. Next, analyzing the effects of parameterization on the results, we arrive
at the following conclusion. The higher the solid-to-fluid density ratio, the higher
the wave amplitude in the fluid subdomain. In terms of graphical representation, we
clearly see the difference between the two alternative material properties. When both
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(a) t “ 2.5 ms (b) t “ I1 ` 2.5 ms

(c) t “ 6 ms (d) t “ I1 ` 6 ms

(e) t “ 6.88 ms (f) t “ I1 ` 6.88 ms

(g) t “ 7.25 ms (h) t “ I1 ` 7.25 ms

Figure 6.43: eXFSI test configuration 3, case eXFSI-1. The displacement field com-
ponent ûx2 in a solid plate with two rectangular-shaped fluid domains with fluid flow
Um “ 0 (left) and Um “ 0.2 ms´1 (right) with velocity field for different time.
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(a) t “ 7.5 ms (b) t “ I1 ` 7.5 ms

(c) t “ 8.75 ms (d) t “ I1 ` 8.75 ms

(e) t “ 9.38 ms (f) t “ I1 ` 9.38 ms

(g) t “ 11.25 ms (h) t “ I1 ` 11.25 ms

Figure 6.44: eXFSI test configuration 3, case eXFSI-1. The displacement field com-
ponent ûx2 in a solid plate with two rectangular-shaped fluid domains with fluid flow
Um “ 0 (left) and Um “ 0.2 ms´1 (right) with velocity field for different time.
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(a) t “ 3.5 ms (b) t “ I1 ` 3.5 ms

(c) t “ 12.5 ms (d) t “ I1 ` 12.5 ms

(e) t “ 14 ms (f) t “ I1 ` 14 ms

(g) t “ 16.5 ms (h) t “ I1 ` 16.5 ms

Figure 6.45: eXFSI test configuration 3, case eXFSI-2. The displacement field com-
ponent ûx2 in a solid plate with two rectangular-shaped fluid domains with fluid flow
Um “ 0 (left) and Um “ 1.0 ms´1 (right) with velocity field for different time.
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(a) ûws for v̂f “ 0, i.e. ûs “ 0 (b) fûs
“ 0, fûws

‰ 0

(c) ûws ` ûs for v̂f ą 0 (d) fûws
ąą fûs

(e) ûws ` ûs for v̂f ą 0 (f) fûws ą fûs

(g) ûws ` ûs for v̂f ą 0 (h) fûws
« fûs

Figure 6.46: The displacement field component ûws in a solid plate with effect of
structural displacement ûs and associated structural and wave displacement frequen-
cies. 152



solid and the inclusion are of the same density, i.e. eXFSI-1, the associated displace-
ment field components are close to identical. In contrast, in eXFSI-2, density ratio
is 10, and the inclusion is easily recognizable (cf. Figures 6.43(d) and 6.45(f)). For
better vizualization purpose, we also provide the zoom-in of the wave displacement
field component ûx2 (cf. Figure 6.47).

(a) v̂f “ 0 (b) fûws
ąą fûs

(c) fûws
ą fûs

(d) fûws
« fûs

Figure 6.47: The displacement field component ûx2 in a solid plate under structural
vibration.

Finally, we explore the effect of an increased frequency of structural deflection on the
wave propagation pattern. In particular, we consider alternative structural dynam-
ics. The results are illustrated in Figure 6.46. First, we present the wave propagation
pattern for the initial setting, where the structure is rigid (cf. Figure 6.46(a)). Ac-
cordingly, the structural deflection is zero as illustrated in Figure 6.46(b). To under-
stand the extent of the deflection alteration, we contrast it to the wave deflection (cf.
Figures 6.46(d), 6.46(f), and 6.46(h)). Under the ambient fluid flow, the structure
deforms. Further, the resulting structural vibration causes squeezing of the wave pat-
tern (cf. Figure 6.46(c)). Here, structural deflection is illustrated in Figure 6.46(d);
the structural deflection frequency is negligible compared to the wave displacement
frequency. Next, we mimic the FSI effect on the wave pattern for the case of stronger
vibration (cf. Figures 6.46(e)–6.46(h)). The stronger the structural vibration i.e.
the higher the structural deflection frequency the more the wave pattern alters (cf.
Figure 6.46(e, f)). Finally, for critically strong vibration i.e. when fûws « fûs , the
wave pattern dissipates (cf. Figure 6.46(f))). This numerical result is in line with the
experimental conclusions. For example, in [185, 186] the ultrasonic wave propagation
is tracked in a blade by means of image processing. Here, several cases are considered:
(i) rotating and static blade, and (ii) the blade with pure material and with the dam-
age. The experiment with the rotating blade that possesses a damage is of particular
interest to the present research as it also mimics the on-line SHM system operation.
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What’s more, the authors identify the damage while noting that the signal distortion
increases near the damage. This is the characteristics that we demonstrate using nu-
merical techniques. However, the material parameterization in the present research
aims at the numerical benchmarking. This hampers the comparison of our results to
the experimental data. Another interesting experiment was conducted in [187], where
validation of the Autofead approach was performed for three SHM application cases:
(i) ultrasonic damage detection; (ii) bearing damage classification for rotating ma-
chinery, and (iii) vibration-based structural health monitoring. Another experiment
tackles the damage detection problem in rotating aluminium propellers (cf. [188]).
This is done via tracking the Lamb waves, which we mimic in the present research.
In particular, the authors call for (i) knowledge of the domain; and (ii) increases the
sampling rate of the system in order to provide high-precision results. Among studies
that track the sound wave propagation in a vibrating media are [207]. They demon-
strate the strong dependence of the results upon the frequency of the incident wave
for increasing frequency. The bottom line is that our numerical simulations replicate
certain signal patterns and behaviour of the experimental data. The present thesis
results can be considered as a numerical benchmark for the SHM system. As a final
note, it is important to remember that propagation characteristics are also a matter
of the medium through which the wave propagates.
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Chapter 7

Concluding Remarks

This thesis contributes to the ever-growing literature on structural health monitoring
(SHM) systems. The demand for this research is driven by concerns for both safety
and cost-effectiveness of investments. The particular challenge is the damage iden-
tification problem when the structure is in operation. The related SHM system is
termed as on-line SHM. The reason for the increased complexity is associated with
the multidisciplinary of this damage identification problem. In the present thesis, we
respond to the challenge and offer a holistic view. We propose a new state-of-the-art
mathematical model that allows for illustrating the alterations to the wave propa-
gation pattern as it propagates through alternative media in motion. Specifically,
we mimic the alternative fluid and structure configurations to explore the detection
caveats.

We subdivide the problem solution process into several steps. First, we explore the
fluid-structure interaction (FSI) problem. Here, we direct particular attention to the
coordinate systems. Next, we discuss the coupled wave propagation model (WpFSI),
which governs the propagation of elastic and acoustic waves. Notably, the coupled na-
ture of the model allows for flexibility in terms of media under consideration. Finally,
we arrive at the core contribution of the present thesis – the eXFSI model. eXFSI
comprises interaction of fluid and solid, simultaneously tracking the propagation of
Lamb waves. Our results indicate that the model allows for a successful detection of
damage, both fluid and solid (cf. Appendix J). Also, our numerical results are in line
with basic physical laws. Because we employ the isentropic materials only, the three
fundamental principles of mass, momentum and angular momentum conservation are
sufficient.
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Next, we list the possible (and intended) future extensions to the present model.
When it comes to the application of theoretical consideration to the real-life systems,
it is also important to account for, e.g., environmental conditions. In this case, char-
acteristics such as temperature, humidity, and external load, need to be accounted for
future research. From the modelling perspective, it would be necessary to extend the
model to include further conservation principles. To explore the wave propagation
in a solid-solid point contact, one has to further prolong the model by including the
solitary wave propagation problem [194]. In the present research, we limit our focus
on the incompressible ambient fluid and STVK compressible solid. The alternative
cases for the compressible flow and incompressible solid (i.e., neo-Hookean (INH) or
Mooney-Rivlin (IMR) material model) are among possible future extensions.

A further ambition is to go beyond the damage identification problem and advance the
ability of the system to develop recommendations, and possibly repair the damage.
This development would require state-of-the-art optimal control and inverse mod-
elling approaches for the design of the sensor network. Potential numerical advances
include the use of mesh and time adaptation, which would allow for higher resolution
in the area of interest with minimum computational cost. For this, the goal-oriented
error estimation is necessary. While in the present work we use the Rothe method,
it is interesting to contrast our results to those obtained via the space-time discrete
Galerkin approximation in the ALE framework [87].

Further potential extensions include development and application of robust linear it-
erative solvers and efficient preconditions for the fully coupled Problem 4.13 solution.
We recall that in the present thesis, at each Newton step the linear equation sys-
tems are solved using the direct solver UMFPACK [214]. Also, instead of monolithic
approach, one can employ a partitioning approach. There exist partitioned schemes
which do not exhibit the added-mass effect [135, 136]. This has the potential for an
improvement in the computational cost. If we employ the parallel computation, then
we may reduce the computational cost even further and we may extend our study
to three-dimensional case. Notably, the homogenization technique is advisable for
modelling the multiscale properties of composite materials (e.g. sandwich-structured
composite) [174]. Overall, these extensions would contribute to the development of a
comprehensive FSI based noise detection system (NDS), which relates the structural
and environmental characteristics to the output sensor data. This feature is crucial
for damage identification and analysis. Notably, these above-mentioned extensions
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are beyond the scope of the present thesis due to the associated substantial efforts and
time required, as well as their relatively marginal contribution to the novel concept
discussed in the present work.
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Appendix A

Abbreviation

SHM Structural health monitoring

DIS Damage identification strategy

NDT Non-destructive testing

CFD Computational fluid dynamics

CSD Computational structural dynamics

CWP Computational wave propagation

FRF Frequency response function

FSI Fluid-Structure Interaction

WpFSI Wave propagation in fluid, solid and their Interface

eXFSI eXtended Fluid-Structure Interaction

FEM Finite element method

FDM Finite difference method

SFEM Spectral finite element method

ALE arbitrary Lagrangian-Eulerian (framework)

STVK St. Venant Kirchhoff material model

INH neo-Hookean material model

IMR Mooney-Rivlin material model

NDS Noise detection system

UMFPACK Unsymmetric MultiFrontal PACKage

deal Differential equations analysis library

DOpElib Differential equation and optimization environment library.
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Appendix B

Nomenclature

f suffixe indicate fluid related terms

s suffixe indicate structure related terms

ˆ hat indicate reference domain related terms

Ω̂ A bounded reference domain at time t “ 0

BΩ̂ Lipschitz boundary of reference domain

BΩ̂D Dirichlet boundary of reference domain

BΩ̂N Neumann boundary of reference domain

BΩ̂in Inflow/inlet boundary of reference domain

BΩ̂out Outflow/outlet boundary of reference domain

BΩ̂wall Wall boundary, i.e. no-slip boundary of reference domain

BΩ̂i Reference fluid-solid interface

Ω A bounded time-dependent domain when t ą 0

BΩ Lipschitz boundary of time-dependent domain

BΩD Dirichlet boundary of time-dependent domain Ω

BΩN Neumann boundary of time-dependent domain Ω

BΩin Inflow/inlet boundary of time-dependent domain

BΩout Outflow/outlet boundary of time-dependent domain

BΩwall Wall boundary, i.e. no-slip boundary of time-dependent domain

BΩi Time-dependent fluid-solid interface

Aptq Time-dependent control point

LppΩq Banach space

Wm,ppΩq Sobolev space

HmpΩq Hilbert space
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L2pΩq Lebesque space

V ˚Ω Dual of VΩ
T The ALE mapping

F̂ Deformation gradient

Ĵ Determinant of the deformation gradient

û Displacement

ûw Wave displacement

v̂ Velocity

v̂w Wave velocity

ŵ Additional velocity

ρ̂ Lagrangian material density

ρ Eulerian density

µ Dynamic viscosity

λ Volumetric or bulk viscosity

νs Poisson ratio

Es Young modulus

p̂ Pressure in reference domain

MpΩq Volume’s mass

σ Cauchy stress tensor

σpk1 The first Piola-Kirchhoff stress tensors

σpk2 The second Piola-Kirchhoff stress tensor

Ĉ Right Cauchy-Green tensor

Ê Green-Lagrange strain tensor

λ Volumetric or bulk viscosity

µ Dynamic viscosity

Fs Surface forces

Fv Volume forces

ûs Displacement of solid structure

v Velocity of object

c Velocity of wave/sound

Ma Mach Number

162



ÛD :“ tv̂D, ûDf , û
D
s u Suitable extension of the Dirichlet inflow data

I “ r0, T s Computational time interval

kij Time step size

ÂT pÛqpφ̂q Time-dependent terms

ÂIpÛqpφ̂q Implicit terms

ÂP pÛqpφ̂q Pressure terms

ÂOpÛqpφ̂q Rest of the terms

Qc
2 The biquadratic finite element

P dc
1 The discontinuous linear finite element

Qc
2{P

dc
1 The biquadratic, discontinuous linear finite element

K̂ Cell

Ψ̂K̂ Bilinear transformation mapping

l The degree of the polynomials.

K̂unit The reference unit cell

A Block-diagonal matrix

AF FSI block-diagonal matrix

AW WpFSI block-diagonal matrix

Mvv The mass term

Nvv The convection term

Lvv The Laplacian

Svu Coupling terms

Bvp Gradient matrix

Mvwvw The mass term for WpFSI problem

Lvwuw The Laplacian for WpFSI problem
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Appendix C

Do-nothing condition

Here, we present a numerical simulation results for two alternative time points with
the Dirichlet inflow on BΩ̂in and the “do-nothing condition” on outlet BΩ̂out. In this
case, when the fluid flow achieves a steady-state condition, the outflow and inflow
velocity are visually identical.

(a) t “ 1 s

(b) t “ 10 s

Figure C.1: Illustration of the Dirichlet inflow and do-nothing outflow at two different
time points (cf. [163]).
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Appendix D

Velocity profile

Here, we present the simulation results for the the eXFSI-1 test case for three alterna-
tive domain truncation settings. The prominent feature we observe is independence of
the functional evaluation from the boundary condition i.e. the location of the outflow
boundary.

(3,0)

(3,1)(0,1)

(0,0)

(0.75,-0.5) (1.25,-0.5)

(2.5,0)

(2.5,1)(0,1)

(0,0)

(0.75,-0.5) (1.25,-0.5)

(2,0)

(2,1)(0,1)

(0,0)

(0.75,-0.5) (1.25,-0.5)

Figure D.1: Velocity profile of the eXFSI-1 test case with different channel lengths.
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Appendix E

Inequalities

Consider γ be an open regular, i.e., Lipschitz continuous, and a measurable subset of
BΩ̂X . The space of functions defined on γ that are traces of functions in H1pΩ̂Xq is
defined by H

1
2 pγq . First, from the Poincaré inequality [39, 71] we know

}û}2L2pXq ď CP pΩ̂Xq}∇û}2L2pΩ̂Xq
@û P H1

0 pΩ̂Xq
d, (E.1)

where CP pΩ̂Xq is a positive constant, which depends on the domain Ω̂X . Second, we
recall the trace inequality [71]

}û}L2pBΩ̂Xq
ď CT pΩ̂Xq}û}H1pΩ̂Xq

@û P H1
pΩ̂Xq

d, (E.2)

where CT pΩ̂Xq is a positive constant, which depends on the domain Ω̂X . Now, we
introduce the 1st and 2nd Korn inequalities. For this, in Ω̂s we consider ûs P H1pΩ̂sq

and Ês “ 1
2
p∇̂ûs ` ∇̂ûTs q. Then , the 1st Korn’s inequality [41, 42] is as following

}ûs}H1pΩ̂sq
ď CK1}Ês}L2pΩ̂sq

@ûs P H
1
0 pΩ̂sq

d, (E.3)

where CK1 is some constant. This corresponds to the case of homogeneous Dirichlet
boundary conditions on the entire boundary. Next, we turn to generalization of the
concept to a wider range of boundary conditions. More specifically, the 2nd Korn’s
inequality [20, 41, 42, 71] for general boundary conditions with a Neumann part is as
follows

}ûs}H1pΩ̂sq
ď CK2

´

|ûs|
2
L2pΩ̂sq

` |Ês|
2
L2pΩ̂sq

¯
1
2

@ûs P H
1
pΩ̂sq

d, (E.4)

where CK2 ą 0 is some constant. For more details on the usual Lebesgue and Sobolev
spaces refer to [31, 32, 36, 37, 38, 39, 41] and the references cited therein.
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Appendix F

The ALE mapping

F.1 Conditions for the regularity

The ALE mapping T̂ definition requires v̂ P H1pΩ̂q if and only if v “ v̂ ˝ T̂ ´1 P
H1pΩq. From classical function spaces, the sufficient condition reads: T̂ is a C1

-diffeomorphism. That is:

T̂ P C1
pΩ̂q, T̂ ´1 P C1

pΩ̂q

and

F̂ P L8pΩ̂q, F P L8pΩq.

Notably, approximation of the solution using Galerkin finite element method implies
the necessity for weakening of this requirement as classical function spaces are inap-
propriate in this case.

Lemma F.1 Let Ω be a bounded domain with C1,1- boundary. Let T̂ be invertible in
the closure of Ω̂ and there holds for each t P I the two conditions.

1. Ω “ T̂ pΩ̂q is bounded and BΩ is Lipschitz-continuous.

2. Let T̂ P W 1,8pΩ̂q and T̂ ´1 P W 1,8pΩq

Then, v P H1pΩq if and only if v̂ “ v ˝ T̂ P H1pΩq. Moreover, the corresponding
norms are equivalent.

Lemma F.2 Let us assume that xpx̂, tq P H1pI,W 1,8pΩqq hold. If v̂ P H1pI,H1pΩ̂qq,
then v P v̂ ˝ T̂ ´1 and we obtain the following regularity result for the ALE time-
derivative

Btv̂ P L
2
pI,H1

pΩqq.

For a proof of these Lemmas, we refer to [83].
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F.2 Consequences of Ĵ ą 0

In particular, Ĵ ą 0, if }ûf}W 2,ppΩ̂f ;Rdq is sufficiently small, thus T̂ and T̂ ´1 P
W 1,8pΩ̂;Rdˆdq.

Proposition F.1 Let us consider, T̂ : Ω̂ Ñ Rd with T̂ :“ x̂` û and differentiable at
a point x̂ P Ω. It holds

| ∇̂upxq |ă 1 ñ Ĵ ą 0.

Proof. The mathematical proof is given in [163]. l

Note, the further Ĵ deviates from zero, the better the regularity properties. All mesh
motion models aim to control Ĵ , aiming to keep it away from zero. In Figure F.1 we
illustrate violation of Ĵ ą 0. Here, an elastic body (in blue colour) is immersed in
the incompressible fluid (in white colour). The fluid flow exerts additional pressure
on the elastic body, causing a deformation.

Notably, the solid stress condition in FSI is always of Neumann type. Therefore,
we arrive to the following statements for problems with a mixture of Dirichlet and
Neumann conditions [42, 163]:

Definition F.1 (Injectivity condition): The condition is as follows:
ż

Ω̂

Ĵdx̂ “

ż

Ω̂

det ∇̂T̂ dx̂ ď |T̂ pΩ̂q|,

where | ¨ | denotes the volume of the domain T̂ pΩ̂q.

The interior injectivity of the mapping T̂ is deduced from this condition as follows:

Definition F.2 (Interior injectivity): Let Ω̂ Ă R3 be a domain and let T̂ P C1pΩq

such that

Ĵ ą 0 in Ω̂ and
ż

Ω̂

Ĵdx̂ ď |T̂ pΩ̂q|.

Then, the mapping T̂ is injective on Ω̂.
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(a) t0

(b) t1

(c) t2

Figure F.1: Illustration of violation of the condition Ĵ ą 0: time snapshots for
arbitrary times t1, t2 and t3. The orientation preservation gets violated at the left tip
of the elastic body, which intersects the fluid domain.
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Appendix G

Existence, regularity, and
convergence analysis

Here, we discuss some important theoretical caveats related to the FSI problem. In
particular, we talk about the fluid-structure interface. Let us recall the fluid and
structure equations in Chapter 4. Here, the structural velocity does not guarantee
enough regularity, jeopardising coupling with the fluid equations: v̂f ‰ v̂s. This is
why the enough regularity is presumed ex-ante. Next, we elucidate the impact of
strong linear damping on the structure velocity regularity.

The standard arguments for the existence of the fluid-structure interactions (in the
stationary setting) do not hold for the nonstationary setting. Notably, the fluid
equations are parabolic PDEs and the structure equations are hyperbolic (see the
previous chapters). These different types give rise to a lack of regularity at the in-
terface between the fluid and the structure. The proofs of well-posedness, existence,
and uniqueness can be found in [138, 139].

G.1 Regularity of the standard fluid equations in
a fixed domain

Let us consider, f̂f P L2p0, T ;H´1pΩ̂f qq and the initial data v̂f p0q “ v̂0f P L̂pΩ̂f q are
given. Find v̂f P L

2p0, T ;H1pΩ̂f qq such that the standard Navier Stokes equations
satisfy the initial condition. Then there is at least one solution, i.e. it holds that (cf.
Theorem 3.1, p. 282 in [53])

v̂f P L
2
p0, T ;H1

pΩ̂f qq.

Thereby, for the fluid-structure interface v̂f P H
1
2 pBΩ̂iq.
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G.2 Regularity of the structure equations

Let us consider, f̂s P L2p0, T ;L2pΩ̂sqq, the initial data ûsp0q “ û0s P Ĥ
1
0 pΩ̂sq, and

v̂sp0q “ v̂0s P L̂2pΩ̂sq are given. Find ûs P L2p0, T ;H1
0 pΩ̂sqq and v̂s “ dtûs P

L2p0, T ;L2pΩ̂sqq, which solve the hyperbolic equations

d2

dt2
ûs ´ ∆̂ûs “ f̂s in I ˆ Ω̂s,

ûs “ 0 in I ˆ BΩ̂s.

The existence of the unique solution comes from [51] (cf. Theorem 5.6, p. 352).
Further, the regularity of the solution is given by

ûs P L
2
p0, T ;H1

0 pΩ̂sqq,

v̂s P L
2
p0, T ;L2

pΩ̂sqq.

In sum, v̂s P H
1
2 pBΩ̂iq cannot be expected. In other words, the validity of the equality

BΩ̂i, v̂f “ ŵ “ v̂s is a formality. This is why the sufficient regularity in hyperbolic
structure equations is presumed ex-ante. To overcome this limitation, one can add
the diffusion terms to the structure equations. The optimal convergence rates for
linearized implicitly-coupled FSI problem are shown in [137]. Similarly, one can derive
the regularity results for the wave equations.
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Appendix H

Variational formulation

Problem H.1 (The FSI problem with biharmonic mesh motion)

Find the global velocity v̂ P tv̂D`V̂ 0
Ω̂
u, fluid displacement ûf P tûDf `V̂ 0

Ω̂f ,ûf
u, additional

velocity ŵf P V̂Ω̂f , fluid pressure p̂f P L̂0
Ω̂f
, structural displacement ûs P tûDs ` V̂ 0

Ω̂s
u,

and additional velocity ŵs P V̂Ω̂s, such that the initial conditions v̂p0q “ v̂0, ûf p0q “
û0f , and ûsp0q “ û0s are satisfied, and for almost all time t P I it holds that:

Fluid/solid 
momentum

$

’

’

&

’

’

%

pĴ ρ̂f pF̂
´1pv̂ ´ ŵf q ¨ ∇̂qv̂f , φ̂vqΩ̂f ´ xĴ ĝf F̂

´T , φ̂vy
BΩ̂out

`pĴ ρ̂fBtv̂, φ̂
vqΩ̂f

` pĴσf F̂
´T , ∇̂φ̂vqΩ̂f

`pρ̂sBtv̂, φ̂
vqΩ̂s

` pĴ σ̂sF̂
´T , ∇̂φ̂vqΩ̂s “ 0 @φ̂v P V̂ 0

Ω̂
,

Mesh motion 
model

$

’

’

&

’

’

%

pαuŵf , φ̂
w
f qΩ̂f

´ pαu∇̂ûf , ∇̂φ̂wf qΩ̂f “ 0 @φ̂wf P V̂Ω̂f ,

pαuŵs, φ̂
w
s qΩ̂s

´ pαu∇̂ûs, ∇̂φ̂ws qΩ̂s “ 0 @φ̂ws P V̂Ω̂s ,

pαu∇̂ŵf , ∇̂φ̂uf qΩ̂f “ 0 @φ̂uf P V̂
0
Ω̂f ,φ̂

u
f

,

Solid momentum, 2nd eq.
!

ρ̂spBtûs ´ v̂s, φ̂
u
s qΩ̂s

“ 0 @φ̂us P L̂Ω̂s ,

Fluid mass conservation
!

pd̂ivpĴ F̂´1v̂f q, φ̂
p
f qΩ̂f

“ 0 @φ̂pf P L̂
0
Ω̂f
,

where all the quantities are defined in Problems 4.7. The monitor parameter αu is
defined in Problem 4.3.
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Problem H.2 (The coupled wave propagation problem):

Find the global wave displacement ûw P V̂ 0
Ω̂
, and wave velocity v̂w P L̂Ω̂, such that

the initial conditions ûwp0q “ û0w, and Btûwp0q “ v̂0w are satisfied, and for almost all
time t P I it holds that:

Elastic/acoustic 
momentum

$

’

’

’

’

&

’

’

’

’

%

pĴ ρ̂sBtv̂w, φ̂
vwqΩ̂s

´ pĴ ρ̂spF̂
´1ŵs ¨ ∇̂qv̂w, φ̂vws qΩ̂s

`pĴ ρ̂sσwsF̂
´T , ∇̂φ̂vwqΩ̂s ´ pĴ f̂ws, φ̂

vwqΩ̂s

`pĴ ρ̂fBtv̂w, φ̂
vwqΩ̂f

´ pĴ ρ̂f pF̂
´1ŵf ¨ ∇̂qv̂w, φ̂vwqΩ̂f

`pc2Ĵ ρ̂f pF̂
´1∇̂ ¨ ûwqF̂´T , ∇̂φ̂vwqΩ̂f “ 0 @φ̂vw P V̂ 0

Ω̂
,

Elastic/acoustic 
momentum, 2nd eq.

$

’

’

&

’

’

%

pĴ ρ̂sBtûw, φ̂
uwqΩ̂s

` pĴ ρ̂fBtûw, φ̂
uwqΩ̂f

´pĴ ρ̂sppF̂
´1ŵs ¨ ∇̂qûw ´ v̂wq, φ̂uwqΩ̂s

´pĴ ρ̂f ppF̂
´1ŵf ¨ ∇̂qûw ´ v̂wq, φ̂uwqΩ̂f “ 0 @φ̂uw P L̂Ω̂,

where all the quantities can be found in Problem-4.12. Here the value of ŵf and ŵs
are found from the FSI problem solution, which allows us to link the WpFSI problem
to the FSI problem.
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Problem H.3 (The eXtended Fluid-Structure Interaction problem):

Let us consider, v̂D, ûDf and ûDs are suitable extensions of Dirichlet inflow data. Find
the global velocity v̂ P tv̂D ` V̂ 0

Ω̂
u, fluid displacement ûf P tûDf ` V̂ 0

Ω̂f ,ûf
u, additional

velocity ŵf P V̂Ω̂f , fluid pressure p̂f P L̂0
Ω̂f
, structural displacement ûs P tûDs ` V̂ 0

Ω̂s
u,

additional velocity ŵs P V̂Ω̂s, global wave displacement ûw P V̂ 0
Ω̂
, and global wave ve-

locity v̂w P L̂Ω̂, such that the initial conditions v̂p0q “ v̂0, ûf p0q “ û0f , ûsp0q “ û0s,
ûwp0q “ û0w, and Btûwp0q “ v̂0w are satisfied, and for almost all time t P I it holds
that:

Fluid/solid 
momentum

$

’

’

&

’

’

%

pĴ ρ̂f pF̂
´1pv̂ ´ ŵf q ¨ ∇̂qv̂f , φ̂vqΩ̂f ´ xĴ ĝf F̂

´T , φ̂vy
BΩ̂out

`pĴ ρ̂fBtv̂, φ̂
vqΩ̂f

` pĴσf F̂
´T , ∇̂φ̂vqΩ̂f

`pρ̂sBtv̂, φ̂
vqΩ̂s

` pĴ σ̂sF̂
´T , ∇̂φ̂vqΩ̂s “ 0 @φ̂v P V̂ 0

Ω̂
,

Elastic/acoustic 
momentum

$

’

’

’

’

&

’

’

’

’

%

pĴ ρ̂sBtv̂w, φ̂
vwqΩ̂s

´ pĴ ρ̂spF̂
´1ŵs ¨ ∇̂qv̂w, φ̂vws qΩ̂s

`pĴ ρ̂sσwsF̂
´T , ∇̂φ̂vwqΩ̂s ´ pĴ f̂s, φ̂

vwqΩ̂s

`pĴ ρ̂fBtv̂w, φ̂
vwqΩ̂f

´ pĴ ρ̂f pF̂
´1ŵf ¨ ∇̂qv̂w, φ̂vwqΩ̂f

`pc2Ĵ ρ̂f pF̂
´1∇̂ ¨ ûwqF̂´T , ∇̂φ̂vwqΩ̂f “ 0 @φ̂vw P V̂ 0

Ω̂
,

Elastic/acoustic 
momentum, 2nd eq.

$

’

’

&

’

’

%

pĴ ρ̂sBtûw, φ̂
uwqΩ̂s

` pĴ ρ̂fBtûw, φ̂
uwqΩ̂f

´pĴ ρ̂sppF̂
´1ŵs ¨ ∇̂qûw ´ v̂wq, φ̂uwqΩ̂s

´pĴ ρ̂f ppF̂
´1ŵf ¨ ∇̂qûw ´ v̂wq, φ̂uwqΩ̂f “ 0 @φ̂uw P L̂Ω̂,

Mesh motion 
model

$

’

’

&

’

’

%

pαuŵf , φ̂
w
f qΩ̂f

´ pαu∇̂ûf , ∇̂φ̂wf qΩ̂f “ 0 @φ̂wf P V̂Ω̂f ,

pαuŵs, φ̂
w
s qΩ̂s

´ pαu∇̂ûs, ∇̂φ̂ws qΩ̂s “ 0 @φ̂ws P V̂Ω̂s ,

pαu∇̂ŵf , ∇̂φ̂uf qΩ̂f “ 0 @φ̂uf P V̂
0
Ω̂f ,φ̂

u
f

,

Solid momentum, 2nd eq.
!

ρ̂spBtûs ´ v̂s, φ̂
u
s qΩ̂s

“ 0 @φ̂us P L̂Ω̂s ,

Fluid mass conservation
!

pd̂ivpĴ F̂´1v̂f q, φ̂
p
f qΩ̂f

“ 0 @φ̂pf P L̂
0
Ω̂f
,

where all the quantities are defined in Problems 4.13.

179





Appendix I

Directional derivatives

Here, we present the directional derivatives (cf. [71, 163]). As discussed in Chapter
5, the Jacobian can be split into two parts – fluid and structure terms. For the for-
mer, we are interested in three directions: δv̂f ,δp̂f , and δûf . For the latter, we are
interested in derivatives with respect to ûs.

Fluid terms:

Cauchy stress tensor BUpĴ σ̂f F̂
´T qpδÛf q “ ĴtrpF̂

´1∇̂δûf qσ̂f F̂´T ` ĴBUpδÛf qF̂´T
`Ĵ σ̂f p´F̂

´T ∇̂δûTf F̂´T q

The convection term BUpρ̂f ĴpF̂
´1pv̂f ´ ŵq ¨ ∇̂qpδÛf q “ ρ̂f ĴtrpF̂

´1∇̂δûf qp∇̂v̂f F̂´1qv̂f
`ρ̂f Ĵp∇̂δv̂f F̂´1qv̂f ` ρ̂f Ĵp∇̂v̂f p´F̂´1∇̂δûf F̂´1qv̂f
`ρ̂f Ĵp∇̂v̂f F̂´1qδv̂f ´ ρ̂f ĴtrpF̂´1∇̂δûf qp∇̂ŵF̂´1qv̂f
´ 1
k
ρ̂f Ĵp∇̂δûf F̂´1qv̂f ´ ρ̂f Ĵp∇̂ŵp´F̂´1∇̂δûf F̂´1qv̂f

´ρ̂f Ĵp∇̂ŵF̂´1qδv̂f
The time derivative BUpρ̂f

1
k
Ĵn,θpv̂f ´ v̂

n´1
f qqpδÛf q “ ρ̂f

θ
k
ĴtrpF̂

´1∇̂δûf qpv̂f ´ v̂n´1f q

`ρ̂f
1
k
Ĵn,θpδv̂f q

Incompressibility BvĴtrp∇̂v̂f F̂´1qpδv̂f q “ Ĵtrp∇̂δv̂f F̂´1q
BuĴtrp∇̂v̂f F̂´1qpδûf q “ ĴtrpF̂

´1∇̂δûf qtrp∇̂v̂f F̂´1q
´Ĵtrp∇̂v̂f F̂´1∇̂δûf F̂´1q

Do-nothing condition BUp´ρ̂fvf F̂
´T ∇̂v̂Tf qpδÛf q “ ρfvf pF̂

´T ∇̂δûTf F̂´T q∇̂v̂Tf
`ρ̂fvf F̂

´T ∇̂δv̂Tf
Structure terms:

Green-Lagrange tensor BuÊspδûsq “
1
2
p∇̂δûTs F̂ ` F̂ T ∇̂δûsq

Constitutive tensor Bu ˆσpk2pδûsq “ λs
1
2
trp∇̂δûTs F̂ ` F̂ T ∇̂δûsqÎ

`µsp∇̂δûTs F̂ ` F̂ T ∇̂δûsq.
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Notably, in case of incompressible materials, one has to account for pressure p̂s. In
case one takes the strong damping into consideration, derivatives with respect to v̂s
are of interest as well.
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Appendix J

Numerical test case

Table J.1: Parameter setting for the WpFSI test configuration 1

Parameter WpFSI-1

ρs [103 kgm´3] 10

νs 0.4

µs [106 kgm´1s´2] 0.50

Table J.2: Parameter setting for the WpFSI test configuration 2.a.

Parameter WpFSI-2.a

ρsr103 kgm´3s 10

ρf r103 kgm´3s 1

νs 0.4

νf r10´3 m2s´1s 1

µsr106 kgm´1s´2s 0.50

c2r103s 1
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Table J.3: Parameter setting for the WpFSI test configuration 2.b

Parameter WpFSI-2.b.1 WpFSI-2.b.2 WpFSI-2.b.3

ρbs [104 kgm´3] 1 2 1

ρds [104 kgm´3] 2 1 1

νbs 0.4 0.3 0.3

νds 0.3 0.4 0.4

µbs [106 kgm´1s´2] 0.50 2 2

µds [106 kgm´1s´2] 2 0.50 0.50

Table J.4: Parameter setting for the WpFSI test configuration 3.

Parameter WpFSI-3.1 WpFSI-3.2

ρbr104 kgm´3s 2 1

ρfnr104 kgm´3s 1 2

νb 0.3 0.4

νfn 0.4 0.3

µbr106 kgm´1s´2s 2 0.50

µfnr106 kgm´1s´2s 0.50 2



Table J.5: Parameter setting for the WpFSI test configuration 4.

Parameter WpFSI-4.1 WpFSI-4.2

ρbr104 kgm´3s 2 1

ρfnr104 kgm´3s 1 2

ρf r103 kgm´3s 1 1

νf r10´3 m2s´1s 1 1

c2r103s 1 1

νb 0.3 0.4

νfn 0.4 0.3

µbr106 kgm´1s´2s 2 0.50

µfnr106 kgm´1s´2s 0.50 2

Table J.6: Parameter setting for the eXFSI test cases

Parameter eXFSI-1 eXFSI-2

Structure model STVK STVK

ρf [103 kgm´3] 1 1

ρs [103 kgm´3] 1 10

νf [10´3 m2s´1] 1 1

νs 0.4 0.4

µs [106 kgm´1s´2] 0.50 2.0

Umrms
´1s 0.2 1.0
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