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Zusammenfassung

In dieser Arbeit wird ein zeitliches Multi-Raten Konzept kombiniert mit zielorien-
tierter Fehlerkontrolle basierend auf der Dual Weighted Residual (DWR) Methode für ein
gekoppeltes Strömungs- und Transportproblem entwickelt. Das Transportproblem wird
durch eine Konvektions-Diffusions-Reaktionsgleichung mit hochdynamischem Zeitverhal-
ten repräsentiert, wohingegen das Strömungsproblem durch zähfließende, zeitabhängige
Stokes Gleichungen modelliert wird. Dies erfordert den Einsatz von adaptiven Multi-Raten
Methoden, um die unterschiedlichen charakteristischen Zeitskalen der beiden Teilprobleme
adäquat auflösen zu können. Zudem wird das Transportproblem als konvektionsdominant
angesehen und zu diesem Zweck mithilfe der Streamline Upwind Petrov Galerkin (SUPG)
Methode stabilisiert. Für beide Probleme wird als zeitliches Diskretisierungsverfahren eine
unstetige Galerkin Methode dG(r) mit beliebigem Polynomgrad r ě 0 und als örtliches
Diskretisierungsverfahren eine stetige Galerkin Methode cG(r) mit beliebigem Polynom-
grad p ě 1 verwendet. Für eine effiziente numerische Behandlung solch stabilisierter
multiphysikalischer Probleme, deren Teilprobleme unterschiedliche Dynamiken hinsichtlich
ihrer charakteristische Zeitskalen aufweisen, sind adaptive Gitterverfeinerungsstrategien
unumgänglich. Vor diesem Hintergrund werden in dieser Arbeit a posteriori Fehlerschätzer
basierend auf der DWR Methode für beide Teilprobleme hergeleitet. Diese Fehlerschätzer,
gemessen in physikalisch relevanten Zielgrößen, werden in räumliche und zeitliche An-
teile aufgeteilt, sodass ihre lokalisierten Repräsentanten als zellweise Fehlerindikatoren
für räumliche und zeitliche Gitterverfeinerung genutzt werden können. Im Hinblick
auf eine effiziente numerische Approximation gekoppelter Probleme sind adaptive Ver-
feinerungsstrategien umso wichtiger, will man hierbei nicht nur wissen, in welcher Region
das jeweilige Gitter verfeinert werden soll, sondern auch welches der beiden Teilprobleme
stärker zum Gesamtfehler beiträgt und somit mit größerer Genauigkeit zu lösen ist.

Um das Zusammenspiel von Stabilisierung und Fehlerkontrolle zu analysieren, wer-
den zunächst stationäre und zeitabhängige konvektionsdominante Transportprobleme mit
fest vorgegebener Konvektion behandelt. Hierzu werden zahlreiche Vergleichsstudien im
Hinblick auf unterschiedliche Ansätze für das duale Problem sowie unterschiedliche Ap-
proximationstechniken für räumliche und zeitliche Gewichtsfaktoren durchgeführt. Die
Resultate dienen als Grundlage für das anschließend betrachtete gekoppelte Problem.

Für die Implementierung werden sogenannte Raum-Zeit Slabs basiend auf Tensor-
Produkten verwendet, welche Galerkin Diskretisierungen mit beliebeigem Polynomgrad
in Raum und Zeit ermöglichen. Diese Slabs bilden eine Disketisierung des Raum-Zeit-
Gebiets und werden in einem Listen-Objekt gespeichert, was ein einfaches und effizientes
Hinzufügen von weiteren Slabs im Sinne einer adaptiven Gitterverfeinerung zulässt.

Die Eigenschaften des vorgestellten Konzepts werden anhand von akademischen Test-
beispielen, konvektionsdominanten Benchmarks sowie physikalischer Anwendungsbeispiele
in zwei und drei Raumdimensionen untersucht. In numerischen Beispielen werden Konver-
genzstudien sowie numerische Effiziens- und Stabilisierungsuntersuchungen des zugrun-
deliegenden Algorithmus durchgeführt.





Abstract

In this work, we develop and analyze a multirate in time approach for coupled flow
and transport problems combined with goal-oriented error control based on the Dual
Weighted Residual (DWR) method. The transport problem is represented by means of a
convection-diffusion-reaction equation involving high dynamic behavior in time, whereas
the flow problem is modeled by a viscous time-dependent Stokes flow problem. Thus,
adaptive multirate methods have to be used in order to resolve the different characteristic
time scales of the subproblems in an appropriate way. In addition, the transport problem
is supposed to be convection-dominated and thus stabilized using the streamline upwind
Petrov Galerkin (SUPG) method. Both subproblems are discretized using a discontinuous
Galerkin method dG(r) with an arbitrary polynomial degree r ě 0 in time and a continuous
Galerkin method cG(p) with an arbitrary polynomial degree p ě 1 in space. For the
efficient numerical simulation of stabilized multi-physics problems whose dynamics run
on different characteristic time scales, it is indisputable that adaptive mesh refinement
strategies in space and time are necessary. With this in mind, we derive a posteriori error
estimators based on the DWR method for both the transport as well as the Stokes flow
problem. These error estimators, measured in goal quantities of physical interest, are
splitted into spatial and temporal amounts such that their localized forms can be used
as cell-wise error indicators for the adaptive mesh refinement process in space and time.
With regard to an efficient numerical approximation of coupled problems, such adaptive
strategies become even more crucial since one does not only need indicators that tell in
which part of the respective domain the solutions have to be improved, but also which of
the subproblems contributes more to the overall error and thus needs to be solved more
accurately.

In order to analyze the interaction of stabilization and error control, we first deal
with the case of stationary and time-dependent convection-dominated transport problems
using fixed given convection fields. Here, several comparative studies regarding different
approaches for the dual problem as well as the approximation of spatial and temporal
weights, being part of the error estimators, are performed. This serves to gain knowledge
and use the results with regard to the case of investigating coupled problems.

For the practical realization of the underlying approach we introduce the concept of
space-time slabs that are based on tensor-product spaces which allow for arbitrary degree
Galerkin discretizations in space and time. These slabs build a decomposition of the global
space-time domain being stored within a so-called list object which enables for an easy
and efficient involvement of additional slabs in the course of adaptive refinement.

The performance properties of the approach are studied by means of academic test
cases, well-known benchmarks for convection-dominated problems as well as examples of
physical relevance in two and three space dimensions. In numerical examples we study
convergence, computational efficiency and stability of the underlying space-time adaptive
algorithm.
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Chapter 1

Introduction and State of the Art

In recent years, the coupling of multi-physics and multi-scale problems has partic-
ularly attracted researchers’ interest; cf., e.g., [111, 89, 94, 10]. Some of the main
challenges that are accompanied by an efficient and accurate numerical simulation
for these type of problems can be stated as the following:

• Different characteristic time scales: Multirate in time schemes.

• Different characteristic spatial scales: Layers and sharp moving fronts.

• Efficient and accurate computations of goal quantities: DWR error control.

To overcome the difficulties described above, we develop and analyze in the underlying
work a multirate in time approach for coupled flow and transport problems
combined with goal-oriented error control based on the Dual Weighted
Residual (DWR) method. The transport problem is represented by a convection-
dominated convection-diffusion-reaction equation involving high dynamic behavior in
time, whereas the flow problem is modeled by a viscous time-dependent Stokes flow
problem. For instance, such multi-physics systems are used to model species or heat
transport in a creeping viscous fluid. Beyond that, such systems of coupled flow and
transport serve as prototype models for applications in several branches of natural
and engineering scienes, for instance, contaminant transport and degradation in the
subsurface, groundwater contamination, reservoir simulation, fluid-structure interac-
tion, thermal and mass transport in deformable porous media or thermal expansion
in solid mechanics; cf., e.g., [133, 63, 184, 152, 9, 38]. In the following, we address
the above mentioned challenges in greater detail.
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1.1 Different Characteristic Time Scales -
Multirate in Time Schemes

With regard to coupled problems, one of the main challenges lies in the treatment
of different natural time scales related to the underlying subproblems. Usually, these
characteristic time scales differ by orders of magnitude and thus involve suitable ap-
proaches having regard to the different dynamics in time. Their efficient numerical
simulation with regard to the temporal discretization does not become feasible with-
out using techniques adapted to these characteristic scales that resolve the solution
components on their respective time length by an appropriate adaptation of the time
steps sizes. Such methods are referred to as multirate in time (for short, multirate)
schemes. Initially, they were introduced for the numerical approximation to systems
of ordinary differential equations in [90, 95], “using larger stepsizes for those variables
in a system that have a behavior which is slow compared to the fastest variables”1.
With regard to parabolic problems, multirate methods were developed in [164, 165],
and regarding hyperbolic conservation laws they were investigated in [62, 60]. More-
over, multirate schemes regarding convection-diffusion problems can be found in [172].
Some recent results including, for example, propagation in porous media, poroelas-
ticity models, coupled flow with geomechanics, air pollution modeling, fluid-structure
interaction, and others, can be found in [111, 89, 94, 10, 166, 191]. For a general
review of multirate methods including the development over the last two decades as
well as a list of references we refer to [94, 88].

With regard to our coupled model problem, we assume a high time-dynamic, i.e.
fast moving process modeled by a convection-diffusion-reaction transport equation
such that the underlying temporal mesh is discretized using smaller time step sizes
compared to a slowly moving process modeled by a viscous Stokes flow problem.
Our motivation comes from the definition of so-called characteristic times for the two
subproblems that serve as quantities to measure the underlying dynamics in time
and that have their origin in the field of natural science and engineering sciences, cf.,
e.g., [93, 146]. These characteristic times provide the basis for the initial temporal
mesh discretization related to the respective subproblem and indicate which of the
two problems has to be refined stronger in the course of the simulation.

1cited from [90]
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1.2 Different Characteristic Spatial Scales -
Convection-Dominated Problems

For the sake of physical realism, the transport problem is supposed to be convection-
dominated by assuming high Péclet numbers that are characterized by small diffusion
relative to the convection, cf. [53, 116]. The solutions of such convection-dominated
problems are typically characterized by the occurrence of sharp moving fronts and
interior or boundary layers. The key challenge for the accurate numerical approxi-
mation of these solutions is thus the development of discretization schemes with the
ability to capture strong gradients of solutions without producing spurious oscilla-
tions or smearing effects. With regard to an accurate and efficient approximation,
strong efforts and great progress were made from the second half of the last century
to nowadays, especially in the pioneering works of the 1980’s (cf., e.g., [49, 109]). In
this context, the application of stabilization techniques is a typical approach to over-
come non-physical effects. Some of the most common stabilization techniques are, for
instance, the streamline upwind Petrov Galerkin (for short, SUPG) method [106, 49]
and the very close but more general Galerkin least squares (for short, GLS) method
[107, 108], both belonging to the family of residual-based stabilization techniques. In
addition and in contrast, as belonging to the family of adding symmetric stabilized
terms, the local projection stabilization (for short, LPS) method [33, 34, 23] and the
continuous interior penalty (for short, CIP) method [54] should be named. For a gen-
eral review of stabilization techniques we refer to, e.g., [162, 116, 175, 148]. As shown
in a comparative study for time-dependent convection-diffusion-reaction equations in
[58] and [120, 121], respectively, stabilization techniques on globally refined meshes
fail to avoid oscillations even after tuning the underlying stabilization parameters.
As further shown in [120], an alternative in reducing oscillations is obtained by using
flux-corrected transport (for short, FCT) schemes (also referred to as algebraic flux
correction (for short, AFC) schemes) [43, 139, 132], that work on the algebraic level.
Instead of modifying the bilinear form of a finite element method (for short, FEM),
as done by the aforementioned stabilization approaches, here the linear system aris-
ing from a FEM discretization is modified by adding discrete diffusion to the system
matrix and appropriate anti-diffusive fluxes to the right hand side, cf., e.g., [148].
Recently, numerical analyses of these methods were introduced and applied to steady
convection-diffusion-reaction equations; cf. [24, 25]. In [42], an hp-adaptive FCT algo-
rithm for unsteady convection equations is presented. Although these FCT schemes
show a significant reduction of the unphysical oscillations, smearing effects still arise

3



and can be observed; cf. [42, 120]. Similar results have been perceived in three di-
mensions; cf. [121]. A further alternative approach was recently proposed in [148],
using a higher order symmetric interior penalty discontinuous Galerkin discretization
including a diffusive L2-projection for investigating steady-state groundwater flow
and solute transport problems. Moreover, a comparison to the most common SUPG
stabilization approach can be found there.

A further challenge in view of convection-dominated problems is the existence of
robust a posteriori error analyses with respect to the small perturbation parameter.
A semi-robust a posteriori error estimator was derived in the energy norm for steady-
state convection-diffusion equations in [179]. To get a robust error estimate, later on,
the author added the dual norm of the convective derivative to the energy norm in
[181]. An extension of this approach to evolutionary problems was given in [182]. A
further robust error bound albeit in the so-called SUPG norm given by Eq. (2.19)
was established for the stationary case in [119]. Recently, in [18], a DWR-type robust
residual-based a posteriori error bound for the SUPG method in the energy norm was
proposed for the stationary case. For time-dependent convection-diffusion problems,
robust a posteriori estimators measuring the error in a space-time mesh-dependent
dual norm can be found in [65]. For more details and further references we refer
to [119, 18] for the steady-state case and to [65, 84] for time-dependent problems,
respectively.

1.3 Efficient and Accurate Computations of Goal
Quantities - Dual Weighted Residual Method

For the efficient numerical simulation of multi-physics problems handling the chal-
lenges described above, it is indisputable that adaptive mesh refinement strategies
in space and time are necessary. One possible technique for those adaptive strate-
gies is goal-oriented a posteriori error control based on the Dual Weighted Residual
(for short, DWR) method [35, 36, 20]. For a review of a posteriori error estimation
techniques for finite element methods in general and automatic mesh generation we
refer, for instance, to the monographs [4, 178, 180]. Within the DWR approach the
error is estimated in an arbitrary user-chosen goal functional of physical relevance.
Such a goal functional can be any kind of output values, for instance, the deformation
of a solid-point, the computation of a drag or lift coefficient in flows around obsta-
cles, the computation of a mean normal flux across boundaries or simply the error
control with respect to some global norm such as the energy norm or the L2-norm,
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cf., e.g., [160] and [20, Sec. 3.2]. To get an error representation with respect to
this goal functional, an additional dual problem has to be solved. This dual solu-
tion is then used for weighting the influence of the ’local’ residuals on the error in
the underlying goal quantity. In the last two decades this method has become very
popular and was applied to a huge field of mathematical models based on partial
differential equations, including fluid mechanics [31, 46, 37], wave propagation [21],
structural mechanics [156], fluid-structure interaction [159, 183, 186, 160], eigenvalue
problems [100], optimization problems [144], goal-oriented adaptive modeling [45],
and many others. For a review including detailed lists of references regarding differ-
ent model problems we refer to [36, 20, 160]. Early studies with regard to steady-state
convection-diffusion transport problems have been considered in [155, 103] as well as
[36, Section 3.3], and limited to the one-dimensional case in [131]. With regard to
time-dependent convection-diffusion-reaction equations this approach together with
SUPG stabilization has been investigated in [169]. The DWR approach together with
the LPS method was applied to the steady-state Navier-Stokes equations in [31] as
well as together with the LPS and SUPG method to the nonstationary Navier-Stokes
equations in [167, 40]. With regard to an efficient numerical approximation of coupled
problems, adaptive strategies become even more crucial since one does not only need
indicators that tell in which part of the domain the solutions have to be improved,
but also which of the subproblems contributes more to the overall error, and thus
needs to be solved more accurately, cf., e.g., [133, 45, 111, 186, 185, 159]. Moreover,
by an increasing complexity with regard to an efficient handling of the underlying
discretization parameters in space and time for both subproblems, an adaptive algo-
rithm that handles these parameters automatically by means of an a posteriori error
estimator seems to be predestined.

1.4 Overall Approach of this Work - Stabilization
and Error Control

In this work, we combine the DWR approach together with SUPG stabilization for
several classes of convection-dominated problems, starting with the steady-state case
of convection-diffusion-reaction equations, followed by the time-dependent case for
this type of equations to finally end up with the above indicated case of a convection-
diffusion-reaction transport problem coupled with a time-dependent Stokes flow prob-
lem. In the course of this, we focus on the interaction of stabilization and goal-oriented
error control in order to obtain error representations in space and time that serve as
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local indicators for the adaptive mesh refinement process within the underlying al-
gorithm. In this context, we investigate these error representations with regard to
reliability, efficiency and accuracy reasons. We aim to reduce sources of inaccuracies
and non-sharp estimates within the error representation as far as possible in order to
avoid numerical artefacts. Even though several investigations have been done with
regard to convection-dominated problems, recently, in [116], the authors stated nu-
merous problems that are still unresolved in this field of research. In particular, with
respect to accuracy and efficiency we still expect potential for improvements consid-
ering relatively high Péclet numbers. To this end, we compare different derivation
approaches for the dual problem, different approximation approaches for the spatial
and temporal weights, as well as arbitrary polynomial degrees within the discretiza-
tions in space and time.

For the practical realization of the space-time adaptive process, we introduce an
implementation approach using tensor-product spaces for the discretization of the
global space-time domain. These spaces are referred to as space-time slabs being
stored in a list object which enables for an easy and efficient involvement of additional
slabs in the course of adaptive refinement. This approach was developed by U. Köcher
and is here extended to the underlying types of model problems, cf. [129, 29, 52].

In numerical examples we study the performance properties of our multirate
approach by means of academic test cases, well-known benchmarks for convection-
dominated problems as well as examples of physical relevance in two and three space
dimensions. We study convergence, computational efficiency and stability of the un-
derlying space-time adaptive algorithm, investigating different goal functionals and
several pairs of finite element spaces in space and time used for the approximation of
the underlying primal and dual problems. Thereby, we focus particularly on the in-
teraction of stability and error control with regard to accuracy and efficiency reasons.

1.5 Outline

This work is organized as follows. In Chapter 2 we introduce the basic notation and
main concepts used throughout this thesis involving some general results as well as
an overview of residual-based stabilization and goal-oriented error control.

In Chapter 3 we derive goal-oriented error representation formulas based on
the DWR method for a linear stationary transport problem. We investigate two
possible approaches for the derivation of the dual problem including two different
ways to approximate the spatial weights occurring within the error representations,
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respectively. Several comparative studies regarding the different approaches for the
dual problem as well as the different approximation techniques for the weights are
done in the numerical examples section. Furthermore, these comparative studies serve
as basis for the upcoming chapters regarding time-dependent and coupled problems.

Based on the results of Ch. 3, we extend these concepts in Chapter 4 to the
case of time-dependent transport problems. Here, the error representation formula is
separated into amounts of the temporal and spatial discretization error which serve as
local error indicators for adaptive mesh refinement in space and time. Again, different
approximation techniques are discussed and investigated, this time with respect to
the temporal weights. An important issue of this chapter is given by explaining some
details about the practical realization of the underlying concepts for goal-oriented
space-time adaptivity. Furthermore, we give insight into some implementational as-
pects of the underlying software architecture. In numerical examples we illustrate and
investigate the performance properties of the underlying algorithm for time-dependent
problems including convergence studies, independence of temporal and spatial error
indicators, computational efficiency as well as stability properties.

Using the knowledge and results of the previous two chapters, the main focus of
this work is on Chapter 5 considering a multirate in time approach in view of goal-
oriented error control based on the DWR method for a coupled flow and transport
problem. This multirate approach assumes different characteristic time scales for the
underlying subproblems and thus employs different time step sizes for the respective
temporal discretizations. Splitted error representation formulas in space and time
are derived for both the transport and Stokes flow problem. Furthermore, different
application scenarios with regard to different intentions for the underlying space-
time adaptive algorithm are presented and discussed. In numerical examples we
validate our higher-order space-time implementations and investigate the performance
properties of the implemented algorithm with regard to the new multirate in time
approach. These examples gain from the results, for instance, with regard to the
approximation of the spatial and temporal weights or the equilibration of the temporal
and spatial error indicators obtained in Ch. 3 and 4, respectively.

Finally, in Chapter 6 we summarize with conclusions and give some outlook for
future work and possible extensions.
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Chapter 2

Notation and Mathematical Tools

In this chapter, we present the notation and main concepts used throughout this work.
This involves for one thing a theoretical framework including some basic notation, the
definition of function spaces and their associated norms as well as some theoretical
results. On the other hand, we introduce the general concepts of residual-based
stabilization as well as goal-oriented error control.

2.1 Basic Notation

Throughout this work, we assume the following properties with regard to a space-time
domain Q “ Ω ˆ I.

Assumption 2.1 (Space-Time Domain)
Let Q “ Ω ˆ I be a space-time domain (sometimes also referred to as space-time
cylinder), where Ω Ă Rd, with d “ 2 or d “ 3, is a polygonal or polyhedral bounded
domain with Lipschitz boundary BΩ, cf. Def. 2.10 in Sec. 2.3 for a precise definition,
and I “ pt0, T q, 0 ď t0 ă T ă 8, is a bounded time interval. The outer unit normal
vector to the boundary BΩ is denoted by n.

If not explicitly indicated, we assume homogeneous Dirichlet boundary conditions
throughout all presented problems within this work. Nevertheless, we will refer to
nonhomogeneous Dirichlet and Neumann boundary conditions in due time.

2.1.1 Function Spaces

In a first part, we present some well-known general function spaces. For more details
we refer to standard literature, for instance, like [81], [96], [2] or [61]. The standard
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Lebesgue space LppΩq, 1 ď p ă 8, being defined by

LppΩq :“

#

f : Ω Ñ R
ˇ

ˇ

ˇ

ż

Ω

|fpxq|pdx ă 8

+

,

consists of all measurable functions f which are Lebesgue integrable on Ω up to the
power p. For p “ 8, this space is

L8pΩq :“

"

f : Ω Ñ R
ˇ

ˇ

ˇ
|fpxq| ă 8 almost everywhere in Ω

*

.

The space LppΩq is a Banach space equipped with the norm

}f}LppΩq :“

$

’

’

&

’

’

%

ˆ
ż

Ω

|fpxq|pdx

˙
1
p

if 1 ď p ă 8 ,

ess sup
xPΩ

|fpxq| if p “ 8 .

For p “ 2, the space L2pΩq is a Hilbert space with the inner product

pf, gqL2pΩq :“

ż

Ω

fpxqgpxqdx .

For the sake of clarity, we will simply use p¨, ¨q to denote the inner product of L2pΩq

as well as } ¨ } for the associated L2-norm throughout this work. Next, we introduce
the Sobolev space Wm,ppΩq, m P NY t0u, 1 ď p ď 8, by

Wm,p
pΩq :“

"

f P LppΩq
ˇ

ˇ

ˇ
B
αf P LppΩq @α with |α| ď m

*

,

consisting of all functions in LppΩq whose distributional derivatives of order up to m
belong to LppΩq. Here, α “ pα1, . . . , αdq P Nd is a multi-index with

|α| :“
d
ÿ

i“1

αi , B
αf :“

B|α|f

Bxα1
1 ¨ ¨ ¨ Bxαdd

.

The space Wm,ppΩq is a Banach space equipped with the norm

}f}Wm,ppΩq :“

$

’

’

’

&

’

’

’

%

˜

ÿ

|α|ďm

}B
αf}pLppΩq

¸
1
p

if 1 ď p ă 8 ,

max
|α|ďm

}Bαf}L8pΩq if p “ 8 .

For p “ 2, the space HmpΩq :“ Wm,2pΩq is a Hilbert space with the inner product

pf, gqHmpΩq :“
ÿ

|α|ďm

pB
αf, Bαgq .
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Furthermore, we introduce the following semi-norm by means of

|f |Wm,ppΩq :“

$

’

’

’

&

’

’

’

%

˜

ÿ

|α|“m

}B
αf}pLppΩq

¸
1
p

if 1 ď p ă 8 ,

max
|α|“m

}Bαf}L8pΩq if p “ 8 .

In the case of d-dimensional vector functions the corresponding spaces are denoted by
LppΩqd, Wm,ppΩqd and HmpΩqd. These spaces are equipped with the usual product
norm and the norms and inner products are denoted in an analogous way as for the
scalar functions.

The space CkpΩq, k P NY t0u, being defined by

Ck
pΩq :“

"

f : Ω Ñ R
ˇ

ˇ

ˇ
f k-times continuously differentiable on Ω

*

,

consists of all functions whose derivatives up to order k are continuous on Ω. We set

CpΩq :“ C0
pΩq , C8pΩq :“

č

kPNYt0u

Ck
pΩq .

In this sense, the space Ckp sΩq, k P NYt0u, consists of all functions from CkpΩq whose
derivatives up to order k possess continuous extensions onto sΩ. It is a Banach space
with the norm

}f}Ckp sΩq :“ max
|α|ďk

sup
xP sΩ

|B
αfpxq| .

The space C8c pΩq is defined by

C8c pΩq :“

"

f P C8pΩq
ˇ

ˇ

ˇ
supppfq Ă Ω

*

,

consisting of infinitely often differentiable functions with compact support in Ω. Here,
supppvq is given by

supppfq :“
 

x P Ω
ˇ

ˇfpxq ‰ 0q Ă Ω
(

.

The Sobolev space Wm,p
0 pΩq is defined as the completion of C8c pΩq in the norm of

Wm,ppΩq

Wm,p
0 pΩq :“ C8c pΩq

}¨}Wm,ppΩq
.

For p “ 2 we write Hm
0 pΩq :“ Wm,p

0 pΩq. Finally, the space W´m,qpΩq, m P N Y t0u,
p P p1,8q, p´1 ` q´1 “ 1, being defined by

W´m,q
pΩq :“

"

g P
`

C8c pΩq
˘1
ˇ

ˇ

ˇ
}g}W´m,qpΩq ă 8

*

,
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consists of all distributions which are defined on Wm,ppΩq. Here,
`

C8c pΩq
˘1 is the set

of all distributions and the norm } ¨ }W´m,qpΩq is given by

}g}W´m,qpΩq :“ sup
ϕPC8c pΩq,ϕ‰0

xg, ϕy

|ϕ|Wm,ppΩq

,

where xg, ϕy can be understood as the application of a distribution ϕ to a function
g P C8c pΩq. W´m,qpΩq can be identified with the dual space of Wm,p

0 pΩq. In
particular, the dual space of Hm

0 pΩq is denoted by H´mpΩq. In the course of this, we
introduce the following definition.

Definition 2.1 (Useful Spaces in Chapter 3)
When dealing with the convection-diffusion-reaction equation in Ch. 3, the following
function spaces are of fundamental importance.

V :“W 1,2
0 pΩq “ H1

0 pΩq ,

V 1 :“H´1pΩq ,

H :“W 0,2pΩq “ L2pΩq .

Furthermore, in the context of dealing with flow problems, we introduce the following
space of functions with weak divergence. For more details we refer to, for instance,
[112, Ch. 3]. The space Hpdiv, Ωq being defined by

Hpdiv, Ωq :“

"

f P L2
pΩqd

ˇ

ˇ

ˇ
∇ ¨ f P L2

pΩq

*

,

consists of all vector fields in L2pΩq where the divergence belongs also to L2pΩq. The
space Hpdiv, Ωq is a Hilbert space with the inner product and the induced norm,
respectively,

pf , gqHpdiv,Ωq :“ pf , gq ` p∇ ¨ f ,∇ ¨ gq ,

}f}Hpdiv,Ωq :“
´

}f}2 ` }∇ ¨ f}2
¯

1
2
.

In addition, the space of weakly divergence-free functions is defined by

V0 “ VdivpΩq :“

"

f P V d
“ H1

0 pΩq
d
ˇ

ˇ

ˇ
p∇ ¨ f , qqL2pΩq “ 0 @q P L2

0pΩq

*

,

with L2
0pΩq :“

"

q P L2pΩq
ˇ

ˇ

ˇ

ş

Ω
q dx “ 0

*

. The divergence of the functions from

VdivpΩq vanishes in the sense of L2pΩq, i.e., it is ∇ ¨ v “ 0 almost everywhere in Ω.
Finally, another space of divergence-free functions is defined by

HdivpΩq :“

"

f P Hpdiv, Ωq
ˇ

ˇ

ˇ
∇ ¨ f “ 0 and f ¨ n “ 0 on BΩ in the sense of traces

*

.
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We will conclude this section remarking that for bounded domains with Lipschitz
boundary, it can be shown that HdivpΩq is the closure of C80,divpΩq, cf. [112, Ch. 3]
or rather [59, Prop. 1.8] or [171, Ch.II, Lemma 2.5.3].

2.1.2 Space-Time Function Spaces

For some Banach space X, the time dependent space LppI;Xq, 1 ď p ď 8, being
defined by

LppI;Xq :“

"

f : I Ñ X
ˇ

ˇ

ˇ
}fptq}pLppI;Xq ă 8

*

,

consists of all Lp-integrable functions f from I into X. This is a Banach space
equipped with the norm

}f}LppI;Xq :“

$

’

’

&

’

’

%

ˆ
ż

I

}fptq}pXdt

˙
1
p

if 1 ď p ă 8 ,

ess sup
tPΩ
}fptq}X if p “ 8 .

These spaces may be comprehended as Bochner spaces by means of a derivation via
the Bochner integral. For more details to the derivation of these spaces, we refer to,
e.g., [81, 61, 187, 56, 13, 170, 14, 130].

Similar to the space Ckp sΩq, we denote by CkpsI;Xq, k P NY t0u, the space of all
functions from sI into X that are k-times continuously differentiable on I and whose
derivatives Bjt fptq, 0 ď j ď k, up to order k possess continuous extensions onto sI.
Again, this is a Banach space equipped with the norm

}f}CkpsI;Xq :“ max
0ďjďk

sup
tPsI

}B
j
t fptq}X .

We set CpsI;Xq :“ C0psI;Xq “
!

f : sI Ñ X
ˇ

ˇ

ˇ
f is continuous

)

with the corresponding
norm

}f}CpsI;Xq :“ sup
tPsI

}fptq}X .

As before, we let C8c pI;Xq be the space of infinitely often differentiable functions
with compact support.

Finally, we introduce an important space when dealing with time-dependent prob-
lems in Ch. 4 and Ch. 5. Thereby, we follow the lines of [61, Ch. XVIII], assuming
the following.

Assumption 2.2 (Gelfand-Triple)
Let V,H be two real, separable Hilbert spaces with related inner products and norms
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denoted by p¨, ¨qV , } ¨ }V and p¨, ¨qH , } ¨ }H , respectively. Further, we suppose that V is
dense in H so that, by identifying H and its dual space H 1, we have the continuous
embedding

V ãÑ H ãÑ V 1 ,

where V 1 denotes the dual space of V and each space is dense in the following. Such
a triple pV,H, V 1q is also known as a Gelfand-triple, cf., e.g., [163, Ch.7.2]. Well-
known examples for these spaces are V “ H1

0 pΩq , V
1 “ H´1pΩq , and H “ L2pΩq , as

introduced in Assumption 2.1.

Then, for spaces V and V 1 fulfilling Assumption 2.2, we may introduce the following
space

W pI;V, V 1q :“

"

w P L2
pI;V q

ˇ

ˇ

ˇ
Btw P L

2
pI;V 1q

*

.

This is a Hilbert space equipped with the norm (cf. [61, Prop. 6 in Ch. XVIII])

}w}W :“ p}w}2L2pI;V q ` }Btw}
2
L2pI;V 1qq

1
2 “

ˆ
ż

I

t}wptq}2V ` }Btwptq}
2
V 1udt

˙
1
2

.

In the following, we present some properties concerning regularity of elements of the
space W pI;V, V 1q.

Theorem 2.1 The space W pI;V, V 1q is continuously embedded in CpsI;Hq

W pI;V, V 1q ãÑ CpsI;Hq .

Proof. The proof can be found in the literature, for instance, in [61, Thm. 1 in Ch.
XVIII] or [188, Prop. 23.23 (ii)]. l

Remark 2.1 As a consequence of Thm. 2.3 (trace theorem) and Thm. 2.1, for a
function w P W pI;V, V 1q, with sI Ă R, we may speak of the traces wpt0 “ 0q, wpT q P

H. This is of importance when dealing with initial pwp0qq or final pwpT qq conditions
within the variational formulations of the so-called primal and dual problems in the
course of this thesis.

Lemma 2.1 The space C8c pI;V q is dense in W pI;V, V 1q .

Proof. The proof can be found in the literature, for instance, in [138, Thm. 2.1] or
[61, Lemma 1 in Ch. XVIII]. Moreover, a slightly different proof can be found in [79,
Thm. 64.36]. l
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Corollary 2.1 The space W pI;V, V 1q is dense in L2pI;V q .

Proof. Since there holds W pI;V, V 1q Ă L2pI;V q and since C8c pI;V q is dense in
L2pI;V q (cf., e.g., [56, Prop. 1.4.17] or [13, Ch. 1.1]), the assertion of Corollary 2.1
directly follows by Lemma 2.1 and an embedding argument. l

Theorem 2.2 (Green’s Formula or, more simply, Integration by Parts)
We assume sI “ r0, T s Ă R . Then, there holds for u, v P W pI;V, V 1q

ż T

0

pBtuptq, vptqq dt “

ż T

0

puptq,´Btvptqq dt` pupT q, vpT qq ´ pup0q, vp0qq .

Proof. The proof can be found in the literature, for instance, in [61, Thm. 2 in Ch.
XVIII] or [188, Prop. 23.23 (iv)]. l

In the course of this, we introduce the following definitions.

Definition 2.2 (Useful Space in Chapter 4)
When dealing with time-dependent convection-diffusion-reaction equations in Ch. 4,
the following function space is of fundamental importance.

V :“W pI;H1
0 pΩq, H

´1pΩqq “

"

v P L2pI;H1
0 pΩqq

ˇ

ˇ

ˇ
Btv P L

2pI;H´1pΩqq

*

.

Definition 2.3 (Useful Spaces in Chapter 5)
When dealing with coupled flow and transport problems in Ch. 5, the following function
spaces are of fundamental importance.

X :“W pI;H1
0 pΩq, H

´1pΩqq “

"

v P L2pI;H1
0 pΩqq

ˇ

ˇ

ˇ
Btv P L

2pI;H´1pΩqq

*

.

Y1 :“W pI;H1
0 pΩq

d, H´1pΩqdq “

"

v P L2pI;H1
0 pΩq

dq

ˇ

ˇ

ˇ
Btv P L

2pI;H´1pΩqdq

*

,

Y2 :“

"

v P L2pI;L2
0pΩqq

*

, with L2
0pΩq “

"

q P L2pΩq
ˇ

ˇ

ˇ

ş

Ω
q dx “ 0

*

,

Y :“Y1 ˆ Y2 .

2.1.3 Finite Element Spaces

This section is inspired by [167, Sec. 3.2]. Generally speaking, the derivation of finite
element spaces is closely linked to the decomposition of the underlying domain Ω.
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Assumption 2.3 (Decomposition of Spatial Domain Ω)
Let Th be a decomposition (hereinafter also called triangulation) of the domain Ω in-
troduced in Assumption 2.1 into disjoint elements or cells K, such that sΩ “

Ť

KPTh
sK.

We denote the diameter of a cell by the cell-wise constant function h|K “ hK :“

diampKq. The maximum cell diameter h is then given by h :“ maxKPTh hK. Here,
we choose the elements K P Th to be quadrilaterals for d “ 2 and hexahedrals for
d “ 3. We assume the decomposition to be regular (cf. Def. 2.5), but allowing hang-
ing nodes (cf. Rem. 2.2). Furthermore, the decomposition is assumed to be organized
in a patch-wise manner (cf. Def. 2.6).

The shape of the elements K in Assumption 2.3 is due to the fact that our imple-
mentations are based on the open source finite element library deal.II, cf. [16, 22],
dealing with those element types only. To specify the above introduced elements as
well as the decomposition, we present some definitions, that can be found in standard
literature like [48], [57], or [105].

Definition 2.4 (Finite Element) Let K P Rn be a bounded closed set with nonempty
interior and piecewise smooth boundary (element domain). Then, K is called a finite
element if the following is given:

(i) A set of nodal variables N “ tN1, N2, . . . , NRu.

(ii) Q be a finite-dimensional space of polynomial functions p : K Ñ R such that

@c1, . . . , cR P R D1 p P Q : ppNrq “ cr pr “ 1, . . . , Rq .

This is referred to as the space of shape functions.

Definition 2.5 (Regularity) A decomposition Th of a domain Ω Ă Rd, d “ 2, 3, is
called regular if the following conditions are fulfilled:

(i) sΩ “
Ť

KPTh
sK.

(ii) K1 XK2 “ H for all elements K1, K2 P Th with K1 ‰ K2.

(iii) Any edge (d “ 2) or face (d “ 3) of any element K1 P Th is either a subset
of the boundary BΩ or an edge (d “ 2) or a face (d “ 3) of another element
K2 P Th.
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Remark 2.2 (Hanging Nodes) In order to facilitate adaptive mesh refinement,
the third condition of Def. 2.5 has to be weakened in the following sense. We al-
low the usage of so-called hanging nodes, cf. [55], which means that an element is
allowed to have one node variable located on the middle of its edge (d “ 2) or face
(d “ 3) shared with neighboring elements, but none on an edge (d “ 2) or a face
(d “ 3) shared with the boundary BΩ. Note that there are two types of hanging nodes
in three dimensions (on edges or faces), while in two dimensions there is only one
type of hanging nodes (only on edges), cf. Fig.2.1 as well as [167, 20]. We point out
that the global conformity of the finite element approach is still preserved since the
unknowns (degrees of freedom) at such hanging nodes are eliminated by interpolation
between the neighboring ’regular’ nodes (degrees of freedom). Hence, hanging nodes
actually do not carry any degrees of freedom, cf. [20] and [55] for more details in this
concept.

Figure 2.1: Exemplary two- and three-dimensional elements with hanging nodes,
cf. [167, Fig.3.2].

Furthermore, we introduce the following property of a decomposition Th, cf. [167].

Definition 2.6 (Patch-Wise Decomposition) A decomposition Th of a domain
Ω Ă Rd, d “ 2, 3, is organized in a patch-wise manner if the following holds true.
The decomposition Th is obtained by uniform refinement of a coarser decomposition
T2h, such that it is always possible to combine four (d “ 2) or eight (d “ 3) adjacent
elements of Th to obtain one element of T2h. Such macro-elements are called patches,
cf. Fig.2.2.

Next, we define the discrete finite element space V p
h , following standard literature like

[57] or [48], by

V p
h :“

"

v P V X CpΩ̄q
ˇ

ˇ

ˇ
v|K P QphpKq , @K P Th

*

, (2.1)

17



Th T2h

Figure 2.2: Exemplary two-dimensional decomposition Th (with hanging nodes) orga-
nized in a patch-wise manner with corresponding coarser decomposition T2h, cf. [167,
Fig.3.3].

where the spaceQphpKq is obtained using the transformation TK : pK Ñ K, cf. Fig. 2.3,
defined by

QphpKq :“

"

v : K Ñ R
ˇ

ˇ

ˇ
v ˝ Th P pQphp pKq

*

. (2.2)

To specify the space QphpKq, we introduce the standard Lagrange finite element space
pQphp pKq of tensor product polynomials up to degree p on the reference element pK “

r0, 1sd, d “ 2, 3, given as

pQphp pKq :“ span

#

d
ź

i“1

pxαii

ˇ

ˇ

ˇ
αi P t0, 1, . . . , pu

+

.

For the lowest order case, p “ 1, we get the following space of bi-linear (d “ 2) or
tri-linear (d “ 3) functions

pQ1
hp

pKq :“ span
 

1, px1, px2, px1px2

(

pd “ 2q ,

pQ1
hp

pKq :“ span
 

1, px1, px2, px3, px1px2, px1px3, px2px3, px1px2px3

(

pd “ 3q .

pK

p0, 0q p0, 1q

p1, 1qp1, 0q

K

Figure 2.3: Exemplary bi-linear transformation TK from the reference element pK “

r0, 1s2 to an element K, cf. [167, Fig.3.4].
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If the transformation TK itself is contained in pQphp pKq, the resulting finite element
space is called isoparametric. We note that the discrete finite element space V p

h is
conforming, i.e., V p

h P V by construction, cf., e.g., [57] for more details.
We close this section with some classical assumptions with regard to the geometry

of the elements belonging to a decomposition Th, cf. [167] and [47].

Definition 2.7 (Quasi-Uniformity) A family of decompositions Th is called quasi-
uniform if there is a constant κ such that the following conditions are fulfilled:

(i) For each transformation TK : pK Ñ K there holds

sup
!

}∇ ¨ TKppxqx}
ˇ

ˇ

ˇ
px P pK , }x} “ 1

)

inf
!

}∇ ¨ TKppxqx}
ˇ

ˇ

ˇ
px P pK , }x} “ 1

) ď κ @K P
ď

h

Th .

(ii) With the diameter %K of the biggest ball inscribed into the element K there holds

hK
%K

ď κ @K P
ď

h

Th .

Definition 2.8 (Uniformity) A quasi-uniform family of decompositions Th is called
uniform if there is a constant κ such that

h

%K
ď κ @K P

ď

h

Th .

It is well-known that the approximation error of finite elements can be estimated by
interpolation errors using the lemmas of Lax-Milgram and Céa, cf., e.g., [154]. For
continuous functions v P Cp sΩq the point-wise interpolation operator Ih : Cp sΩq Ñ V p

h

is well-defined. Then, this interpolation operator satisfies the following approximation
properties stated in the following lemma, cf. [167]:

Lemma 2.2 Let Th be a quasi-uniform family of decompositions of the domain Ω

and V p
h be the space of isoparametric finite elements of order p. Then, there exists a

constant C, only depending on Ω and p, such that for v P HmpΩq with 2 ď m ď p`1

and 0 ď j ď m there holds

|v ´ Ihv|HjpΩq ď Chm´j}v}HmpΩq .

Proof. The proof can be found in the literature, for instance, in [47]. l
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2.2 Variational Time Discretization

In this section, we introduce the families of continuous and discontinuous variational
time discretization methods. Many of these variational time discretization schemes
are algebraically equivalent to well-known ordinary differential equation integrators
such as the forward or backward Euler method, the Crank-Nicolson method, explicit
and implicit Runge-Kutta methods and many more, cf., e.g., [8, 79]. In general, for
the temporal discretization with regard to ordinary differential equations we refer
to [80] using continuous Galerkin methods and to [64] using discontinuous Galerkin
methods, respectively. Furthermore, a more deatailed derivation of the concepts for
continuous and discontinuous variational time discretization schemes can be found,
for instance, in the textbooks [77, 174, 79]. The following course of action is inspired
by [128, Sec. 3.2] and [167, Sec. 1], respectively.

Using finite element methods for the temporal variable can be traced back to
the end of the 1960’s and early 1970’s, when crucial developments on variational
formulation for time integration were proposed in the treatises [15, 87, 151, 110].
Since then, numerous applications of space-time Galerkin methods can be found in
the literature, cf., e.g., [157, 134, 19, 86, 44]. A short review of the development can be
found, e.g., in [190, Sec. 1]. In particular, with regard to parabolic problems having
relevance to the underlying thesis, we refer to the works [174, 149, 75, 135, 19, 70, 71,
72, 73, 74, 6, 7, 142]. Furthermore, using space-time Galerkin methods in the context
of goal-oriented adaptive mesh refinement, we refer, e.g., to [36, 98, 143, 168, 40].

In the scope of this thesis, the main advantage of using space-time finite element
discretizations lies in enabling duality based, goal-oriented a posteriori error control
allowing for high efficient adaptive mesh refinement, cf. also the following Sec. 2.5.
Moreover, using finite elements for the discretization of the temporal variable offers
further advantages. For example, compared to finite difference methods, a more flex-
ible location of the degrees of freedom is possible. In addition, the proved concepts
from the variational discretization in space can be easily adopted to time such as
the concepts of hp-adaptivity, multiscale and upsacaling techniques. Variational for-
mulations in space and time are obtained that might be advantageous with regard
to stability and a priori as well as a posteriori error analyses. Finally, the construc-
tion of higher-order approximations in time by using a post-processing approach is
straightforward, cf., for instance, [78], [30] [29].

Throughout this work, when dealing with variational time discretizations, we as-
sume the following for the underlying time interval.
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Assumption 2.4 (Decomposition of Time Interval I)
Let I “ pt0, T q, 0 ď t0 ă T ă 8, be a bounded time interval. We decompose the closure
of the time interval sI “ r0, T s into not necessarily equidistant, left-open subintervals
In :“ ptn´1, tns, n “ 1, . . . , N , with 0 “: t0 ă t1 ă ¨ ¨ ¨ ă tN :“ T being a set of time
points of sI.

As our implementation is based on using space-time tensor product spaces for the dis-
cretization of the space-time domain Q defined in Assumption 2.1, we introduce the
following concept of space-time slabs. This concept is described in detail in Sec. 4.4
and illustrated by Figs. 2.4 and 4.5, respectively. Thereby, the specification of the
temporal triangulation is very similar to the spatial version described in Assump-
tion 2.3.

Assumption 2.5 (Space-Time Slabs, cf. Figs. 2.4 and 4.5)
Since the set of time subintervals In in Assumption 2.4 is finite and countable, a
separation of the global space-time domain Q “ Ω ˆ I into a partition of space-time
slabs pQn “ Ωˆ In is reasonable. The time domain of each space-time slab pQn is then
discretized using a one-dimensional triangulation Tτ,n for the closure of the subinterval
sIn “ rtn´1, tns, such that sIn “

Ť

KnPTτ,n
sKn. This allows to have more than one cell in

time on a slab pQn and a different number of cells in time of pairwise different slabs
pQi and pQj, 1 ď i, j ď N . Furthermore, let Fτ be the set of all interior time points
given as

Fτ :“ ptt1, . . . , tNu Y tt P BKn | Kn P Tτ,nuqzt0, T u ,

with 1 ď n ď N , where we denote the interior time points of the above union by tF ,
using tF ,n` and tF ,n for the left and right end of the cell in time Kn, respectively. The
commonly used time step size τK is here the diameter or length of the cell in time Kn

of Tτ,n and the global time discretization parameter τ is the maximum time step size
τK of all cells in time of all slabs Q̂n, 1 ď n ď N .

Finally, using the spatial triangulation Th,n given in Assumption 2.3 on each slab
Q̂n, 1 ď n ď N , we end up with the separation of the implemented space-time slabs

Qn “ Th,n ˆ Tτ,n .

For reasons of clarity and as usual for an element in spaceK P Th, we do not introduce
an additional index for the number of cells in time on a single slab as well as for the
interior time points here and in the following, although such an index can be used
to distinguish between two cells in time belonging to the same slab or between two
interior time points as illustrated in Fig. 2.4 and Fig. 2.5, respectively.
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Remark 2.3 Restricting in Assumption 2.5 the temporal triangulation Tτ,n within
a single slab Qn to consist of only one cell in time allows to interpret this cell Kn

as the time subinterval In defined in Assumption 2.4. Then, the time step size τK
corresponds to the length of the subinterval In given by tn ´ tn´1.

Moreover, we point out that the decomposition into the space-time slabs described
in Assumption 2.5, using discontinuous test spaces as defined in Eq. (2.9), is conform
with the approach of a so-called time marching scheme (TMS), independent of the
number of cells in time used within a single slab. More precisely, the arising huge
system of the finite element method in time can be decoupled into N independent
subproblems, which have to be solved on the respective slabs Qn, n “ 1, . . . , N , cf.
also Sec.4.3.1.

Qn

tn´1 tF ,n1 tnt1DoF t2DoF t1DoF t2DoF
t

Kn1 Kn2

Figure 2.4: Illustration of a space-time slab with a temporal triangulation consisting
of two cells in time, exemplary for a discontinuous Galerkin dGp1q time discretization
generated with two Gaussian quadrature points. The two degrees of freedom (DoF)
time points on each cell in time are the support points for the temporal basis functions.
Each of the cells in time has the same adaptively refined spatial triangulation.

2.2.1 Continuous in Time Petrov-Galerkin Method

The idea behind the continuous in time Petrov–Galerkin method (cG(r) method) is to
consider a trial space composed of continuous, piecewise polynomial functions in time
of degree r, r ě 1, and a test space composed of discontinuous, piecewise polynomial
functions of degree (r ´ 1). This leads to a conforming approximation in time; cf.,
e.g., [79, Ch. 69]. The origin of this method goes back to the work of Aziz and Monk
[19], although not under this name.
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For a continuous in time discretization, we define the finite-dimensional continuous
time-discrete function space by means of

VcGprq
τ :“

"

vτ P CpsI;Xq
ˇ

ˇ

ˇ
vτ |Kn P Prτ p sKn;Xq , Kn P Tτ,n , n “ 1, . . . , N

*

, (2.3)

consisting of piecewise polynomials of degree r in time with values in X. Here,
Prτ p sKn;Xq denotes the space of all polynomials in time up to degree r, r ě 1, with
values in some Banach space X. On each cell in time Kn, the piecewise polynomials
vτ in VcGprq

τ can be represented by

vτ |Knptq :“
r
ÿ

ι“0

V ι
nξn,ιptq , (2.4)

with time-independent coefficient functions V ι
n P X and appropriate basis functions

from Prτ p sKn;Rq in time. To specify these basis functions, we introduce the continuous
in time function space

X r
τ :“

"

ξ P CpI;Rq
ˇ

ˇ

ˇ
ξ|Kn P Prτ p sKn;Rq , Kn P Tτ,n , n “ 1, . . . , N

*

Ď L2
pI;Rq . (2.5)

The basis functions in X r
τ are determined using the well-known technique from the

finite element method in space, i.e. we define reference basis functions on the reference
cell or interval pI :“ r0, 1s and represent them through a domain transformation Υn

on the cell in time Kn. Therefore, let Υn : pI Ñ sKn be an affine mapping defined by

Υnpptq :“ τn pt` tF ,n` , @pt P pI , tF ,n` P BKn , Kn P Tτ,n , n “ 1, . . . , N ,

and Υ´1
n : sKn Ñ pI be the inverse mapping of Υn, defined by

Υ´1
n ptq :“

t´ tF ,n`
τn

, @t P sKn , tF ,n` P BKn , Kn P Tτ,n , n “ 1, . . . , N .

Here, tF ,n` P BKn represents the left end of the cell in time Kn as introduced in
Assumption 2.5. The space X r

τ contains globally 1`r ¨Nc independent C0-continuous
basis functions on sI, where Nc denotes here the total number of cells in time summed
up over all time subintervals. Locally, this space can be expressed by r`1 independent
polynomials basis functions on each cell in time Kn, i.e.

X r
τ :“ span

"

ξn,ι P L
2pI;Rq

ˇ

ˇ

ˇ
ξn,ι|Kn P Prτ p sKn;Rq , n “ 1, . . . , N , ι “ 0, . . . , r

*

Ş

"

ξ P CpI;Rq
ˇ

ˇ

ˇ
ξ|Kn P Prτ p sKn;Rq , n “ 1, . . . , N

*

,
(2.6)
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represented by

ξn,ιptq “

#

pξι
`

Υ´1
n ptq

˘

P Prτ ppI;Rq , t P sKn ,

0 , t R sKn ,
(2.7)

such that the continuity in time of X r
τ from Eq. (2.5) is fulfilled, i.e. the two functions

ξn, ξn`1 P X r
τ belonging to two consecutive cells in time, represented by the basis given

in Eq. (2.6), must hold ξnpt´Fq “ ξn`1pt
`
Fq for all interior time points tF P Fτ . Here,

the reference basis functions pξι, ι “ 0, . . . , r, from Eq. (2.7) may now be determined
as the standard Lagrange basis functions equivalently to the approach used for the
spatial discretization, cf. Sec. 2.1.3. Thus, each reference basis function pξι is uniquely
defined by r ` 1 nodal conditions

pξι
`

Υ´1
n ptn,µq

˘

“ δµ,ι , µ, ι “ 0, . . . , r ,

with the Kronecker symbol δµ,ι and appropriate interpolation points tn,µ depending
on the underlying quadrature rule used for the numerical approximation of the time
integrals. Consequently, on each cell in time Kn, a trial function of temporal poly-
nomial degree r has r ` 1 degrees of freedom. But due to the continuity constraints
on the left endpoints, the number of degrees of freedom that have to be determined
on each cell in time Kn reduces to r. Thus, it is sufficient to choose the test space
having one polynomial degree less than the trial space. More precisely, we choose the
test space VdGpr´1q

τ as given in Eq. (2.9), consisting of piecewise polynomials of degree
r ´ 1 in time with values in X.

2.2.2 Discontinuous in Time Galerkin Method

The discontinuous in time Galerkin method (dG(r) method) approximates the solu-
tion in time with piecewise polynomials of degree r, r ě 0. Thereby, the solution in
time may be discontinuous between two slabs and, in particular, between two cells in
time, cf. Fig. 2.5, which leads to a nonconforming time approximation; cf., e.g., [79,
Ch. 69]. The first dG method was introduced by Reed and Hill [157], where the first
error analysis can be found in the work of LeSaint and Raviart [134].

We define the limits vτ pt˘Fq from above and below of a time-discrete globally
discontinuous function vτ as well as their jump at an interior time point tF by

vτ pt
˘
Fq :“ lim

tÑtF˘0
vτ ptq , rvτ stF :“ vτ pt

`
Fq ´ vτ pt

´
Fq . (2.8)
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t
. . . tn´2 tn´1 tF ,n1 tF ,n2 tn tn`1 . . .

rvτ stn´2
rvτ stn´1

rvτ stF,n1

vτ,n1pt
´
F,n1

q

vτ,n2
pt`F,n1

q

rvτ stF,n2 rvτ stn

vτ,n3
pt´n q

vτ,n`1pt
`
n q

rvτ stn`1

. . . Kn´1 Kn1 Kn2 Kn3 Kn`1
. . .

vτ,...

vτ,n´1

vτ,n1

vτ,n2

vτ,n3

vτ,n`1

vτ,...

. . .

Qn´1 Qn Qn`1

. . .

Figure 2.5: Illustration of jumps of a discontinuous in time function vτ at interior time
points including a jump between two consecutive cells in time (rvτ stF,n1

) as well as a
jump between two consecutive slabs (rvτ stn), exemplary for a discontinuous Gelerkin
dG(0) time discretization. Note that tn, 1 ď n ď N , are included in the set of interior
time points Fτ introduced in Assumption 2.5.

Next, we define the finite-dimensional discontinuous time-discrete function space by
means of

VdGprq
τ :“

!

vτ P L
2pI;Xq

ˇ

ˇ

ˇ
vτ |Kn P Prτ pKn;Xq ,

vτ p0q P X ,Kn P Tτ,n , n “ 1, . . . , N
)

,
(2.9)

consisting of piecewise polynomials of degree r in time with values in X. Here,
Prτ pKn;Xq denotes the space of polynomials in time up to degree r, r ě 0, with values
in some Banach space X. The trial functions are chosen globally time-discontinuous
but piecewise continuous within Kn, i.e. on each cell in time Kn they are considered
as polynomials of degree r. More precisely, on each cell in time Kn, the piecewise
polynomials vτ in VdGprq

τ can be represented by

vτ |Knptq :“
r
ÿ

ι“0

V ι
nζn,ιptq , (2.10)

with time-independent coefficient functions V ι
n P X and appropriate basis functions

from Prτ pKn;Rq in time. To specify these basis functions, we introduce the discontin-
uous in time function space

Yrτ :“

"

ζ P L2
pI;Rq

ˇ

ˇ

ˇ
ζ|Kn P Prτ p sKn;Rq , ζp0q P R , Kn P Tτ,n , n “ 1, . . . , N

*

. (2.11)

The basis functions in Yrτ are again determined using the well-known technique from
the finite element method in space, i.e. we define reference basis functions on the ref-
erence cell or interval pI :“ r0, 1s and represent them through a domain transformation
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Υn on the cell in time Kn, analogous to the continuous approach above. Then, the
space Yrτ contains r` 1 independent basis functions on each cell in time Kn, given by

Yrτ :“ span
"

ζn,ι P L
2pI;Rq

ˇ

ˇ

ˇ
ζn,ι|Kn P Prτ p sKn;Rq ,

ζn,ιp0q P R , n “ 1, . . . , N , ι “ 0, . . . , r

*

,
(2.12)

represented by

ζn,ιptq “

#

pζι
`

Υ´1
n ptq

˘

P Prτ ppI;Rq , t P sKn ,

0 , t R sKn .
(2.13)

Here, the reference basis functions pζι, ι “ 0, . . . , r, from Eq. 2.13 may now be deter-
mined as the standard Lagrange basis functions equivalently to the approach used
for the spatial discretization, cf. Sec. 2.1.3. Thus, each reference basis function pζι is
uniquely defined by r ` 1 nodal conditions

pζι
`

Υ´1
n ptn,µq

˘

“ δµ,ι , µ, ι “ 0, . . . , r ,

with the Kronecker symbol δµ,ι and appropriate interpolation points tn,µ. Conse-
quently, on each cell in time Kn, a trial function of temporal polynomial degree r has
r ` 1 degrees of freedom. Due to the absence of continuity constraints on the left
endpoints of the cells in time Kn, one has to determine r ` 1 degrees of freedom on
each cell in time Kn. The test space is chosen having the same polynomial degree
than the trial space to guarantee a uniquely determination of the unknowns in time,
i.e. the test space is also given by VdGprq

τ .

2.3 Theoretical Results

In the theory of weak or variational solutions, the solution of a partial differential
equation is searched in an appropriate Sobolev space. Thereby, the solution has
to satisfy certain boundary conditions of the underlying boundary value problem.
However, since the boundary of a domain is a manifold of dimension pd ´ 1q, and
consequently it has Lebesgue measure zero, one has to clarify how a function from a
Sobolev space is defined on this manifold. This definition will be given in the so-called
trace theorem. Therefore, we need the following terms.

Definition 2.9 (Boundary of Class Ck,α) A bounded domain Ω Ă Rd and its
boundary BΩ are of class Ck,α, 0 ď α ď 1, if for all x0 P BΩ there is a ball
Bpx0, rq, r ą 0, and a bijective map ϕ : Bpx0, rq Ñ U Ă Rd such that
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(i) ϕ
`

Bpx0, rq XΩ
˘

Ă Rd
` ,

(ii) ϕ
`

Bpx0, rq X BΩ
˘

Ă BRd
` ,

(iii) ϕ P Ck,α
`

Bpx0, rq
˘

, ϕ´1 P Ck,αpUq , are Hölder continuous.

Consequently, BΩ is locally the graph of a function with d´ 1 arguments.
A function u is called Hölder continuous if

}u}Ck,αpΩq :“
ÿ

|α|ďk

}B
αu}Cp sΩq `

ÿ

|α|ďk

rB
αusC0,αp sΩq ă 8 ,

where
rB
αusC0,αp sΩq “ sup

x,yPΩ

"

|upxq ´ upyq|

|x´ y|α

*

.

Next, we define a special and well-known class within the above defined boundary
classes, that will be assumed for all problems investigated in this work.

Definition 2.10 (Lipschitz Boundary) Assume Ω Ă Rd and its boundary BΩ are
of class C0,1, which simply means the map in Def.2.9 is Lipschitz continuous. Such a
boundary is called Lipschitz boundary and the domain is called Lipschitz domain.

Remark 2.4 An important feature of a Lipschitz boundary is that the outer nor-
mal vector is defined almost everywhere at the boundary and it is almost everywhere
continuous.

Theorem 2.3 (Trace Theorem) Let Ω Ă Rd, d ě 2, be a bounded open set with
Lipschitz bundary BΩ. Then, there exists a unique linear continuous operator γ :

W 1,ppΩq Ñ LppΩq, 1 ď p ă 8 such that

γv “ v|BΩ for each v P Cp sΩq XW 1,p
pΩq ,

with W 1,pp¨q and Lpp¨q being defined in Sec. 2.1.1. The operator γ is called trace or
trace operator.

Proof. The proof can be found in the literature, for instance, in [2, 81, 137]. l

Goal-oriented a posteriori error control within the DWR-approach is based on the
solution of an additional dual or adjoint problem. Within this framework, seeking a
stationary point of a differentiable functional plays a key role; cf. [36, Chapter 2].
Therefore, we introduce the following definition of derivatives. For further details
to these definitions, we refer, e.g., to [39, 11, 189]. We assume X, Y and Z to be
arbitrary Banach spaces.
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Definition 2.11 (Gâteaux and Fréchet Derivative) Let f : Upxq Ď X Ñ Y be
a function defined on an open set in a Banach space X with values in another Banach
space Y . The function f is called Gâteaux differentiable at a point x if there exists
a bounded linear operator Tx : X Ñ Y such that @v P X,

lim
tÑ0

fpx` tvq ´ fpxq

t
“ Txv . (2.14)

The operator Tx is called the Gâteaux derivative of f at x and is denoted by Df pxq

or f 1pxq. If the limit in (2.14) exists uniformly for v in the unit sphere of X, we
say that f is Fréchet differentiable at x, and Df pxq is then called the Fréchet
derivative of f at x. Again, we also write f 1pxq instead of Df pxq.

Remark 2.5 Let us remark some aspects about Def. 2.11.

• The distinction between the two definitions of differentiability above is made by
how the limit is taken, more precisely the limit in the Fréchet case only depends
on the norm of y, i.e., the difference can be expressed as follows:

@ε ą 0, @v ‰ 0, Dδ “ δpε, vq : }fpx` tvq ´ fpxq ´ tTv} ď ε|t| whenever |t| ă δ ,

@ε ą 0, Dδ “ δpεq : }fpx` vq ´ fpxq ´ Tv} ď ε}v} whenever }v} ă δ ,

where the first line corresponds to the Gâteaux differntiability and the second
one corresponds to the Fréchet differntiability; cf., e.g., [11].

• If f is Lipschitz and it holds dimpXq ă 8, then the notion of Gâteaux and
Fréchet differntiability coincide; cf., e.g. [11, Prop. A.4].

• If for some fixed v the limits

Bvfpxq :“
d

dt

ˇ

ˇ

ˇ

t“0
fpx` tvq “ lim

tÑ0

fpx` tvq ´ fpxq

t
(2.15)

exists, we say f has a directional derivative at x in the direction v. Hence, f is
Gâteaux differentiable at x if and only if all the directional derivatives Bvfpxq
exist and form a bounded linear operator Df pxq : v ÞÑ Bvfpxq; cf., e.g., [39].

• An equivalent way to write that Df pxq is the Fréchet derivative of f at x is

fpx` yq ´ fpxq ´Df pxqy ` op}y}q ,

where we set y “ tv and note that tÑ 0 if and only if y Ñ 0; cf., e.g., [11].
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• In general, the pn` 1qth Fréchet derivative Dpn`1q
f pxq of f at the point x can be

defined through induction by means of the following formula:

Dn
f px` yqy1 ¨ ¨ ¨ yn ´D

n
f pxqy1 ¨ ¨ ¨ yn “ D

pn`1q
f pxqyy1y2 ¨ ¨ ¨ yn ` r ,

with the ’small’ remainder

sup
}yj}ď1 ,j“1,...,n

}rpx; y, y1, . . . , ynq} “ op}y}q , y Ñ 0 .

Here, we assume Dpn`1q
f pxq : X ˆ ¨ ¨ ¨ ˆX :Ñ Y to be an pn` 1q-linear bounded

operator. Synonymously to above, we write f pn`1qpxq instead of Dpn`1q
f pxq. The

existence of Dpn`1q
f pxq implies

D
pn`1q
f pxqyy1y2 ¨ ¨ ¨ yn “

d

dt

ˇ

ˇ

ˇ

t“0
Dn
f px` tyqy2 ¨ ¨ ¨ yn ,

for all y1, . . . , yn P X, where n “ 1, 2, . . . ; cf., e.g., [189].

• A function which is Fréchet differentiable at a point is continuous there, but this
is not the case for Gâteaux differentiable functions (even in the finite dimen-
sional case). For example, the function f : R2 Ñ R defined by fp0, 0q “ 0 and
fpx, yq “ x4y{px6 ` y3q for x2 ` y2 ą 0 has 0 as its Gâteaux derivative at the
origin, but fails to be continuous there; cf., e.g. [11].

Since the Euler Lagrange method of constraint optimization, using a so-called La-
grangian functional L : X ˆ X Ñ R, is an essential component of this work, we
transfer the notion of a directional derivative given in the third point of Rem. 2.5
within the following definition.

Definition 2.12 (Partial Fréchet Derivative) Let

f : Upx, yq Ď X ˆ Y Ñ Z

be a map defined on an open set of the point px, yq P X ˆ Y with values in a further
Banach space Z. Let y be fixed and set gpyq :“ fpw, yq. If g is Fréchet differentiable in
the sense of Def. 2.11 at the point x, then we define the partial Fréchet derivative
fxpx, yq through

fxpx, yq :“ g1pxq .

The partial Fréchet derivative fypx, yq is defined similarly.
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Proposition 2.1 Let f : Upx, yq Ď X ˆ Y Ñ Z be given in Def. 2.12. If f has a
Fréchet derivative at the point px, yq P X ˆ Y , then the partial Fréchet derivatives
fxpx, yq, fypx, yq also exist and

f 1px, yqph, kq “ fxpx, yqphq ` fypx, yqpkq @h P X, k P Y .

Proof. The proof of Prop. 2.1 can be found in the literature, for instance, in [189].
l

Remark 2.6 An analogous result to Prop. 2.1 holds true if f has a Gâteaux derivative
at the point px, yq P X ˆ Y , where then fxpx, yq and fypx, yq denote the directional
derivatives according to the third point of Rem. 2.5 with respect to the first or second
argument, respectively. Exemplary, the definition of fxpx, yq is given by

fxpx, yqpvq :“ lim
tÑ0

fpx` tv, yq ´ fpx, yq

t
, v P X.

2.4 Residual-Based Stabilization

The numerical approximation of convection-dominated problems is associated with
several challenges. The solutions of these problems are typically characterized by the
occurence of sharp moving fronts and interior or boundary layers. The key challenge
for an accurate numerical approximation of these solutions is thus the development
of discretization schemes with the ability to capture strong gradients without produc-
ing spurious oscillations or smearing effects. An important issue to overcome these
difficulties are stabilization concepts. As general surveys about stabilization meth-
ods as well as an overview of related references, we refer, e.g., to the monographs
[162, 175] as well as the recently published review [116], respectively. With regard to
convection-diffusion equations, a comparative study of stabilization concepts can be
found in the contributions [58, 120, 121, 175].

Throughout this work, we use the so-called streamline upwind Petrov-Galerkin
(SUPG) method, introduced by Hughes and Brooks [106, 49], to stabilize our trans-
port problems. This method is a well-known residual-based stabilization technique
for finite element approximations, that adds weighted residuals to the usual Galerkin
finite element method. Therefore, it is also known as streamline diffusion finite
element method (SDFEM), cf., e.g., [162, Chapter III.3.2.1]. There are many ex-
amples in the literature, where this stabilization technique is applied to stationary
(cf., e.g., [106, 147, 82, 115, 83, 117, 114, 119, 18]) and nonstationary (cf., e.g.,
[120, 121, 167, 118, 84, 85, 116]) convection-diffusion problems.
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In order to clarify how the weighted residuals are added, we consider, by way of
example, the following convection-diffusion-reaction equation.

´ ε∆u` b ¨∇u` αu “ f in Ω , u “ 0 on BΩ , (2.16)

where Ω Ă Rd, with d “ 2 or d “ 3, is a polygonal or polyhedral bounded domain
with Lipschitz boundary BΩ . A detailed investigation of the equation above is done
in Chapter 3. We restrict ourselves to a very general manner in this section, skipping
some mathematical details in the following. Here, ε is a constant positive diffusion
coefficient, b is a convection field, α is a reaction coefficient, and f is a given outer
source of the unknown scalar quantity u. We start with a weak formulation of the
convection-diffusion-reaction equation (2.16), assuming that b, α and f are sufficiently
smooth with α ´ 1

2
∇ ¨ b ą 0:

Find u P V :“ H1
0 pΩq such that

Apuqpϕq :“ pε∇u,∇ϕq ` pb ¨∇u, ϕq ` pαu, ϕq “ pf, ϕq “: F pϕq @ϕ P V . (2.17)

Let V p
h Ă V be a conforming finite element space defined in Eq. (2.1) of Sec. 2.1.3.

Then, assuming that the solution u of (2.17) is regular, in the sense that

´ε∆u` b ¨∇u` αu “ f in L2
pKq @K P Th ,

the SUPG stabilzed scheme is given by

ASpuqpϕhq “ FSpϕhq @ϕh P V
p
h ,

where
ASpuqpϕq :“pε∇u,∇ϕq ` pb ¨∇u, ϕq ` pαu, ϕq

`
ÿ

KPTh

δKp´ε∆u` b ¨∇u` αu, b ¨∇ϕqK ,

F pϕq :“pf, ϕq `
ÿ

KPTh

δKpf, b ¨∇ϕqK .

Here, p¨, ¨qK denotes the inner product of L2pKq as given in Sec. 2.1.1, where K is
a disjoint element of a decomposition Th of the domain Ω. Furthermore, δK is a
user-chosen constant stabilization parameter, that will be specified in Remark 3.2.
Since in general ∆uh R L2pΩq but ∆uh P L2pKq for each K, one has to calculate ∆uh
elementwise. Finally, the SUPG stabilized discrete scheme reads as

Find uh P V p
h such that

ASpuhqpϕhq “ FSpϕhq @ϕh P V
p
h . (2.18)
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At the end of this section we want to introduce a natural norm for proving stability
and error estimates for convection-dominated problems. This norm is referred to as
SUPG-norm. For some general results regarding this norm we refer, for instance, to
the general survey [162].

|||v|||SUPG :“

˜

ÿ

KPTh

}
?
ε∇v}2L2pΩqd ` }

?
αv}2L2pΩq ` δK}b ¨∇v}2L2pΩq

¸
1
2

. (2.19)

2.5 Goal-Oriented A Posteriori Error Control

A posteriori error estimation is traditionally based on error control with respect to
some global norm, for instance, the generic energy or the L2-norm. For a general
review of a posteriori error estimation techniques for finite element methods we refer,
for instance, to the monographs [178, 180, 4]. However, in many applications it
might be useful to compute more locally defined quantities, for example a drag or
lift coefficient in flows around obstacles, a mean normal flux across boundaries or a
solution just in certain subsets of the whole domain. Broadly speaking, this is what
goal-oriented a posteriori error control stands for.

The general approach of goal-oriented a posteriori error control is based on ex-
ploiting a ’duality-argument’ well-known from the a priori error analysis for finite
element methods. This idea goes back to the 1990’s, where C. Johnson and his col-
laborators, cf. [122, 123, 124, 125], derived computable bounds on a given norm of the
error based on the finite element approximations of the underlying partial differential
equation of interest; cf. [101] for more details. Based on this, two a posteriori error
bounds were derived. A so-called unweighted or Type II a posteriori error bound that
is based, inter alia, on strong stability results for the underlying dual problem and do
not depend explicitly on the dual solution; cf. [76] as well as the references therein
for a general review to this approach. In contrast, a so-called weighted or Type I a
posteriori error bound retains the dual solution within the a posteriori error bound
and is thus explicitly depending on the dual solution, cf. the works [35, 36, 20] for a
general review to this approach.

The letter approach is reffered to as the Dual Weighted Residual (DWR) method
introduced by Becker and Rannacher in [35, 36]. This method is a main component
of the underlying work and will be introduced in the following. This is done in a very
general way, which means we will skip some mathematical details here in order to
focus on the basic idea of this approach. For further details about this method, we
refer to the monographs [20, 36].
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Goal-oriented a posteriori error control within the DWR-approach aims at the
control of an error in an arbitrary user-chosen goal functional J of physical interest.
To get an error representation with respect to this goal functional, an additional dual
problem has to be solved. This dual solution is used for weighting the influence of
the ’local’ residuals on the error in the goal quantity Jp¨q in the following way:

|Jpeq| ď
N
ÿ

n“1

ÿ

KnPTτ,n

ÿ

KPTh,n

|ρnKn,Kpuτhq| |ω
n
Kn,Kpzq| . (2.20)

Here, e “ u ´ uτh denotes the discretization error of the original so-called primal
problem, ρKn,K denotes the related local primal residuals and the ’weights’ are iden-
tified by ωKn,K , depending on the exact dual solution z. In practice, the exact dual
solution is usually not explicitly known. Therefore, the information about z has
to be obtained either through a priori analysis in form of bounds for z in certain
Sobolev norms or through approximating the dual problem numerically obtaining a
fully discrete solution zh. For further information, particularly about the a priori
approach, we refer to [20, Chapter 3]. Of course, solving the dual problem numeri-
cally is associated with additional numerical costs. There are two main approaches
used in the literature how to approximate the unknown exact solution z, namely the
approximation by higher-order interpolation or the approximation by higher-order
finite elements ; cf. Sec. 3.3.1. Furthermore, but less common, is the approximation
by difference quotients as well as the approximation by local residual problems. For
a review to all of these approximation approaches we refer to [20, Chapter 4] or [36,
Sec. 5], respectively.

In order to give an understanding to the proceeding of the DWR method, we
consider the following simple example adopted from [20, Chapter 1.4]. Consider the
’continuous’ and ’discrete’ primal problems of finding u, uh P Rn from

Au “ b , Ahuh “ bh , (2.21)

where we assume A,Ah P Rnˆn to be regular matrices, b, bh P Rn are vectors and h
is a parameter indicating the quality of approximation, i.e., Ah Ñ A and bh Ñ b, as
h Ñ 0. Moreover, we introduce the discretization error e :“ u ´ uh as well as the
’primal’ residual ρ :“ b´Axh. Then, the classical a posteriori error analysis uses the
relation

Ae “ Ax´ Axh “ b´ Axh “ ρ ,

to derive an a posteriori error bound involving a ’continuous’ stability constant:

}e} ď cS}ρ} , cS :“ }A´1
} .
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In the context of Galerkin finite element methods for linear partial differential equa-
tions the relation above is also known as Galerkin orthogonality. As already men-
tioned, on the contrary the DWR method aims to estimate the error also with re-
spect to arbitrary moments of the solution. Therefore, a ’duality-argument’ well-
known from the error analysis of Galerkin methods is used. Assume that we want to
estimate the value of the linear goal functional Jp¨q with

Jpeq “ Jpuq ´ Jpuhq “ pe, jq ,

for some given j P Rn. For the determination of this error, we consider the solution
z P Rn of the to problem (2.21) associated dual (or adjoint) problem

A˚z “ j . (2.22)

This leads us to the identity about the error

Jpeq “ pe, jq “ pe, A˚zq “ pAe, zq “ pρ, zq ,

and finally to the ’weighted’ a posteriori error estimate

|Jpeq| ď
n
ÿ

i“1

|ρi| |zi| . (2.23)

The advantage of using the ’weights’ zi is that they tell us about the influence of the
’local’ primal residuals ρi on the error in the goal quantity Jp¨q.

So far, we assumed the goal functional J as well as the primal and dual problem
to be linear. In the case of a nonlinear goal quantity, or at least a nonlinear primal
problem, it is useful to embed the DWR approach into an optimal control problem.
This nonlinear approach is based on [20, Chapter 6], where a detailed derivation can
be found. In order to derive an error representation in terms of the goal quantity
Jp¨q, we employ the Euler-Lagrange method of constrained optimization. For some
given functional J : V Ñ R we consider solving

Jpuq “ mintJpvq , v P V , where Apvqpϕq “ F pϕq @ϕ P V u . (2.24)

Here, the constraint Apuqpϕq “ F pϕq corresponds to the original primal problem,
where A : V ˆ V Ñ R is assumed to be a semilinear form (linear in the second
argument), F : V Ñ R is assumed to be a linear form representing the force term,
and J : V Ñ R is assumed to be the goal functional, not necessarily linear, defined
on some function space V . Furthermore, we assume the existence of the Gâteaux
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derivatives, defined in Sec. 2.3, of A and J up to order three. An error representation
similar to Eq. (2.23) is then derived with the help of the following definition of the
so-called Lagrangian functional L : V ˆ V ÞÑ R.

Lpu, zq :“ Jpuq ` F pzq ´ Apuqpzq ,

where we refer to z P V as the dual variable (adjoint variable or Lagrange multiplier).
Note that seeking a stationary point tu, zu P V ˆV of Lp¨, ¨q is given by the condition

L1pu, zqpψ, ϕq “ 0 @tψ, ϕu P V ˆ V , (2.25)

where L1 denotes the so-called Gâteaux derivatives defined in Def. 2.11, or, equiva-
lently, by the system of equations

A1puqpψ, zq “ J 1puqpψq @ψ P V ,

Apuqpϕq “ F pϕq @ϕ P V .
(2.26)

Here, the second equation of (2.26) corresponds to the original primal problem,
whereas the first equation of (2.26) yields the dual problem. This approach will
be used to derive an error representation within Chapter 4 and Chapter 5.
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Chapter 3

Goal-Oriented Error Control for
Steady-State
Convection-Dominated Problems

In this chapter, we present the application of goal-oriented error control based on
the Dual Weighted Residual method to stationary convection-dominated problems.
These problems are also referred to as singularly perturbed problems, since they de-
pend on a small positive perturbation parameter ε and their solutions approach a
discontinuous limit as this parameter approaches zero, cf. [162] for further details as
well as Sec. 2.4 for an introduction and the challenges of those problems. There are
numerous examples in various fields of application of these problems, for instance,
the propagation of temperature within a fluid or solid, the distribution of a concen-
tration of electrons in models of semiconductor designs or the distribution of a liquid
pollution on the surface of a river, to name just a few.

We restrict ourselves to stationary convection-dominated problems first, since the
focus of this chapter is on the interaction of stabilization and error control. For this
purpose, we investigate two possible approaches for the dual problem including two
different ways to get the dual solution, respectively. Furthermore, this serves as a
comparative numerical study for time-dependent and coupled problems considered in
Ch. 4 and Ch. 5, respectively.

We start by introducing the convection-diffusion-reaction equation together with
some global assumptions and general concepts including the underlying variational
formulation. Then, we present the discretization scheme in space as well as the
stabilized version of this scheme. Afterwards, we present two different approaches for
the dual problem and derive a respective local error representation formula in terms
of a goal quantity Jp¨q. The chapter is closed by some numerical examples given in
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Sec. 3.4, in which we present the adaptive algorithm and perform several numerical
comparative studies for the presented approaches. Some parts of this chapter have
been published by the author et al. in [50].

As a prototype of convection-dominated problems we consider the steady linear
convection-diffusion-reaction equation.

Problem 3.1 (Convection-Diffusion-Reaction Equation) Find u from

´∇ ¨ pε∇uq ` b ¨∇u` αu “ f in Ω ,

u “ 0 on BΩ ,
(3.1)

where Ω Ă Rd, with d “ 2 or d “ 3, is a polygonal or polyhedral bounded domain
with Lipschitz boundary BΩ . Here, 0 ă ε ! 1 is a small, constant positive diffusion
coefficient, b P pH1pΩqqdXpL8pΩqqd is the flow field or convection field, α P L8pΩq is
the reaction coefficient, and f P L2pΩq is a given outer source of the unknown scalar
quantity u . Furthermore, we assume that one of the following conditions is fulfilled:

∇ ¨ bpxq “ 0 and αpxq ě 0 , or αpxq ´
1

2
div bpxq ě c0 ą 0 @x P Ω . (3.2)

Remark 3.1 The unknown u in a singularly perturbed problem depends, of course,
on the perturbation parameter ε, cf., e.g. [162]. To simplify the notation, we just
write upxq instead of, for instance, upx, εq or uεpxq.

For the sake of simplicity, Problem 3.1 is equipped with homogeneous Dirichlet bound-
ary conditions. In our numerical examples in Sec. 3.4, we also consider other types
of boundary conditions. In Rem. 3.3 and 3.4, the incorporation of nonhomogeneous
Dirichlet and Neumann boundary conditions, respectively, is briefly addressed; cf.,
e.g., [20, 92] with regard to these types of boundary conditions.

It is well known that Problem 3.1 along with condition (3.2) admits a unique
weak solution u P V :“ H1

0 pΩq that satisfies the following variational formulation;
cf., e.g. [162, 81, 12, 119].

Problem 3.2 (Variational Formulation Primal Problem) Find u P V such that

Apuqpϕq “ F pϕq @ϕ P V , (3.3)

where the bilinear form A : V ˆ V Ñ R and the linear form F : V Ñ R are

Apuqpϕq :“ pε∇u,∇ϕq ` pb ¨∇u, ϕq ` pαu, ϕq , (3.4)

F pϕq :“ pf, ϕq . (3.5)

Here and in the following, p¨, ¨q is the inner product of L2pΩq and } ¨ } the associated
L2-norm with }v} “ pv, vq

1
2 “ p

ş

Ω
|v|2dxq

1
2 as defined in Sec. 2.1.
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3.1 Stabilized Variational Discretization in Space

In this section, we present the stabilized spatial discretization of the convection-
diffusion-reaction equation (3.1). For this reason, we use the concepts introduced in
Sec. 2.1.3, where all details can be found that are not specified in the following. We
start with the spatial discretization of Eq. (3.1), denoted by cG(p), using Lagrange
type finite element spaces of continuous functions that are piecewise polynomials of
degree p ě 1. For this discretization in space, we consider a decomposition Th as
given in Assumption 2.3. Then, using the discrete finite element space V p

h Ă V ,
defined in (2.1) in Sec. 2.1.3, we find a Galerkin approximation uh as the solution of
the following discrete problem.

Problem 3.3 (Discretization in Space: Primal Problem) Find uh P V
p
h such

that
Apuhqpϕhq “ F pϕhq @ϕh P V

p
h , (3.6)

where the bilinear form Ap¨qp¨q and the linear form F p¨q are defined by Eq. (3.4) and
Eq. (3.5), respectively.

In this work, we focus on convection-dominated problems with small difussion pa-
rameter ε. Then, the finite element approximation needs to be stabilized in order to
reduce spurious and non-physical oscillations of the discrete solution arising close to
layers. Here, we apply the streamline upwind Petrov-Galerkin (SUPG) method, that
was introduced in Sec. 4.1.3. Existing a priori error analysis ensure its convergence
in the natural norm of the scheme including the control of the approximation error
in streamline direction; cf. [162, Thm. 3.27]. The stabilized variant of the discrete
scheme (3.6) then reads as follows.

Problem 3.4 (Stabilized Primal Problem) Find uh P V p
h such that

ASpuhqpϕhq “ FSpϕhq @ϕh P V
p
h , (3.7)

where the stabilized bilinear form ASp¨qp¨q and the stabilized linear form FSp¨q are
given by

ASpuhqpϕhq :“ Apuhqpϕhq ` SApuhqpϕhq , (3.8)

FSpϕhq :“ F pϕhq ` SF pϕhq , (3.9)
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and the stabilization bilinear form SA : V ˆ V Ñ R and the stabilization linear form
SF : V Ñ R, respectively, are defined by

SApuhqpϕhq :“
ÿ

KPTh

δKp´∇ ¨ pε∇uhq ` b ¨∇uh ` αuh, b ¨∇ϕhqK . (3.10)

SF pϕhq :“ δKpf, b ¨∇ϕhq . (3.11)

The evidence of the existence of a solution of Problem 3.4 can be found, for instance,
in [127, 141, 102, 27].

In the next section, more precisely in Sec. 3.2.1, we will derive an error represen-
tation formula in terms of a goal quantity Jp¨q. Therefore, we additionally have to
assume that the analytical solution u P V to (3.3) satisfies the following idendity:

ASpuqpϕq “ FSpϕq @ϕ P V . (3.12)

This can be guaranteed by

u P V̂ :“

"

v̂ P H1
0 pΩq

ˇ

ˇ

ˇ

`

∇ ¨ pε∇ψq
˘

K
P L2

pKq @K P Th
*

.

In addition, with regard to the definition of ASp¨qp¨q and FSp¨q in (3.8) and (3.9),
respectively, we note that the stabilization forms SAp¨qp¨q and SF p¨q must satisfy the
following consistency condition

SApuqpϕq “ SF pϕq @ϕ P V . (3.13)

Based on (3.12), we derive the following Galerkin orthogonality property.

ASpu´ uhqpϕhq “ 0 @ϕh P V
p
h . (3.14)

Remark 3.2 The proper choice of the stabilization parameters δK is an important is-
sue in the application of the SUPG approach; cf. [117, 114] and the discussion therein.
There are several proposals for the concrete choice of this parameter in the litera-
ture, see [113] for an overview. For the situation of steady-state convection-diffusion-
reaction equations, all proposals have in common to choose δK “ OphK{}b}K,8q in
a convection-dominated case pPeK " 1q and δK “ Oph2

K{εq in a diffusion-dominated
case pPeK ď 1q, where

PeK “
}b}K,8hK

2pε
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denotes the local Péclet number; cf. [119] for more details. In all our numerical
examples investigated in Sec. 3.4, we made the experience that the simplified choice
δK “ OphKq provides for the best results for convection-dominated cases, which is in
good agreement with the results in [118] and [104], respectively.

In the following, we introduce the dual problem outlined in Sec. 2.5, which is used
for weighting the influence of the primal residuals on the discretization error in a
given user-chosen goal quantity Jp¨q. Therefore, following the notation in [169], in
the context of stabilized finite element approximations two different approaches are
possible, namely

• First Stabilize and Then Dualize (FSTD): In this approach the dual problem is
derived with the help of the adjoint of the stabilized discrete primal operator
(3.8).

• First Dualize and Then Stabilize (FDTS): In this approach the dual problem
is derived with the help of the formal adjoint problem of the weak formulation
(3.3) and the SUPG stabilization is applied to the discrete counterpart of this
dual problem afterwards.

For more details about these two approaches, we refer to [169, 101, 103, 31]. In
the following section, the two approaches are presented and an appropriate error
representation formula is derived for both of the methods.

3.2 A FSTD and FDTS Approach for the Dual
Problem

In this section, we introduce two different approaches for the derivation of the dual
problem. For each of these approaches an error representation formula in terms of
a goal functional Jp¨q is presented that can be used for adaptive refinement of the
spatial grid within the finite element approximation of the underlying problem.

Assumption 3.1 (Goal Functional) Let us assume J : V Ñ R to be a linear func-
tional representing the goal quantity of physical interest. In general, this functional
is given as

Jp¨q “ pjΩ, ¨qΩ ` pjBΩ, ¨qBΩ , (3.15)

where we assume jΩ P L2pΩq and jBΩ P L2pBΩq, respectively; cf. [101, 97, 91].
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Note that jΩ or jBΩ may be zero, depending on the chosen goal quantity in which the
error shall be controlled; for example jΩ ” 0 and jBΩ P L2pBΩ`q, where BΩ` denotes
the outflow boundary, for a goal functional aiming to control the outflow normal flux,
whereas jΩ P L2pΩq and jBΩ ” 0 for a goal functional aiming to control the mean
value of the solution.

3.2.1 A FSTD Dual Weighted Residual Approach

The First Stabilize and Then Dualize (FSTD) approach is based on building the
adjoint bilinearform of the stabilized discrete primal operator (3.8). Thereby, we
follow the lines of [103], where this approach is derived for a linear transport euation.
The FSTD approach leads to the following dual problem.

Problem 3.5 (Dual Problem) Find zs P V such that

ASpψqpzsq “ Jpψq @ψ P V̂ , (3.16)

where Jp¨q is a linear goal functional in the sense of Assumption 3.1 defined by
Eq. (3.15) and ASp¨qp¨q is the stabilized bilinearform defined by Eq. (3.8).

Using the finite element space V p
h Ă V , defined in Eq. (2.1) of the preceding section,

the stabilized discrete formulation in space of Eq. (3.16) reads:

Problem 3.6 (Discretization in Space: Stabilized Dual Problem)
Find zs,h P V p

h such that

ASpψhqpzs,hq “ Jpψhq @ψh P V
p
h , (3.17)

where ASp¨qp¨q and Jp¨q are defined by Eq. (3.8) and Eq. (3.15), respectively.

The evidence for the existence and uniqueness of a solution zs,h for Eq. (3.17) can be
found in [169, Thm. 3.3], where coercivity and boundness of the dual bilinear form
are proved with regard to the SUPG-norm defined by Eq. (2.19).

Next, we want to derive an error representation formula in terms of the goal
quantity Jp¨q. Therefore, we introduce the stabilized primal residual ρSpuhqp¨q defined
by

ρSpuhqpϕq :“ FSpϕq ´ ASpuhqpϕq @ϕ P V . (3.18)
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Theorem 3.1 (Error Representation FSTD) Assume J : V Ñ R to be a linear
functional. Let u P V̂ be the solution of the ’continuous’ scheme of the stabilized
primal problem (3.7) and uh P V p

h a Galerkin approximation to u being defined by the
’discrete’ stabilized primal problem (3.7) such that the Galerkin orthogonality (3.14)
is fulfilled. Furthermore, let zs P V be the solution of the dual (or adjoint) problem
(3.16). Then, there holds the FSTD error representation formula

Jpuq ´ Jpuhq “ ρSpuhqpzs ´ z̃hq @z̃h P V
p
h . (3.19)

Proof. (cf., e.g., [169],[103],[101]) To prove the FSTD error representation for-
mula (3.19), we first exploit the linearity of Jp¨q to get

Jpuq ´ Jpuhq “ Jpu´ uhq “ ASpu´ uhqpzsq .

Using the Galerkin orthogonality property (3.14) together with (3.12) as well as the
definition of the stabilized primal residual (3.18), we finally get

Jpuq ´ Jpuhq“ASpu´ uhqpzsq ´ ASpu´ uhqpz̃hq

“ASpu´ uhqpzs ´ z̃hq

“ASpuqpzs ´ z̃hq ´ ASpuhqpzs ´ z̃hq

“FSpzs ´ z̃hq ´ ASpuhqpzs ´ z̃hq

“ ρSpuhqpzs ´ z̃hq ,

for all z̃h P V p
h . This proves the error representation (3.19). l

Since we use this error representation formula for adaptive mesh refinement, we
present the following localized form of result (3.19).

Theorem 3.2 (Localized Error Representation FSTD, cf. [169], Thm. 3.10)
Let the assumptions of Thm. 3.1 be satisfied. Then, the cell-wise error representation
formula of (3.19) reads

Jpuq ´ Jpuhq“
ÿ

KPTh

!

`

Rpuhq, zs ´ z̃h
˘

K
` δK

`

Rpuhq,b ¨∇pzs ´ z̃hq
˘

K

´
`

Epuhq, zs ´ z̃h
˘

BK

)

.
(3.20)

The cell and edge residuals Rpuhq and Epuhq, respectively, are defined by

Rpuhq|K :“ f `∇ ¨ pε∇uhq ´ b ¨∇uh ´ αuh , (3.21)

Epuhq|Γ :“

#

1
2
rε∇uhs ¨ n if Γ Ă BKzBΩ ,

0 if Γ Ă BΩ ,
(3.22)
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where r∇uhs :“ ∇uh|ΓXK ´ ∇uh|ΓXK1 defines the jump of ∇uh over the inner edges
Γ with normal unit vector n pointing from K to K 1.

Proof. (cf. [169]) The assertion directly follows by using the definitions of the sta-
bilized primal bilinear operator (3.8) and the stabilized primal linear operator (3.9)
as well as applying integration by parts on each cell K P Th to the diffusive term in
the primal residual (3.18); cf., e.g., [20, Ch. 3]. l

Remark 3.3 (Nonhomogeneous Dirichlet Boundary Conditions, cf. [20])
We briefly address the incorporation of further types of boundary conditions. First, we
consider Problem 3.1 equipped with the nonhomogeneous Dirichlet boundary condition,
i.e.,

´∇ ¨ pε∇uq ` b ¨∇u` αu “ f in Ω , u “ uD on BΩ ,

for a given function uD P H
1
2 pBΩq. For this, let ũD P H1pΩq be an extension of uD in

the sense that the trace of ũD equals uD on BΩ in accordance with the trace theorem
2.3. Further, let the discrete function ũD,h be an appropriate finite element approxi-
mation of the extension ũD. Then, the trace on BΩ of ũD,h represents a discretization
of uD. For instance, a nodal interpolation of uD and an extension in the finite element
space can be used. This allows to recast the weak form of Problem 3.1 and its discrete
counterpart in terms of w “ u ´ ũD P H

1
0 pΩq and wh “ uh ´ ũD,h P V

p
h Ă H1

0 pΩq.
The previous calculations and the derivation of the a posteriori error estimator are
then done for the weak problem and its discrete counterpart rewritten in terms of w
and wh. This yields the result that

Jpuq ´ Jpuhq“
ÿ

KPTh

!

`

Rpuhq, zs ´ z̃h
˘

K
´ δK

`

Rpuhq,b ¨∇pzs ´ z̃hq
˘

K

´
`

Epuhq, zs ´ z̃h
˘

BK

)

´
`

puD ´ ũD,hq, ε∇zs ¨ n
˘

BΩ
,

(3.23)

where Rpuhq and Epuhq are given by (3.21) and (3.22), respectively, and n denotes
the outer unit normal vector to the boundary BΩ.

Remark 3.4 (Neumann Boundary Conditions, cf. [20])
If Neumann boundary conditions are prescribed in Problem 3.1 on a part ΓN of the
boundary BΩ “ ΓD Y ΓN , with Dirichlet part ΓD ‰ H, i.e.,

ε∇u ¨ n “ uN on ΓN .

Then, the derivation has to be done analogously for the solution space V “ tv P

H1pΩq | v “ 0 on ΓDu and its discrete counterpart and the resulting variational
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problems. The localized error representation formula (3.20) remains valid with the
only modification that the edge residuals Epuhq are now defined by

Epuhq|Γ :“

$

’

’

&

’

’

%

1
2
n ¨ rε∇uhs if Γ Ă BKzBΩ ,

0 if Γ Ă ΓD ,

uN ´ ε∇uh ¨ n if Γ Ă ΓN .

(3.24)

3.2.2 A FDTS Dual Weighted Residual Approach

In this section, we derive an a posteriori error representation formula based on the
second approach First Dualize and Then Stabilize (FDTS). Thereby, we follow the
lines of [101, Sec. 2.1], where this approach is derived for a general case of a linear
operator within an abstract framework. The FDTS approach is based on building
the formal adjoint problem of the weak formulation (3.3). This leads to the following
dual problem.

Problem 3.7 (Dual Problem) Find z P V such that

Apψqpzq “ Jpψq @ψ P V , (3.25)

where Jp¨q is a linear goal functional in the sense of Assumption 3.1 defined by
Eq. (3.15) and Ap¨qp¨q is the primal bilinearform defined by Eq. (3.4).

Remark 3.5 (cf. [101]) Problem 3.7 can also be identified with the adjoint bilin-
earform A˚p¨qp¨q, given by

A˚pzqpψq “ Apψqpzq “ pε∇ψ,∇zq ` pb ¨∇ψ, zq ` pαψ, zq .

Applying integration by parts to the convective (second) term along with the condition
(3.2) yields the representation

A˚pzqpψq “ pε∇z,∇ψq ´ pb ¨∇z, ψq ` pαz, ψq . (3.26)

We will use this version of the dual operator in the further course of this section.
Furthermore, assuming that the goal functional Jp¨q is compatible with the primal
problem (3.3), i.e.,

Apuqpzq “ A˚pzqpuq , (3.27)

the dual problem (3.25) in strong form is

´∇ ¨ pε∇zq ´ b ¨∇z ` αz “ j in Ω ,

z “ 0 on BΩ ,
(3.28)

i.e., z P V 1 :“ H´1pΩq is the solution of the formal adjoint equation related to (3.1)
with V 1 denoting the dual space of V .
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Using the finite element space V p
h Ă V , defined in Eq. (2.1) of the preceding chap-

ter, we find the Galerkin approximation zh as the solution of the following discrete
problem.

Problem 3.8 (Discretization in Space: Dual Problem) Find zh P V p
h such that

A˚pzhqpψhq “ Jpψhq @ψh P V
p
h , (3.29)

where A˚p¨qp¨q and Jp¨q are given by Eq. (3.26) and Eq. (3.15), respectively.

Since we deal with the case of convection-dominated problems, we need to stabilize
the finite element aproximation. Thus, the discrete dual problem (3.29) stabilized by
the SUPG method reads as

Problem 3.9 (Stabilized Dual Problem) Find zh P V p
h such that

A˚Spzhqpψhq “ Jpψhq @ψh P V
p
h , (3.30)

where the stabilized adjoint bilinear form A˚Sp¨qp¨q is given by

A˚Spzhqpψhq :“ A˚pzhqpψhq ` S
˚
pzhqpψhq , (3.31)

and the stabilized term S˚pzhqpψhq is defined by

S˚pzhqpψhq :“
ÿ

KPTh

δ˚Kp∇ ¨ pε∇zhq ` b ¨∇zh ´ αzh ` jΩ, b ¨∇ψhqK .

The evidence for the existence and uniqueness of a solution zh for Eq. (3.30) can be
found in [169, Thm. 3.13], where coercivity and boundness of the stabilized dual
bilinear form (3.31) are proofed with regard to the SUPG-norm defined by (2.19),
neglecting the stabilized goal functional term

ř

KPTh δ
˚
KpjΩ, b ¨∇zhqK in (3.31).

Remark 3.6 We note that the SUPG stabilization is applied to the discrete dual
problem (3.29) and acts in the negative direction of the flow field b; cf. Eq. (3.26).
Furthermore, due to this derivation of the stabilized dual problem (3.30), the dual
stabilization parameter δ˚K is independent of the discretized primal problem (3.7) and
thus allows more flexibility with regard to the adaption of the stabilization to the
structure of the equation. This is in contrast to the stabilized dual problem (3.17) of the
previous section, where the dual stabilization parameter equals its primal counterpart.
Moreover, note that the goal functional is stabilized within the FDTS approach, cf.
the definition of S˚p¨qp¨q within (3.31).
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Next, we derive an error representation formula in terms of the goal quantity Jp¨q.
Therefore, we introduce the original primal residual ρpuhqp¨q defined by

ρpuhqpϕq :“ F pϕq ´ Apuhqpϕq @ϕ P V . (3.32)

Theorem 3.3 (Error Representation FDTS) Assume J : V Ñ R to be a linear
functional. Let u P V be the solution of the ’continuous’ primal problem (3.3) and
uh P V

p
h a Galerkin approximation to u being defined by the ’discrete’ stabilized primal

problem (3.7) such that the Galerkin orthogonality property (3.14) is fulfilled. Fur-
thermore, let z P V be the solution of the dual (or adjoint) problem (3.25). Then,
there holds the FDTS error representation formula

Jpuq ´ Jpuhq “ ρpuhqpz ´ z̃hq ´ SF pz̃hq ` SApuhqpz̃hq @z̃h P V
p
h . (3.33)

Proof. (cf., e.g., [101],[169],[103]) To prove the FDTS error representation for-
mula (3.33), we first exploit the linearity of Jp¨q, together with (3.25) to get

Jpuq ´ Jpuhq “ Jpu´ uhq “ Apu´ uhqpzq .

Using the Galerkin orthogonality property (3.14) as well as the definition of the
stabilized primal bilinearform ASp¨qp¨q given in (3.8), we get

Jpuq ´ Jpuhq“Apu´ uhqpzq ´ ASpu´ uhqpz̃hq

“Apu´ uhqpzq ´ Apu´ uhqpz̃hq ´ SApu´ uhqpz̃hq

“Apu´ uhqpz ´ z̃hq ´ SApuhqpz̃hq

“Apuqpz ´ z̃hq ´ Apuhqpz ´ z̃hq ´ SApuqpz̃hq ` SApuhqpz̃hq ,

for all z̃h P V p
h . Finally, using (3.3) and (3.13) as well as the definition of the primal

residual (3.32), we get

Jpuq ´ Jpuhq“F pz ´ z̃hq ´ Apuhqpz ´ z̃hq ´ SF pz̃hq ` SApuhqpz̃hq

“ ρpuhqpz ´ z̃hq ´ SF pz̃hq ` SApuhqpz̃hq ,

for all z̃h P V p
h . This proves the error representation (3.33). l

Since we use this error representation formula for adaptive mesh refinement, we
present the following localized form of result (3.33).

47



Theorem 3.4 (Localized Error Representation FDTS, cf. [169], Thm. 3.18)
Let the assumptions of Thm. 3.3 be satisfied. Then, the cell-wise error representation
formula of (3.33) reads

Jpuq ´ Jpuhq“
ÿ

KPTh

!

`

Rpuhq, z ´ z̃h
˘

K
´ δK

`

Rpuhq,b ¨∇pz̃hq
˘

K

´
`

Epuhq, z ´ z̃h
˘

BK

)

.
(3.34)

The cell and edge residuals Rpuhq and Epuhq, respectively, are defined by

Rpuhq|K :“ f `∇ ¨ pε∇uhq ´ b ¨∇uh ´ αuh , (3.35)

Epuhq|Γ :“

#

1
2
n ¨ rε∇uhs if Γ Ă BKzBΩ ,

0 if Γ Ă BΩ ,
(3.36)

where r∇uhs :“ ∇uh|ΓXK ´ ∇uh|ΓXK1 defines the jump of ∇uh over the inner edges
Γ with normal unit vector n pointing from K to K 1.

Proof. (cf. [169]) The assertion directly follows by using the definitions of the pri-
mal bilinear form (3.4) and linear (3.5) as well as the definitions of the primal stabiliza-
tion bilinear form (3.10) and linear form (3.11), and additionally applying integration
by parts on each cell K P Th to the diffusive term in the primal residual (3.32); cf.,
e.g., [20, Ch. 3]. l

Remark 3.7 Let us remark some aspects about the two approaches.

• In general, the dual solution to the two approaches may differ, depending on
the choice of the bilinear form ASp¨qp¨q and the definition of the linear function
Jp¨q; cf. [101]. In the here presented case the difference comes through the way
how the SUPG stabilization technique is incorporated into the DWR framework.

• Provided that the FSTD dual problem (3.16) has a unique solution zs, the two
dual solutions for the FDTS dual problem (3.25) and the FSTD dual problem
(3.16), respectively, are identical, z ” zs, if the solution z of the FDTS dual
problem (3.25), cf. also (3.28), satisfies

ASpvqpzq “ Jpvq @v P V .

This is accompanied with the definition of the discretization (3.7) and the func-
tional Jp¨q to be adjoint consistent, which is often used in connection with dis-
continuous Galerkin finite element methods; cf. [101, Def. 1] based on [140] and
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[153, Def. 2.1] for more details. Note that in our case the two dual solutions zs
and z differ due to the fact that the above described condition is obviously not
fulfilled.

• Moreover, note that for the FDTS approach the first term in (3.33), more pre-
cisely the terms resulting from the primal residual (3.32) depend on the so-called
weight ωpzq :“ z´ z̃h, whereas the letter two stabilization terms SF and SA, re-
spectively, only depend on z̃h, cf. also (3.34). Then, the derivation of an upper
bound on the error in the computed goal quantity Jp¨q might be suboptimal,
cf. [101, Chapter 2.1] for more details about this predicament.

• In contrast, within the FSTD approach all terms present in the error represen-
tation formula (3.19), cf. also (3.20), involve the weight ωpzsq :“ zs ´ z̃h.

• The notes concerning nonhomogeneous Dirichlet boundary conditions and Neu-
mann boundary conditions outlined in Rem. 3.3 and Rem. 3.4, respectively, can
be transferred to the FDTS approach as well.

3.3 Practical Aspects

In this section, we give insight into some practical aspects regarding the application
of the results given in Thm. 3.2 and Thm. 3.4, respectively. Thereby, we introduce
two different approximation techniques to handle the weights ωpzsq :“ zs ´ z̃h and
ωpzq :“ z ´ z̃h occuring in the error representation formulas (3.20) and (3.34), re-
spectively. With this in mind, we derive some local error indicators that are used for
the adaptive mesh refinement process. Finally, we present the underlying adaptive
solution algorithm for the respective FSTD and FDTS approach.

3.3.1 Approximation of the Weights

To define some local error indicators, the localized error representation formulas (3.20)
and (3.34), are rewritten as

Jpuq ´ Jpuhq “
ÿ

KPTh

!

`

Rpuhq, ωpzsq
˘

K
` δK

`

Rpuhq, b ¨∇ωpzsq
˘

K

´
`

Epuhq, ωpzsq
˘

BK

)

“ ηFSTD :“
ÿ

KPTh

ηFSTDK ,
(3.37)
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where the cell and edge residuals are given in (3.21) and (3.22), respectively, and

Jpuq ´ Jpuhq “
ÿ

KPTh

!

`

Rpuhq, ωpzq
˘

K
´ δK

`

Rpuhq, b ¨∇z̃h
˘

K

´
`

Epuhq, ωpzq
˘

BK

)

“ ηFDTS :“
ÿ

KPTh

ηFDTS
K ,

(3.38)

where the cell and edge residuals are given in (3.35) and (3.36), respectively. The
error indicators ηFSTD and ηFDTS depend on the discrete primal solution uh as well as
on the exact dual solution zs or z within the weights ωpzsq or ωpzq, respectively. For
the application of (3.37) and (3.38) in computations, these weights have to be approx-
imated. As mentioned in the introductory Sec. 2.5, there exist two main approaches
to this approximation, which will be introduced now and compared numerically in the
following section; cf., e.g., [20, Chapter 4.1] for more details about these approaches.

Approximation by Higher-Order Interpolation

The most common way to approximate the occuring weights within the DWR frame-
work is done by using a patch-wise higher-order interpolation. Therefore, we introduce
the following linear interpolation operator for approximating the weights within the
localized error representation formulas (3.37) and (3.38), respectively:

ωpzsq “ zs ´ z̃h« I
p2pq
2h zs,h ´ zs,h ,

ωpzq “ z ´ z̃h« I
p2pq
2h zh ´ zh ,

where zs,h and zh P V p
h , denoting the discrete dual solution to (3.17) and (3.30), re-

spectively. Note that this approximation is valid, since the quantity z̃h can be chosen
arbitrarily in the underlying finite element space V p

h . Here, I
p2pq
2h denotes the interpo-

lation in space operator that acts on a patched cell of size 2h and lifts the solution to
a piecewise polynomial of degree 2p on the reference cell or element corresponding to
the patched cell of width 2h. Thus, the operator I

p2pq
2h can easily be computed if the

underlying decomposition or mesh is organized in a patch-wise manner, cf. Def.2.6 in
Sec. 2.1.3. Exemplarily, we present for p “ 1 and p “ 2 the interpolation in space
operators I

p2q
2h : V 1

h Ñ V 2
2h into the space of bi- or tri-quadratic trial functions and

I
p4q
2h : V 2

h Ñ V 4
2h into the space of bi- or tri-quartic trial functions, respectively. Note

that within this approximation strategy the respective dual problem (3.17) or (3.30)
is solved in the same finite element space V p

h as used for the primal problem.
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Approximation by Higher-Order Finite Elements

This approach aims to increase the influence of the weights by approximating the
dual solution using higher-order finite elements. Thus, the solution of the respec-
tive dual problem (3.17) or (3.30) is solved in a finite element space that consists of
polynomials that are at least of one polynomial degree higher than its primal coun-
terpart, more precisely the discrete dual solution zs,h or zh, respectively, is computed
in V q

h , q ě p` 1. Therefore, we introduce the following linear restriction operator for
approximating the weights within the localized error representation formulas (3.37)
and (3.38), respectively:

ωpzsq “ zs ´ z̃h« zs,h ´ Rp
h zs,h ,

ωpzsq “ z ´ z̃h« zh ´ Rp
h zh ,

where zs,h and zh P V q
h , q ě p ` 1, denoting the discrete dual solution to (3.17) and

(3.30), respectively. Note that this approximation is valid, since the quantity z̃h can
be chosen arbitrarily in the underlying finite element space V p

h . Here, Rp
h denotes the

restriction in space operator that acts on a spatial element or cell and restricts the
solution to a polynomial of degree p ă q on the corresponding reference element. We
note that the restriction operator in space Rp

h is implemented in the deal.II library
for dimension d “ 2, 3 as back-interpolation operator between two finite element
spaces that are here the dual finite element space and the intermediate primal finite
element space.

However, approximating the dual problem by a higher-order finite element tech-
nique leads to higher computational costs as well.

Remark 3.8 In the literature, the application of higher-order interpolation instead
of higher-order finite elements is widespread within the DWR approach; cf., e.g.,
[20, 31, 40, 159]. Due to the specific character of convection-dominated problems
such an interpolation might be defective and may lead to a loss of accuracy of the
underlying error estimator. The error control needs a particular care in regions with
layers and sharp fronts in order to get an accurate quantification of the numerical
errors. Higher-order finite elements seem to show more stability and gain with regard
to the accuracy of the error estimator, due to the more accurate approximation of the
weights. This presumption is motivated by the work of Lube et. al. [141]. Therefore,
within the numerical examples of Sec. 3.4 a comparative study between these two
approximation techniques is done for both the FSTD approach as well as the FDTS
approach to investigate these presumptions.
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For practical use of the error representations (3.37) and (3.38), respectively, the
weights are approximated using the interpolation and restriction operators outlined
in the above approximation techniques. With this in mind, the cell-wise contributions
to the linearized error representations (3.37) and (3.38), respectively, are given by the
following approximated local error indicators:

η̃FSTD,h-oIn
K “

`

Rpuhq, I
p2pq
2h zs,h ´ zs,h

˘

K
` δK

`

Rpuhq, b ¨∇pIp2pq2h zs,h ´ zs,hq
˘

K

´
`

Epuhq, I
p2pq
2h zs,h ´ zs,h

˘

BK
,

η̃FSTD,h-oFE
K “

`

Rpuhq, zs,h ´ Rp
h zs,h

˘

K
` δK

`

Rpuhq, b ¨∇pzs,h ´ Rp
h zs,hq

˘

K

´
`

Epuhq, zs,h ´ Rp
h zs,h

˘

BK
,

(3.39)

where the cell and edge residuals are given in (3.21) and (3.22), respectively, and

η̃FDTS,h-oIn
K “

`

Rpuhq, I
p2pq
2h zh ´ zh

˘

K
´ δK

`

Rpuhq, b ¨∇pzhq
˘

K

´
`

Epuhq, I
p2pq
2h zh ´ zh

˘

BK
,

η̃FDTS,h-oFE
K “

`

Rpuhq, zh ´ Rp
h zh

˘

K
´ δK

`

Rpuhq, b ¨∇pRp
h zhq

˘

K

´
`

Epuhq, zh ´ Rp
h zh

˘

BK
.

(3.40)

where the cell and edge residuals are given in (3.35) and (3.36), respectively.

3.3.2 Adaptive Solution Algorithms

In this section, we present the adaptive solution algorithms for both the FSTD as
well as the FDTS approach. In the course of this, both approximation techniques
for the spatial weights (h-oIn and h-oFE) are included within the presentation of the
two algorithms. We start presenting the goal-oriented, adaptive solution algorithm
for the First Stabilize and Then Dualize approach.

3.3.2.1 A FSTD Adaptive Solution Algorithm

We consider a hierarchy of sequentially refined meshes T `h , with ` ě 1 indexing the
hierarchy or corresponding DWR-loop. The corresponding finite element spaces are
denoted by V p,`

h and V q,`
h , q ě p ` 1, respectively, cf. Eq. (2.1) in Sec. 2.1.3. Our

FSTD adaptive algorithm based on the approximated local error indicators given by
Eq. (3.39) then reads as follows.
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FSTD-Algorithm: Goal-Oriented Space Adaptivity

Initialization:

• Set DWR-loop ` “ 1.

• Generate the initial spatial triangulation T `h (geometrical mesh) for the goal-
oriented adaptive convection-diffusion-reaction problem.

1. Solve the Stabilized Primal Problem 3.4: Find u`h P V
p,`
h such that

ASpu
`
hqpϕhq “ FSpϕhq @ϕh P V

p,`
h .

2. Break if the goal is reached, i.e., for instance, }u´ u`h} ă tol,
or η̃FSTD,h-oIn/h-oFE

K ă tol, or maxN tot
DoF is reached.

3. Solve the Stabilized Dual Problem 3.6 depending on the underlying choice
of the approximation strategy for the weights ωpzsq :“ zs ´ z̃h:

(i) Approximation by higher-order interpolation: Find z`s,h P V
p,`
h such

that
ASpψhqpz

`
s,hq “ Jpψhq @ψh P V

p,`
h .

(ii) Approximation by higher-order finite elements: Find z`s,h P V
q,`
h , q ě

p` 1 such that

ASpψhqpz
`
s,hq “ Jpψhq @ψh P V

q,`
h .

4. Evaluate the FSTD a posteriori error indicator in space, depending on the
underlying choice of the approximation strategy for the weights ωpzsq :“ zs´ z̃h:

(i) η̃FSTD,h-oIn :“
ÿ

KPTh

η̃FSTD,h-oIn
K ,

(ii) η̃FSTD,h-oFE :“
ÿ

KPTh

η̃FSTD,h-oFE
K ,

where the approximated local error indicators η̃FSTD,h-oIn
K and η̃FSTD,h-oFE

K are
given in (3.39).

53



5. Mark the cells K̃ P Ω`
h for spatial refinement if the corresponding η̃FSTD,h-oIn

K̃

or η̃FSTD,h-oFE
K̃

is in the set of θtoph percent of the worst indicators, or, respec-
tively, mark for spatial coarsening if η̃FSTD,h-oIn

K̃
or η̃FSTD,h-oFE

K̃
is in the set

of θbottomh percent of the best indicators.

6. Execute spatial refinement under the use of mesh smoothing operators.

7. Increase ` to `` 1 and return to Step 1.

Regarding this algorithm, we note the following issues.

Remark 3.9

• The exit condition ’goal is reached’ in Step 2 is done at this position, since
we are mainly interested in solving the primal problem in spite of the DWR
framework and thus a further approximation of the dual problem is redundant if
the primal solution already fulfills one of the the required condition described in
Step 2. Note that the choice of only one of this conditions is done in advance
of starting the algorithm.

• According to Step 3(ii) of the adaptive solution algorithm presented above, we
use the same mesh Ω`

h for solving the primal and dual problem, more precisely
we use the same triangulation for both problems, but different polynomial degrees
for the underlying shape functions of the respective finite element space V p,`

h and
V q,`
h , q ě p` 1, respectively, cf. Step 1 and Step 3(ii).

• The ’marking’ strategy described in Step 5 is also referred to as a fixed fraction
strategy, which can be handled by a precasted function within the underlying
open source finite element library deal.II; cf. [16]. This strategy can be easily
changed, for instance, to a fixed number strategy, pursuing the goal of providing
predictable growth in the size of the mesh by refining and coarsening a given
fraction of all cells. For more details about possible refinement strategies we
refer to [20, Ch. 4.2] or the reference documentation of deal.II. Further, we
note that the performance properties of adaptive algorithms are strongly affected
by the marking strategy. The so-called Dörfler marking (cf. [66]) or the marking
of the largest local error indicators represent further popular marking strategies.
For a further discussion of this issue we refer to, e.g., [20]. We note that
refinement and coarsening of quadrilateral meshes including hanging nodes takes
place as stated in Fig. 3.1.
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Refinement

Coarsening

Figure 3.1: Refinement and coarsening in quadrilateral meshes, cf. [20, Fig.4.2].

• The mesh smoothing operators can be chosen according to ensure certain prop-
erties, for instance, like seeking for isolated cells which are refined or flagged for
refinement or seeking for single cells which are not refined and are surrounded
by cells which are refined. For a detailed description of all possible smoothing
operators we refer to the documentation of the Triangulation class within the
reference documentation of deal.II; cf. [16].

3.3.2.2 A FDTS Adaptive Solution Algorithm

We consider a hierarchy of sequentially refined meshes T `h , with ` ě 1 indexing the
hierarchy or corresponding DWR-loop. The corresponding finite element spaces are
denoted by V p,`

h and V q,`
h , q ě p ` 1, respectively, cf. Eq. (2.1) in Sec. 2.1.3. Our

FDTS adaptive algorithm based on the approximated local error indicators given by
Eq. (3.40) then reads as follows.

FDTS-Algorithm: Goal-oriented Space Adaptivity

Initialization:

• Set DWR-loop ` “ 1.

• Generate the initial spatial triangulation T `h (geometrical mesh) for the goal-
oriented adaptive convection-diffusion-reaction problem.

1. Solve the Stabilized Primal Problem 3.4: Find u`h P V
p,`
h such that

ASpu
`
hqpϕhq “ FSpϕhq @ϕh P V

p,`
h .
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2. Break if the goal is reached, i.e., for instance, }u´ u`h} ă tol,
or η̃FDTS,h-oIn/h-oFE

K ă tol, or maxN tot
DoF is reached.

3. Solve the Stabilized Dual Problem 3.9 depending on the underlying choice
of the approximation strategy for the weights ωpzq :“ z ´ z̃h:

(i) Approximation by higher-order interpolation: Find z`h P V
p,`
h such that

A˚Spzhqpψhq “ Jpψhq @ψh P V
p,`
h .

(ii) Approximation by higher-order finite elements: Find z`h P V
q,`
h , q ě

p` 1 such that

A˚Spzhqpψhq “ Jpψhq @ψh P V
q,`
h .

4. Evaluate the FDTS a posteriori error indicator in space, depending on the
underlying choice of the approximation strategy for the weights ωpzq :“ z´ z̃h:

(i) η̃FDTS,h-oIn :“
ÿ

KPTh

η̃FDTS,h-oIn
K ,

(ii) η̃FDTS,h-oFE :“
ÿ

KPTh

η̃FDTS,h-oFE
K ,

where the approximated local error indicators η̃FDTS,h-oIn
K and η̃FDTS,h-oFE

K are
given in (3.40).

5. Mark the cells K̃ P Ω`
h for spatial refinement if the corresponding η̃FDTS,h-oIn

K̃

or η̃FDTS,h-oFE
K̃

is in the set of θtoph percent of the worst indicators, or, respec-
tively, mark for spatial coarsening if η̃FDTS,h-oIn

K̃
or η̃FDTS,h-oFE

K̃
is in the set

of θbottomh percent of the best indicators.

6. Execute spatial refinement under the use of mesh smoothing operators.

7. Increase ` to `` 1 and return to Step 1.

Regarding this algorithm, we note the following issue.

Remark 3.10 The notes outlined in Rem. 3.9 can be transferred to the FDTS-
Algorithm above as well.
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3.4 Both Approaches by Numerical Comparison

In this section, we illustrate and investigate the performance properties of the pro-
posed approaches of combining the Dual Weighted Residual method with stabilized
finite element approximations for convection-dominated problems. We demonstrate
the potential of the DWR method with regard to resolving solution profiles admit-
ting sharp layers as they typically arise in convection-dominated problems. In a first
example, we compare for one thing approximation techniques for the weights within
the two proposed approaches, and on the other hand different pairs of finite element
spaces used for solving the primal and dual problem. In a second example, we in-
vestigate the mesh adaptation processes by prescribing different goal functionals. We
finish this section with an example of physical interest for a three-dimensional case.
All of these examples are standard benchmark problems that are typically applied
in the literature for studying convection-dominated problems. For measuring the
accuracy of the underlying error estimator, we will study a so-called effectivity index,

Ieff :“

ˇ

ˇ

ˇ

ˇ

η̃FSTD,h-oIn/h-oFE

Jpuq ´ Jpuhq

ˇ

ˇ

ˇ

ˇ

, or else Ieff :“

ˇ

ˇ

ˇ

ˇ

η̃FDTS,h-oIn/h-oFE

Jpuq ´ Jpuhq

ˇ

ˇ

ˇ

ˇ

, (3.41)

as the ratio of the estimated over the exact error having regard to the different ap-
proaches and approximation techniques. Desirably, this index should be close to one.
The primal and dual SUPG method stabilization parameters δK and δ˚K , respectively,
are given by

δK “ δ˚K “ δ0 ¨ hK , 0.1 ď δ0 ď 1 , (3.42)

where hK denotes the cell diameter of the mesh cell K, cf. Rem. 3.2. In the following,
we use the abbreviations Qp{Qq denoting a cG(p) primal and cG(q) dual solution
within a finite element space based on the family of Qp or Qq elements, respectively.

The software for the now following examples is called dwr-condiffrea being a
module of our DWR software project DTM++.Project/dwr (bitbucket.org/dtmproject)
developed by U. Köcher [128, 129]. It is implemented using the open source finite ele-
ment library deal.II; cf. [16, 22]. Some of the results regarding the FDTS approach
have been published by the author et al. in [50].

3.4.1 Hump with Circular Layer - Comparison of Approaches
and Approximation Techniques for Weights

In a first numerical experiment, we focus on studying the accuracy of our error esti-
mators and the impact of approximating the weights within the error representation
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formulas (3.37) and (3.38), respectively. Furthermore, we compare both approaches
with regard to solving the primal and dual problem by different pairs of finite element
spaces based on the family of Qk elements. For this, we investigate and compare the
two algorithms presented in Sec. 3.3.2 by means of the following example.

Example 3.1 (Hump with Circular Layer, 2d) We study Problem (3.1) with the
prescribed exact solution (cf. [115, 120, 27, 3])

upxq :“ u1 ¨ u2 , x “ px1, x2q
J
P R2 ,

u1pxq :“ 16x1p1´ x1qx2p1´ x2q , (3.43)

u2pxq :“

˜

1

2
`

arctan
“

2ε´
1
2

`

r2
0 ´ px1 ´ x

0
1q

2 ´ px2 ´ x
0
2q

2
˘‰

π

¸

.

This solution is characterized by an circular internal layer, cf. Fig. 3.2. The problem
is defined in Ω “ p0, 1q2 with scalars r0 “ 0.25, x0

1 “ x0
2 “ 0.5. We choose the flow

field b “ p2, 3qJ and the reaction coefficient α “ 1.0. For the solution (3.43) the right-
hand side function f is calculated from the partial differential equation. Boundary
conditions are given by the exact solution. For the now following comparative study,
we decided to choose a standard goal quantity, given as

JL2puq “
1

}e}L2pΩq

pe, uq , (3.44)

aiming to control the global L2-error.

Figure 3.2: Exemplary solution profile for ε “ 10´6 for Example 3.1.

In our first test, we investigate Problem (3.1) for a fixed diffusion coefficient ε “ 1 and
without any stabilization to verify our algorithm and compare both approximation
techniques for a non convection-dominated case. More precisely, we compare the
approximation of the weights on the one hand by higher-order interpolation (h-oIn),
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and on the other hand by higher-order finite elements (h-oFE) for both, the FSTD
as well as the FDTS approach.

103 104 105 106
0

0.5
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Figure 3.3: Comparison of effectivity indices (over degrees of freedom) for the FSTD
approach (left) and the FDTS approach (right) without stabilization (δK “ δ˚K “ 0),
ε “ 1, in Example 3.1. Then, both approaches (FSTD and FDTS) are identical.

Higher-Order Interpolation (Q1{Q1) Higher-Order Finite Elements (Q1{Q2)

NDoF JL2pu´ uhq η̃FSTD/FDTS,h-oIn Ieff NDoF JL2pu´ uhq η̃FSTD/FDTS,h-oFE Ieff

289 9.40e-04 9.61e-04 0.98 289 9.40e-04 9.40e-04 1.00
626 3.04e-04 2.38e-04 0.74 673 3.26e-04 3.26e-04 1.00
2872 5.80e-05 5.43e-05 0.92 2008 1.24e-04 1.24e-04 1.00
7616 2.53e-05 2.41e-05 0.94 3488 6.25e-05 6.25e-05 1.00
12678 1.32e-05 1.26e-05 0.93 9218 2.30e-05 2.30e-05 1.00
31910 6.09e-06 5.81e-06 0.91 25262 9.74e-06 9.74e-06 1.00
51395 3.45e-06 3.25e-06 0.90 47902 4.28e-06 4.28e-06 1.00
261867 6.95e-07 6.94e-07 0.99 133535 1.67e-06 1.67e-06 1.00
467713 3.93e-07 3.92e-07 0.99 304606 8.39e-07 8.39e-07 1.00
601086 2.67e-07 2.67e-07 1.00 646950 3.43e-07 3.43e-07 1.00

Table 3.1: Effectifity indices with regard to higher-order interpolation versus higher-
order finite elments for the FSTD/FDTS approach (δK “ δ˚K “ 0), ε “ 1, in Exam-
ple 3.1.

We note that in a non-stabilized case, i.e. δK “ δ˚K “ 0, both approaches are
equal, cf. Rem. 3.5. Thus, it is hardly surprising that the development of the respec-
tive effectivity indices for the FSTD and the FDTS approach are exactly the same,
as visualized by the left and right illustration in Fig. 3.3, respectively. While both
approaches are equal with respect to a fixed approximation technique for the weights,
the two approximation techniques within one of the approaches are quite different.
The development of the effectivity indices for the approximation by higher-order fi-
nite elements is totally stable and exactly one from the beginning. Even though the

59



development of the effectivity indices for the approximation by higher-order interpo-
lation is still close to one, it is slightly worse compared to its counterpart, cf. Fig. 3.3
and the related Table 3.1.

Hereafter, we turn to convection-dominated cases. Therefore, we consider varying
diffusion coefficients that are comparatively small with respect to the convection field
b. Then, the finite element approximations have to be stabilized and the both ap-
proaches do not equal anymore, cf. Rem.3.7. Again, we compare both approximation
techniques within the FSTD and FDTS approach.
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Figure 3.4: Comparison of effectivity indices (over degrees of freedom) for the FSTD
approach using varying diffusion coefficients, goal (3.44), δ0 “ 1, Example 3.1.
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Figure 3.5: Comparison of effectivity indices (over degrees of freedom) for the FDTS
approach using varying diffusion coefficients, goal (3.44), δ0 “ 1, in Example 3.1.

In Fig. 3.4 and 3.5 we visualize the respective effectivity indices for varying diffu-
sion coefficients for the FSTD and FDTS approach, respectively. For both methods,
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the development of the effectivity indices is quite similar compared with respect to the
same diffusion coefficient ε, but the approximation by higher-order finite elements is
significantly better with regard to the accuracy and efficiency of the underlying error
estimator. Furthermore, the difference of the effectivity indices with respect to the
chosen approximation technique increases if ε becomes smaller. This confirms the as-
sertion made in Rem. 3.8, obtaining better results with regard to reducing sources of
inaccuracies and non-sharp estimates within the error representation by using higher-
order finite elements for the approximation of the weights within convection-dominant
cases. Comparing the approximation technique by higher-order finite elements with
respect to both approaches, the differences are only slightly, but the FSTD approach
shows marginally better results with regard to attaining the desirably value of one
for the underlying effectivity index.

In the sequel, all examples are performed using the higher-order finite element
approximation technique, unless otherwise specified. In the following comparative
study, we investigate several combinations of polynomial orders for the finite element
spaces of the primal and dual solution for a fixed diffusion coefficient of magnitude
ε “ 10´6. In Fig. 3.6 and 3.7 we present the calculated effectivity indices for solving
the primal and dual problem in different pairs of finite element spaces based on the
family of Qk elements for the FSTD and FDTS approach, respectively. Considering
the Q1 based approximation of the primal problem for both approaches, we note
that by increasing the polynomial degree of the dual solution from Q2 to Q4 the
desired value of one for the effectivity index is reached faster for even less degrees of
freedom. This observation is reasonable, since a higher-order approximation of the
dual problem is closer to its exact solution, which is part of the weights within the
error representation (3.20) and (3.34), respectively. Thus, we conclude that a better
approximation of the weights provides a higher accuracy of the error estimator. This
observation is also confirmed by the comparison of the pairs of Q2{Q3 with Q2{Q4

based finite element spaces. Nevertheless, the difference for using higher-order finite
elements for solving the dual problem is not that significant, even less if we take into
account the higher computational costs for solving the algebraic form of the dual
problem for an increasing order of the piecewise polynomials. Using pairs of Qk{Qk`1

based elements for the approximation of the primal and dual problem, the error
estimator gets worse with regard to reaching the desired value of one for increasing
values of the parameter k. This observation is in good agreement with the results
in [67, Example 3]. A reason for this behavior is given by the observation that for
increasing values of k the mesh is less refined for the same number of degrees of
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freedom. Therefore less cells are available to capture the strong gradients of the
exact solution. This argues for choosing smaller values of k in the application of our
DWR based approach. Overall the results for both approaches are quite similar, but
again the FSTD approach shows better results with regard to attaining the desirably
value of one for the underlying effectivity index.
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Figure 3.6: Effectivity indices over degrees of freedom for the FSTD approach using
varying polynomial degrees, goal (3.44), ε “ 10´6, δ0 “ 1, in Example 3.1.

103 104 105 106
0

0.2

0.4

0.6

0.8

1

1.2

FDTS

Q1{Q2

Q1{Q3

Q1{Q4

Q2{Q3

Q2{Q4

Q3{Q4

0

0.2

0.4

0.6

0.8

1

1.2

Figure 3.7: Effectivity indices over degrees of freedom for the FSTD approach using
varying polynomial degrees, goal (3.44), ε “ 10´6, δ0 “ 1, in Example 3.1.
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In the last test case for this example, we compare the L2-errors on the one hand
for global refinement and on the other hand for DWR adaptive mesh refinement
based on the proposed approaches. Therefore, in Fig. 3.8 the convergence behav-
ior of the proposed DWR approaches for different approximation techniques of the
weights is compared with a global mesh refinement strategy. The DWR based adap-
tive mesh adaptation is clearly superior to the global refinement in terms of accuracy
over degrees of freedom, independently of the underlying approach and approxima-
tion technique for the weights. Comparing the L2-error with regard to the FSTD
and FDTS approach, it can be summarized that the FSTD approach shows slightly
better results, cf. the blue versus the green lines. Furthermore, comparing the ap-
proximation techniques of the weights within a fixed approach, we note that again the
approximation by higher-order finite elements show slightly better results compared
to the approximation by higher-order interpolation, cf. the different markers for the
blue as well as the green lines, respectively.
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adap. Q1{Q1 (FDTS, h-oIn)
adap. Q1{Q2 (FDTS, h-oFE)

Figure 3.8: L2-error comparison over degrees of freedom for global and DWR adaptive
mesh refinement for the FSTD and FDTS approach and different approximation
techniques for the weights for fixed ε “ 10´6, δ0 “ 1, in Example 3.1.

The corresponding solution profiles to the L2-error development given in Fig. 3.8
are visualized in Fig. 3.9 and Fig. 3.10, respectively. In Fig. 3.9 we compare the
solution profile of an non-stabilized approximation (Fig. 3.9a) with an approximation
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using SUPG stabilization (Fig. 3.9b) in each case on a globally refined mesh. While
the non-stabilized solution approximation is strongly perturbed and overruned with
occurring oscillations, the stabilized counterpart shows a significantly improvement
with regard to a reduction of the oscillations. Nevertheless, the stabilized solution
approximation on a uniform refined mesh still exhibits perturbations in the form of
undesired oscillations within the circular layer and behind the hump in the direction
of the flow field b. On the contrary, all stabilized solution profiles obtained on an
additionally adaptive refined mesh, as given by Figs. 3.10a–3.10d, show an almost
perfect approximation of the the desired solution (cf. Fig. 3.2), independent of the
approximation technique used for the weights (h-oIn versus h-oFE) and the under-
lying approach (FSTD or FDTS). The oscillations are completely vanished and the
respective hump exhibits a smooth transition within the circular layer. This is all the
more remarkable, since all solution profiles in Fig. 3.10 are obtained for even less than
half of the degrees of freedom that have been used in the case of an uniformly refined
mesh as given by Fig. 3.9b. Comparing the different solution profiles and related
adaptively determined meshes within Fig. 3.10, the deviations are only very slightly.
The approximated stabilized solution profiles show all the desired results with re-
gard to the reduction of the oscillations, solely the respective spatial meshes exhibit
minimal differences with regard to the distribution of some refined or coarsened cells
within the circular layer and in the corners of the domain.

(a) Global Refinement without stabilization (b) Global Refinement with stabilization

Figure 3.9: Solution profile without (δ0 “ 0) (a) and with (δ0 “ 1) (b) SUPG stabi-
lization on a globally refined mesh with 66049 degrees of freedom for the case ε “ 10´6

in Example 3.1, using Q1 elements.
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(a) FSTD h-oIn, 31209 DoFs (b) FSTD h-oFE, 32055 DoFs

(c) FDTS h-oIn, 29368 DoFs (d) FDTS h-oFE, 33022 DoFs

Figure 3.10: Solution profiles and related adaptively refined meshes for the FSTD and
FDTS approach using both approximation techniques for the weights in each case,
with goal (3.44), ε “ 10´6, δ0 “ 1, in Example 3.1, using Q1{Q2 elements.

As an interim conclusion for the first example, we summarize the following.

Conclusion 3.1 (FSTD vs. FDTS and h-oIn vs. h-oFE)
Non-convection-dominated and thus non-stabilized case (ε “ 1; δK “ δ˚K “ 0):

• Both approaches first stabilize and then dualize (FSTD) and first dualize
and then stabilize (FDTS) are equal; cf. Fig. 3.3 and Rem. 3.5.

• Comparing both approximation techniques for the weights, the approximation
by higher-order finite elements (h-oFE) provides an error estimator that is
totally exact from the beginning (cf. the last column of Table 3.1) whereas the
approximation by higher-order interpolation (h-oIn) is slightly worse. (cf.
column four of Table 3.1).
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Convection-dominated and thus stabilized case (ε ! 1; δK , δ
˚
K ‰ 0):

• Comparing both approaches, the FSTD approach shows slightly better results
with regard to accuracy and efficiency of the error estimator (cf. Figs. 3.4–3.7)
as well as the reduction of the L2-error (cf. Fig. 3.8).

• Comparing both approximation techniques for the weights, the h-oFE approach
is significantly better with regard to accuracy and efficiency of the underlying
error estimator for increasing Péclet numbers; cf. Fig. 3.4 and 3.5. More-
over, this approximation technique shows slightly better results with regard to
the reduction of the L2-error (cf. Fig. 3.8) compared to the h-oIn approach; cf.
Fig. 3.8.

• Increasing the polynomial order q of the finite element spaces V q
h used for solving

the dual problem for a primal solution uh P V p
h with a fixed polynomial degree p,

p ă q, leads to a more efficient and accurate error estimator; cf. Fig. 3.6 and
3.7. This means that a higher approximation of the weights provides a higher ac-
curacy of the underlying error estimator. But, increasing both polynomial orders
p and q, p ă q, slows the efficiency (both approaches) and reduces the accuracy
(only within FDTS approach) of the estimator compared to a lower order solu-
tions case (compare exemplary Q3{Q4 with Q2{Q3 and Q1{Q2 in Fig. 3.6 and
3.7).

3.4.2 Step with Interior Layer - Different Goal Functionals

In the next example, we investigate the mesh adaptation processes by prescribing
different goal quantities for varying diffusion coefficients. Thereby, we aim to analyze
the robustness of the approach with respect to the small perturbation parameter ε in
(3.1). Not only in the case of convection-dominated problems, but also for numerous
applications of practical interest, the investigation of local quantities are of greater
interest than global ones. The DWR approach offers the appreciable advantage over
standard a posteriori error estimators that an error control in an arbitrary user-chosen
quantity and not only in the global L2 norm, as used in Example 3.1, or a norm of
energy type can be obtained. In the sequel, we evaluate the potential of our approach
with respect to these topics for two different goal functionals, more precisely a global
one that aims to control the error within the mean value as well as a local one that
aims to control the error within an user-prescribed control point only.
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Example 3.2 (Step with Interior Layer, 2d) We study Problem (3.1) with the
prescribed exact solution (cf. [141, 169])

upxq “
1

2
¨

˜

1´ tanh
2x1 ´ x2 ´ 0.25

?
5ε

¸

, x “ px1, x2q
J
P R2 , (3.45)

that is characterized by an interior layer of thickness Op
?
ε| ln ε|q, cf. Fig. 3.11. The

problem is defined in Ω “ p0, 1q2 with the flow field given by b “ 1?
5
p1, 2qJ and the

reaction coefficient given by α “ 1.0. For the solution (3.45) the right-hand side
function f is calculated from the partial differential equation. The Dirichlet boundary
condition is given by the exact solution. The goal quantities are chosen as

JMpuq “

ż

Ω

u dx , (3.46)

JP puq “ upxeq , (3.47)

acting in a global and a local sense, respectively. Here, xe “
`

5
16
, 3

8

˘

is an user-
prescribed control point that is located in the interior of the layer. In our computations
we regularize JP p¨q by

JrP puq “
1

|Br|

ż

Br

upxq dx , (3.48)

where the ball Br is defined by Br “ tx P Ω | }x´ xe} ă ru with small radius r ą 0.
Here, all test cases are solved by using the Q1{Q2 pair of finite elements for the primal
and dual problem which is due to the observations depicted in Example 3.1.

Figure 3.11: Exemplary solution profile for ε “ 10´6 for Example 3.2.

In Table 3.2, we present a comparison of the FSTD and FDTS approach with regard
to the development of the effectivity indices as well as the exact and estimated er-
rors for the global goal quantity (3.46) and varying diffusion coefficients. For both
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ε “ 10´4

FSTD FDTS

NDoF JMpu´ uhq η̃FSTD,h-oFE Ieff NDoF JMpu´ uhq η̃FDTS,h-oFE Ieff

289 5.57e-04 6.07e-04 1.08 289 5.57e-04 5.28e-04 0.94
607 1.11e-04 1.19e-04 1.07 553 2.38e-04 4.33e-04 1.82
1040 4.48e-05 3.99e-05 0.89 1136 4.74e-05 4.56e-05 0.96
1824 7.08e-06 8.39e-06 1.18 2520 1.40e-05 1.57e-05 1.13
5705 3.80e-06 6.42e-06 1.69 3394 4.43e-06 8.38e-06 1.89
14080 1.63e-06 1.81e-06 1.11 14087 1.87e-06 2.09e-06 1.12
32672 4.60e-07 4.59e-07 1.00 38452 2.10e-07 2.15e-07 1.02
73612 4.14e-08 4.27e-08 1.03 71285 1.07e-07 8.66e-08 0.81

ε “ 10´6

FSTD FDTS

NDoF JMpu´ uhq η̃FSTD,h-oFE Ieff NDoF JMpu´ uhq η̃FDTS,h-oFE Ieff

289 2.28e-04 2.61e-04 1.14 289 2.28e-04 1.27e-04 0.56
516 1.73e-04 1.33e-04 0.76 543 7.49e-04 5.30e-04 0.71
981 7.20e-05 6.98e-05 0.97 1020 5.78e-05 7.09e-05 1.23
1669 5.23e-05 4.25e-05 0.81 1875 8.68e-05 4.87e-05 0.56
3049 7.74e-06 7.42e-06 0.96 3796 3.43e-06 2.69e-06 0.78
12787 5.41e-06 4.93e-06 0.91 16139 1.08e-06 1.82e-06 1.69
29258 1.23e-06 1.53e-06 1.24 30740 8.45e-07 1.10e-06 1.31
69282 6.27e-07 6.08e-07 0.97 60675 5.61e-07 6.62e-07 1.18

Table 3.2: Selected effectivity indices for the comparison of the FSTD and FDTS
approach using a higher-order finite element approximation for the weights (Q1{Q2),
varying diffusion parameters ε, goal quantity (3.46), δ0 “ 0.1, in Example 3.2.

approaches the effectivity indices are close to one for an increasing number of degrees
of freedom, while the error is reduced significantly. The same was done for a more
challenging error control of a point-value, given by Eq. (3.48), which, however, can be
expected to be of higher interest in practice. The results for this local goal quantity
are summarized in Table 3.3. Again, the effectivity indices nicely converge to one
for an increasing number of degrees of freedom for both approaches. Moreover, the
expected convergence behavior is robust with respect to the small diffusion parameter
ε. We note that in the case of a point-value error control the goal functional lacks the
regularity of the right-hand side term in the dual problem that is typically needed to
ensure the existence and regularity of weak solutions; cf. [81, Chapter 6.2]. However,
no impact of this lack of regularity is observed in the computational studies. Thus, for
both goal quantities a robust convergence behavior is ensured within the considered
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ε “ 10´4

FSTD FDTS

NDoF JrP pu´ uhq η̃FSTD,h-oFE Ieff NDoF JrP pu´ uhq η̃FDTS,h-oFE Ieff

289 5.64e-02 5.26e-02 0.93 289 5.64e-02 3.07e-02 0.54
564 6.68e-02 4.04e-02 0.60 555 2.71e-02 2.05e-02 0.76
1144 1.17e-02 9.84e-03 0.84 1156 7.35e-03 6.77e-03 0.92
2626 6.35e-04 6.43e-04 1.01 3792 1.76e-04 2.12e-04 1.20
11587 6.86e-06 6.67e-06 0.97 11305 6.14e-06 7.95e-06 1.29
24124 1.23e-06 -1.29e-06 1.04 16678 2.59e-06 2.86e-06 1.10
40508 4.04e-07 4.32e-07 1.06 47689 9.20e-07 9.25e-07 1.01
74171 2.38e-07 2.41e-07 1.01 69216 7.86e-07 8.53e-07 1.09

ε “ 10´6

FSTD FDTS

NDoF JrP pu´ uhq η̃FSTD,h-oFE Ieff NDoF JrP pu´ uhq η̃FDTS,h-oFE Ieff

289 5.50e-02 6.11e-02 1.11 289 5.50e-02 3.68e-02 0.67
549 2.82e-02 3.91e-02 1.39 558 3.68e-02 3.01e-02 0.82
1261 3.71e-02 4.64e-02 1.25 1902 7.31e-02 4.45e-02 0.61
4207 4.80e-02 5.87e-02 1.22 4312 4.44e-02 5.49e-02 1.23
9671 3.05e-02 3.28e-02 1.08 10105 2.51e-02 2.90e-02 1.16
22440 6.41e-03 6.60e-03 1.03 23112 5.02e-03 5.31e-03 1.06
49129 1.08e-03 1.09e-03 1.01 51260 9.50e-04 1.02e-03 1.08
70866 6.63e-04 6.61e-04 1.00 73768 4.98e-04 5.82e-04 1.17

Table 3.3: Selected effectivity indices for the comparison of the FSTD and FDTS
approach using a higher-order finite element approximation for the weights (Q1{Q2),
varying diffusion parameters ε, goal quantity (3.47), δ0 “ 0.1, in Example 3.2.

test case for the two different approaches.
In Figure 3.12 we visualize the computed solution profiles and adaptive meshes for

an error control based on the local goal quantity JrP p¨q and the global goal quantity
JMp¨q, respectively, for both approaches in the final DWR iteration step for ε “ 10´6.
This test case nicely illustrates the potential of the DWR approach. For the point-
value error control the refined mesh cells are located close to the specified point of
interest and along those cells that affect the point-value error by means of transport
in the direction of the flow field b. Furthermore, mesh cells without strong impact
on the solution close to the control point are coarsened further. Even though a
rough approximation of the sharp interface is obtained in downstream direction of
the control point, in its neighborhood an excellent approximation of the sharp layer
is ensured by the approach. A high economical mesh along with a high quality in
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the computation of the user-specified goal quantity is thus obtained. In contrast to
this, the global error control of JMp¨q provides a good approximation of the solution
in the whole domain by adjusting the mesh along the complete layer. Comparing
the spatial meshes for the local (3.12a and 3.12b) as well as global (3.12c and 3.12d)
goal quantity with regard to the both approaches, we note that the difference is only
slightly in each case.

Comparing both approaches for all presented test cases within Example 3.1 and
3.2, the following can be summarized with reference to Conclusion 3.1.

Conclusion 3.2 (FSTD vs. FDTS under Different Goal Functionals)
Both approaches yield to efficient and accurate results for solving convection-dominated
problems. They are robust with respect to vanishing diffusion parameters and differ-
ent types of goal quantities, cf. Tables 3.2 and 3.3. Nevertheless, for all test cases
the FSTD approach shows slightly better results with regard to attaining the desirably
value of one for the underlying effectivity index compared to the FDTS approach.
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(a) FSTD (b) FDTS

(c) FSTD (d) FDTS

Figure 3.12: Point-value error control by JrP (3.47) for FSTD approach (3.12a) and
FDTS approach (3.12b) as well as global error control by JM (3.46) for FSTD ap-
proach (3.12c) and FDTS approach (3.12d) using Q1{Q2 elements, ε “ 10´6, δ0 “ 0.1,
in Example 3.2.
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3.4.3 Domain with Interior Channel - 3d Problem of Physical
Relevance

We close this chapter with an example of physical interest for a three-dimensional
case with unknown exact solution and a convection field b depending on the space
variable x. Due to the results obtained above, we apply the FSTD approach for
this test case only. Furthermore, since the exact solution is unknown, we do not
consider effectivity indices or convergence rates here. This example is rather intended
to show the potential of the DWR approach with regard to obtaining economical
meshes even in a three-dimensional case. Imagine a species entering a domain and
being transported through a channel. The specie’s concentration is supposed to be
controlled on a certain inner domain Ωin only. To model this scenario, we consider
the following example.

Example 3.3 (Domain with Interior Channel, 3d) We study Problem (3.1) on
the unit cube Ω “ p0, 1q3, ε “ 10´6, α “ 1, b “ p´x2, x1, 0q

J and f ” 0. The
boundary conditions are given by Bu

Bn
“ 0 on BΩN “ tx P BΩ | x1 “ 0u, u “ 1 on

BΩD1 “ tx P BΩ | 0.4 ď x1 ď 0.6, x2 “ 0, 0.4 ď x3 ď 0.6u, and u “ 0 on BΩD2 “

BΩztBΩNYBΩD1u. Thus, by the boundary part BΩD1 we model an inflow region (area)
where the transport quantity modelled by the unknown u is injected; cf. Fig. 3.13. BΩN

models an outflow boundary. Prescribing a homogeneous Dirichlet condition on BΩD2

is only done for the sake of simplicity. The goal functional aims at the control of the
solution’s mean value in a smaller, inner domain Ωin “ r0, 0.1sˆ r0.4, 0.6sˆ r0.4, 0.6s

close to the outflow boundary, and is given by

JiMpuq “

ż

Ωin

u dx . (3.49)

In the context of applications, the transport quantity u is thus measured and controlled
in the small region of interest Ωin.

In Fig. 3.13, we illustrate the computed adaptively generated meshes for some of the
DWR iteration steps. For visualization purposes, two surfaces with corresponding
mesh distribution are shown for each of the grids, the bottom surface and the surface
in the domain’s center with respect to the x3 direction. We note that the postpro-
cessed solutions are visualized on a grid for the respective surfaces. The cells on the
surfaces are triangular-shaped since the underlying visualization software ParaView

is based on triangular-shaped elements. Similar to the previous test case of a point-
value error control, the refinement is located on those cells that contribute to the
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mean value error control. Here, the cells close to the two inner layers aligned in the
flow direction b are strongly refined. This refinement process is obvious since the
inner and control domain Ωin is chosen to have exactly the same dimensions as the
channel-like extension of the boundary segment BΩD1 along the flow direction into the
domain Ω. Outside the inner domain Ωin and the channel-like domain of transport
the mesh cells are coarsened for an increasing number of DWR iteration steps.

(a) (b)

(c) (d)

Figure 3.13: Adaptive spatial meshes after first (3.13a), third (3.13b), fifth (3.13c) and
seventh (3.13d) iteration step of the DWR approach with coarsening and refinement,
goal functional JiM (3.49), ε “ 10´6, δ0 “ 1, in Example 3.3.
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Conclusion 3.3 (Efficient Mesh, 3d Case)

We obtain very economical spatial meshes in the course of the refinement process
even in three space dimensions regarding a local acting goal functional (3.49);
cf. Fig. 3.13a–3.13d.

3.4.4 Final Summary

With reference to the specific results outlined in Conclusions 3.1 and 3.2, we summa-
rize the following. Error control for convection-dominated problems needs a particular
care in regions with layers and sharp fronts in order to get an accurate quantifica-
tion of the numerical errors. All examples could prove that spurious oscillations that
typically arise in numerical approximations of convection-dominated problems could
be reduced significantly. Robust effectivity indices that are almost one were obtained
for different goal quantities. Sources of inaccuracies and non-sharp estimates were
reduced and numerical artefacts were prevented mostly. The efficiency of the pro-
posed approaches was demonstrated for two and even three space dimensions. Both
approaches yield to efficient and accurate results for solving convection-dominated
problems, whereas the FSTD approach showed slightly better results with regard to
the so-called effectivity index as well as the reduction of the L2-error. In addition,
the approximation using a higher-order finite element approach for the weights was
significantly better than the common used approximation by higher-order interpola-
tion with regard to accuracy and efficiency of the underlying error estimator as well
as again the reduction of the L2-error.
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Chapter 4

Goal-Oriented Error Control for
Time-Dependent
Convection-Dominated Problems

In this chapter, we present the application of goal-oriented error control based on the
Dual Weighted Residual method to time-dependent convection-dominated transport
problems. Generally spoken, these problems model the behavior of scalar quanti-
ties, like temperature, concentrations etc., that are transported within a flow field
(convection), that undergo molecular transport (diffusion), and that might interact
(react) with each other, cf., e.g., [116, 162]. There are several applications in many
branches of technology to these problems, for instance, water pollution problems, the
simulation of oil extraction from underground reservoirs, flows in chemical reactors or
convective heat transport problems with large Péclet numbers, cf. [162] and the ref-
erences therein. For a short review of convection-dominated problems including a list
of references we refer to the main introduction. Furthermore, convection-dominated
transport may be considered as a challenging subproblem in coupled problems, for
instance, contaminant transport and degradation in the subsurface or the Biot’s equa-
tions in poromechanics in which coupled transport with flow, chemical reaction and
mechanical response in porous media is considered. In this sense, the present chapter
can be seen as a transition transferring the knowledge and results of the previous
chapter (Ch. 3) to time-dependent problems, and simultaneously serving as a prepa-
ration for the upcoming chapter (Ch. 5) dealing with coupled flow and transport
problems.

We start by introducing the time-dependent convection-diffusion-reaction equa-
tion together with some global assumptions and general concepts including the under-
lying variational formulation. Then, we present the stabilized space-time discretiza-
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tion schemes including a continuous (cG) as well as discontinuous (dG) discretization
in time. Afterwards, we present the derivation of the related dual problems and
splitted a posteriori error estimators with regard to both time discretizations. An
important issue of this chapter takes the subsequent description of some practical
aspects with regard to the underlying concepts of goal-oriented adaptivity as well as
software architecture. Thereby, we introduce time marching schemes for the primal
and dual problem, derive localized forms of the error estimators including different
approaches for approximating the occurring temporal weights and present the goal-
oriented space-time adaptive algorithm. Moreover, some implementational aspects
and issues of the software are presented. The chapter is closed by some numerical
experiments, in which we illustrate and investigate the performance properties of the
underlying algorithm for time-dependent problems including convergence studies, in-
dependence of temporal and spatial error indicators, computational efficiency as well
as stability properties.

Some parts of this chapter have been published by the author et al. in [51] and
[129]. In this chapter we consider the following time-dependent convection-diffusion-
reaction equation.

Problem 4.1 (Time-dependent Convection-Diffusion-Reaction Equation)
Find u from

Btu´∇ ¨ pε∇uq ` b ¨∇u` αu “ f in Q “ Ω ˆ I ,

u “ uD on ΣD “ ΓD ˆ I ,

ε∇u ¨ n “ uN on ΣN “ ΓN ˆ I ,

up0q “ u0 on Σ0 “ Ω ˆ t0u ,

(4.1)

in the space-time domain Q, where Ω Ă Rd, with d “ 2 or d “ 3, is a polygonal or
polyhedral bounded domain with Lipschitz boundary BΩ and I “ p0, T q, 0 ă T ă 8,
is a finite time interval. Here, BΩ “ ΓD Y ΓN , ΓD ‰ H denotes the partition of
the boundary with outer unit normal vector n, where ΓD denotes the Dirichlet part
and ΓN the Neumann part, respectively. To ensure the well-posedness of Problem 4.1
we assume that 0 ă ε ď 1 is a constant diffusion coefficient, b P L8

`

I;W 1,8pΩqd
˘

is the flow field or convection field, α P L8
`

I;L8pΩq
˘

is a non-negative (α ą 0)
reaction coefficient, u0 P L

2pΩq is a given initial condition, f P L2pI;H´1pΩqq is
a given source of the unknown scalar quantity u, uD P L2pI;H

1
2 pΓDqq is a given

function specifying the Dirichlet boundary condition, and uN P L2pI;H´ 1
2 pΓNqq is a

given function specifying the Neumann boundary condition.
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Furthermore, it will be assumed that either ∇ ¨ bpx, tq “ 0 and αpx, tq ě 0, or
there exists a positive constant c0 such that

αpx, tq ´
1

2
div bpx, tq ě c0 ą 0 @px, tq P sΩ ˆ sI ,

which are standard assumptions for convection-dominated equations of type (4.1), cf.,
e.g., [3].

Henceforth, for the sake of simplicity, we deal with homogeneous Dirichlet boundary
values uD “ 0 on ΓD “ BΩ only. In our numerical examples in Sec. 4.5, we also
consider more general boundary conditions, whose incorporation is straightforward,
as outlined in Rem. 4.14; cf., e.g., [92].

For the corresponding variational formulation we introduce the following function
spaces as given in Def. 2.1 and Def. 2.2, respectively, of Sec. 2.1.

V :“

"

v P L2pI;V q
ˇ

ˇ

ˇ
Btv P L

2pI;H´1pΩqq

*

,

V :“ H1
0 pΩq .

(4.2)

Problem 4.2 (Variational Formulation Primal Problem) Find u P V such that

Apuqpϕq “ F pϕq @ϕ P V , (4.3)

where the bilinear form A : V ˆV Ñ R and the linear form F : V Ñ R are defined by

Apuqpϕq :“

ż

I

 

pBtu, ϕq ` apuqpϕq
(

dt` pup0q, ϕp0qq , (4.4)

F pϕq :“

ż

I

pf, ϕq dt` pu0, ϕp0qq , (4.5)

with the inner bilinear form a : V ˆ V Ñ R, given by

apuqpϕq :“ pε∇u,∇ϕq ` pb ¨∇u, ϕq ` pαu, ϕq . (4.6)

We note that the initial condition is incorporated into the variational problem here.

Proposition 4.1 (Well-Posedness) Assume that f P L2pI;H´1pΩqq, u0 P L
2pΩq,

uD P L2pI;H
1
2 pBΩqq, ε, α P L8

`

I;L8pΩq
˘

, and b P L8
`

I;W 1,8pΩqd
˘

. Then, the
model problem (4.3) is well-posed.

Proof. The proof can be found in the literature, for instance, in [136, Thm. 2.1],
[61, Thm. 2 in Ch. XVIII], [81, Ch. 7.1] or [79, Thm. 65.9]. l
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Remark 4.1 (Regularity) With regard to sufficient regularity of the solution and
test function we note the following.

• Beyond the assumption u P V which is sufficient within the framework of the
DWR approach, the existence of a sufficiently regular solution, such that all of
the arguments and terms used below are well-defined, is tacitly assumed without
mentioning explicitly all technical assumptions about the data and coefficients
here. Technical details can be found, for instance, in [162, 116].

• We note that in Problem 4.2 it is sufficient to require the test functions ϕ to
be in L2pI;V q. Nevertheless, since V is dense in L2pI;V q with respect to the
norm of L2pI;V q (cf. Corollary 2.1 in Sec. 2.1.2 of Ch. 2) and with regard to the
derivation of the so-called dual problems in the framework of the DWR approach,
we deliberately decide to choose the test functions ϕ P V here. Furthermore, we
note that the expression up0q make sense for a function u P V, cf. Rem. 2.1 in
Sec. 2.1.2.

The weak formulation, given by Problem 4.2, is now the starting point for the varia-
tional discretization in space and time. Thereby, we start with the discretization in
time leading to a finite set of coupled PDEs which is then discretized in space using
the concepts introduced in Chapter 2. This approach is sometimes called Rothe’s
method in the literature, cf. [79, Rem. 69.1]. For adaptivity reasons, it is desirably
to allow the spatial meshes to change in time. This approach is referred to as the
concept of dynamic meshes, cf. [168, 167]. For more details about the implementation
features we refer to Sec. 4.4.

4.1 Stabilized Space-Time Discretizations

In this section, we describe the discretization in space and time of the weak formula-
tion, given by Problem 4.2, by means of Galerkin finite element methods. We start
with the semi-discretization in time by means of a continuous Petrov-Galerkin method
as well as a discontinuous Galerkin method as introduced in Sec. 2.2. Afterwards,
we present the stabilized discretization in space of the arising semi-discrete problems
using continuous Galerkin finite element methods as introduced in Sec. 2.1.3. Here,
we are using the approach of space-time slabs including a temporal triangulation that
is allowed to have more than one cell in time on an associated time subinterval, cf. As-
sumption. 2.5. Therefore, the following considerations are done with respect to such
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a cell in time (here denoted by Kn). Restricting the temporal triangulation to only
one cell in time leads to the classical considerations with respect to a subinterval In,
cf. Rem. 2.3.

4.1.1 Discretization in Time

For the discretization in time we assume a decomposition of the time interval I
into subintervals In as given in Assumption 2.4. Thus, a separation of the global
space-time domain Q “ Ω ˆ I into a partition of space-time slabs pQn “ Ω ˆ In is
feasible, using a one-dimensional triangulation Tτ,n (including cells in time Kn) for
the discretization in time on each slab pQn as well as a set of all interior time points Fτ
as introduced in Assumption 2.5. In this sense, we introduce the finite-dimensional
continuous time-discrete function space

VcGprq
τ :“

"

vτ P CpsI;V q
ˇ

ˇ

ˇ
vτ |Kn P Prτ p sKn;V q , Kn P Tτ,n , n “ 1, . . . , N

*

, (4.7)

and the finite-dimensional discontinuous time-discrete function space

VdGprq
τ :“

"

vτ P L
2pI;V q

ˇ

ˇ

ˇ
vτ |Kn P Prτ pKn;V q ,

vτ p0q P L
2pΩq , Kn P Tτ,n , n “ 1, . . . , N

*

,
(4.8)

as introduced in general by Eq. 2.3 and Eq. 2.9, respectively. In the following, we
present the time-discrete variational schemes using the continuous in time Petrov-
Galerkin method as well as the discontinuous in time Galerkin method. For more
details about these methods including, for instance, the composition of the respective
shape functions or the concept on the reference interval, we refer to Sec. 2.2.

Continuous in Time Petrov-Galerkin Method

The continuous in time Petrov-Galerkin method (cG(r) method) approximates the so-
lution in time continuously with piecewise polynomials of degree r, r ě 1. It is referred
to as Petrov-Galerkin method since the trial and test space are chosen differently. Let
VcGprq
τ , given by Eq. (4.7), and VdGpr´1q

τ , given by Eq. (4.8), be the finite-dimensional
time-discrete trial and test space, respectively. Then, the continuous time-discrete
variational approximation of Problem 4.2 reads as follows.

Problem 4.3 (Continuous Time-Discrete Scheme: cG(r))
Find uτ P VcGprq

τ such that

AcG
τ puτ qpϕτ q “ Fτ pϕτ q @ϕτ P VdGpr´1q

τ , (4.9)
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where the bilinear form AcG
τ p¨qp¨q and the linear form Fτ p¨q are given by

AcG
τ puτ qpϕτ q :“

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

 

pBtuτ , ϕτ q ` apuτ qpϕτ q
(

dt (4.10)

`puτ p0q, ϕτ p0
`
qq ,

Fτ pϕτ q :“
N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

pf, ϕτ q dt` pu0, ϕτ p0
`
qq , (4.11)

with the inner bilinear form ap¨qp¨q being defined by Eq. (4.6).

Discontinuous in Time Galerkin Method

The discontinuous in time Galerkin method (dG(r) method) approximates the so-
lution in time with piecewise polynomials of degree r, r ě 0. The members of this
method are characterized as discontinuous Galerkin methods since the trial space is
chosen discontinuous in time here. Thus, the solution in time is allowed to be dis-
continuous between two slabs and, in particular, between two cells in time within a
slab, but piecewise continuous within a single cell in time, cf. Fig. 2.5. In this sense,
we define the limits uτ pt˘Fq from above and below as well as their jump at tF P Fτ by
means of

uτ pt
˘
Fq :“ lim

tÑtF˘0
uτ ptq , ruτ stF :“ uτ pt

`
Fq ´ uτ pt

´
Fq ,

with Fτ denoting the set of all interior time points given as

Fτ :“ ptt1, . . . , tNu Y tt P BKn | Kn P Tτ,nuqzt0, T u .

Let VdGprq
τ , given by Eq. (4.8), be the common finite-dimensional time-discrete trial

space and test space. Then, the discontinuous time-discrete variational approximation
of Problem 4.2 reads as follows.

Problem 4.4 (Discontinuous Time-Discrete Scheme: dG(r))
Find uτ P VdGprq

τ such that

AdG
τ puτ qpϕτ q “ Fτ pϕτ q @ϕτ P VdGprq

τ , (4.12)

where the linear form Fτ p¨q is defined by Eq. (4.11) and the bilinear form AdG
τ p¨qp¨q is

given by

AdG
τ puτ qpϕτ q :“

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

 

pBtuτ , ϕτ q ` apuτ qpϕτ q
(

dt

`
ÿ

tFPFτ

pruτ stF , ϕτ pt
`
Fqq ` puτ p0

`
q, ϕτ p0

`
qq ,

(4.13)

with the inner bilinear form ap¨qp¨q being defined by Eq. (4.6).
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4.1.2 Discretization in Space

In this section, we describe the Galerkin finite element approximation in space of
the semi-discrete Problems 4.3 and 4.4, respectively. Thereby, we use the concepts
introduced in Sec. 2.1.3, where all details can be found that are not specified in the
following. We use Lagrange type finite element spaces of continuous functions that
are piecewise polynomials. For the discretization in space, we consider a separation
Qn “ Th,n ˆ Tτ,n, where Th,n build a decomposition of the domain Ω into disjoint
spatial elements K as given in Assumption 2.3 and 2.5, respectively. Our mesh
adaptation process includes locally refined cells, which is enabled by allowing so-
called hanging nodes. For this purpose, we assume the decomposition Th,n (in the
following also referred to as spatial triangulation) to be regular and organized in a
patch-wise manner, cf. Def. 2.5 and Def. 2.6, respectively. We point out that the
global conformity of the finite element approach is preserved since the unknowns at
such hanging nodes are eliminated by interpolation between the neighboring ’regular’
nodes, cf. Rem. 2.2.

So far, the spaces VcGprq
τ and VdGprq

τ still contain the continuous spatial space
V “ H1

0 pΩq. Thus, we introduce the discrete finite element spaces V p,n
h Ă V on

Th,n , n “ 1, . . . , N , with V p
h being defined by Eq. (2.1) in Sec. 2.1.3. Now, by replacing

V by V p,n
h in the definition of the semi-discrete function spaces VcGprq

τ and VdGprq
τ ,

respectively, we obtain the fully discrete function spaces

VcGprq,p
τh :“

"

vτh P VcGprq
τ

ˇ

ˇ

ˇ
vτh|Kn P Prτ p sKn;V p,n

h q, Kn P Tτ,n , n “ 1, . . . , N

*

,

VdGprq,p
τh :“

"

vτh P VdGprq
τ

ˇ

ˇ

ˇ
vτh|Kn P Prτ pKn;V p,n

h q ,

vτhp0q P V
p,1
h , Kn P Tτ,n , n “ 1, . . . , N

*

,

(4.14)

with VcGprq,p
τh Ă VcGprq

τ and VdGprq,p
τh Ă VdGprq

τ . We note that the spatial finite element
space V p,n

h is allowed to be different on all slabs Qn which is natural in the context of
a discontinuous Galerkin approximation of the time variable and allows for dynamic
mesh changes in time. Then, the fully discrete continuous in time as well as discon-
tinuous in time schemes of Problem 4.2 can be easily obtained from the cG(r) and
dG(r) semi-discretization schemes, given by Eq. (4.9) and Eq. (4.12), respectively, by
simply adding the additional index h to the variables and by replacing the respective
semi-discrete spaces by the above defined fully discrete counterparts. For the sake of
completeness, the fully discrete continuous in time scheme then reads as follows.
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Problem 4.5 (Fully Discrete Continuous in Time Scheme: cG(p)-cG(r))
Find uτh P VcGprq,p

τh such that

AcG
τ puτhqpϕτhq “ Fτ pϕτhq @ϕτh P VdGpr´1q,p

τh , (4.15)

with AcG
τ p¨qp¨q and Fτ p¨q being defined by Eq. (4.10) and Eq. (4.11), respectively.

Finally, the fully discrete discontinuous in time scheme then reads as follows.

Problem 4.6 (Fully Discrete Discontinuous in Time Scheme: cG(p)-dG(r))

Find uτh P VdGprq,p
τh such that

AdG
τ puτhqpϕτhq “ Fτ pϕτhq @ϕτh P VdGprq,p

τh , (4.16)

with AdG
τ p¨qp¨q and Fτ p¨q being defined by Eq. (4.13) and Eq. (4.11), respectively.

Remark 4.2 The notations cG(p)-dG(r) and cG(p)-cG(r) for a space-time finite
element Galerkin discretization with continuous piecewise polynomials of degree p in
space and discontinuous (dG) or continuous (cG), respectively, piecewise polynomials
of degree r in time is taken from [77, 40].

4.1.3 Stabilization

In this work, we focus on convection-dominated problems with small difussion pa-
rameter ε. Then, the finite element approximation needs to be stabilized in order
to reduce spurious and non-physical oscillations of the discrete solution arising close
to layers. Here, we apply the streamline upwind Petrov-Galerkin (SUPG) method
[106, 49], that was introduced in Sec. 2.4. Existing convergence analyses in the nat-
ural norm of the underlying scheme including local and global error bounds can be
found, for instance, in [147] and [162, Ch. III.4.3]. The stabilized variant of the fully
discrete continuous in time scheme (cG(p)-cG(r) scheme), given by Problem 4.5, then
reads as follows.

Problem 4.7 (Stabilized cG(p)-cG(r) Scheme)
Find uτh P VcGprq,p

τh such that

AcG
S puτhqpϕτhq “ Fτ pϕτhq @ϕτh P VdGpr´1q,p

τh , (4.17)

where the linear form Fτ p¨q is defined by Eq. (4.11) and the stabilized bilinear form
AcG
S p¨qp¨q is given by

AcG
S puτhqpϕτhq :“ AcG

τ puτhqpϕτhq ` S
cG
A puτhqpϕτhq . (4.18)
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Here, the SUPG stabilization bilinear form ScG
A p¨qp¨q is defined by

ScG
A puτhqpϕτhq :“

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

δK
`

rpuτhq, b ¨∇ϕτh
˘

K
dt

`
ÿ

KPTh,1

δK
`

uτhp0q ´ u0, b ¨∇ϕτhp0`q
˘

K
,

(4.19)

where δK is the so-called stabilization parameter (cf. Rem. 4.3) and the residual term
rp¨q is given by

rpuτhq :“ Btuτh ´∇ ¨ pε∇uτhq ` b ¨∇uτh ` αuτh ´ f . (4.20)

In contrast, the stabilized variant of the fully discrete discontinuous in time scheme
(cG(p)-dG(r) scheme), given by Problem 4.6, reads as:

Problem 4.8 (Stabilized cG(p)-dG(r) Scheme)
Find uτh P VdGprq,p

τh such that

AdG
S puτhqpϕτhq “ Fτ pϕτhq @ϕτh P VdGprq,p

τh , (4.21)

where the linear form Fτ p¨q is defined by Eq. (4.11) and the stabilized bilinear form
AdG
S p¨qp¨q is given by

AdG
S puτhqpϕτhq :“ AdG

τ puτhqpϕτhq ` S
dG
A puτhqpϕτhq . (4.22)

Here, the SUPG stabilization bilinear form SdG
A p¨qp¨q is defined by

SdG
A puτhqpϕτhq :“

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

δK
`

rpuτhq, b ¨∇ϕτh
˘

K
dt

`
ÿ

tFPFτ

ÿ

KPTh,n

δK
`

ruτhstF , b ¨∇ϕτhpt
`
Fq
˘

K

`
ÿ

KPTh,1

δK
`

uτhp0
`
q ´ u0, b ¨∇ϕτhp0`q

˘

K
,

(4.23)

where the residual term rp¨q is defined by Eq. (4.20).

Remark 4.3 For time-dependent convection-diffusion-reaction problems an optimal
error estimate for δK “ OphKq is derived in [118]. We also refer to Rem. 3.2 in
Sec. 3.1 for a steady-state convection-diffusion-reaction problem.
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4.2 DWR-Based A Posteriori Error Estimation

In this section, we derive an a posteriori error estimator for the stabilized continuous
in time and discontinuous in time transport problems (4.17) and (4.21), respectively.
This estimator measures the discretization errors in an output value J and serves as a
key ingredient in setting up the adaptive algorithm described in the following section.
The output value J is called goal functional and fulfills the following properties.

Assumption 4.1 (Goal Functional) Let us assume J : V Ñ R to be a linear func-
tional representing the goal quantity of physical interest. In general, this functional
is given as

Jpuq “

ż T

0

J1puptqq dt` J2pupT qq , (4.24)

where J1 P L
2pI;H´1pΩqq and J2 P H

´1pΩq are three times differentiable functionals
defining the dual right-hand side and the dual initial at time t “ T , respectively, where
each of them may be zero; cf. also Rem. 4.5.

In practice, the quantity of interest represents, for instance, a mean value of a given
functional (J1) or a final time-point value J2pupT qq; cf., e.g., [168, 36, 20].

Since we consider time-dependent problems in this chapter, we aim at controlling
the respective errors due to the discretization in time as well as in space. Therefore,
we split the a posteriori error representation with respect to J into the contributions

Jpuq ´ Jpuτhq “ Jpuq ´ Jpuτ q ` Jpuτ q ´ Jpuτhq . (4.25)

The derivation of an error estimator is based on the Euler Lagrange method of con-
straint optimization as introduced in Sec. 2.5, using the following functionals.

Definition 4.1 (Lagrangian Functionals)
The Lagrangian functionals L : V ˆ V Ñ R, Lτ : VdGprq

τ ˆ VdGprq
τ Ñ R, LcGτh :

VcGprq,p
τh ˆ VdGpr´1q,p

τh Ñ R, and Lτh : VdGprq,p
τh ˆ VdGprq,p

τh Ñ R are defined by

Lpu, zq :“ Jpuq ` F pzq ´ Apuqpzq , (4.26)

Lτ puτ , zτ q :“ Jpuτ q ` Fτ pzτ q ´ A
dG
τ puτ qpzτ q , (4.27)

LcGτhpuτh, zτhq :“ Jpuτhq ` Fτ pzτhq ´ A
cG
S puτhqpzτhq (4.28)

“ Lpuτh, zτhq ´ ScGpuτh, zτhq ,

Lτhpuτh, zτhq :“ Jpuτhq ` Fτ pzτhq ´ A
dG
S puτhqpzτhq (4.29)

“ Lτ puτh, zτhq ´ SdGpuτh, zτhq ,
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with

ScGpuτh, zτhq :“ ScG
A puτhqpzτhq , SdGpuτh, zτhq :“ SdG

A puτhqpzτhq , (4.30)

where ScG
A p¨qp¨q and SdG

A p¨qp¨q are given by Eq. (4.19) and Eq. (4.23), respectively.

Remark 4.4 The Lagrange multipliers z, zτ , and zτh are called dual variables in
contrast to the primal variables u, uτ , and uτh, cf. [36, 40]. Furthermore, we note
that by using the respective Lagrangian functionals from above, we can express the
functional values of the continuous, semi-discrete, and fully discrete solution in the
case of a continuous in time discretization ( cG(r)) by means of

Jpuq :“ Lpu, ϕq @ϕ P V ,

Jpuτ q :“ Lpuτ , ϕτ q @ϕτ P VdGpr´1q
τ ,

Jpuτhq :“ LcGτhpuτh, ϕτhq @ϕτh P VdGpr´1q,p
τh .

(4.31)

In the case of a discontinuous in time discretization (dG(r)), we have to replace the
second and third equation in (4.31) by means of

Jpuτ q :“ Lτ puτ , ϕτ q @ϕτ P VdGprq
τ ,

Jpuτhq :“ Lτhpuτh, ϕτhq @ϕτh P VdGprq,p
τh .

(4.32)

4.2.1 Derivation of the Dual Schemes

Since the main focus in our numerical examples in Sec. 4.5 is on a discontinuous in
time discretization, we put emphasis on this time discretization from now on. In
addition, we will also refer to the respective considerations using a continuous in time
discretization.

4.2.1.1 Discontinuous in Time Discretization

As mentioned in the introductory Sec. 2.5, the DWR approach can be embedded into
an optimal control problem by exploiting the Euler Lagrange method of constraint
optimization. In this sense, we point out that the following optimality or stationary
conditions, given by the directional derivatives of the Lagrangian functionals with
respect to their second argument,

L1zpu, zqpϕq “ 0 @ϕ P V ,

L1τ,zpuτ , zτ qpϕτ q “ 0 @ϕτ P VdGprq
τ ,

L1τh,zpuτh, zτhqpϕτhq “ 0 @ϕτh P VdGprq,p
τh ,

(4.33)
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can be identified with determining the continuous solution u of Eq. (4.3), the semi-
discrete solution uτ of the discontinuous time-discrete scheme, given by Eq. (4.12),
and the fully discrete solution uτh of the cG(p)-dG(r) discretization scheme, given by
Eq. (4.21), respectively. More precisely, in Eq. (4.33) the so-called Gâteaux derivatives
are used, given by Def. 2.11 in Sec. 2.3. In order to enhance understanding, we recall
here its definition, exemplary with respect to the second argument.

L1zpu, zqpϕq :“ lim
t‰0,tÑ0

t´1
 

Lpu, z ` tϕq ´ Lpu, zq
(

, ϕ P V .

In contrast, considering the directional derivatives of the Lagrangian functionals with
respect to their first argument lead to the dual problems, cf., e.g., [40], given by the
following optimality or stationary conditions.

L1upu, zqpψq “ 0 @ψ P V ,

L1τ,upuτ , zτ qpψτ q “ 0 @ψτ P VdGprq
τ ,

L1τh,upuτh, zτhqpψτhq “ 0 @ψτh P VdGprq,p
τh ,

(4.34)

More precisely, the continuous dual solution z P V fulfills the following problem.

Problem 4.9 (Dual Problem) Find z P V such that

A1puqpψ, zq “ J 1puqpψq @ψ P V , (4.35)

where the adjoint bilinear form A1p¨qp¨, ¨q is given by

A1puqpψ, zq :“

ż

I

 

pψ,´Btzq ` a
1
puqpψ, zq

(

dt` pψpT q, zpT qq . (4.36)

The right-hand side of Eq. (4.35) is given by

J 1puqpψq :“

ż

I

J 11puqpψqdt` J
1
2pupT qqpψpT qq . (4.37)

Remark 4.5 We note that for the representation (4.36) of A1p¨qp¨, ¨q integration by
parts in time is applied along with switching test and trial functions, given by

ż

I

pBtψ, zq dt “

ż

I

pψ,´Btzq dt` pψpT q, zpT qq ´ pψp0q, zp0qq ,

which is allowed for weak solutions z P V; cf., e.g., [160, 187] and Thm. 2.2 in
Sec. 2.1.2 of Ch. 2. Therefore, the dual solution can be thought of running backward
in time. Furthermore, we note that right-hand side as well as initial or better final
data at time t “ T are given by the goal functional (4.24). More precisely, J1 defines

86



the dual right-hand side, whereas J2 defines the dual initial at time t “ T . Then,
as combination with the above introduced integration by parts in time there holds,
cf. [160],

pψpT q, zpT qq “ J 12pupT qqpψpT qq .

Finally, the derivative a1puqpψ, zq of the inner bilinear form apuqpzq in A1, defined by
Eq. (4.6), admits the explicit form

a1puqpψ, zq “ pε∇ψ,∇zq ` pb ¨∇ψ, zq ` pαψ, zq . (4.38)

The second stationary condition of Eq. (4.34) yields the following dual semi-discrete
discontinuous in time problem:

Problem 4.10 (Dual Discontinuous Time-Discrete Scheme: dG(r))
Find zτ P VdGprq

τ such that

AdG 1
τ puτ qpψτ , zτ q “ J 1puτ qpψτ q @ψτ P VdGprq

τ , (4.39)

where the adjoint bilinear form AdG 1
τ p¨qp¨, ¨q is defined by

AdG 1
τ puτ qpψτ , zτ q :“

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

 

pψτ ,´Btzτ q ` a
1
puτ qpψτ , zτ q

(

dt

´
ÿ

tFPFτ

pψτ pt
´
Fq, rzτ stF q ` pψτ pT

´
q, zτ pT

´
qq ,

(4.40)

with the dual inner bilinear form a1p¨qp¨, ¨q being defined by Eq. (4.38). The right-hand
side of Eq. (4.39) is given by

J 1puτ qpψτ q :“
N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

J 11puτ qpψτ qdt` J
1
2puτ pT

´
qqpψτ pT

´
qq . (4.41)

The third stationary condition of Eq. (4.34) yields the dual stabilized fully discrete
discontinuous in time problem:

Problem 4.11 (Dual Stabilized cG(p)-dG(r) Scheme)
Find zτh P VdGprq,p

τh such that

AdG 1
S puτhqpψτh, zτhq “ J 1puτhqpψτhq @ψτh P VdGprq,p

τh , (4.42)

where the stabilized adjoint bilinear form AdG 1
S p¨qp¨, ¨q is defined by

AdG 1
S puτhqpψτh, zτhq :“ AdG 1

τ puτhqpψτh, zτhq ` S
dG 1
A puτhqpψτh, zτhq , (4.43)
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with AdG 1
τ p¨qp¨, ¨q given by Eq. (4.40). The right-hand side of Eq. (4.42) is given by

J 1puτhqpψτhq :“
N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

J 11puτhqpψτhqdt` J
1
2puτhpT

´
qqpψτhpT

´
qq . (4.44)

Here, the adjoint SUPG stabilization bilinear form SdG 1
A p¨qp¨, ¨q is defined by

SdG 1
A puτhqpψτh, zτhq :“

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

δK

!

pb ¨∇ψτh, BtzτhqK

´
`

∇ ¨ pε∇ψτhq ´ b ¨∇ψτh ´ αψτh, b ¨∇zτh
˘

K

)

dt

`
ÿ

tFPFτ

ÿ

KPTh,n

δK
`

b ¨∇ψτhpt´Fq, rzτhstF
˘

K

´
ÿ

KPTh,N

δK
`

b ¨∇ψτhpT´q, zτhpT´q
˘

K
.

(4.45)

Here, again integration by parts in time is applied together with Green’s formula and
the condition ∇ ¨ b “ 0 as assumed in Problem 4.1.

4.2.1.2 Continuous in Time Discretization

In the case of a continuous in time cG(r) discretization, the semi-discrete solution
uτ of the cG(r) discretization in time, given by Eq. (4.9), and the fully discrete
solution uτh of the cG(p)-cG(r) discretization, given by Eq. (4.17), respectively, can
be identified with the following optimality or stationary conditions

L1zpuτ , zτ qpϕτ q “ 0 @ϕτ P VdGpr´1q
τ ,

LcG 1τh,zpuτh, zτhqpϕτhq “ 0 @ϕτh P VdGpr´1q,p
τh .

(4.46)

For identifying the discrete dual problems in the case of a continuous in time cG(r)
discretization, the last two equations in (4.34) have to be replaced by the following
stationary conditions

L1upuτ , zτ qpψτ q “ 0 @ψτ P VcGprq
τ ,

LcG 1τh,upuτh, zτhqpψτhq “ 0 @ψτh P VcGprq,p
τh ,

(4.47)

that can be identified with the following semi-discrete and fully discrete continuous in
time problems, respectively. Note that the role of trial and test spaces are switched.

Problem 4.12 (Dual Continuous Time-Discrete Scheme: cG(r))
Find zτ P VdGpr´1q

τ such that

AcG 1
τ puτ qpψτ , zτ q “ J 1puτ qpψτ q @ψτ P VcGprq

τ , (4.48)
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where the adjoint bilinear form AcG 1
τ p¨qp¨, ¨q is defined by

AcG 1
τ puτ qpψτ , zτ q :“

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

 

pψτ ,´Btzτ q ` a
1
puτ qpψτ , zτ q

(

dt

´
ÿ

tFPFτ

pψτ pt
´
Fq, rzτ stF q ` pψτ pT

´
q, zτ pT

´
qq ,

(4.49)

with the dual inner bilinear form a1p¨qp¨, ¨q being defined by Eq. (4.38). The right-hand
side of Eq. (4.48) is given by

J 1puτ qpψτ q :“
N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

J 11puτ qpψτ qdt` J
1
2puτ pT qqpψτ pT

´
qq . (4.50)

Problem 4.13 (Dual Stabilized cG(p)-cG(r) Scheme)
Find zτh P VdGpr´1q,p

τh such that

AcG 1
S puτhqpψτh, zτhq “ J 1puτhqpψτhq @ψτh P VcGprq,p

τh , (4.51)

where the stabilized adjoint bilinear form AcG 1
S p¨qp¨, ¨q is defined by

AcG 1
S puτhqpψτh, zτhq :“ AcG 1

τ puτhqpψτh, zτhq ` S
cG 1
A puτhqpψτh, zτhq , (4.52)

with AcG 1
τ p¨qp¨, ¨q given by Eq. (4.49). The right-hand side of Eq. (4.51) is given by

J 1puτhqpψτhq :“
N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

J 11puτhqpψτhqdt` J
1
2puτhpT qqpψτhpT

´
qq . (4.53)

Here, the adjoint SUPG stabilization bilinear form ScG 1
A p¨qp¨, ¨q is defined by

ScG 1
A puτhqpψτh, zτhq :“

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

δK

!

pb ¨∇ψτh, BtzτhqK

´
`

∇ ¨ pε∇ψτhq ´ b ¨∇ψτh ´ αψτh, b ¨∇zτh
˘

K

)

dt

`
ÿ

tFPFτ

ÿ

KPTh,n

δK
`

b ¨∇ψτhpt´Fq, rzτhstF
˘

K

´
ÿ

KPTh,N

δK
`

b ¨∇ψτhpT´q, zτhpT´q
˘

K
.

(4.54)

Remark 4.6 We note that the discrete dual problems decouple to a time stepping
method running backward in time, as given by Problem 4.12 and Problem 4.13, re-
spectively, by switching test and trial functions with integration by parts in time as
mentioned in Rem.4.5; cf. [160, Lemma 8.9].
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Remark 4.7 We note that the presented derivation of the dual schemes can be inter-
preted as an FSTD approach, since the continuous and discontinuous in time stabilized
fully discrete schemes, given by Problem 4.11 and Problem 4.13, respectively, are de-
rived with the help of the adjoint of the stabilized fully discrete primal operator that
is included in the respective Lagrangian functionals; cf. also Sec. 3.2.1 of the pre-
vious chapter. This approach requires differentiation of the stabilization terms and
may lead to numerically unstable dual problems, cf. [20, Ch. 11] and [31]. However,
in our numerical examples considered in Sec. 4.5 we could not observe any stability
problems with regard to the dual problem. Furthermore, we note that its counterpart,
the so-called FDTS approach (cf. Sec. 3.2.2), where the dual scheme is derived with
the help of the formal adjoint of the weak formulation, given by Problem 4.2, will not
be explicitly dealt with in this work. This is due to the numerical results obtained in
Sec. 3.4 of the previous chapter. In addition, this case was investigated by the author
et al. in [51]. In this approach, the semi-discretization in time and the following
stabilization of the fully discrete scheme is based on the resulting dual weak form and
is thus not prescribed by the respective primal counterpart; cf. [51] for more details.

4.2.2 Derivation of an A Posteriori Error Estimator

For the derivation of computable representations of the separated error contributions
in Eq. (4.25) we need the following general result, that can be found in [167, 40].

Lemma 4.1 Let Y be a function space and L and L̃ be three times Gâteaux differ-
entiable functionals on Y. We seek a stationary point y1 of L on a subspace Y1 Ď Y:
Find y1 P Y1 such that

L1py1qpδy1q “ 0 @δy1 P Y1. (4.55)

This equation is approximated by a Galerkin method using the functional L̃ on a
subspace Y2 Ď Y. Hence, the discrete problem seeks y2 P Y2 such that

L̃1py2qpδy2q “ 0 @δy2 P Y2. (4.56)

If the continuous solution y1 additionally fulfills

L1py1qpy2q “ 0 , (4.57)

with the approximated solution y2, we have the error representation

Lpy1q´ L̃py2q “
1

2
L1py2qpy1´ ỹ2q`

1

2
pL´ L̃q1py2qpỹ2´ y2q` pL´ L̃qpy2q`R , (4.58)
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for arbitrary ỹ2 P Y2, where the remainder term R is given in terms of e :“ y1 ´ y2

as

R “ 1

2

ż 1

0

L3py2 ` seqpe, e, eqsps´ 1q ds . (4.59)

Proof. (cf. [167, 40]) Using the main theorem of calculus, we have

Lpy1q ´ L̃py2q “ Lpy1q ´ Lpy2q ` pL´ L̃qpy2q “

ż 1

0

L1py2 ` seqpeqds` pL´ L̃qpy2q .

Then, employing the trapezoidal rule
ż 1

0

fpsqds “
1

2
fp0q `

1

2
fp1q `

1

2

ż 1

0

f2psq ¨ s ¨ ps´ 1q ds ,

for approximating the integral, yields

Lpy1q ´ L̃py2q “
1

2
L1py2qpeq `

1

2
L1py1qpeq `R` pL´ L̃qpy2q .

Because of the assumption (4.55) and (4.57), respectively, we have that

L1py1qpeq “ 0 .

Due to assertion (4.56), we may replace L1py2qpeq by

L1py2qpy1 ´ ỹ2q ` L
1
py2qpỹ2 ´ y2q “ L1py2qpy1 ´ ỹ2q ` pL´ L̃q

1
py2qpỹ2 ´ y2q ,

for arbitrary ỹ2 P Y2. This completes the proof. l

Remark 4.8 The result of Lemma 4.1 is a slight modification of the well-known
general result presented in [36, Proposition 2.1] or [20, Proposition 6.1] with regard
to the difference of L and L̃. This is owed to the loss of guarantee Y2 Ď Y1 in the
case of a discontinuous in time dG(r) discretization as well as the presence of the
additional SUPG stabilization terms, cf. [167, Rem. 4.1].

4.2.2.1 Discontinuous in Time Discretization

In the case of a discontinuous in time dG(r), r ě 0, discretization we apply the ab-
stract error representation formula (4.58) to the Lagrangian functionals (4.26), (4.27)
and (4.29), respectively, to derive an a posteriori error estimator in space and time.
The result is summarized in the following Thm. 4.1 that is a slight modification of
Thm. 5.2 in [40], where it was proved for the nonstationary Navier-Stokes equations
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stabilized by local projection stabilization (LPS) [33, 34]. To proceed with our com-
putations, we introduce the primal and dual residuals based on the semi-discrete in
time schemes by means of

ρτ puqpϕq :“ L1τ,zpu, zqpϕq “ Fτ pϕq ´ A
dG
τ puqpϕq ,

ρ˚τ pu, zqpϕq :“ L1τ,upu, zqpϕq “ J 1puqpϕq ´ AdG 1
τ puqpϕ, zq .

(4.60)

By using Lemma 4.1 we get the following result for the DWR-based error represen-
tation in the case of a discontinuous in time dG(r) discretization.

Theorem 4.1 (Error Representation dG(r) Time Discretization)
Let tu, zu P V ˆ V, tuτ , zτu P VdGprq

τ ˆ VdGprq
τ , and tuτh, zτhu P VdGprq,p

τh ˆ VdGprq,p
τh

be stationary points of L,Lτ , and Lτh on the different levels of discretization, i.e.,

L1pu, zqpδu, δzq “ L1τ pu, zqpδu, δzq “ 0 @ tδu, δzu P V ˆ V ,

L1τ puτ , zτ qpδuτ , δzτ q “ 0 @ tδuτ , δzτu P VdGprq
τ ˆ VdGprq

τ ,

L1τhpuτh, zτhqpδuτh, δzτhq “ 0 @ tδuτh, δzτhu P VdGprq,p
τh ˆ VdGprq,p

τh .

Then, for the discretization errors in space and time we get the representation for-
mulas

Jpuq ´ Jpuτ q “
1

2
ρτ puτ qpz ´ z̃τ q `

1

2
ρ˚τ puτ , zτ qpu´ ũτ q `Rτ , (4.61)

Jpuτ q ´ Jpuτhq “
1

2
ρτ puτhqpzτ ´ z̃τhq `

1

2
ρ˚τ puτh, zτhqpuτ ´ ũτhq (4.62)

`
1

2
SdG 1puτh, zτhqpũτh ´ uτh, z̃τh ´ zτhq

`SdGpuτh, zτhq `Rh ,

with

SdG 1puτh, zτhqpũτh ´ uτh, z̃τh ´ zτhq :“ SdG
A puτhqpz̃τh ´ zτhq

`SdG 1
A puτhqpũτh ´ uτh, zτhq ,

(4.63)

obtained by the Gâteaux derivatives with respect to the first and second argument of
SdGp¨, ¨q that is given in (4.30). Here, tũτ , z̃τu P VdGprq

τ ˆ VdGprq
τ , and tũτh, z̃τhu P

VdGprq,p
τh ˆVdGprq,p

τh can be chosen arbitrarily and the remainder terms Rτ and Rh have
the same structure as the remainder term (4.59) in Lemma 4.1.
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Proof. The proof is related to that one of Thm. 5.2 in [40]. Evaluating the La-
grangian functionals at the respective primal and dual solutions, there holds that (cf.
Eq. (4.32) in Rem. 4.4)

Jpuq “ Lpu, zq , Jpuτ q “ Lτ puτ , zτ q , Jpuτhq “ Lτhpuτh, zτhq .

Since the additional jump terms and the initial condition in Lτ vanish for a continuous
solution u P V , we get the following representation for the temporal and spatial error,
respectively,

Jpuq ´ Jpuτ q “ Lpu, zq ´ Lτ puτ , zτ q “ Lτ pu, zq ´ Lτ puτ , zτ q , (4.64)

Jpuτ q ´ Jpuτhq “ Lτ puτ , zτ q ´ Lτhpuτh, zτhq . (4.65)

To prove the assertion (4.61) for the temporal error, we apply Lemma 4.1 with the
identifications

L “ Lτ , L̃ “ Lτ , Y1 “ V ˆ V , Y2 “ VdGprq
τ ˆ VdGprq

τ

to the identity (4.64). Further, we have to choose Y :“ Y1`Y2 since here VdGprq
τ Ę V .

Thus, we have to verify condition (4.57), that now reads as L1τ pu, zqpuτ , zτ q “ 0, or
equivalently,

L1τ,upu, zqpuτ q “ 0 and L1τ,zpu, zqpzτ q “ 0 . (4.66)

We only give the proof of the second equation in (4.66). The first one can be proved
analogously. To show that L1τ,zpu, zqpzτ q “ 0, we rewrite this equation building the
Gâteaux derivative of its definition, given by Eq. (4.27), as

Fτ pzτ q ´ A
dG
τ puqpzτ q

(4.11),(4.12)
“

N
ÿ

n“1

ÿ

tFPTτ,n

ż

Kn

 

pf ´ Btu, zτ q ´ apuqpzτ q
(

dt “ 0 ,

where we have used that the additional jump terms in Lτ vanish for a continuous
solution u P V . By construction, the continuous solution u satisfies that (satisfying
up0q “ u0) (cf. Eq. (4.3))

Apuqpϕq
(4.4)
“

ż

I

 

pBtu, ϕq ` apuqpϕq
(

dt “

ż

I

pf, ϕq dt
(4.5)
“ F pϕq @ϕ P V . (4.67)

By Corollary 2.1 we have that V is dense in L2pI;V q with respect to the norm of
L2pI;V q, and since no time derivatives of ϕ arise in (4.67), this equation is also
satisfied for all ϕ P L2pI;V q. The inclusion zτ P VdGprq

τ Ă L2pI;V q then implies that
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the second equation in (4.66) is fulfilled. Now, applying Lemma 4.1 with the above
made identifications yields that

Jpuq ´ Jpuτ q “ Lτ pu, zq ´ Lτ puτ , zτ q

“
1

2
L1τ puτ , zτ qpu´ ũτ , z ´ z̃τ q `Rτ .

(4.68)

With the definition of the primal and dual residuals given in (4.60), Eq. (4.68) can
be rewritten as

Jpuq ´ Jpuτ q “
1

2
ρτ puτ qpz ´ z̃τ q `

1

2
ρ˚τ puτ , zτ qpu´ ũτ q `Rτ ,

where the remainder term Rτ is given by

Rτ “
1

2

ż 1

0

L3τ puτ ` se, zτ ` se˚qpe, e, e, e˚, e˚, e˚qsps´ 1q ds , (4.69)

with the ‘primal’ and ‘dual’ errors e :“ u ´ uτ and e˚ :“ z ´ zτ , respectively. This
proves the assertion (4.61).

To prove the spatial error representation (4.62), we apply Lemma 4.1 with the
identifications

L “ Lτ , L̃ “ Lτh , Y1 “ VdGprq
τ ˆ VdGprq

τ , Y2 “ VdGprq,p
τh ˆ VdGprq,p

τh

to Eq. (4.65). In this case, we have Y2 Ď Y1 since VdGprq,p
τh Ď VdGprq

τ . Hence, we can
choose Y :“ Y1 in Lemma 4.1 and condition (4.57) is directly satisfied. Now, applying
Lemma 4.1 with these identifications implies that

Jpuτ q ´ Jpuτhq “ Lτ puτ , zτ q ´ Lτhpuτh, zτhq

“
1

2
L1τ puτh, zτhqpuτ ´ ũτh, zτ ´ z̃τhq

`
1

2
pLτ ´ Lτhq1puτh, zτhqpũτh ´ uτh, z̃τh ´ zτhq

` pLτ ´ Lτhqpuτh, zτhq `Rh .

(4.70)

Again, using the definition in (4.60) of the primal and dual residual, Eq. (4.70) can
be rewritten as

Jpuτ q ´ Jpuτhq “
1

2
ρτ puτhqpzτ ´ z̃τhq `

1

2
ρ˚τ puτh, zτhqpuτ ´ ũτhq

`
1

2
SdG 1puτh, zτhqpũτh ´ uτh, z̃τh ´ zτhq

`SdGpuτh, zτhq `Rh ,
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where the remainder term Rh is given by

Rh “
1

2

ż 1

0

L3τ puτh ` se, zτh ` se˚qpe, e, e, e˚, e˚, e˚qsps´ 1q ds , (4.71)

with the ‘primal’ and ‘dual’ errors e :“ uτ ´ uτh and e˚ :“ zτ ´ zτh. This proves the
assertion (4.62). For completeness, we note that

SdG 1puτh, zτhqpũτh ´ uτh, z̃τh ´ zτhq “ SdG 1u puτh, zτhqpũτh ´ uτhq

`SdG 1z puτh, zτhqpz̃τh ´ zτhq.

“ SdG 1
A puτhqpũτh ´ uτh, zτhq

`SdG
A puτhqpz̃τh ´ zτhq ,

where we have used the definition of the Gâteaux derivatives, given by Def. 2.11,
cf. also Rem. 2.6, as well as the definition SdGpuτh, zτhq :“ SdG

A puτhqpzτhq, given
by Eq. (4.30) with SdG

A p¨qp¨q and SdG 1
A p¨qp¨, ¨q, given by Eq. (4.23) and Eq. (4.45),

respectively. l

Since both error representation formulas (4.61) and (4.62), respectively, depend on
the primal as well as the dual residual, different weights depending on the primal and
dual variables have to be approximated in a practical implementation, cf. Sec.3.3.1.
To reduce the complexity of a practical realization, we derive a relation between the
primal and dual residual depending on the different discretization levels that goes
back to [36, Prop. 2.3] or [20, Prop. 6.6].

Proposition 4.2 Let the assumptions of Thm. 4.1 be satisfied. Further, let the pri-
mal and dual residual be given by Eq. (4.60). Then there holds that

ρ˚τ puτ , zτ qpu´ ũτ q “ ρτ puτ qpz ´ z̃τ q `∆ρτ , (4.72)

for all tũτ , z̃τu P VdGprq
τ ˆ VdGprq

τ with the remainder term ∆ρτ , given by

∆ρτ :“

ż 1

0

 

AdG 2
τ puτ ` seqpe, e, zτ ` se

˚
q ´ J2puτ ` seqpe, eq

(

ds , (4.73)

with e :“ u´ uτ and e˚ :“ z ´ zτ .

Proof. (cf. [36, 20]) We introduce the scalar function kp¨q by

kpsq :“ J 1puτ ` seqpu´ ũτ q ´ A
dG 1
τ puτ ` seqpu´ ũτ , zτ ` se

˚
q ,
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where J 1p¨qp¨q and AdG 1
τ p¨qp¨, ¨q are given by Eq. (4.37) and (4.40), respectively. Owing

to the definition of the dual residual given in (4.60), we get that

kp0q “ J 1puτ qpu´ ũτ q ´ A
dG 1
τ puτ qpu´ ũτ , zτ q “ ρ˚τ puτ , zτ qpu´ ũτ q .

Moreover, enlarging the space V by V ` VdGprq
τ we get

kp1q “ J 1puqpu´ ũτ q ´ A
dG 1
τ puqpu´ ũτ , zq “ 0 ,

where we have used the same argument as in in the proof of Thm. 4.1 for Eq. (4.66).
Furthermore, the derivative of kp¨q is given by

k1psq “ J2puτ ` seqpe, u´ ũτ q ´ A
dG 2
τ puτ ` seqpe, u´ ũτ , zτ ` se

˚q

´AdG 1
τ puτ ` seqpu´ ũτ , e

˚q .

Applying the theorem of calculus
ş1

0
f 1psqds “ fp1q ´ fp0q as well as using Galerkin

orthogonality, we get

ρ˚τ puτ , zτ qpu´ ũτ q “ ρ˚τ puτ , zτ qpeq “ kp0q “ kp0q ´ kp1q “ ´

ż 1

0

k1psq ds

“

ż 1

0

!

AdG 2
τ puτ ` seqpe, e, zτ ` se

˚
q ´ J2puτ ` seqpe, eq

)

ds

`

ż 1

0

AdG 1
τ puτ ` seqpe, e

˚
q ds

“ ∆ρτ ` ρτ puτ qpz ´ z̃τ q ,

where in the last step we have used that the last term is just the primal residual defined
by Eq. (4.60), where we can substitute e˚ by z ´ z̃τ with an arbitrary z̃τ P VdGprq

τ . l

The relation between the primal and dual residual within the spatial error represen-
tation formula (4.62) needs some particular care due to the stabilization terms and
is summarized in the following proposition.

Proposition 4.3 Let the assumptions of Thm. 4.1 be satisfied. Further, let the pri-
mal and dual residual be given by Eq. (4.60). Then there holds that

ρ˚τ puτh, zτhqpuτ ´ ũτhq “ ρτ puτhqpzτ ´ z̃τhq `∆ρSdG `∆ρh , (4.74)

for all tũτh, z̃τhu P VdGprq,p
τh ˆ VdGprq,p

τh with the remainder terms ∆ρSdG and ∆ρh are
given by, respectively,

∆ρSdG :“ SdG
A puτhqpz̃τh ´ zτhq ´ S

dG 1
A puτhqpũτh ´ uτh, zτhq , (4.75)

∆ρh :“

ż 1

0

 

AdG 2
τ puτh ` seqpe, e, zτh ` se

˚
q ´ J2puτh ` seqpe, eq

(

ds , (4.76)

with e :“ uτ ´ uτh and e˚ :“ zτ ´ zτh.
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Proof. (cf. [169]) We introduce the scalar function kp¨q by

kpsq :“ J 1puτh ` seqpuτ ´ ũτhq ´ A
dG 1
τ puτh ` seqpuτ ´ ũτh, zτh ` se

˚
q ,

where J 1p¨qp¨q and AdG 1
τ p¨qp¨, ¨q are given by Eq. (4.37) and (4.40), respectively. By the

definition of the dual residual given in (4.60) as well as the relation VdGprq,p
τh Ă VdGprq

τ ,
there holds that

kp1q “ J 1puτ qpuτ ´ ũτhq ´ A
dG 1
τ puτ qpuτ ´ ũτh, zτ q “ 0 ,

kp0q “ J 1puτhqpuτ ´ ũτhq ´ A
dG 1
τ puτhqpuτ ´ ũτh, zτhq “ ρ˚τ puτh, zτhqpuτ ´ ũτhq .

Furthermore, the derivative of kp¨q is given by

k1psq “ J2puτh ` seqpe, uτ ´ ũτhq ´ A
dG 2
τ puτh ` seqpe, uτ ´ ũτh, zτ ` se

˚q

´AdG 1
τ puτ ` seqpuτ ´ ũτh, e

˚q .

Applying the theorem of calculus
ş1

0
f 1psqds “ fp1q ´ fp0q as well as using Galerkin

orthogonality, we get

ρ˚τ puτh, zτhqpuτ ´ ũτhq “ kp0q “ kp0q ´ kp1q “ ´

ż 1

0

k1psq ds

“

ż 1

0

!

AdG 2
τ puτh ` seqpe, uτ ´ ũτh, zτh ` se

˚
q

´J2puτh ` seqpe, uτ ´ ũτhq

`AdG 1
τ puτh ` seqpuτ ´ ũτh, e

˚q

)

ds .

(4.77)

Next, we apply a similar argument as used in the proof of [169, Thm.3.17]. By
replacing uτ ´ ũτh by uτ ´ uτh in the dual residual and using the dual stabilized
cG(p)-dG(r) scheme, given by Eq. (4.42), together with (4.43), we get that

ρ˚τ puτh, zτhqpuτ ´ ũτhq “ J 1puτhqpuτ ´ ũτhq ´ A
dG 1
τ puτhqpuτ ´ ũτh, zτhq

`SdG 1
A puτhqpũτh, zτhq ´ S

dG 1
A puτhqpũτh, zτhq

´J 1puτhqpuτhq ` A
dG 1
τ puτhqpuτh, zτhq ` S

dG 1
A puτhqpuτh, zτhq

“ ρ˚τ puτh, zτhqpuτ ´ uτhq ´ S
dG 1
A puτhqpũτh ´ uτh, zτhq
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Owing to (4.77), we obtain that

ρ˚τ puτh, zτhqpuτ ´ ũτhq “

ż 1

0

!

AdG 2
τ puτh ` seqpe, uτ ´ uτh, zτh ` se

˚
q

´J2puτh ` seqpe, uτ ´ uτhq
)

ds

`

ż 1

0

AdG 1
τ puτh ` seqpuτ ´ ũτh, e

˚
q ds .

´SdG 1
A puτhqpũτh ´ uτh, zτhq

“ ∆ρh ` A
dG
τ peqpe

˚q ´ SdG 1
A puτhqpũτh ´ uτh, zτhq .

(4.78)

By inserting the dual stabilized cG(p)-dG(r) scheme

0 “ AdG
S puτhqpϕτhq ´ Fτ pϕτhq “ AdG

τ puτhqpϕτhq ` S
dG
A puτhqpϕτhq ´ Fτ pϕτhq ,

for all ϕτh P VdGprq,p
τh , given by Eq. (4.21) together with (4.22), we can rewrite

AdG
τ peqpe

˚q by means of

AdG
τ peqpe

˚q “ AdG
τ puτ qpe

˚q ´ AdG
τ puτhqpe

˚q “ Fτ pe
˚q ´ AdG

τ puτhqpe
˚q

“ Fτ pzτ q ´ Fτ pzτhq ´ A
dG
τ puτhqpzτ q ` A

dG
τ puτhqpzτhq

`SdG
A puτhqpzτhq ´ S

dG
A puτhqpzτhq

`AdG
τ puτhqpz̃τhq ` S

dG
A puτhqpz̃τhq ´ Fτ pz̃τhq

“ Fτ pzτ ´ z̃τhq ´ A
dG
τ puτhqpzτ ´ z̃τhq ` S

dG
A puτhqpz̃τh ´ zτhq

“ ρτ puτhqpzτ ´ z̃τhq ` S
dG
A puτhqpz̃τh ´ zτhq ,

(4.79)

where we have used the definition of the primal residual, given by Eq. (4.60), in the
last step. Finally, substituting formula (4.79) into (4.78), we get that

ρ˚τ puτh, zτhqpuτ ´ ũτhq “ AdG
τ peqpe

˚q ´ SdG 1
A puτhqpũτh ´ uτh, zτhq `∆ρh

“ ρτ puτhqpzτ ´ z̃τhq `∆ρSdG `∆ρh .

This proves (4.74). l

By using Prop. 4.2 and 4.3 the error representation formulas (4.61) and (4.62), re-
spectively, can be reduced by means of the following theorem.

Theorem 4.2 (Reduced Error Representation dG(r) Time Discretization)
Let the assumption of Thm. 4.1 be satisfied. Then, for the discretization errors in
space and time we get the representation formulas

Jpuq ´ Jpuτ q “ ρτ puτ qpz ´ z̃τ q `
1

2
∆ρτ `Rτ , (4.80)

Jpuτ q ´ Jpuτhq “ ρτ puτhqpzτ ´ z̃τhq ` S
dG
A puτhqpz̃τhq `

1

2
∆ρh `Rh . (4.81)
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Here, z̃τ P VdGprq
τ and z̃τh P VdGprq,p

τh can be chosen arbitrarily and the remainder
terms ∆ρτ , ∆ρh, Rτ , and Rh are given by the Eqs. (4.73), (4.76), (4.69), and (4.71),
respectively.

Proof. The reduced temporal error representation formula (4.80) directly follows by
applying Prop. 4.2 to Eq. (4.61) in Thm. 4.1.

To prove the reduced spatial error representation formula (4.81), we apply Prop. 4.3
to Eq. (4.62) in Thm. 4.1 along with the representation given by (4.63), to get

Jpuτ q ´ Jpuτhq “ ρτ puτhqpzτ ´ z̃τhq ` S
dG
A puτhqpz̃τh ´ zτhq ` S

dG
A puτhqpzτhq

`1
2
∆ρh `Rh

“ ρτ puτhqpzτ ´ z̃τhq ` S
dG
A puτhqpz̃τhq `

1
2
∆ρh `Rh .

l

4.2.2.2 Continuous in Time Discretization

In the case of a continuous in time cG(r), r ě 1, discretization we apply the abstract
error representation formula (4.58) to the Lagrangian functionals (4.26) and (4.28),
respectively, to derive an a posteriori error estimator in space and time. This time,
the primal and dual residuals are given by the Gâteaux derivatives of the Lagrangian
functional based on the continuous schemes, more precisely

ρpuqpϕq :“ L1zpu, zqpϕq “ F pϕq ´ Apuqpϕq ,

ρ˚pu, zqpϕq :“ L1upu, zqpϕq “ J 1puqpϕq ´ A1puqpϕ, zq .
(4.82)

By using Lemma 4.1 we get the following result for the DWR-based error represen-
tation in the case of a continuous in time cG(r) discretization; cf. Cor. 4.3 in [167].

Theorem 4.3 (Error Representation cG(r) Time Discretization)
Let tu, zu P V ˆ V, tuτ , zτu P VcGprq

τ ˆ VdGpr´1q
τ , and tuτh, zτhu P VcGprq,p

τh ˆ VdGpr´1q,p
τh

be stationary points of L and LcGτh on the different levels of discretization, i.e.,

L1pu, zqpδu, δzq “ 0 @ tδu, δzu P V ˆ V ,

L1puτ , zτ qpδuτ , δzτ q “ 0 @ tδuτ , δzτu P VcGprq
τ ˆ VdGpr´1q

τ ,

LcG 1τh puτh, zτhqpδuτh, δzτhq “ 0 @ tδuτh, δzτhu P VcGprq,p
τh ˆ VdGpr´1q,p

τh .
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Then, for the discretization errors in space and time we get the representation for-
mulas

Jpuq ´ Jpuτ q “
1

2
ρpuτ qpz ´ z̃τ q `

1

2
ρ˚puτ , zτ qpu´ ũτ q `Rτ̃ , (4.83)

Jpuτ q ´ Jpuτhq “
1

2
ρpuτhqpzτ ´ z̃τhq `

1

2
ρ˚puτh, zτhqpuτ ´ ũτhq (4.84)

`
1

2
ScG 1puτh, zτhqpũτh ´ uτh, z̃τh ´ zτhq

`ScGpuτh, zτhq `Rh̃ ,

with

ScG 1puτh, zτhqpũτh ´ uτh, z̃τh ´ zτhq :“ ScG
A puτhqpz̃τh ´ zτhq

`ScG 1
A puτhqpũτh ´ uτh, zτhq ,

(4.85)

obtained by the Gâteaux derivatives with respect to the first and second argument of
ScGp¨, ¨q that is given in (4.30). Here, tũτ , z̃τu P VcGprq

τ ˆ VdGpr´1q
τ , and tũτh, z̃τhu P

VcGprq,p
τh ˆ VdGpr´1q,p

τh can be chosen arbitrarily and the remainder terms Rτ̃ and Rh̃

have the same structure as the remainder term (4.59) in Lemma 4.1.

Proof. The proof is identical to that one of Thm. 4.1 using the following framework.
Evaluating the Lagrangian functionals at the respective primal and dual solutions,
there holds that (cf. Eq. (4.31) in Rem. 4.4)

Jpuq “ Lpu, zq , Jpuτ q “ Lpuτ , zτ q , Jpuτhq “ Lτhpuτh, zτhq .

Consequently, we can write

Jpuq ´ Jpuτ q “ Lpu, zq ´ Lpuτ , zτ q , (4.86)

Jpuτ q ´ Jpuτhq “ Lpuτ , zτ q ´ LcGτhpuτh, zτhq . (4.87)

Then, we apply Lemma 4.1 with the settings

L “ L , L̃ “ L , Y1 “ V ˆ V , Y2 “ VcGprq
τ ˆ VdGpr´1q

τ for (4.86) ,

L “ L , L̃ “ LcGτh , Y1 “ VcGprq
τ ˆ VdGpr´1q

τ , Y2 “ VcGprq,p
τh ˆ VdGpr´1q,p

τh for (4.87) .

For completeness, we note that the remainder terms Rτ̃ and Rh̃ are given by

Rτ̃ “
1

2

ż 1

0

L3puτ ` se, zτ ` se˚qpe, e, e, e˚, e˚, e˚qsps´ 1q ds , (4.88)

Rh̃ “
1

2

ż 1

0

L3puτh ` seh, zτh ` se˚hqpeh, eh, eh, e˚h, e˚h, e˚hqsps´ 1q ds , (4.89)
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with the ‘primal’ and ‘dual’ errors e :“ u´ uτ , eh :“ uτ ´ uτh and e˚ :“ z ´ zτ , e
˚
h :“

zτ ´zτh, respectively. Finally, the derivation of the continuous stabilization terms are
given by

ScG 1puτh, zτhqpũτh ´ uτh, z̃τh ´ zτhq “ ScG 1u puτh, zτhqpũτh ´ uτhq

`ScG 1z puτh, zτhqpz̃τh ´ zτhq.

“ ScG 1
A puτhqpũτh ´ uτh, zτhq

`ScG
A puτhqpz̃τh ´ zτhq ,

where we have used the definition of the Gâteaux derivatives, given by Def. 2.11,
cf. also Rem. 2.6, as well as the definition ScGpuτh, zτhq :“ ScG

A puτhqpzτhq, given
by Eq. (4.30), with ScG

A p¨qp¨q and ScG 1
A p¨qp¨, ¨q, given by Eq. (4.19) and Eq. (4.54),

respectively. l

Similar to the discontinuous in time dG(r) discretization case, it is useful to derive
a relation between the primal and dual residual given in (4.82) depending on the
different discretization levels.

Proposition 4.4 Let the assumptions of Thm. 4.3 be satisfied. Further, let the pri-
mal and dual residual be given by Eq. (4.82). Then there holds that

ρ˚puτ , zτ qpu´ ũτ q “ ρpuτ qpz ´ z̃τ q `∆ρ̃τ , (4.90)

for all tũτ , z̃τu P VcGprq
τ ˆ VdGpr´1q

τ with the remainder term ∆ρ̃τ , given by

∆ρ̃τ :“

ż 1

0

 

A2puτ ` seqpe, e, zτ ` se
˚
q ´ J2puτ ` seqpe, eq

(

ds , (4.91)

with e :“ u´ uτ and e˚ :“ z ´ zτ .

Proof. The proof is identical to that one of Prop. 4.2 choosing the scalar function
kp¨q as

kpsq :“ J 1puτ ` seqpu´ ũτ q ´ A
1
puτ ` seqpu´ ũτ , zτ ` se

˚
q ,

where J 1p¨qp¨q and A1p¨qp¨, ¨q are given by Eq. (4.37) and (4.36), respectively. l

The relation between the primal and dual residual within the spatial error represen-
tation formula (4.62) needs some particular care due to the stabilization terms and
is summarized in the following proposition.

101



Proposition 4.5 Let the assumptions of Thm. 4.3 be satisfied. Further, let the pri-
mal and dual residual be given by Eq. (4.82). Then there holds that

ρ˚puτh, zτhqpuτ ´ ũτhq “ ρpuτhqpzτ ´ z̃τhq `∆ρScG `∆ρ̃h , (4.92)

for all tũτh, z̃τhu P VcGprq,p
τh ˆ VdGpr´1q,p

τh with the remainder terms ∆ρScG and ∆ρ̃h are
given by, respectively,

∆ρScG :“ ScG
A puτhqpz̃τh ´ zτhq ´ S

cG 1
A puτhqpũτh ´ uτh, zτhq , (4.93)

∆ρ̃h :“

ż 1

0

 

A2puτh ` seqpe, e, zτh ` se
˚
q ´ J2puτh ` seqpe, eq

(

ds , (4.94)

with e :“ uτ ´ uτh and e˚ :“ zτ ´ zτh.

Proof. The proof is identical to that one of Prop. 4.3 choosing the scalar function
kp¨q as

kpsq :“ J 1puτh ` seqpuτ ´ ũτhq ´ A
1
puτh ` seqpuτ ´ ũτh, zτh ` se

˚
q ,

where J 1p¨qp¨q and A1p¨qp¨, ¨q are given by Eq. (4.37) and (4.36), respectively. l

By using Prop. 4.4 and 4.5 the error representation formulas (4.83) and (4.84), re-
spectively, can be reduced by means of the following theorem.

Theorem 4.4 (Reduced Error Representation cG(r) Time Discretization)
Let the assumption of Thm. 4.3 be satisfied. Then, for the discretization errors in
space and time we get the representation formulas

Jpuq ´ Jpuτ q “ ρpuτ qpz ´ z̃τ q `
1

2
∆ρ̃τ `Rτ̃ , (4.95)

Jpuτ q ´ Jpuτhq “ ρpuτhqpzτ ´ z̃τhq ` S
cG
A puτhqpz̃τhq `

1

2
∆ρ̃h `Rh̃ . (4.96)

Here, z̃τ P VdGpr´1q
τ and z̃τh P VdGpr´1q,p

τh can be chosen arbitrarily and the remainder
terms ∆ρ̃τ , ∆ρ̃h, Rτ̃ , and Rh̃ are given by the Eqs. (4.91), (4.94), (4.88), and (4.89),
respectively.

Proof. The reduced temporal error representation formula (4.95) directly follows by
applying Prop. 4.4 to Eq. (4.83) in Thm. 4.3.

To prove the reduced spatial error representation formula (4.96), we apply Prop. 4.5
to Eq. (4.84) in Thm. 4.3 along with the representation given by (4.85), to get

Jpuτ q ´ Jpuτhq “ ρpuτhqpzτ ´ z̃τhq ` S
cG
A puτhqpz̃τh ´ zτhq ` S

cG
A puτhqpzτhq

`1
2
∆ρ̃h `Rh̃

“ ρpuτhqpzτ ´ z̃τhq ` S
cG
A puτhqpz̃τhq `

1
2
∆ρ̃h `Rh̃ .

l
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4.3 Practical Aspects

In this section, we illustrate some aspects for the practical realization of the space-time
adaptivity process in view of the underlying convection-diffusion-reaction transport
problem. Thereby, we start with presenting time marching schemes (TMS) of the con-
tinuous and discontinuous in time stabilized fully discrete primal and dual problems,
give definitions of the localized error indicators and introduce different approxima-
tion techniques for the temporal weights. Finally, we present the underlying adaptive
space-time algorithm.

4.3.1 Representation as a Time Marching Scheme

As introduced in Rem. 2.3 in Sec. 2.2, the choice of a discontinuous time-discrete
test space allows for rewriting the variational system as a time marching scheme.
The representation as a TMS is helpful for the practical realization of the underlying
problem by decoupling the original huge system into independent subproblems. In the
course of this, we recall the separation of the global space-time domain Q “ ΩˆI into
a partition of space-time slabs Qn “ Th,n ˆ Tτ,n, where Th,n builds a triangulation of
the domain Ω and Tτ,n builds a triangulation of the closure of the time subinterval sIn,
respectively. Since we focus on a discontinuous in time discretization in our numerical
examples, we first derive the time marching schemes for the stabilized primal and dual
cG(p)-dG(r) schemes, given by Problem 4.8 and Problem 4.11, respectively. The
case of a continuous in time discretization including Problem 4.7 and Problem 4.13,
respectively, is presented afterwards. To derive the time marching schemes, we start
with representing the fully discrete functions in a spatial and temporal fashion. Next,
we recall a detailed version of the stabilized discontinuous in time fully discrete scheme
for the primal and dual problem. Based on this, we derive the primal and dual fully
discrete cG(p)-dG(r) time marching schemes. For the derivation of the time marching
schemes, we use a similar notation as used in [128], where we also refer to for more
details.

By using the in Sec. 2.2 introduced definitions of the continuous and discontinuous
time-discrete functions, given by Eq. (2.4) and Eq. (2.10), respectively, the fully
discrete functions of the stabilized schemes may be represented by

vcGτh |KˆKnpx, tq :“
r
ÿ

ι“0

vn,ιh |Kpxqξn,ιptq ,

vdGτh |KˆKnpx, tq :“
r
ÿ

ι“0

vn,ιh |Kpxqζn,ιptq ,

(4.97)
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where the time-independent coefficients V ι
n are replaced by vn,ιh pxq existing of coeffi-

cients for the degrees of freedom in space and appropriate basis functions, and ξn,ιp¨q
and ζn,ιp¨q are given by Eq. (2.7) and Eq. (2.13), respectively.

4.3.1.1 Primal and Dual cG(p)-dG(r) Time Marching Schemes

In the case of a discontinuous in time discretization, the primal stabilized fully discrete
scheme (cf. Problem 4.8), given by

AdG
S pu

dG
τh qpϕ

dG
τh q “ Fτ pϕ

dG
τh q ,

has the following detailed representation: Find udGτh P V
dGprq,p
τh such that

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

 

pBtu
dG
τh , ϕ

dG
τh qK ` pε∇udGτh ,∇ϕdG

τh qK

`pb ¨∇udGτh , ϕdG
τh qK ` pαu

dG
τh , ϕ

dG
τh qK

(

dt

`

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

δK
 

pBtu
dG
τh , b ¨∇ϕdG

τh qK ´ p∇ ¨ pε∇udGτh q, b ¨∇ϕdG
τh qK

`pb ¨∇udGτh , b ¨∇ϕdG
τh qK ` pαu

dG
τh , b ¨∇ϕdG

τh qK ´ pf, b ¨∇ϕdG
τh qK

(

dt

`
ÿ

tFPFτ

ÿ

KPTh,n

prudGτh stF , ϕ
dG
τh pt

`
FqqK `

ÿ

tFPFτ

ÿ

KPTh,n

δK
` “

udGτh
‰

tF
, b ¨∇ϕdG

τh pt
`
Fq
˘

K

`
ÿ

KPTh,1

pudGτh p0
`
q, ϕdG

τh p0
`
qqK `

ÿ

KPTh,1

δKpu
dG
τh p0

`
q ´ u0, b ¨∇ϕdG

τh p0
`
qqK

“

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

pf, ϕdG
τh qK dt` pu0, ϕ

dG
τh p0

`
qq @ϕdG

τh P V
dGprq,p
τh .

The integrals in time are evaluated numerically by using an pr ` 1q-point Gauss
quadrature rule on Kn, denoted by QnGpr`1q, that integrates polynomials up to degree
2r`1 in time exactly; cf. [1, Ch. 25.4]. More precisely, we do a domain transformation
fromKn to the reference cell or interval pI and then solve the resulting integrals in time
numerically by the pr`1q-point Gauss quadrature rule on pI, denoted by pQGpr`1q. The
Gauss quadrature points on pI are assumed to be of the order 0 ă pt0 ă ¨ ¨ ¨ ă ptr ă 1.
According to this, the support points on Kn for the trial functions in Yrτ , given by
Eq. (2.12) in Sec. 2.2.2, are defined by

tn,0 :“ Υnppt0q ă ¨ ¨ ¨ ă tn,r :“ Υnpptrq , (4.98)

where we refer to Sec. 2.2 for a detailed definition of the mapping Υnp¨q as well as
appropriate Lagrange type reference basis functions. In general, the source term
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integral of the right-hand side cannot be evaluated exactly. Hence, we approximate
this integral by means of a numerical quadrature. Hereby, we replace the source
term f by its appropriate Lagrange interpolant in time fdGτ P VdGprq

τ , such that
fdGτ |Kn P Prτ pKn;L2pΩqq is represented by

fdGτ |Knptq :“
r
ÿ

ι“0

F ι
nζn,ιptq , F ι

n :“ fptn,ιq , (4.99)

using the same basis functions ζn,ι P Yrτ and support points tn,ι as introduced above.
Since the right endpoints do not belong to the set of support points, the treatment

of the left-side traces influences all basis functions and belonging coefficients as

udGτh pt
´
F ,n`q :“ udGτh |Kn` pt

´
F ,n`q , (4.100)

where Kn` denotes the left neighbor cell in time of Kn and tF ,n` denotes the left end of
Kn, respectively. For the case that Kn represents the first cell in time of the current
slab Qn, the left neighbor cell in time Kn` is given by the last cell in time of the
previous slab Qn´1, cf. Fig. 2.5 for an illustration. In particular, on the first cell in
time of the first slab Q1 the left-side trace udGτh pt

´
F ,1`q is given by the initial condition

u0. Since the left endpoints do not belong to the set of support points, the treatment
of the right-side traces influences all basis functions and belonging coefficients as

udGτh pt
`
F ,n`q “

r
ÿ

ι“0

un,ιh ζn,ιpt
`
F ,n`q . (4.101)

Thus, on a cell in time Kn the terms involving a jump in tF ,n` read as

prudGτh stF,n` , ϕ
dG
τh pt

`
F ,n`qq “

r
ÿ

ι“0

ζn,ιpt
`
F ,n`qζn,κpt

`
F ,n`q pu

n,ι
h , ϕhq

´ζn,κpt
`
F ,n`qpu

dG
τh pt

´
F ,n`q, ϕhq ,

prudGτh stF,n` , b ¨∇ϕ
dG
τh pt

`
F ,n`qq “

r
ÿ

ι“0

ζn,ιpt
`
F ,n`qζn,κpt

`
F ,n`q pu

n,ι
h , b ¨∇ϕhq

´ζn,κpt
`
F ,n`qpu

dG
τh pt

´
F ,n`q, b ¨∇ϕhq .

(4.102)

Finally, using the representation of the discontinuous in time fully discrete functions,
given by Eq. (4.97), and the representation of the jump terms, given by Eq. (4.102), as
well as the numerical approximation of the integrals in time by means of an pr ` 1q-
point Gauss quadrature rule, we get the following fully discrete cG(p)-dG(r) time
marching scheme for Problem 4.8:
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Problem 4.14 (Primal Fully Discrete Stabilized cG(p)-dG(r) TMS)
Find udGτh |KˆKn P Prτ pKn;V p,n

h q, represented by Eq. (4.97) with coefficients un,ιh , ι “

0, . . . , r, such that
ÿ

KnPTτ,n

r
ÿ

ι“0

"

ακ,ι

´

ÿ

KPTh,n

`

pun,ιh , ϕhqK ` δKpu
n,ι
h , b ¨∇ϕhqK

˘

¯

`βκ,ι

´

ÿ

KPTh,n

`

pε∇un,ιh ,∇ϕhqK ´ δKp∇ ¨ pε∇un,ιh q, b ¨∇ϕhqK
˘

¯

`βκ,ι

´

ÿ

KPTh,n

`

pb ¨∇un,ιh , ϕhqK ` δKpb ¨∇un,ιh , b ¨∇ϕhqK
˘

¯

`βκ,ι

´

ÿ

KPTh,n

`

pαun,ιh , ϕhqK ` δKpαu
n,ι
h , b ¨∇ϕhqK

˘

¯

*

“
ÿ

KnPTτ,n

r
ÿ

ι“0

βκ,ι

´

ÿ

KPTh,n

`

pfn,ιh , ϕhqK ` δKpf
n,ι
h , b ¨∇ϕhqK

˘

¯

`γκ

´

ÿ

KPTh,n

`

pudGτh pt
´
F ,n`q, ϕhqK ` pu

dG
τh pt

´
F ,n`q, b ¨∇ϕhqK

˘

¯

,

(4.103)

for all ϕh P V p,n
h , for all κ “ 0, . . . , r, and with

ακ,ι :“pζ 1n,ιptq, ζn,κptqqKn ` ζn,ιpt
`
F ,n`q ζn,κpt

`
F ,n`q

“

ż

pI

pζ 1ιpptq
pζκpptq dpt` pζιp0q pζκp0q “

r
ÿ

µ“0

pwµ pζ
1
ιp
ptµq pζκpptµq ` pζιp0q pζκp0q ,

βκ,ι :“pζn,ιptq, ζn,κptqqKn “

ż

pI

pζιpptq pζκpptq τn dpt “
r
ÿ

µ“0

τn pwµ pζιpptµq pζκpptµq ,

γκ :“ ζn,κpt
`
F ,n`q “

pζκp0q ,

(4.104)

where the reference basis functions in time pζιp¨q, pζκp¨q are the standard Lagrange basis
functions as introduced in Sec. 2.2.2, using quadrature weights pwµ and quadrature
points ptµ from pQGpr`1q, and with

udGτh pt
´
F ,n`q :“ udGτh |Kn` pt

´
F ,n`q , (4.105)

by marching sequentially through all slabs Qn, n “ 1, . . . , N , where on the first cell of
the first slab Q1 the left-side trace udGτh pt

´
F ,1`q “ u0 is used to include the initial value.

Remark 4.9 We note that compared to the continuous in time case, given by Prob-
lem 4.16, there appears an additional term within the definition of ακ,ι in Eq. (4.104)
due to the jump terms, given by Eq. (4.102). Furthermore, we note that by approx-
imating the temporal integrals in Problem 4.14 for the case r “ 0 by the right-sided
box rule

ż

Kn

fptq dt « τnfptF ,nq ,
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the cGppq-dGp0q TMS is algebraically equivalent to the well-known backward Euler
scheme, where tF ,n represents here the right end of the cell in time Kn.

Next, we deal with the derivation of the time marching scheme for the dual problem.
The dual discontinuous in time stabilized fully discrete scheme (cf. Problem 4.11),
given by

AdG 1
S pudGτh qpψ

dG
τh , z

dG
τh q “

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

J 11pu
dG
τh qpψ

dG
τh qdt` J

1
2pu

dG
τh pT

´
qqpψdG

τh pT
´
qq ,

has the following detailed representation: Find zdGτh P V
dGprq,p
τh such that

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

 

pψdG
τh ,´Btz

dG
τh qK ` pε∇ψdG

τh ,∇zdGτh qK

`pb ¨∇ψdG
τh , z

dG
τh qK ` pαψ

dG
τh , z

dG
τh qK

(

dt

`

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

δK
 

pb ¨∇ψdG
τh , Btz

dG
τh qK ´ p∇ ¨ pε∇ψdG

τh q, b ¨∇zdGτh qK

`pb ¨∇ψdG
τh , b ¨∇zdGτh qK ` pαψdG

τh , b ¨∇zdGτh qK
(

dt

´
ÿ

tFPFτ

ÿ

KPTh,n

pψdG
τh pt

´
Fq, rz

dG
τh stF qK `

ÿ

tFPFτ

ÿ

KPTh,n

δK
`

b ¨∇ψdG
τh pt

´
Fq,

“

zdGτh
‰

tF

˘

K

`
ÿ

KPTh,N

pψdG
τh pT

´
q, zdGτh pT

´
qqK ´

ÿ

KPTh,N

δKpb ¨∇ψdG
τh pT

´
q, zdGτh pT

´
qqK

“

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

J 11pu
dG
τh qpψ

dG
τh qdt` J

1
2pu

dG
τh pT

´
qqpψdG

τh pT
´
qq , @ψdG

τh P V
dGprq,p
τh .

Again, the integrals in time are evaluated numerically by using an pr`1q-point Gauss
quadrature rule on Kn in the same fashion as described above. Since, in general, the
dual problem is solved running backward in time, the observations with regard to the
primal problem above have to be modified contrarily within the following manner.
Since the left endpoints do not belong to the set of support points, the treatment of
the right-side traces influences all basis functions and belonging coefficients as

zdGτh pt
`
F ,nq :“ zdGτh |Knr pt

`
F ,nq , (4.106)

where Knr denotes the right neighbor cell in time of Kn and tF ,n denotes the right
end of Kn, respectively. For the case that Kn represents the last cell in time of the
current slab Qn, the right neighbor cell in time Knr is given by the first cell in time of
the subsequent slab Qn`1, cf. Fig. 2.5 for an illustration. In particular, on the last cell
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in time of the last slab QN the right-side trace zdGτh pt
`
F ,nq is given by the dual initial

at time t “ T , denoted by zT and depending on the choice of the goal functional J ,
cf. Rem.4.5.

Since the right endpoints do not belong to the set of support points, the treatment
of the left-side traces influences all basis functions and belonging coefficients as

zdGτh pt
´
F ,nq “

r
ÿ

ι“0

zn,ιh ζn,ιpt
´
F ,nq . (4.107)

Thus, on a cell in time Kn the terms involving a jump in tF ,n read as

pψdG
τh pt

´
F ,nq, rz

dG
τh stF,nq “ ζn,κpt

´
F ,nqpψh, z

dG
τh pt

`
F ,nqq

´

r
ÿ

ι“0

ζn,κpt
´
F ,nqζn,ιpt

´
F ,nq pψh, z

n,ι
h q ,

pb ¨∇ψdG
τh pt

´
F ,nq, rz

dG
τh stF,nq “ ζn,κpt

´
F ,nqpb ¨∇ψh, zdGτh pqt`F ,nq

´

r
ÿ

ι“0

ζn,κpt
´
F ,nqζn,ιpt

´
F ,nq pb ¨∇ψh, z

n,ι
h q .

(4.108)

Finally, using the representation of the discontinuous in time fully discrete functions,
given by Eq. (4.97), and the representation of the jump terms, given by Eq. (4.108), as
well as the numerical approximation of the integrals in time by means of an pr ` 1q-
point Gauss quadrature rule, we get the following dual fully discrete cG(p)-dG(r)
time marching scheme for Problem 4.11, cf. Rem. 4.6:

Problem 4.15 (Dual Fully Discrete Stabilized cG(p)-dG(r) TMS)
Find zdGτh |KˆKn P Prτ pKn;V p,n

h q, represented by Eq. (4.97) with coefficients zn,ιh , ι “

0, . . . , r, such that

ÿ

KnPTτ,n

r
ÿ

ι“0

"

ακ,ι

´

ÿ

KPTh,n

`

´ pψh, z
n,ι
h qK ` δKpb ¨∇ψh, z

n,ι
h qK

˘

¯

`βκ,ι

´

ÿ

KPTh,n

`

pε∇ψh,∇zn,ιh qK ´ δKp∇ ¨ pε∇ψhq, b ¨∇z
n,ι
h qK

˘

¯

`βκ,ι

´

ÿ

KPTh,n

`

pb ¨∇ψh, zn,ιh qK ` δKpb ¨∇ψh, b ¨∇z
n,ι
h qK

˘

¯

`βκ,ι

´

ÿ

KPTh,n

`

pαψh, z
n,ι
h qK ` δKpαψh, b ¨∇z

n,ι
h qK

˘

¯

*

“
ÿ

KnPTτ,n

r
ÿ

ι“0

βκ,ι
ÿ

KPTh,n

J 11|Kpu
n,ι
h qpψhq

`γκ
ÿ

KPTh,n

`

pψh, z
dG
τh pt

`
F ,nqqK ´ δKpb ¨∇ψh, zdGτh pt`F ,nqqK

˘

,

(4.109)
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for all ψh P V p,n
h , for all κ “ 0, . . . , r, and with

ακ,ι :“ pζn,κptq, ζ
1
n,ιptqqKn ´ ζn,κpt

´
F ,nqpζn,ιpt

´
F ,nq

“

ż

pI

pζκpptq pζ
1
ιp
ptq dpt´ pζκp1q pζιp1q “

r
ÿ

µ“0

pwµ pζκpptµq pζ
1
ιp
ptµq ´ pζκp1q pζιp1q ,

βκ,ι :“ pζn,κptq, ζn,ιptqqKn “

ż

pI

pζκpptq pζιpptq τn dpt “
r
ÿ

µ“0

τn pwµ pζκpptµq pζιpptµq ,

γκ :“ ζn,κpt
´
F ,nq “

pζκp1q ,

(4.110)

where the reference basis functions in time pζιp¨q, pζκp¨q are the standard Lagrange basis
functions as introduced in Sec. 2.2.2, using quadrature weights pwµ and quadrature
points ptµ from pQGpr`1q, and with

zdGτh pt
`
F ,nq :“ zdGτh |Knr pt

`
F ,nq , (4.111)

by marching sequentially through all slabs Qn, n “ N, . . . , 1, where on the last cell in
time of the last slab QN the right-side trace zdGτh pt

`
F ,Nq “ zT is introduced to include

the dual initial at time t “ T which depends on the choice of the underlying goal
functional J as outlined in Rem.4.5.

4.3.1.2 Primal and Dual cG(p)-cG(r) Time Marching Schemes

For the sake of completeness, we present the primal and dual time marching schemes
in the case of a continuous in time discretization. The primal continuous in time
stabilized fully discrete scheme (cf. Problem 4.7), given by

AcG
S pu

dG
τh qpϕ

dG
τh q “ Fτ pϕ

dG
τh q ,

has the following detailed representation: Find ucGτh P V
cGprq,p
τh such that

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

 

pBtu
cG
τh , ϕ

dG
τh qK ` pε∇ucGτh ,∇ϕdG

τh qK

`pb ¨∇ucGτh , ϕdG
τh qK ` pαu

cG
τh , ϕ

dG
τh qK

(

dt

`

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

δK
 

pBtu
cG
τh , b ¨∇ϕdG

τh qK ´ p∇ ¨ pε∇ucGτhq, b ¨∇ϕdG
τh qK

`pb ¨∇ucGτh , b ¨∇ϕdG
τh qK ` pαu

cG
τh , b ¨∇ϕdG

τh qK ´ pf, b ¨∇ϕdG
τh qK

(

dt

`
ÿ

KPTh,1

pucGτhp0q, ϕ
dG
τh p0

`
qqK `

ÿ

KPTh,1

δKpu
cG
τhp0q ´ u0, b ¨∇ϕdG

τh p0
`
qqK

“

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

pf, ϕdG
τh qK dt` pu0, ϕ

dG
τh p0

`
qq @ϕdG

τh P V
dGpr´1q,p
τh .
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The integrals in time are evaluated numerically by using an r-point Gauss quadrature
rule on sKn, denoted by QnGprq. This quadrature rule integrates polynomials up to
degree 2r ´ 1 in time exactly; cf. [1, Ch. 25.4]. More precisely, we do a domain
transformation from Kn to the reference cell or rather interval pI and then solve the
resulting integrals in time numerically by the r-point Gauss quadrature rule on pI,
denoted by pQGprq. The Gauss quadrature points on pI are assumed to be of the order
0 ă pt0 ă ¨ ¨ ¨ ă ptr´1 ă 1. According to this, the support points on Kn for the trial
functions in X r

τ , given by Eq. (2.6) in Sec. 2.2.1, are defined by

tn,0 :“ Υnp0q , tn,1 :“ Υnppt0q ă ¨ ¨ ¨ ă tn,r :“ Υnpptr´1q , (4.112)

where we refer to Sec. 2.2 for a detailed definition of the mapping Υnp¨q as well as
appropriate Lagrange type reference basis functions. In general, the source term
integral of the right-hand side cannot be evaluated exactly. For the sake of simplicity,
we assume f to be continuous in time, otherwise a different discretization has to be
applied to the right-hand side integral. Hence, we approximate this integral by means
of the same numerical quadrature as above. Hereby, we replace the source term f

by its appropriate Lagrange interpolant in time f cGτ P VcGprq
τ , such that f cGτ |Kn P

Prτ p sKn;L2pΩqq is represented by

f cGτ |Knptq :“
r
ÿ

ι“0

F ι
nξn,ιptq , F ι

n :“ fptn,ιq , (4.113)

using the same basis functions ξn,ιp¨q P X r
τ and support points tn,ι as introduced

above. The choice for determining the basis functions in X r
τ as Lagrange type basis

functions defined over the support points, given by Eq. (4.112), allows for an easy
treatment of the initial and continuity condition since the left endpoints of the cells
in time Kn are included in the set of support points and only one basis function is
non-zero in each support point.

Now, using the representation of the continuous and discontinuous in time fully
discrete functions, given by Eq. (4.97), as well as the numerical approximation of the
integrals in time by means of an r-point Gauss quadrature rule, we get the following
fully discrete cG(p)-cG(r) time marching scheme for Problem 4.7:
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Problem 4.16 (Primal Fully Discrete Stabilized cG(p)-cG(r) TMS)
Find ucGτh |KˆKn P Prτ p sKn;V q, represented by Eq. (4.97) with coefficients un,ιh , ι “

0, . . . , r, such that

ÿ

KnPTτ,n

r
ÿ

ι“0

"

ακ,ι

´

ÿ

KPTh,n

`

pun,ιh , ϕhqK ` δKpu
n,ι
h , b ¨∇ϕhqK

˘

¯

`βκ,ι

´

ÿ

KPTh,n

`

pε∇un,ιh ,∇ϕhqK ´ δKp∇ ¨ pε∇un,ιh q, b ¨∇ϕhqK
˘

¯

`βκ,ι

´

ÿ

KPTh,n

`

pb ¨∇un,ιh , ϕhqK ` δKpb ¨∇un,ιh , b ¨∇ϕhqK
˘

¯

`βκ,ι

´

ÿ

KPTh,n

`

pαun,ιh , ϕhqK ` δKpαu
n,ι
h , b ¨∇ϕhqK

˘

¯

*

“
ÿ

KnPTτ,n

r
ÿ

ι“0

βκ,ι

´

ÿ

KPTh,n

`

pfn,ιh , ϕhqK ` δKpf
n,ι
h , b ¨∇ϕhqK

˘

¯

,

(4.114)

for all ϕh P V p,n
h , for all κ “ 1, . . . , r, and with

ακ,ι :“pξ1n,ιptq, ζn,κptqqIn “

ż

pI

pξ1ιpptq
pζκpptq dpt “

r´1
ÿ

µ“0

pwµ pξ
1
ιp
ptµq pζκpptµq ,

βκ,ι :“pξn,ιptq, ζn,κptqqIn “

ż

pI

pξιpptq pζκpptq τn dpt“
r´1
ÿ

µ“0

τn pwµ pξιpptµq pζκpptµq ,

(4.115)

where the reference basis functions in time pζιp¨q, pζκp¨q are the standard Lagrange basis
functions as introduced in Sec. 2.2.2, using quadrature weights pwµ and quadrature
points ptµ from pQGprq, and with

un,0h :“

#

u0 , if Kn is the first cell in time of Q1 ,

ucGτh |Kn` ptF ,n`q , else ,
(4.116)

by marching sequentially through all subintervals In, n “ 1, . . . , N . Here, Kn` denotes
the left neighbor cell in time of Kn and tF ,n` denotes the left end of Kn, respectively.
Additionally, due to the fact that the initial condition is incorporated into the varia-
tional formulation, the following condition has to be satisfied on the first cell of Q1:

r
ÿ

ι“0

ξ1,ιp0qζ1,κp0
`
q

ÿ

KPTh,1

pu1,ι
h , ϕhqK “ ζ1,κp0

`
q

ÿ

KPTh,1

pu0, ϕhqK ,

for all κ “ 0, . . . , r.
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Remark 4.10 We note that by approximating the temporal integrals in Problem 4.16
for the case r “ 1 by the trapezoidal rule

ż

Kn

fptq dt «
τn
2

`

fptF ,n`q ` fptFq
˘

,

one obtains a variant of the well-known Crank-Nicolson scheme, where tF ,n` and tF ,n
represent here the left and right end of the cell in time Kn, respectively.

Next, we deal with the derivation of the time marching scheme for the dual problem.
The dual continuous in time stabilized fully discrete scheme (cf. Problem 4.13), given
by

AcG 1
S pucGτhqpψ

cG
τh , z

dG
τh q “

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

J 11pu
cG
τhqpψ

cG
τh qdt` J

1
2pu

cG
τhpT qqpψ

cG
τh pT

´
qq ,

has the following detailed representation: Find zdGτh P V
dGpr´1q,p
τh such that

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

 

pψcG
τh ,´Btz

dG
τh qK ` pε∇ψcG

τh ,∇zdGτh qK

`pb ¨∇ψcG
τh , z

dG
τh qK ` pαψ

cG
τh , z

dG
τh qK

(

dt

`

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

δK
 

pb ¨∇ψcG
τh , Btz

dG
τh qK ´ p∇ ¨ pε∇ψcG

τh q, b ¨∇zdGτh qK

`pb ¨∇ψcG
τh , b ¨∇zdGτh qK ` pαψcG

τh , b ¨∇zdGτh qK
(

dt

´
ÿ

tFPFτ

ÿ

KPTh,n

pψcG
τh pt

´
Fq, rz

dG
τh stF qK `

ÿ

tFPFτ

ÿ

KPTh,n

δK
`

b ¨∇ψcG
τh pt

´
Fq,

“

zdGτh
‰

tF

˘

K

`
ÿ

KPTh,N

pψcG
τh pT

´
q, zdGτh pT

´
qqK ´

ÿ

KPTh,N

δKpb ¨∇ψcG
τh pT

´
q, zdGτh pT

´
qqK

“

N
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

J 11pu
cG
τhqpψ

cG
τh qdt` J

1
2pu

cG
τhpT qqpψ

cG
τh pT

´
qq , @ψcG

τh P V
cGprq,p
τh .

Again, the integrals in time are evaluated numerically by using an r-point Gauss
quadrature rule on sKn in the same fashion as described above. But since in general
the dual problem is solved running backward in time and the role of trial and test
spaces are switched, some observations with regard to the primal problem above have
to be modified within the following manner.

The support points on Kn are defined by

tn,0 :“ Tnppt0q ă ¨ ¨ ¨ ă tn,r´1 :“ Tnpptr´1q , tn,r :“ Tnp1q , (4.117)
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where we refer to Sec. 2.2 for a detailed definition of Tnp¨q as well as appropriate
Lagrange type reference basis functions. Since the right endpoints of the cells in time
Kn are included in the set of support points and only one basis function is non-zero in
each support point, the treatment of the left-side traces influences all basis functions
and belonging coefficients as

zdGτh pt
´
F ,nq “

r´1
ÿ

ι“0

zn,ιh ζn,ιpt
´
F ,nq . (4.118)

Since the left endpoints do not belong to the set of support points, the treatment of
the right-side traces influences all basis functions and belonging coefficients as

zdGτh pt
`
F ,nq :“ zdGτh |Knr pt

`
F ,nq , (4.119)

where Knr denotes the right neighbor cell in time of Kn and tF ,n denotes the right
end of Kn, respectively. For the case that Kn represents the last cell in time of the
current slab Qn, the right neighbor cell in time Knr is given by the first cell in time
of the next slab Qn`1, cf. Fig. 2.5 for an illustration. In particular, on the last cell
in time of the last slab QN the right-side trace zdGτh pt

`
F ,Nq is given by the dual initial

at time t “ T , denoted by zT and depending on the choice of the goal functional J ,
cf. Rem.4.5.

Thus, on a cell in time Kn the terms involving a jump in tF ,n read as

pψcG
τh pt

´
F ,nq, rz

dG
τh stF,nq “ ξn,κpt

´
F ,nqpψh, z

dG
τh t

`
F ,nq

´

r´1
ÿ

ι“0

ξn,κpt
´
F ,nqζn,ιpt

´
F ,nq pψh, z

n,ι
h q ,

pb ¨∇ψdG
τh pt

´
F ,nq, rz

dG
τh stF,nq “ ξn,κpt

´
F ,nqpb ¨∇ψh, zdGτh pt`F ,nqq

´

r´1
ÿ

ι“0

ξn,κpt
´
F ,nqζn,ιpt

´
F ,nq pb ¨∇ψh, z

n,ι
h q ,

(4.120)

Finally, using the representation of the continuous and discontinuous in time fully
discrete functions, given by Eq. (4.97), and the representation of the jump terms,
given by Eq. (4.120), as well as the numerical approximation of the integrals in time
by means of an r-point Gauss quadrature rule, we get the following dual fully discrete
cG(p)-cG(r) time marching scheme for Problem 4.13, cf. Rem. 4.6:
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Problem 4.17 (Dual Fully Discrete Stabilized cG(p)-cG(r) TMS)
Find zdGτh |KˆKn P Pr´1

τ pKn;V p,n
h q, represented by Eq. (4.97) with coefficients zn,ιh , ι “

0, . . . , r ´ 1, such that

ÿ

KnPTτ,n

r´1
ÿ

ι“0

"

ακ,ι

´

ÿ

KPTh,n

`

´ pψh, z
n,ι
h qK ` δKpb ¨∇ψh, z

n,ι
h qK

˘

¯

`βκ,ι

´

ÿ

KPTh,n

`

pε∇ψh,∇zn,ιh qK ´ δKp∇ ¨ pε∇ψhq, b ¨∇z
n,ι
h qK

˘

¯

`βκ,ι

´

ÿ

KPTh,n

`

pb ¨∇ψh, zn,ιh qK ` δKpb ¨∇ψh, b ¨∇z
n,ι
h qK

˘

¯

`βκ,ι

´

ÿ

KPTh,n

`

pαψh, z
n,ι
h qK ` δKpαψh, b ¨∇z

n,ι
h qK

˘

¯

*

“
ÿ

KnPTτ,n

r´1
ÿ

ι“0

βκ,ι
ÿ

KPTh,n

J 11|Kpu
n,ι
h qpψhq

`γκ
ÿ

KPTh,n

`

pψh, z
dG
τh pt

`
F ,nqqK ´ δKpb ¨∇ψh, zdGτh pt`F ,nqqK

˘

,

(4.121)

for all ψh P V p,n
h , for all κ “ 0, . . . , r, and with

ακ,ι :“ pξn,κptq, ζ
1
n,ιptqqKn ´ ξn,κpt

´
F ,nqpζn,ιpt

´
F ,nq

“

ż

pI

pξκpptq pζ
1
ιp
ptq dpt´ pξκp1q pζιp1q “

r
ÿ

µ“0

pwµ pξκpptµq pζ
1
ιp
ptµq ´ pξκp1q pζιp1q ,

βκ,ι :“ pξn,κptq, ζn,ιptqqKn “

ż

pI

pξκpptq pζιpptq τn dpt “
r
ÿ

µ“0

τn pwµ pξκpptµq pζιpptµq ,

γκ :“ ξn,κptnq “ pξκp1q ,

(4.122)

where the reference basis functions in time pζιp¨q, pζκp¨q are the standard Lagrange basis
functions as introduced in Sec. 2.2.2, using quadrature weights pwµ and quadrature
points ptµ from pQGprq, and with

zdGτh pt
`
F ,nq :“ zdGτh |Knr pt

`
F ,nq , (4.123)

by marching sequentially through all slabs Qn, n “ N, . . . , 1, where on the last cell in
time of the last slab QN the right-side trace zdGτh pt

`
F ,Nq “ zT is introduced to include

the dual initial at time t “ T which depends on the choice of the underlying goal
functional J as outlined in Rem. 4.5.
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4.3.2 Localization and Evaluation of the Error Estimators

The error representation formulas derived in Sec. 4.2.2 lead to a posteriori error
estimators in space and time, in the following denoted by ηh and ητ , respectively.
These estimators serve for one thing as a quantitative estimation of the respective
discretization error within the goal quantity J , and on the other hand as indicators for
adaptive mesh refinement in space and time. For the latter case, we present a localized
form of the reduced error representation formulas obtained in Thm. 4.2 and Thm. 4.4,
respectively, that are used as error indicators within the practical realization of the
adaptive mesh refinement process. These localized error indicators include unknown
solutions as well as so-called weights that have to be approximated by an appropriate
technique similar to the steady-state case considered in Chapter 3. While the spatial
approximation of the weights is done in the same way as introduced in Sec. 3.3.1, we
outline the temporal approximation of the weights in further detail in the following.

4.3.2.1 Discontinuous in Time Discretization

Neglecting the remainder terms in Theorem 4.2, we get the following error represen-
tation formulas in space and time.

Jpuq ´ Jpuτ q« ρτ puτ qpz ´ z̃τ q “: ηdGτ “

N
ÿ

n“1

ηdG,nτ ,

Jpuτ q ´ Jpuτhq« ρτ puτhqpzτ ´ z̃τhq ` S
dG
A puτhqpz̃τhq“: ηdGh “

N
ÿ

n“1

ηdG,nh .

(4.124)

Here, the local error indicators in time ηdG,nτ and space ηdG,nh , respectively, with regard
to a single slab Qn “ Th,n ˆ Tτ,n , n “ 1, . . . , N , are given by

ηdG,nτ “
ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

!

`

Rpuτ q, z ´ z̃τ
˘

K
´
`

Epuτ q, z ´ z̃τ
˘

BK

)

dt

´
ÿ

tF,n`PFτ,n

ÿ

KPTh,n

`

ruτ stF,n`
, zpt`F ,n`q ´ z̃τ pt

`
F ,n`q

˘

K
,

ηdG,nh “
ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

!

`

Rpuτhq, zτ ´ z̃τh
˘

K
´ δK

`

Rpuτhq, b ¨∇z̃τh
˘

K

´
`

Epuτhq, zτ ´ z̃τh
˘

BK

)

dt

´
ÿ

tF,n`PFτ,n

ÿ

KPTh,n

`

ruτhstF,n`
, zτ pt

`
F ,n`q ´ z̃τhpt

`
F ,n`q

˘

K

`
ÿ

tF,n`PFτ,n

ÿ

KPTh,n

`

ruτhstF,n`
, b ¨∇z̃τhpt`F ,n`q

˘

K
,

(4.125)
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where the cell and edge residuals Rp¨q and Ep¨q, respectively, are given by

Rpϕq|K :“ f ´ Btϕ`∇ ¨ pε∇ϕq ´ b ¨∇ϕ´ αϕ , (4.126)

Epϕq|Γ :“

#

1
2
n ¨ rε∇ϕs if Γ Ă BKzBΩ ,

0 if Γ Ă BΩ ,
(4.127)

with r∇ϕs :“ ∇ϕ|ΓXK ´ ∇ϕ|ΓXK1 denoting the spatial jump of ∇ϕ over the inner
edges Γ with normal unit vector n pointing from cell K to K 1. Here, Fτ,n denotes
the set of interior time points belonging to slab Qn with tF ,n` denoting the left end
of the cell in time Kn.

Remark 4.11 Let us remark some aspects about the error indicators.

• We have neglected the remainder terms in (4.124) as well as in the effective
numerical computation of the error indicators due to their higher-order char-
acter compared to the remaining terms; cf. [20, Rem. 6.5]. Nevertheless, an
actual upper bound on the error may be violated when these additional terms
are significant, at least for low numbers of degrees of freedom, as it was pointed
out in [5] and [150] by taking these terms into account.

• The additional terms including the spatial edge terms Ep¨q appear by applying
integration by parts on each spatial cell K P Th,n to the diffusive term in the
primal residual; cf., for instance, [20, Ch. 3].

• Here and in the numerical examples we only deal with the reduced form of the
error estimators as given in Thm. 4.2. The reason for this is a significant
reduction of the implementational complexity compared to the form given in
Thm. 4.1, where the respective error estimators additionally depend on the dual
residual including further weights that have to be approximated.

• The local error indicators ηdG,nτ and ηdG,nh relate here to a slab Qn. This is
due to the fact that in most cases of our numerical examples we restrict each
single slab Qn to consist of only one cell in time, which equals a decomposition
of the time interval into subintervals In solely. Of course, a localization on
a single temporal cell in time Kn is possible including a refinement strategy
related to specific cells in time of the underlying triangulation Tτ,n in contrast
to a refinement strategy that concerns the respective slabs, cf. the underlying
algorithm given in Sec. 4.3.3 as well as the description of the implementational
aspects given in Sec. 4.4.
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For the numerical evaluation of the temporal and spatial error indicators given by
Eq. (4.125), the integrals in time have to be approximated by an appropriate quadra-
ture rule. This quadrature rule is depending on the approximation approach used for
the temporal weights and will be specified below. Furthermore, the occuring weights,
i.e. z ´ z̃τ and zτ ´ z̃τh , have to be approximated in an appropriate way, whereby
the approximation of the ‘spatial’ weights zτ ´ z̃τh can be handled by one of the tech-
niques introduced in Sec. 3.3.1 for the case of a steady-state problem. Since z̃τ can be
chosen arbitrarily in the corresponding space VdGprq

τ , the weights z´ z̃τ are essentially
interpolation errors; cf. [40]. The approximation of these interpolation errors can be
handled by one of the following techniques.

4.3.2.2 Approximation of the Temporal Weights

Similar to the approximation of the spatial weights introduced in Sec. 3.3.1, there
exists several techniques for approximating the temporal weights as well, of which we
present two in the following; cf. [36] for more details and alternative approaches.

Approximation by Higher-Order Extrapolation

One possible technique to approximate the occurring temporal weights within the
DWR framework is given by using a higher-order reconstruction of the fully discrete
solutions. Therefore, we introduce the following operator for approximating the tem-
poral weights within the localized error indicators, given by Eq. (4.125):

z ´ z̃τ « Er`1
τ zτ ´ zτ .

Here, Er`1
τ denotes the extrapolation in time operator that acts on a cell in time of

size τ and lifts the solution to a piecewise polynomial of degree pr ` 1q in time.
We note that the additional solution for the (local) extrapolation in time on a

specific cell in time is here interpolated from the previous cell in its right end that is
then combined with the current solution evaluated either in Gauss or Gauss-Lobatto
quadrature points, cf. Fig. 4.1 and Fig. 4.2, respectively. On the first slab Q1 the
initial condition or the fully discrete solution evaluated at the initial time point t0 is
used.

Furthermore, we point out that within this approximation strategy the respective
dual problem is solved in the same finite element space VdGprq

τ as used for the primal
problem. The described approach is similar to that one used in [40] for a dG(r)
discretization up to r “ 1, but we point out that it works for an arbitrary degree
discontinuous Galerkin time discretization of the primal problem.
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Figure 4.1: Extrapolation of a discontinuous constant (left), linear (middle) and
quadratic (right) in time function on an exemplary cell in time Kn using Gauss
quadrature points.
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Figure 4.2: Extrapolation of a discontinuous constant (left), linear (middle) and
quadratic (right) in time function on an exemplary cell in time Kn using Gauss-
Lobatto quadrature points.

Approximation by Higher-Order Finite Elements

This approach aims to increase the influence of the weights by approximating the dual
solution using higher-order finite elements. Thus, the solution of the respective dual
problem is solved in a finite element space that consists of polynomials that are at
least of one polynomial degree higher than its primal counterpart, more precisely the
discrete dual solution zτ is computed in VdGpsq

τ , s ě r`1. Therefore, we introduce the
following restriction operator in time for approximating the temporal weights within
the localized error indicators given by Eq. (4.125):

z ´ z̃τ « zτ ´ Rr
τ zτ ,

Note that this approximation is valid, since the quantity z̃τ can be chosen arbitrarily
in the underlying finite element space VdGpsq

τ . Here, Rr
τ denotes the restriction in time

operator that acts on a cell in time of size τ and restricts the solution to a polynomial
of degree r ă s; cf. Fig. 4.3.
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Figure 4.3: Restriction of a discontinuous linear (left), quadratic (middle) and cubic
(right) in time function on an exemplary cell in time Kn using Gauss quadrature
points.

Remark 4.12 Let us remark some aspects about the temporal weights.

• For the approach of using the solution from the left neighbor cell in time within
the higher-order extrapolation technique, the following has to be observed. If Kn

represents the first cell in time of the current slab Qn, an additional interpolation
between the two spatial triangulations used on Qn´1 and Qn, respectively, is
necessary, since in practice the ‘unknown’ solutions are replaced by the computed
fully discrete ones, cf. Eq. (4.128) as well as Sec.4.4.3. In particular, on the first
cell in time of the first slab Q1 the solution from the left neighbor cell in time is
given by the initial condition u0, which is incorporated by an interpolation using
the same spatial triangulation as on Q1.

• We note that the restriction operator in time Rr
τ within the higher-order finite

elements technique is implemented in our software since deal.II is currently not
able to operate on (d+1)-dimensional tensor-product solutions. This is done by
a Lagrangian interpolation in time to the primal space of the dual solution and
an additional interpolation back to the dual space.

Due to the results obtained for a comparative study of the approximation techniques
for the case of a steady-state problem in Sec. 3.4, we only deal with the case of using
higher-order finite elements for approximating the spatial weights here, cf. Sec. 3.3.1
for more details about this approximation technique. However, the temporal weights
are approximated by one of the techniques described above using the abbreviations
‘hoEx-G’, ‘hoEx-GL’ and ‘hoFE’ denoting the approximation by higher-order extrap-
olation using Gauss or Gauss-Lobatto quadrature points and the approximation by
higher-order finite elements, respectively.
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Now, the last step in making the error indicators computable is to replace all
unknown solutions appearing either in the weights or in the residuals by the computed
fully discrete solutions, i.e. we approximate

ηdGτ “ ρτ puτ qpz ´ z̃τ q « ρτ puτhqpE
r`1
τ zτh ´ zτhq , or

ηdGτ “ ρτ puτ qpz ´ z̃τ q « ρτ puτhqpzτh ´ Rr
τ zτhq , and

ηdGh “ ρτ puτhqpzτ ´ z̃τhq ` S
dG
A puτhqpz̃τhq

« ρτ puτhqpzτh ´ Rp
h zτhq ` S

dG
A puτhqpR

p
h zτhq ,

(4.128)

where the restriction in space operator Rp
h is introduced in Sec. 3.3.1. Finally,

this leads to the following approximated local error indicators in time (η̃dG,hoEx,nτ

or η̃dG,hoFE,nτ ) and space, respectively, (η̃dG,nh ) with regard to a single slab Qn “

Th,n ˆ Tτ,n , n “ 1, . . . , N .

η̃dG,hoEx,nτ “
ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

!

`

Rpuτhq,E
r`1
τ zτh ´ zτh

˘

K

´
`

Epuτhq,E
r`1
τ zτh ´ zτh

˘

BK

)

dt

´
ÿ

tF,n`PFτ,n

ÿ

KPTh,n

`

ruτhstF,n`
,Er`1

τ zτhpt
`
F ,n`q ´ zτhpt

`
F ,n`q

˘

K
,

η̃dG,hoFE,nτ “
ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

!

`

Rpuτhq, zτh ´ Rr
τ zτh

˘

K

´
`

Epuτhq, zτh ´ Rr
τ zτh

˘

BK

)

dt

´
ÿ

tF,n`PFτ,n

ÿ

KPTh,n

`

ruτhstF,n`
, zτhpt

`
F ,n`q ´ Rr

τ zτhpt
`
F ,n`q

˘

K
,

η̃dG,nh “
ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

!

`

Rpuτhq, zτh ´ Rp
h zτh

˘

K

´δK
`

Rpuτhq, b ¨∇Rp
h zτh

˘

K
´
`

Epuτhq, zτh ´ Rp
h zτh

˘

BK

)

dt

´
ÿ

tF,n`PFτ,n

ÿ

KPTh,n

`

ruτhstF,n`
, zτhpt

`
F ,n`q ´ Rp

h zτhpt
`
F ,n`q

˘

K

`
ÿ

tF,n`PFτ,n

ÿ

KPTh,n

`

ruτhstF,n`
, b ¨∇Rp

h zτhpt
`
F ,n`q

˘

K
,

(4.129)

where the cell and edge residuals Rp¨q and Ep¨q are defined by Eqs. (4.126) and
(4.127), respectively. Here, the integrals in time are evaluated numerically by using
an pr ` 2q-point Gauss-Lobatto quadrature rule for the approximation case hoEx-G,
an pr ` 1q-point Gauss quadrature rule for the case hoEx-GL, and an pr ` 2q-point
Gauss quadrature rule for the case hoFE, respectively.
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Remark 4.13 As outlined in [40, Rem. 3.2], the approximation of the unknown
solutions by means of the computed fully discrete ones within the residuals may seem
to be critical, at least for the point of linearization. As a remedy, one could also use
an approximation technique as described above. However, our numerical examples
show that this additional effort is not necessary to obtain quantitatively good results.
In addition, this observation is substantiated by the fact that the approximation of
the linearization point introduces an additional error which usually is of higher order,
which can be seen as follows. The introduced error can be expressed as

L1τ pvτ qpv ´ ṽτ q ´ L1τ pvτhqpv ´ ṽτ q “
ż 1

0

L2τ pvτh ` spvτ ´ vτhqqpvτ ´ vτh, v ´ ṽτ q ds ,

where v “ tu, zu, vτ “ tuτ , zτu, and vτh “ tuτh, zτhu. Now, by choosing for instance
an appropriate interpolant for vτ , this identity shows that the discussed approximation
introduces an error of the order Oph2τq, whereas the total discretization error usually
is not better than Oph2 ` kq in the case of a cG(1)dG(0) discretization. For more
details on this issue, we refer to [40], [143] and [168], respectively.

Remark 4.14 (Boundary Conditions) In the case of nonhomogeneous Dirichlet
boundary conditions, the following additional terms have to be added to the respective
equations in (4.129):

ÿ

KnPTτ,n

ż

Kn

´
`

puD ´ ũD,τ q, ε∇zτh ¨ n
˘

ΓD
dt ,

ÿ

KnPTτ,n

ż

Kn

´
`

pũD,τ ´ ũD,τhq, ε∇zτh ¨ n
˘

ΓD
dt ,

(4.130)

where the semi-discrete function ũD,τ and the fully discrete function ũD,τh, respec-
tively, are appropriate finite element approximations of the extension ũD in the sense
that the trace of ũD equals uD on ΓD; cf. also Rem. 3.3 in Ch. 3.

If Neumann boundary conditions are prescribed in Problem 4.1 on a part ΣN “

ΓN ˆ I of the boundary BΩ “ ΓD Y ΓN , with Dirichlet part ΓD ‰ H, i.e.,

ε∇u ¨ n “ uN on ΣN “ ΓN ˆ I .

Then, the edge residuals Epuτhq used in (4.129) have to be modified in the following
way, cf. also Rem. 3.4 in Ch. 3:

Epuτhq|Γ :“

$

’

’

&

’

’

%

1
2
n ¨ rε∇uτhs if Γ Ă BKzBΩ ,

0 if Γ Ă BΓD ,

gN ´ ε∇uτh ¨ n if Γ Ă BΓN .

(4.131)
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4.3.2.3 Continuous in Time Discretization

For the sake of completeness, we present here the approximated local error indicators
in time and space for the case of a continuous in time discretization. Neglecting the
remainder terms in Theorem 4.4, we get the following error representation formulas
in space and time:

Jpuq ´ Jpuτ q« ρpuτ qpz ´ z̃τ q “: ηcGτ “

N
ÿ

n“1

ηcG,nτ ,

Jpuτ q ´ Jpuτhq« ρpuτhqpzτ ´ z̃τhq ` S
cG
A puτhqpz̃τhq“: ηcGh “

N
ÿ

n“1

ηcG,nh .

(4.132)

Here, the local error indicators in time ηcG,nτ and space ηcG,nh , respectively, with regard
to a single slab Qn “ Th,n ˆ Tτ,n , n “ 1, . . . , N , are given by

ηcG,nτ “
ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

!

`

Rpuτ q, z ´ z̃τ
˘

K
´
`

Epuτ q, z ´ z̃τ
˘

BK

)

dt ,

ηcG,nh “
ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

!

`

Rpuτhq, zτ ´ z̃τh
˘

K
´ δK

`

Rpuτhq, b ¨∇z̃τh
˘

K

´
`

Epuτhq, zτ ´ z̃τh
˘

BK

)

dt ,

(4.133)

where the cell and edge residualsRp¨q and Ep¨q are given by Eq. (4.126) and Eq. (4.127),
respectively, and with uτ p0q “ uτhp0q “ u0 fulfilling the initial condition.

For the numerical evaluation of the temporal and spatial error indicators given
by Eq. (4.133), the integrals in time have to be approximated by an appropriate
quadrature rule. Again, this quadrature rule is depending on the approximation
approach used for the temporal weights as specified in the discontinuous in time case.

Replacing the unknown solutions appearing either in the weights or in the residuals
by the computed fully discrete solutions, we get the following approximation of the
error representation formulas in space and time:

ηcGτ “ ρpuτ qpz ´ z̃τ q « ρpuτhqpE
r`1
τ zτh ´ zτhq , or

ηcGτ “ ρpuτ qpz ´ z̃τ q « ρpuτhqpzτh ´ Rr
τ zτhq , and

ηcGh “ ρpuτhqpzτ ´ z̃τhq ` S
cG
A puτhqpz̃τhq

« ρpuτhqpzτh ´ Rp
h zτhq ` S

cG
A puτhqpR

p
h zτhq ,

(4.134)

with the same restriction in space and in time operators Rp
h and Rr

τ , respectively,
as used in the case of a discontinuous in time discretization and appropriate ex-
trapolation in time operators EcG,r`1

τ that are build in the same fashion as illus-
trated by Fig. 4.1 and Fig. 4.2, respectively, though for continuous in time func-
tions. Finally, this leads to the following approximated local error indicators in time
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(η̃cG,hoEx,nτ or η̃cG,hoFE,nτ ) and space, respectively, (η̃cG,nh ) with regard to a single slab
Qn “ Th,n ˆ Tτ,n , n “ 1, . . . , N .

η̃cG,hoEx,nτ “
ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

!

`

Rpuτhq,E
cG,r`1
τ zτh ´ zτh

˘

K

´
`

Epuτhq,E
cG,r`1
τ zτh ´ zτh

˘

BK

)

dt ,

η̃cG,hoFE,nτ “
ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

!

`

Rpuτhq, zτh ´ Rr
τ zτh

˘

K

´
`

Epuτhq, zτh ´ Rr
τ zτh

˘

BK

)

dt ,

η̃cG,nh “
ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

!

`

Rpuτhq, zτh ´ Rp
h zτh

˘

K

´δK
`

Rpuτhq, b ¨∇Rp
h zτh

˘

K
´
`

Epuτhq, zτh ´ Rp
h zτh

˘

BK

)

dt ,

(4.135)

where the cell and edge residuals Rp¨q and Ep¨q are defined by Eqs. (4.126) and
(4.127), respectively. Here, the integrals in time are evaluated numerically by using
an pr ` 2q-point Gauss-Lobatto quadrature rule for the approximation case hoEx-G,
an pr ` 1q-point Gauss quadrature rule for the case hoEx-GL, and an pr ` 2q-point
Gauss quadrature rule for the case hoFE, respectively.

4.3.3 Space-Time Adaptive Algorithm

In this section, we present the space-time adaptive solution algorithm for the case of
a discontinuous in time discretization and explain some details regarding its single
steps. The modification in the case of a continuous in time discretization is described
in Rem. 4.16 afterwards. The underlying implementational aspects and software
architecture are described in the following section.

A Goal-Oriented Discontinuous in Time Adaptive Solution Algorithm

For a fully adaptive numerical approximation of Problem 4.1 the space-time domain
Q “ Ω ˆ I is divided into non-overlapping space-time slabs Q`

n “ T `h,n ˆ T `τ,n , n “
1, . . . , N ` , as introduced in Assumption 2.5 in Sec. 2.2, where we restrict the temporal
triangulations T `τ,n , n “ 1, . . . , N ` , to consist of only one cell in time on each slab.
Here, ` denotes the current DWR adaptivity loop. The fully discrete primal and dual
solutions are represented by u`τhpx, tq and z`τhpx, tq, respectively.
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Algorithm: Goal-Oriented Discontinuous in Time Space-Time Adaptivity

Initialization: Set DWR loop ` “ 1 and generate the initial space-time slabs
Q1
n “ T 1

h,nˆT 1
τ,n , n “ 1, . . . , N1 , for the time-dependent convection-diffusion-reaction

problem, where we restrict the the temporal triangulations T 1
τ,n to consist of only one

cell in time for each slab Qn , n “ 1, . . . , N1.

1. Solve the Stabilized cG(p)-dG(r) Primal Problem 4.8:

Find u`τh P V
dGprq,p
τh such that AdG

S pu
`
τhqpϕτhq “ Fτ pϕτhq @ϕτh P VdGprq,p

τh .

2. Break if the goal is reached, i.e., for instance, }u´ u`τh} ă tol,
or pη̃dGτ ` η̃dGh q ă tol, or maxN tot

DoF is reached, etc.

3. Solve the Stabilized cG(p)-dG(r) Dual Problem 4.11 depending on the
underlying choice of the approximation strategy for the temporal weights z´ z̃τ :

(i) Approximation by higher-order extrapolation:

Find z`τh P V
dGprq,q
τh , q ě p` 1 , such that

AdG 1
S pu`τhqpψτh, z

`
τhq “ J 1pu`τhqpψτhq @ψτh P V

dGprq,q
τh .

(ii) Approximation by higher-order finite elements:

Find z`τh P V
dGpsq,q
τh , s ě r ` 1 , q ě p` 1 , such that

AdG 1
S pu`τhqpψτh, z

`
τhq “ J 1pu`τhqpψτhq @ψτh P V

dGpsq,q
τh .

4. Evaluate the a posteriori space-time error indicators η̃dG,hoEx,n,`τ , η̃dG,hoFE,n,`τ

and η̃dG,n,`h , given by Eq. (4.129), by marching sequentially through all space-
time slabs Q`

n , n “ 1, . . . , N `.

5. If |η̃dG,hoEx,`τ | ą ω |η̃dG,`h | , or else |η̃dG,hoFE,`τ | ą ω |η̃dG,`h | , ω ě 1,
temporal error dominating case:

Mark the slabs Q`
ñ, ñ P t1, . . . , N `u, for temporal refinement if the cor-

responding η̃dG,hoEx,ñ,`τ , or else η̃dG,hoFE,ñ,`τ is in the set of θtopτ , 0 ď θtopτ ď 1 ,

percent of the worst indicators.
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6. Else if |η̃dG,`h | ą ω |η̃dG,hoEx,`τ | , or else |η̃dG,`h | ą ω |η̃dG,hoFE,`τ | , ω ě 1,
spatial error dominating case:

Mark the cells K̃ P T `h,n for spatial refinement if the corresponding
η̃dG,n,`h |K̃ is in the set of θtoph,1 or θtoph,2 (for a slab that is or is not marked for
temporal refinement), 0 ď θtoph,2 ď θtoph,1 ď 1 , percent of the worst indicators,
or, respectively, mark for spatial coarsening if η̃dG,n,`h |K̃ is in the set of
θbottomh , 0 ď θbottomh ď 1 , percent of the best indicators.

7. Else (temporal and spatial errors are equilibrated):
Mark the slabs Q`

ñ, ñ P t1, . . . , N `u, for temporal refinement as well
as mark the cells K̃ P Ω`

h,n for spatial coarsening and refinement as
described in Step 5 and Step 6, respectively.

8. Execute spatial refinement and/or coarsening on all slabs under the use
of mesh smoothing operators.

9. Execute temporal refinement of slabs; cf. Fig. 4.9.

10. Increase ` to `` 1 and return to Step 1.

Remark 4.15 Let us remark some aspects about the space-time adaptive algorithm.

• The remarks outlined for a steady-state adaptive algorithm can be transferred to
the space-time adaptive algorithm as well, cf. Rem. 3.9 in Chapter 3.

• With regard to efficiency and reliability reasons of the space-time adaptive algo-
rithm, it is crucial that one part of the error estimator is almost independent on
the refinement of the discretization with regard to the other part. More precisely,
this means that the temporal error estimator η̃dG,hoExτ , or else η̃dG,hoFEτ should be
(almost) independent of the spatial refinement and vice versa; cf. the results of
Example 4.1 in Sec. 4.5.

• Moreover, it is essential to ensure an equilibrated reduction of the temporal and
spatial discretization error. For this purpose, the equilibration constant ω (a
value in the range of 1.5 ď ω ď 3.5 is used in our numerical experiments) is
introduced in Step 5 and 6; cf. the results of Example 4.2 in Sec. 4.5.

• Furthermore, we point out that the marking strategy in time can be understood
as a fixed-fraction strategy similar to that one used for marking the spatial cells,
for more details we refer to the third note in Rem. 3.9.
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Figure 4.4: Illustration of the Goal-Oriented Discontinuous in Time Space-Time
Adaptivity Algorithm. The black arrows symbolize the direction of the run, beginning
with the initialization (start) of the space-time slabs.

For better clarity to the sequence of the single steps above (cf. also Fig. 4.4), we
refer to the following details. The primal Problem 4.8 is solved by marching forwardly
in time through all slabs (Step 1). The occurring left-side traces uτhpt´F ,n`q on Th,n
are handled by evaluating uτh on the right end of previous slab Qn´1, cf. Eq. (4.105)
in Problem 4.14. More precisely, we use an interpolation as described by Eq. (4.136),
since the spatial triangulation used on Qn´1 may differ from the spatial triangula-
tion used on the current slab Qn in the course of adaptive mesh refinement. For
more details about such a solution transfer, we refer to Sec. 4.4.3. Thereby, the ini-
tial condition u0 is handled by an interpolation to the discrete finite element space
using the same spatial triangulation Th,1 as on the first slab Q1. Furthermore, pos-
sible inhomogeneous Neumann boundary conditions are implemented as additional
terms within the right-hand side assemblies and each system on a corresponding slab
is modified such that the Dirichlet boundary conditions from Eq. (4.1) are applied
strongly, cf. Rem. 4.14. More precisely, the Dirichlet boundary conditions are applied
using a mapping between the degree of freedom in time and the value of the Dirich-
let boundary function uNpx, tq at the space-time degree of freedom belonging to the
Dirichlet-colored boundary faces similar to the function apply_boundary_values()

used in the deal.II library [17]. After the primal problem is solved, the exit condi-
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tion is checked (Step 2), cf. the first note in Rem. 3.9 for the choice of the position
of this exit condition.

In contrast, the dual Problem 4.11 is solved by marching backwardly in time
through all slabs (Step 3). Thereby, we use the interpolation that follows the same
pattern as used for the primal problem to evaluate the right-side traces zτhpt`F ,nq on
Th,n´1, cf. Eq. (4.111) in Problem 4.15. The same type of boundary coloring (ei-
ther Dirichlet or Neumann type) is used for the dual problem but with homogeneous
boundary value functions, even in the case of inhomogeneous primal boundary condi-
tions. Each system is modified such that homogeneous Dirichlet boundary conditions
are applied strongly to the dual solution z`τh.

The local error indicators η̃dG,nτ and η̃dG,nh are computable with the primal and dual
solutions as given in Eq. (4.129) (Step 4). Next, using these local error indicators on
a single slab Qn or a single spatial cell K, respectively, the marking process is done
as described in Step 5-7 having regard to the balancing strategy of the temporal and
spatial indicators used therein.

Finally, the execution of the refinement process is done in the following manner.
We first execute the spatial refinement and/or coarsening on all slabs (Step 8). Af-
terwards, the refinement in time takes place as follows. If a slab Qn is marked for
temporal refinement, the corresponding just refined spatial triangulation Th,n is copied
to a new created slab Qn`1 (Step 9) that is mounted as the next element within a
std::list object structure. We note that the refinement in time is done after the
refinement in space since the just refined spatial triangulation Th,n is copied to this
new created slab. The process of the additional involvements of slabs is described in
detail in Sec. 4.4.2, cf. also Fig. 4.9.

Remark 4.16 (Algorithm: Continuous in Time Discretization)
In the case of a continuous in time discretization the algorithm above has to be mod-
ified in the following manner:

• Replace Problem 4.8 by Problem 4.7 in Step 1.

• Replace Problem 4.11 by Problem 4.13 in Step 3.

• Replace the a posteriori space-time error indicators η̃dG,hoEx,n,`τ , or else η̃dG,hoFE,n,`τ

and η̃dG,`h by η̃cG,hoEx,n,`τ , or else η̃cG,hoFE,n,`τ and η̃cG,`h , respectively, given by Eq.
(4.135) in Step 4, and use these indicators in the following steps.
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t2DoF t3DoF t1DoF tn`1
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t2DoF t3DoF
t

Figure 4.5: Two consecutive space-time slabs, exemplary for a discontinuous Galerkin
dGp2q time discretization generated with three Gaussian quadrature points. The
three degrees of freedom (DoF) time points on each slab are the support points for
the temporal basis functions. Each of the illustrated slabs here consists of one cell in
time and an independent and adaptively refined spatial triangulation.

4.4 Implementation and Software Architecture

In this section, we introduce some implementational aspects for the practical realiza-
tion of the space-time adaptive algorithm presented in Sec. 4.3.3 and give insight into
our in-house parallel frontend software DTM++, developed by U. Köcher [129], [128,
Ch. 4], as well as the general framework of some specific features used thereby.

4.4.1 Implementation of Space-Time Tensor-Product Spaces

The main features of our implementation are an arbitrary degree discontinuous time
discretization of the primal and dual problem as well as the approach of using space-
time tensor-product spaces stored within a std::list object that handles the parti-
tioning and storing of the space-time slabs. In the following, we describe the imple-
mentation of these space-time tensor-product spaces in detail.

For this purpose, the global space-time domain Q “ Ω ˆ I is divided into non-
overlapping space-time slabs Qn “ Th,n ˆ Tτ,n , n “ 1, . . . , N , as outlined in Assump-
tion 2.5 in Sec. 2.2. An exemplary illustration of the space-time domain that is
distributed into space-time tensor-product slabs is given in Fig. 4.5, cf. also Fig.2.4
in Sec. 2.2. On such a slab, a space-time tensor-product of finite element spaces is
used. More precisely, a tensor-product of a d-dimensional, d “ 1, 2, 3 , spatial finite
element space with a one-dimensional temporal finite element space is implemented.
The temporal finite element space is based on a discontinuous Galerkin method of
arbitrary order r on a one-dimensional triangulation Tτ,n of sIn “ rtn´1, tns , consisting
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of non-overlapping elements Kn such that sIn “
Ť

KnPTτ,n
sKn. On the other hand, the

spatial finite element space is based on a continuous Galerkin method of arbitrary
order p on a d-dimensional, d “ 1, 2, 3 , triangulation Th,n of Ω consisting of non-
overlapping elements K, such that sΩ “

Ť

KPTh,n
sK. Here, we choose the elements

K P Th,n to be intervals for d “ 1, quadrilaterals for d “ 2 and hexahedrals for d “ 3,
respectively. We assume the spatial triangulation to be regular, but allowing hanging
nodes, cf. Rem. 2.2 in Sec. 2.1.3. Furthermore, the spatial triangulation is assumed to
be organized in a patch-wise manner (cf. Def. 2.6). Thus, each computational slab Qn

can be associated with a temporal triangulation Tτ,n and corresponding conforming
finite element space Yrτ , given by Eq. (2.11), as well as a spatial triangulation Th,n and
corresponding conforming finite element space V p,n

h , given by Eq. (2.1), which will be
used as trial and test spaces on Qn, respectively. For the sake of implementational
simplicity, we allow the spatial mesh to change between two consecutive slabs, but to
be equal on all degrees of freedom in time used within one slab, cf. Fig. 4.5.

To implement the space-time tensor-product space, we start with the usual dis-
cretization for the finite element method in space having only one degree of freedom
in time on each slab. We denote the number of spatial degrees of freedom by N s,n

DoF

for one degree of freedom in time and the number of temporal degrees of freedom
by N t,n

DoF on the n-th slab. On each slab, we generate the geometrical triangulation,
i.e. a spatial mesh, and colorize the boundaries. Boundary colors can mark for in-
stance Dirichlet type boundary conditions, Neumann type boundary conditions, etc.;
cf. Fig. 4.13. Next, we initialize each slab by creating an independent copy of the
generated spatial triangulation.

Then, for one degree of freedom in time on each slab, we distribute the spatial
degrees of freedom and generate affine constraints objects. Remark that an affine
constraints object may include information on handling degrees of freedom on hanging
nodes or on Dirichlet type boundary nodes. The sparsity pattern for a sparse matrix is
now generated with the geometric triangulation, the spatial degree of freedom (DoF)
handler and the constraints object for one degree of freedom in time.

Next, the space-time tensor-product degrees of freedom on a slab are aligned
by their local degree of freedom in time on a slab. Precisely, the first degree of
freedom in time has the global number 0 and the last one has the number N t,n

DoF-1.
The numbering of the local temporal degrees of freedom is increasingly ordered by
their temporal mesh cell index. Remark that we have an additional one-dimensional
triangulation (temporal mesh) for the time subinterval ptn´1, tnq corresponding to the
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n-th slab; refer to Fig. 4.13 for details. Overall, we have N t,n
DoF times N s,n

DoF degrees of
freedom on the n-th slab.

Next, the space-time tensor-product constraints are created by taking the original
constraints object and shifting all entries accordingly such that the N t,n

DoF are rep-
resented. Precisely, the spatial degrees of freedom from 0 to N s

DoF-1 are associated
to the first local temporal degree of freedom on a slab. If there are more than one
temporal degree of freedom on a slab, the corresponding spatial degrees of freedom
are shifted by the number N s,n

DoF times the local temporal degree of freedom index.
For each degree of freedom in time, the sparsity pattern is now copied into the

diagonal blocks for the space-time tensor product sparsity pattern. A higher-order
polynomial degree in time introduces couplings between the temporal basis functions
resulting in additional coupling blocks. For the case of more than one cell in time
per slab, additional couplings appear for temporal derivatives between the time basis
functions of two consecutive time cells, cf. Fig. 4.6 for an exemplary illustration of
a primal sparsity pattern. For the primal problem, the evolution is forward in time
and therefore these couplings appear in the left lower part. For the dual problem,
the evolution is backward in time and therefore the coupling diagonals appear in the
right upper part. Exemplary primal and dual sparsity patterns including the different
locations of the coupling blocks are given in Fig. 4.7 and Fig. 4.8, respectively.

For the assembly process we can use the basis functions and their derivatives in
time similar to the classical finite element approach in space. But the distribution of
the local contributions must respect the order of the temporal basis functions. First,
we take the mapping from a local to a global degree of freedom in space. To respect
the temporal basis functions, we shift the local to global mapping accordingly by the
factor of local degrees of freedom in space on a spatial cell. This results in a shift of
each global degree of freedom by the factor of N s,n

DoF times the global degree of freedom
of the respective basis function in time. The local matrix has therefore the size of the
local degrees of freedom on a spatial mesh cell times the local degrees of freedom in
time on a temporal mesh cell.

In the case of more than on cell in time per slab, an additional local matrix is
assembled for the coupling of the trial basis functions of the previous time cell and
the test basis functions of the current time cell. This implements the negative part
of the jump trace operator in time which is transferred to the right-hand side in a
classical time marching approach cf. Eq. (4.105) in Problem 4.14.

Finally, the space-time constraints of the slab have to be applied to the system
matrix, the solution vector and the right-hand side vector. The space-time hanging
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Figure 4.6: Sparsity pattern for the primal operator on a slab for cG(1)-dG(1) with
4 mesh cells in space and 4 mesh cells in time before condensing the Dirichlet nodes.
The blocks having black dots correspond to a classical sparsity pattern for one degree
of freedom in time. The blocks with green dots are additional couplings between the
two time basis functions on a temporal cell. The blocks with red dots are additional
couplings from the temporal jump trace operator between two time cells. The graphic
is taken from [52].

Figure 4.7: Primal and dual operator matrix sparsity patterns on a slab for cG(1)-
dG(1) on 16 cells in space and 4 cells in time after condensing the Dirichlet nodes.
The graphic is taken from [52].
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Figure 4.8: Primal and dual operator matrix sparsity patterns on a slab for cG(1)-
dG(1) on 64 cells in space and 2 cells in time after condensing the Dirichlet nodes.
The graphic is taken from [52].

node constraints have to be condensed in the solution vector after solving the linear
system for all degrees of freedom on the slab.

4.4.2 Involvement of Slabs

The space-time tensor-product spaces described in the previous section are stored
within a so-called std::list object, cf. Fig 4.14 of an exemplary std::list struc-
ture. This approach is consistent with the representation of the variational system
as a TMS, since the original system decouples into subproblems on each slab, which
are of less computational effort compared to solving the huge space-time system as a
whole, cf. Rem. 4.17 to this issue. Moreover, the list approach allows for an easy and
efficient involvement of additional slabs in the course of adaptive refinement whose
process will be described in the following.

The execution of the refinement in space and time is related to the implemented
tensor-product slab structure and thus takes place with regard to the following con-
ditions. We first execute the spatial refinement and coarsening of the underlying
triangulations Th,n on all slabs. Afterwards, the refinement in time is done in the
following way. If a slab Qn is marked for temporal refinement, the corresponding just
refined spatial triangulation Th,n is copied to a new created slab Qn`1 that is mounted
as the next element within the std::list structure. Thereby, the corresponding time
interval I`n :“ pt`n´1, t

`
ns is halved and within the next DWR loop (` Ñ ` ` 1) there

holds I``1
n :“ pt``1

n´1, t
``1
n s corresponding to slab Q``1

n with t``1
n´1 :“ t`n´1 , t

``1
n :“

t`n´1`t
`
n

2
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and I``1
n`1 :“ pt``1

n , t``1
n`1s corresponding to slab Q``1

n`1 with t``1
n`1 :“ t`n, cf. Fig. 4.9 and

the right part of Fig. 4.11 corresponding to a dG(0) time discretization using a Gauss
quadrature rule.

T `h,n´1 of Q`
n´1 T `h,n of Q`

n

T ``1
h,n´1 of Q``1

n´1 T ``1
h,n of Q``1

n T ``1
h,n`1 of Q``1

n`1

Figure 4.9: Exemplary execution of temporal refinement on a slab Qn after spatial
refinement was already executed.

Remark 4.17 We note that the implementation of a space-time tensor product of
temporal and spatial finite element spaces is general enough to allow for the computa-
tion on actual space-time meshes, i.e. the arising system on a single slab Qn belongs
to a real space-time mesh if the corresponding temporal triangulation Tτ,n is refined
at least once per slab, cf. Fig. 2.4 in Sec. 2.2. Furthermore, it is possible to use only
one slab, if the choice N ` “ 1 is made within the initialization step of the space-time
adaptive algorithm introduced in Sec. 4.3.3, leading to a huge space-time system that
has to be solved as a whole.

4.4.3 Solution Mesh Transfer

In the context of adaptive mesh refinement for time-dependent problems, it is desir-
able to allow the spatial mesh to be different on all slabs Qn, cf. Fig. 4.10. This is
referred to as the concept of dynamic meshes, cf., e.g., [168, 167] for more details.
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Th,n´1 of Qn´1 Th,n of Qn Th,n`1 of Qn`1

Figure 4.10: Exemplary distribution of spatial triangulations (with hanging nodes)
in the course of dynamic meshes.

When dealing with computations on dynamic meshes, one of the main difficulties
is the handling of a solution transfer from a spatial triangulation Th,n´1 of one slab
to the spatial triangulation Th,n of the next slab in consideration of different adaptive
refinements for both meshes. More precisely, this difficulty can be reduced to the
evaluation of udGτh pt

´
F ,n`q on Th,n within the primal Problem 4.8 or rather Problem 4.14.

In order to avoid additional computational effort as outlined in Rem. 4.18, we use for
this purpose a simple interpolation of the solution from the ‘old’ mesh Th,n´1 to the
current mesh Th,n here. Then, the terms including the ‘old’ solution udGτh pt

´
F ,n`q on the

right-hand side of Eq. (4.103) in Problem 4.14 have the following form:

γκ

´

ÿ

KPTh

`

pudGτh pt
´
F ,n`q, ϕhqK ` pu

dG
τh pt

´
F ,n`q, b ¨∇ϕhqK

˘

¯

“ γκ

´

ÿ

KPTh

`

pInh u
dG
τh pt

´
F ,n`q, ϕhqK ` pI

n
h u

dG
τh pt

´
F ,n`q, b ¨∇ϕhqK

˘

¯

,
(4.136)

where Inh is the interpolation operator onto the finite element space used on the current
slab Qn and udGτh pt

´
F ,n`q is given by Eq. (4.105). Analogous to this, the ‘old’ solution

zdGτh pt
`
F ,nq on Th,n´1 within the dual Problem 4.11 or rather Problem 4.15 is handled,

where zdGτh pt
`
F ,nq is given by Eq. (4.111). Note, that the dual problem is solved running

backward in time. Of course, this approach entails an additional interpolation error.
However, in our numerical examples in Sec. 4.5, we see that this impact is negligibly
to obtain quantitatively good results.

Remark 4.18 Since udGτh pt
´
F ,n`q can be thought of as previously computed data or

rather as a coefficient vector with respect to the nodal basis of V p,n´1
h , the difficulty

of handling a solution transfer in general reduces to the evaluation of inner products
of basis functions φn´1 P V p,n´1

h with basis functions φn P V p,n
h given on the current

spatial triangulation, cf. the right-hand side in Problem 4.14. Now, the problem is that
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Figure 4.11: Implementation abstract of the dwr-condiffrea software using the
DWR technique for the error estimation η̃dGτ and η̃dGh (left), an exemplary forward
and backward time marching step n on (d`1)-dimensional space-time slabs Q`

n in the
DWR loop ` (middle) and an exemplary space-time adaptation update of the spatial
triangulation T `h,n Ñ T ``1

h,n and involvement of a further slab in the course of temporal
refinement by copying T ``1

h,n to this slab preparing the DWR loop ` ` 1 (right). The
graphic is taken from [129] and modified slightly.

the involved integrals cannot be evaluated cell-wise on the current triangulation Th,n by
simply applying quadrature rules, since we cannot guarantee φn´1 to be smooth on each
cell K P Th,n. Thus, one has to deal with the situation to integrate shape functions
defined on two different triangulations. An alternative approach to the above described
interpolation is to build a temporary mesh Th,m as the common refinement of Th,n´1

and Th,n as proposed in [167, Sec.3.5.1]. Furthermore, a practical realization of the
above mentioned integrals within the finite element library deal.II [17] is given in the
step-28 tutorial program. For this approach it has to be assumed that all spatial meshes
Th,n are derived by adaptive refinement from a common coarse mesh rTh and each mesh
itself is organized in a patch-wise manner, cf. Def. 2.6. However, this procedure is
quite complex or at least effortful, since several cases for the computation on the
current cell K need to be observed, namely if this cell is active on both triangulations
or only on one of them and simultaneously not on the other one.

4.4.4 Software Architecture and Underlying Data Structures

In this final section, we give insight into the general framework of the underlying
software architecture and present some data structures that are used to implement
the space-time adaptive algorithm given in Sec. 4.3.3 including the features described
in the previous sections. The software is called dwr-condiffrea and is a module of
our in-house DWR software project DTM++.Project/dwr (bitbucket.org/dtmproject).
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It is an extension of our former DTM++.Project/dwr-diffusion software [129] that
is in turn related to and derived from the step-14 tutorial program code for the
Laplace equation of the open source finite element library deal.II; cf. [17]. The
DTM++ frontend software tools are developed by Uwe Köcher designed to solve general
purpose of finite element method problems using the open source deal.II finite
element library. In addition, several backend libraries like Trilinos [99] or the data
model and file format library HDF5 are used; cf. [128, 129] for more details about the
DTM++ software. The software is completely written in C++ using hierarchical object-
oriented programming. It includes state-of-the-art language features from C++.17

such as range-based loops, the auto specifier, reference counted dynamic memory
allocation and others.

Figure 4.12: Software structure of the DTM++.Project module tool. The graphic is
taken from [129].

The general software design is illustrated by Fig. 4.12. It is based on user-driven in-
puts given by simple text-based parameter input files to stake out the outer framework
of the program like the choice of the spatial dimension, the desired time discretization
or the goal functional used within the DWR philosophy. Furthermore, the choice of
the polynomial degrees in space and time mentioned at the beginning as well as data
output quantities for the primal and dual solution can be managed here. The imple-
mentation itself is done within a single central solver class template CDR_DWR<dim>

where the respective loops of the presented algorithm given in Sec. 4.3.3 take place.
This base class is inherited from DTM::Problem to implement a dimensionless ap-
proach with respect to the spatial variable. The structure of the solver class mimics
the order given by the algorithm and the left part of Fig. 4.11, including function-
alities like assembling and solving systems by using the various tools of the backend
library deal.II. For instance, the solution transfer described in Sec. 4.4.3 that is
realized by an interpolation on different spatial triangulations as given in Eq. (4.136)
is done by the precasted function interpolate_to_different_mesh() that is imple-
mented in the deal.II library; cf. the reference documentation of the VectorTool

Namespace for more details about this function as well as [17]. All assemblers, such
as for the matrices, right-hand side vectors and even the error indicators in time and
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space, are using the deal.II workstream technology for thread-parallel and further
MPI+X-parallel simulations; cf. [129] and therein the in-source doxygen documen-
tation of the DTM++.Project/dwr-diffusion code. The assemblers are outsourced
into separate classes to allow their reuse in other frameworks with minimal coding
effort. Thereby, the useful and efficient auxiliary classes of the DTM++.Project suite
are provided independently, such that the input parameter handling and data output
handling must not be included into the solver class.

Geometrical
Mesh Description

Mapping
(Mesh Cell)

Boundary
Manifold

Boundary
Colorisation

Spatial
Triangulation Th,n

Dual FE Space

Primal FE Space

Constraints

Fin. Elem. System

Degrees of Freedom

Temporal Subinterval
sIn “ rtn´1, tns

Temporal
Triangulation Tτ,n

Dual FE Space

Primal FE Space

Fin. Elem. System

Degrees of Freedom

Space-Time
Degrees of Freedom

Space-Time
Constraints

Space-Time
Sparsity Patterns

Computational Slab
Qn “ Th,n ˆ Tτ,n

Next Slab

Previous Slab

Figure 4.13: Illustration of the generation of space-time elements for tensor-product
spaces on a computational slab implemented by the DTM++::Grid_DWR class. Remark
that loop based slab data structures Q`

n is not stored for efficiency reasons. The
graphic is taken from [52] and modified slightly.

The above described process of the partitioning and storing of the respective
(d`1)-dimensional space-time slabs by using a std::list approach is handled within
our so-called DTM++::Grid_DWR class. This class is responsible for the initially cho-
sen division N of the global space-time domain Q, storing the computational slabs
Qn “ Th,n ˆ Tτ,n as elements of this std::list object. Both triangulations on a
single slab are shared by the primal and dual problem and the respective temporal or
spatial polynomial degree can be chosen arbitrarily, cf. Fig.4.13 and [29] for further
details. This enables a flexible choice of polynomial degrees in space and time and, in
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addition, the realization of using an approximation by higher-order finite elements for
the weights, since the dual problem can be solved using a higher polynomial degree for
both space and time discretization, cf. Sec. 4.3.2. Beyond that, the DTM++::Grid_DWR
class handles the in Sec. 4.4.2 described involvement of additional slabs in the course
of adaptive temporal refinement and undertakes tasks like mapping between real and
reference cell or coloring of the boundary faces by means of varying boundary con-
ditions. As already mentioned, each of the space-time slabs consists of a separate
spatial and temporal triangulation together with the respective required tools like a
finite element object, a degrees of freedom (DoF) handler object as well as an pos-
sible constraints object that are used by the primal and dual problem, cf. Fig. 4.13.
Note that we are using the same triangulations but different finite element and DoF
handler objects for the primal and dual problem.

Besides the DTM++::Grid_DWR class we are using the std::list approach for
the efficient treatment of the space-time DoF data storage management, cf. Fig. 4.14.
This storage allows to efficiently iterate forwardly and backwardly in time to compute
the primal and dual solutions as well as the error indicators. Keep in mind that we
are solving the dual problem running backward in time and, depending on the chosen
goal functional, the primal solution could be needed on the whole time interval.

Figure 4.14: Illustration of the DTM++.Project data storage management. A list
entry corresponds to a slab and stores a small array of shared pointer references. The
large data Vector is stored independently and can be serialised. The graphic is taken
from [129].

Remark 4.19 The list data structure allows to efficiently iterate forwardly and back-
wardly to access solutions on neighboring slabs as it is needed when solving the primal
and dual problem. The large data of space-time DoF vectors are accessed through
a light-weighted data structure, whereby the data storage management structure only
needs to store referenced counted pointers, cf. [129, Sec.2.2] for more details. This
approach is even then (memory-)efficient whenever the whole primal solution uτh is
needed for the right-hand side goal functional J within the dual problem, cf. Rem. 4.5.
The latter case may arise in the case of nonlinear problems, cf. [40, Rem. 3.1].
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4.5 Numerical Examples

In this section, we investigate the performance properties of the proposed approach
of combining the Dual Weighted Residual method with stabilized finite element ap-
proximations for time-dependent convection-dominated problems. Thereby, we study
the convergence behavior, computational efficiency as well as stability properties of
the underlying space-time adaptive algorithm introduced in Sec. 4.3.3.

The first example is an academic test problem with a given analytical solution
to validate the correctness of the higher-order implementations in space and time
regarding expected experimental orders of convergence. Additionally, this example
serves to show the independency of the temporal and spatial error indicators. The
second example modifies the first one with regard to more dynamic behavior in time
and serves to demonstrate the performance properties of the algorithm with regard
to adaptive mesh refinement in space and time. Finally, in a third example, we inves-
tigate the mesh adaptation processes concerning stability properties for a benchmark
problem of convection-dominated transport.

Similar to the steady-state case, we will consider in some cases an effectivity index
that thus has to be modified in the following way

Ieff :“

ˇ

ˇ

ˇ

ˇ

η̃dG,hoExτ ` η̃dGh
Jpuq ´ Jpuτhq

ˇ

ˇ

ˇ

ˇ

, or else Ieff :“

ˇ

ˇ

ˇ

ˇ

η̃dG,hoFEτ ` η̃dGh
Jpuq ´ Jpuτhq

ˇ

ˇ

ˇ

ˇ

, (4.137)

defined as the ratio of the sum of the estimated errors over the exact error and
depending on the underlying approximation technique used for the temporal weights.
Furthermore, in the case of adaptive refinement the tuning parameters of the goal-
oriented adaptive Algorithm given in Sec. 4.3.3 are chosen to balance automatically
the potential misfit of the spatial and temporal errors, given by the following ranges:

1.5 ď ω ď 3.5 , 0 ď θbottomh ď 0.02 ,

θtoph,1 ě θtoph,2 “
1
2
¨min

!ˇ

ˇ

ˇ

ηh
|ηh|`|ητ |

ˇ

ˇ

ˇ
, 1
)

, θtopτ “ 1
2
¨min

!ˇ

ˇ

ˇ

ητ
|ηh|`|ητ |

ˇ

ˇ

ˇ
, 1
)

.
(4.138)

Finally, the SUPG method stabilization parameter δK is given by

δK “ δ0 ¨ hK , 0.1 ď δ0 ď 1 , (4.139)

where hK denotes the cell diameter of the spatial mesh cell K, cf. Rem. 4.3. The
software for the now following examples is called dwr-condiffrea being a module of
our in-house DWR software project DTM++.Project/dwr (bitbucket.org/dtmproject)
developed by U. Köcher [128, 129]. It is implemented using the open source finite
element library deal.II; cf. [17]. Some of the results presented in the following have
been published by the author et al. in [51] and [29].
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4.5.1 Rotating Hill - Convergence Behavior and Indepen-
dence of Error Indicators

In a first numerical example, we study the global space-time refinement behavior to
verify the expected experimental orders of convergence and show the correctness of
the higher-order implementations in space and time.

Example 4.1 (Rotating Hill)
The first example is an academic test case, in which we study Problem (4.1) with the
following prescribed exact solution

upx, tq :“u1 ¨ u2 , x “ px1, x2q
J P R2 and t P R ,

u1px, tq :“p1` a ¨ ppx1 ´m1ptqq
2 ` px2 ´m2ptqq

2qq´1 ,

u2px, tq :“ s , m1ptq :“ 1
2
` 1

4
cosp2πtq , m2ptq :“ 1

2
` 1

4
sinp2πtq .

(4.140)

This solution is characterized by a counterclockwise rotating hill whose size and gra-
dient are depending on the scalars s, a0 and goes back to an example used in [98,
Sec. 1.4.2]. The problem is defined on Ω ˆ I :“ p0, 1q2 ˆ p0, 1s with the scalars
s “ 1, a0 “ 50 such that the final position of the hill equals the initial one and its
peak is close to the value 1, cf. Fig. 4.15. The right-hand side forcing term f , the
nonhomogeneous Dirichlet boundary condition and the initial condition are calculated
from the given analytical solution (4.140) and Eqs. (4.1). We choose the diffusion
coefficient ε “ 1, the flow field b “ p2, 3qJ and the reaction coefficient α “ 1. Fur-
thermore, no stabilization (δK “ 0) is used in this test case. The goal functional is
chosen to control the global L2pL2q-error in space and time of e :“ u´ uτh, given by

Jpuq “
1

}e}p0,T qˆΩ

ż

I

pu, eqdt , with } ¨ }p0,T qˆΩ “

ˆ
ż

I

p¨, ¨q dt

˙
1
2

. (4.141)

(a) (b) (c) (d)

Figure 4.15: Exemplary solution profiles at time points tn “ 0 (a), tn “ 0.5 (b),
tn “ 0.75 (c) and tn “ 1 (d) for Example 4.1.
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` N NK N tot
DoF ||u´ u1,0

τh || EOC

1 4 4 36 1.4109e-01 —
2 8 16 200 5.9389e-02 1.25
3 16 64 1296 1.8328e-02 1.70
4 32 256 9248 6.3123e-03 1.54
5 64 1024 69696 2.3465e-03 1.43
6 128 4096 540800 9.9334e-04 1.24
7 256 16384 4260096 4.5961e-04 1.11

` N NK N tot
DoF ||u´ u1,1

τh || EOC

1 4 4 72 1.9583e-01 —
2 8 16 400 5.8488e-02 1.74
3 16 64 2592 1.5695e-02 1.90
4 32 256 18496 4.3675e-03 1.85
5 64 1024 139392 1.1222e-03 1.96
6 128 4096 1081600 2.8416e-04 1.98
7 256 16384 8520192 7.1620e-05 1.99

` N NK N tot
DoF ||u´ u2,2

τh || EOC

1 4 4 300 1.5805e-01 —
2 8 16 1944 1.2860e-02 3.62
3 16 64 13872 2.3553e-03 2.45
4 32 256 104544 3.1980e-04 2.88
5 64 1024 811200 4.1703e-05 2.94
6 128 4096 6390144 5.3032e-06 2.98
7 256 16384 50725632 6.6940e-07 2.99

` N NK N tot
DoF ||u´ u3,3

τh || EOC

1 4 4 784 5.4849e-02 —
2 8 16 5408 4.2480e-03 3.69
3 16 64 40000 3.5713e-04 3.57
4 32 256 307328 2.7199e-05 3.71
5 64 1024 2408704 1.7941e-06 3.92
6 128 4096 19071488 1.1392e-07 3.98
7 256 16384 151782400 7.1798e-09 3.99

Table 4.1: Global convergence for u1,0
τh in a cG(1)-dG(0), u1,1

τh in a cG(1)-dG(1), u2,2
τh

in a cG(2)-dG(2) and u3,3
τh in a cG(3)-dG(3) primal approximation for a convection-

diffusion-reaction transport problem with ε “ 1 and δ0 “ 0 for Example 4.1.

To study the global space-time refinement behavior, the solution u is approximated
in different finite element spaces, starting with the lowest order case in space and
time, cG(1)-dG(0), up to the space-time higher-order method cG(3)-dG(3). Here
and in the following, we denote by up,rτh or zp,rτh the approximated primal or dual
solution obtained by using a space-time cG(p)-dG(r) method; cf. Rem. 4.2. In
general, for a cG(p)-dG(r) method, measured in the L2pI;L2pΩqq-norm, we may
expect convergence in space-time of order Ophp`1 ` τ r`1q; cf. e.g. [174, 142]. The
results of our investigations are given by Table 4.1 and nicely confirm the expected
experimental orders of convergence (EOC :“ ´ log2p||e||`{||e||`´1q). Here, ` denotes
the refinement level or DWR loop, N the total cells in time, NK the cells in space
on a slab, N tot

DoF the total space-time degrees of freedom, || ¨ || the global L2pL2q-norm
error as given in Eq. (4.141) and EOC the experimental order of convergence.

The second numerical experiment to Example 4.1 is devoted to the numerical
justification of splitting the total discretization error into a temporal and spatial con-
tribution as introduced in Eq. (4.25). Regarding efficiency and reliability reasons, it
is crucial that one part of the error estimator is almost independent on the refine-
ment of the discretization with regard to the other part. Therefore, we investigate
the approximated error indicators by executing a global refinement of only one of the
discretizations while the other one is kept fixed. In the course of this, both approx-
imation techniques for the temporal weights are studied; cf. Sec. 4.3.2. In Table 4.2
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η̃τ

H-O. Extrapolation H-O. Finite Elements

Gauss Gauss-Lobatto

` N NK u1,0
τh / z2,0

τh u1,1
τh / z2,1

τh u1,0
τh / z2,0

τh u1,1
τh / z2,1

τh u1,0
τh / z2,1

τh u1,1
τh / z2,2

τh

1 50 256 3.3016e-03 6.2584e-05 1.1947e-03 2.3387e-06 1.5890e-02 6.5242e-05
2 50 1024 3.8305e-03 2.3742e-04 1.7346e-03 1.3801e-04 3.1556e-02 2.4609e-04
3 50 4096 3.8020e-03 6.5231e-04 1.8737e-03 4.7413e-04 3.9553e-02 6.7403e-04
4 50 16384 3.7377e-03 8.5370e-04 1.8905e-03 6.5218e-04 4.1735e-02 8.8136e-04
5 50 65536 3.7161e-03 8.7429e-04 1.8926e-03 6.7606e-04 4.2276e-02 9.0240e-04

Table 4.2: Independence of the temporal error indicators η̃τ on the refinement in space
in consideration of approximating the temporal weights by higher-order extrapolation
and higher-order finite elements with ε “ 1 and δ0 “ 0 for Example 4.1.

η̃h

H-O. Extrapolation H-O. Finite Elements

Gauss Gauss-Lobatto

` N NK u1,0
τh / z2,0

τh u1,1
τh / z2,1

τh u1,0
τh / z2,0

τh u1,1
τh / z2,1

τh u1,0
τh / z2,1

τh u1,1
τh / z2,2

τh

1 40 4096 1.5662e-04 1.5411e-04 1.6481e-04 1.5139e-04 3.3549e-04 2.4003e-04
2 80 4096 1.8571e-04 3.3954e-04 1.8892e-04 3.3498e-04 2.7659e-04 3.7244e-04
3 160 4096 2.2249e-04 4.0984e-04 2.2392e-04 4.0326e-04 2.6611e-04 4.1197e-04
4 320 4096 2.6710e-04 4.2868e-04 2.6765e-04 4.1751e-04 2.8578e-04 4.1909e-04
5 640 4096 3.0657e-04 4.3757e-04 3.0649e-04 4.1721e-04 3.1322e-04 4.1747e-04

Table 4.3: Independence of the spatial error indicators η̃h on the refinement in time
in consideration of approximating the temporal weights by higher-order extrapolation
and higher-order finite elements with ε “ 1 and δ0 “ 0 for Example 4.1.

we present the development of the approximated temporal error indicators η̃dG,hoExτ ,
or else η̃dG,hoFEτ as given by the first two equations in (4.129) for a global refinement
in space by using a constant number of time intervals. It can be observed that the
respective temporal error indicators are almost independent of the increasing spatial
refinement for all considered cases of a cG(p)-dG(r) method and both approximation
techniques used for the temporal weights (colums four to seven of Table 4.2). The
same holds true for the spatial error indicators. In Table 4.3 we present the related
development of the approximated spatial error indicators η̃h, as given by the last equa-
tion in (4.129), for a global refinement in time by using a constant number of space
cells. Again, but this time the respective spatial error indicators are almost indepen-
dent of the increasing temporal refinement for all considered cases of a cG(p)-dG(r)
method and both approximation techniques used for the temporal weights (colums
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four to seven of Table 4.3). Furthermore, note the good agreement of the spatial error
indicators for all temporal discretizations and both approximation techniques for the
temporal weights.

Conclusion 4.1 (Convergence Behavior and Independent Error Indicators)
As an interim conclusion, we summarize the following.

• The algorithm confirms the expected experimental orders of convergence in space
and time Ophp`1 ` τ r`1q; cf. Table 4.1.

• The temporal error indicators are independent of the spatial refinement and vice
versa for all approximation techniques and all cases of cG(p)-dG(r) methods;
cf. Table 4.2 and Table 4.3.

4.5.2 Rotating Hill with Changing Orientation - Comparison
of Approximation Techniques for Temporal Weights

The second example is a modification of the first one with regard to more dynamic
behavior in time.

Example 4.2 (Rotating Hill with Changing Orientation)
We study Problem (4.1) with the following prescribed exact solution

upx, tq :“u1 ¨ u2 , x “ px1, x2q
J P R2 and t P R ,

u1px, tq :“p1` a ¨ ppx1 ´m1ptqq
2 ` px2 ´m2ptqq

2qq´1 ,

u2ptq :“ ν1ptq ¨ s ¨ arctanpν2ptqq ,

(4.142)

with m1ptq :“ 1
2
` 1

4
cosp2πtq and m2ptq :“ 1

2
` 1

4
sinp2πtq, and, ν1pt̂q :“ ´1, ν2pt̂q :“

5π ¨ p4t̂´ 1q, for t̂ P r0, 0.5q and ν1pt̂q :“ 1, ν2pt̂q :“ 5π ¨ p4pt̂´ 0.5q´ 1q, for t̂ P r0.5, 1q,
t̂ “ t ´ k, k P N0, and, scalars s “ 1

3
, a0 “ 50. The (analytical) solution behaves

as in Example 4.1, but is designed in such a way that the maximum height of the
hill is compressed and the orientation of the hill changes its sign from positive to
negative at t “ 0.25 and again from negative to positive at t “ 0.75, cf. Fig. 4.16.
The problem is defined on Ω ˆ I :“ p0, 1q2 ˆ p0, 1s. The right-hand side forcing term
f , the nonhomogeneous Dirichlet boundary condition and the initial condition are
calculated from the given analytical solution (4.142) and Eqs. (4.1). We choose the
diffusion coefficient ε “ 1, the flow field b “ p2, 3qJ and the reaction coefficient α “ 1.
Furthermore, no stabilization (δK “ 0) is used in this test case. The goal quantity is
chosen to control the global L2pL2q-error in space and time, given by Eq. (4.141).
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(a) (b) (c) (d)

Figure 4.16: Exemplary solution profiles at time points tn “ 0 (a), tn “ 0.5 (b),
tn “ 0.8 (c) and tn “ 1 (d) for Example 4.2.

In the following, we analyze the performance properties of our algorithm for varying
adaptive solution approximations of the primal and dual problem with regard to the
polynomial degree used in space and time including a comparison of the different
approximation techniques for the temporal weights.

In Tables 4.4–4.12, we present the development of the total discretization er-
ror Jpeq “ }e}p0,T qˆΩ , the approximated spatial and temporal error estimators η̃h
and η̃τ as well as the effectivity index Ieff during an adaptive refinement process for
several pairs of finite element spaces. Thereby, ep,r,q,s or in the following a cG(p)-
dG(r)/cG(q)-dG(s) discretization corresponds to a primal solution approximation
up,rτh in cG(p)-dG(r) and dual solution approximation zq,sτh in cG(q)-dG(s). We dis-
tinguish between an approximation of the temporal weights by using a higher-order
extrapolation strategy (Tables 4.4–4.9) or a higher-order finite elements strategy (Ta-
bles 4.10–4.12). In the former case, we further distinguish between an extrapolation
using Gauss quadrature points (Tables 4.4–4.6) or Gauss-Lobatto quadrature points
(Tables 4.7–4.9). Here and in the following, ` denotes the refinement level or DWR
loop, N the total cells in time, Nmax

K the number of cells on the finest spatial mesh
within the current loop, and N tot

DoF the total space-time degrees of freedom.
Regarding the accuracy of the underlying error estimator, as given by the last col-

umn of Tables 4.4–4.12, it can be summarized that all considered cG(p)-dG(r)/cG(q)-
dG(s) discretizations show a good quantitative estimation of the discretization error
as the respective effectivity index Ieff is around one. With regard to efficiency reasons
for a space-time adaptive algorithm, it is essential to ensure an equilibrated reduction
of the temporal as well as spatial discretization error, cf. the third note in Rem. 4.15.
Referring to this, we point out for all test cases a very good equilibration of the spa-
tial and temporal error indicators η̃h and η̃τ in the course of the refinement process
(columns six and seven of Tables 4.4–4.12).
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` N Nmax
K Ntot

DoF Jpe1,0,2,0q η̃h η̃dG,hoEx-Gτ Ieff

1 25 16 625 2.7354e-02 1.8926e-02 5.1137e-03 0.88
2 25 40 1067 1.5713e-02 6.7241e-03 4.5785e-03 0.72
3 31 100 3039 8.7396e-03 3.0774e-03 7.3577e-03 1.19
4 37 100 3583 7.1841e-03 3.7292e-03 8.1897e-03 1.65
5 44 100 4210 6.9192e-03 3.8660e-03 5.6193e-03 1.37
6 52 160 7408 4.6584e-03 1.8486e-03 3.7331e-03 1.19
7 62 160 8864 4.5581e-03 1.8725e-03 2.7634e-03 1.01
8 88 208 15276 3.2393e-03 1.1941e-03 2.2018e-03 1.04

Table 4.4: Adaptive refinement including effectivity indices with goal quantity (4.141),
ε “ 1, δ0 “ 0, and ω “ 1.5 for Example 4.2, using a higher-order extrapolation
strategy (Gauss) for the temporal weights. e1,0,2,0 corresponds to the primal and dual
solution approximation u1,0

τh in cG(1)-dG(0) and z2,0
τh in cG(2)-dG(0), respectively.

` N Nmax
K Ntot

DoF Jpe1,1,2,1q η̃h η̃dG,hoEx-Gτ Ieff

1 20 16 1000 2.4934e-02 2.5500e-02 5.5404e-04 1.04
2 20 40 1724 1.1888e-02 1.0845e-02 1.1496e-03 1.01
3 20 88 3404 7.8291e-03 6.8133e-03 1.5493e-03 1.06
4 20 148 5352 5.6387e-03 3.3423e-03 2.0080e-03 0.95
5 20 256 7600 4.8254e-03 1.6649e-03 2.5393e-03 0.87
6 37 256 14266 2.5684e-03 2.4006e-03 3.9763e-04 1.08
7 37 424 19190 2.0934e-03 1.7007e-03 4.9602e-04 1.04
8 37 724 29182 1.8398e-03 1.0117e-03 5.5312e-04 0.85

Table 4.5: Adaptive refinement including effectivity indices with goal quantity (4.141),
ε “ 1, δ0 “ 0, and ω “ 1.5 for Example 4.2, using a higher-order extrapolation
strategy (Gauss) for the temporal weights. e1,1,2,1 corresponds to the primal and dual
solution approximation u1,1

τh in cG(1)-dG(1) and z2,1
τh in cG(2)-dG(1), respectively.

` N Nmax
K Ntot

DoF Jpe2,2,3,2q η̃h η̃dG,hoEx-Gτ Ieff

1 10 4 750 2.8682e-02 2.1587e-02 4.6150e-04 0.77
2 10 16 2430 1.4199e-02 3.5422e-03 4.6597e-04 0.28
3 13 40 7527 9.2277e-03 2.6691e-04 3.1271e-04 0.06
4 16 76 14970 1.4287e-03 7.2741e-04 7.7024e-04 1.04
5 20 100 23940 6.6552e-04 8.8557e-04 3.5350e-04 1.86
6 20 148 27966 5.4387e-04 6.3643e-04 4.4004e-04 1.98
7 25 208 48885 2.4309e-04 2.1829e-04 1.1789e-04 1.38
8 25 268 60963 2.1102e-04 1.3182e-04 1.3780e-04 1.27

Table 4.6: Adaptive refinement including effectivity indices with goal quantity (4.141),
ε “ 1, δ0 “ 0, and ω “ 1.5 for Example 4.2, using a higher-order extrapolation
strategy (Gauss) for the temporal weights. e2,2,3,2 corresponds to the primal and dual
solution approximation u2,2

τh in cG(2)-dG(2) and z3,2
τh in cG(3)-dG(2), respectively.
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` N Nmax
K Ntot

DoF Jpe1,0,2,0q η̃h η̃dG,hoEx-GL
τ Ieff

1 25 16 625 2.7354e-02 9.0916e-03 2.6871e-03 0.43
2 25 40 1067 1.6011e-02 3.5069e-03 4.1412e-03 0.48
3 31 100 2923 9.0050e-03 2.0423e-03 4.0779e-03 0.68
4 45 160 6295 4.5301e-03 1.1878e-03 1.7596e-03 0.65
5 54 244 10782 3.2418e-03 5.9727e-04 1.7663e-03 0.73
6 79 244 15737 2.5454e-03 7.1197e-04 1.1242e-03 0.72
7 96 244 19148 2.3900e-03 7.4800e-04 9.3982e-04 0.71
8 117 388 35571 1.7208e-03 4.0226e-04 9.1843e-04 0.77

Table 4.7: Adaptive refinement including effectivity indices with goal quantity (4.141),
ε “ 1, δ0 “ 0, and ω “ 1.5 for Example 4.2, using a higher-order extrapolation strat-
egy (Gauss-Lobatto) for the temporal weights. e1,0,2,0 corresponds to the primal and
dual solution approximation u1,0

τh in cG(1)-dG(0) and z2,0
τh in cG(2)-dG(0), respectively.

` N Nmax
K Ntot

DoF Jpe1,1,2,1q η̃h η̃dG,hoEx-GL
τ Ieff

1 20 16 1000 2.4934e-02 1.4276e-02 4.2861e-04 0.59
2 20 40 1780 1.1506e-02 5.7523e-03 1.0207e-03 0.58
3 20 136 5544 5.4277e-03 1.8570e-03 2.1108e-03 0.73
4 26 220 9968 2.5790e-03 1.7388e-03 7.8413e-04 0.97
5 26 352 13836 2.0827e-03 8.8887e-04 9.6386e-04 0.89
6 32 652 33888 9.2141e-04 3.4916e-04 3.7122e-04 0.78
7 40 940 60932 6.7505e-04 3.6641e-04 3.0557e-04 1.00
8 50 1456 106980 4.6429e-04 2.5079e-04 2.1824e-04 1.01

Table 4.8: Adaptive refinement including effectivity indices with goal quantity (4.141),
ε “ 1, δ0 “ 0, and ω “ 1.5 for Example 4.2, using a higher-order extrapolation strat-
egy (Gauss-Lobatto) for the temporal weights. e1,1,2,1 corresponds to the primal and
dual solution approximation u1,1

τh in cG(1)-dG(1) and z2,1
τh in cG(2)-dG(1), respectively.

` N Nmax
K Ntot

DoF Jpe2,2,3,2q η̃h η̃dG,hoEx-GL
τ Ieff

1 10 4 750 2.8682e-02 2.1493e-03 1.0027e-03 0.11
2 12 16 2916 7.0121e-03 4.9133e-03 1.2111e-04 0.72
3 12 76 8388 1.7267e-03 9.9659e-04 4.9147e-04 0.86
4 14 124 18588 8.7433e-04 2.8278e-04 4.3942e-04 0.82
5 16 148 24924 5.4521e-04 1.5092e-04 1.1808e-04 0.49
6 19 184 34371 3.5432e-04 8.1237e-05 9.6884e-05 0.50
7 22 220 46656 2.7304e-04 6.3655e-05 6.6686e-05 0.48
8 26 364 75660 1.3884e-04 3.7858e-05 3.5975e-05 0.53

Table 4.9: Adaptive refinement including effectivity indices with goal quantity (4.141),
ε “ 1, δ0 “ 0, and ω “ 1.5 for Example 4.2, using a higher-order extrapolation strat-
egy (Gauss-Lobatto) for the temporal weights. e2,2,3,2 corresponds to the primal and
dual solution approximation u2,2

τh in cG(2)-dG(2) and z3,2
τh in cG(3)-dG(2), respectively.
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` N Nmax
K Ntot

DoF Jpe1,0,2,1q η̃h η̃dG,hoFEτ Ieff

1 25 16 625 2.7354e-02 2.1815e-02 1.0990e-02 1.19
2 25 40 1053 1.5764e-02 8.9839e-03 1.8929e-02 1.77
3 33 40 1409 1.2960e-02 9.9185e-03 1.0358e-02 1.56
4 42 88 3842 7.3767e-03 5.1465e-03 1.0170e-02 2.07
5 54 88 4854 6.6367e-03 5.3181e-03 6.5547e-03 1.78
6 70 160 8788 4.1634e-03 3.1242e-03 5.5366e-03 2.08
7 91 160 11395 4.0347e-03 3.0557e-03 4.0652e-03 1.76
8 105 160 16357 3.1593e-03 2.1538e-03 3.7839e-03 1.87

Table 4.10: Adaptive refinement including effectivity indices with goal quantity
(4.141), ε “ 1, δ0 “ 0, and ω “ 1.5 for Example 4.2, using a higher-order finite ele-
ments strategy for the temporal weights. e1,0,2,1 corresponds to the primal and dual
solution approximation u1,0

τh in cG(1)-dG(0) and z2,1
τh in cG(2)-dG(1), respectively.

` N Nmax
K Ntot

DoF Jpe1,1,2,2q η̃h η̃dG,hoFEτ Ieff

1 20 16 1000 2.4934e-02 2.6265e-02 1.2685e-03 1.10
2 20 40 1808 1.1240e-02 1.0492e-02 2.8598e-03 1.18
3 24 160 7796 2.8027e-03 2.7916e-03 2.0501e-03 1.72
4 28 316 14340 1.5789e-03 7.0242e-04 1.4408e-03 1.35
5 33 316 16990 1.5221e-03 7.5932e-04 1.0656e-03 1.19
6 46 544 39612 8.7873e-04 4.0805e-04 5.0376e-04 1.03
7 55 820 74310 5.1495e-04 2.0234e-04 3.7718e-04 1.12
8 66 820 89752 4.8725e-04 2.0333e-04 2.5583e-04 0.94

Table 4.11: Adaptive refinement including effectivity indices with goal quantity
(4.141), ε “ 1, δ0 “ 0, and ω “ 1.5 for Example 4.2, using a higher-order finite ele-
ments strategy for the temporal weights. e1,1,2,2 corresponds to the primal and dual
solution approximation u1,1

τh in cG(1)-dG(1) and z2,2
τh in cG(2)-dG(2), respectively.

` N Nmax
K Ntot

DoF Jpe2,2,3,3q η̃h η̃dG,hoFEτ Ieff

1 10 4 750 2.8682e-02 2.1095e-02 3.2341e-03 0.84
2 10 16 2430 1.4199e-02 3.9136e-03 7.3705e-03 0.79
3 14 16 3402 7.0094e-03 6.0323e-03 3.6965e-04 0.91
4 14 28 5922 3.0814e-03 1.8958e-03 9.3145e-04 0.91
5 14 88 12432 1.6269e-03 8.3722e-04 1.7411e-03 1.58
6 20 88 18150 1.1644e-03 1.0968e-03 5.2159e-04 1.39
7 28 184 39870 4.9436e-04 5.0246e-04 6.1798e-05 1.14
8 28 256 62190 1.9469e-04 1.1485e-04 1.5513e-04 1.38

Table 4.12: Adaptive refinement including effectivity indices with goal quantity
(4.141), ε “ 1, δ0 “ 0, and ω “ 1.5 for Example 4.2, using a higher-order finite ele-
ments strategy for the temporal weights. e2,2,3,3 corresponds to the primal and dual
solution approximation u2,2

τh in cG(2)-dG(2) and z3,3
τh in cG(3)-dG(3), respectively.

147



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

¨10´2

t

τKpI
8
nq

(a)

(b) (c) (d) (e)

Figure 4.17: Distribution of the adaptively determined temporal step size τK belong-
ing to the space-time slabs Q8

n “ T 8
h,n ˆ T 8

τ,n (a) and related adaptive spatial meshes
at time points tn “ 0 (b), tn “ 0.25 (c), tn “ 0.75 (d) and tn “ 1 (e) corresponding
to the last loop in Table 4.4.
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Figure 4.18: Distribution of the adaptively determined temporal step size τK belong-
ing to the space-time slabs Q8

n “ T 8
h,n ˆ T 8

τ,n (a) and related adaptive spatial meshes
at time points tn “ 0 (b), tn “ 0.25 (c), tn “ 0.75 (d) and tn “ 1 (e) corresponding
to the last loop in Table 4.7.
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Figure 4.19: Distribution of the adaptively determined temporal step size τK belong-
ing to the space-time slabs Q8

n “ T 8
h,n ˆ T 8

τ,n (a) and related adaptive spatial meshes
at time points tn “ 0 (b), tn “ 0.25 (c), tn “ 0.75 (d) and tn “ 1 (e) corresponding
to the last loop in Table 4.10.

As mentioned before, we have modified Example 4.2 with the purpose to obtain more
dynamic behavior in time in order to demonstrate the performance properties of the
space-time algorithm with regard to adaptive mesh refinement. Since a goal functional
(4.141) is used that acts global in space as well as in time, one would expect an almost
equal distribution of the temporal step size on I for a solution that acts smooth in
time. Unlike the smoothness in time, the prescribed solution (4.142) in Example 4.2
is chosen to change its orientation at t “ 0.25 as well as t “ 0.75, so that the expected
temporal step size should be smaller close to these time points. This behavior is con-
firmed by the Figs. 4.17–4.19a, where the distribution of the adaptively determined
time cell lengths τK of T `τ,n related to the slab Q`

n over the whole time interval I
is visualized for the last DWR loop, exemplary for a cG(1)-dG(0)/cG(2)-dG(0) dis-
cretization using a higher-order extrapolation approximation for the temporal weights
based either on Gauss (Fig. 4.17a) or on Gauss-Lobatto (Fig. 4.18a) quadrature points
and for a cG(1)-dG(0)/cG(2)-dG(1) discretization using a higher-order finite elements
approximation for the temporal weights (Fig. 4.19a), respectively. In all three cases
the temporal mesh is almost equally decomposed, but significantly more refined close
to the time points where the hill changes its orientation (t “ 0.25 and t “ 0.75).
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Moreover, Figs. 4.17–4.19 include the visulization of several adaptive spatial meshes
at selected time points. Considering the underlying spatial meshes, we note that
the total number of the spatial cells is nearly equal to each other comparing posi-
tions 4.17–4.19b with 4.17–4.19e and 4.17–4.19c with 4.17–4.19d, respectively, but
the distribution of the spatial cells differs depending on the related position of the
hill. Thus, for the chosen goal functional (4.141) the spatial mesh runs as expected
with the rotation of the hill in a synchronous way. In addition, we note that the mesh
refinement is slightly weaker at the final time point compared to the initial position.
This is due to the error propagation of the underlying problem which is captured by
the dual weights in the error estimate. This effect is in good agreement to the results
obtained for the heat equation in [20, p. 122].

Conclusion 4.2 (Accuracy and Efficiency - hoEx-G vs. hoEx-GL vs. hoFE)
As an interim conclusion, we summarize the following.

• All test cases end up with a very economical mesh in space and time with regard
to a global in time acting goal functional (cf. Figs. 4.17–4.19) along with a high
quality in the computation of the user-specified goal quantity; cf. the last column
of Tables 4.4–4.12. This behavior is all the more remarkable since the initial
space-time slabs consist of rather coarse meshes in space as well as in time.

• With regard to accuracy, all cG(p)-dG(r)/cG(q)-dG(s) discretizations show
a good quantitative estimation of the discretization error, independent of the
underlying approximation technique used for the temporal weights; cf. the last
column of Tables 4.4–4.12.

• With regard to efficiency, all cG(p)-dG(r)/cG(q)-dG(s) discretizations show
a very good equilibration of the spatial and temporal error indicators η̃h and η̃τ ,
independent of the underlying approximation technique used for the temporal
weights; cf. the columns six and seven of Tables 4.4–4.12.

4.5.3 Moving Hump with Circular Layer - Stability and Ro-
bustness for a Convection-Dominated Benchmark

The last example is dedicated to convection-dominated cases for a sequence of de-
creasing diffusion coefficients using a local goal functional. It is an extension of
Example 3.1 with regard to a time-dependent solution and goes back to [120, 3].
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Example 4.3 (Moving Hump with Circular Layer)
We study Problem (4.1) for a diffusive parameter dependent exact solution, given by

upx, tq :“ u1 ¨ u2 , x “ px1, x2q
J
P R2 and t P R ,

u1px, tq :“ 16 sinpπtqx1p1´ x1qx2p1´ x2q , (4.143)

u2pxq :“

˜

1

2
`

arctan
“

2ε´
1
2

`

r2
0 ´ px1 ´ x

0
1q

2 ´ px2 ´ x
0
2q

2
˘‰

π

¸

,

The (analytical) solution is characterized by a hump changing its height in the course
of the time. The problem is defined on Ω ˆ I :“ p0, 1q2 ˆ p0, 0.5s with the scalars
r0 “ 0.25 and x0

1 “ x0
2 “ 0.5, such that the maximum height of the hump is reached at

the final time point. The right-hand side forcing term f , the homogeneous Dirichlet
boundary condition and the initial condition are calculated from the given analytical
solution (4.143) and Eqs. (4.1). We choose the flow field b “ p2, 3qJ and the reaction
coefficient α “ 1. Since this example deals with a sequence of decreasing diffusion co-
efficients involving high Péclet numbers as part of investigating convection-dominated
problems, the finite element approximations need to be stabilized resulting in a no
longer non-zero stabilization parameter δK ‰ 0 within the proposed SUPG approach
as it was done in the previous two examples. The goal quantity is chosen to control
the L2-error e´N , e

´
N “ upx, T q ´ uτhpT

´q, at the final time point T “ 0.5, given by

JT puq “

`

upx, T q, e´N
˘

}e´N}
. (4.144)

(a) (b) (c) (d)

Figure 4.20: Exemplary solution profiles for ε “ 10´6 at time points tn “ 0.125 (a),
tn “ 0.25 (b), tn “ 0.375 (c) and tn “ 0.5 (d) for Example 4.3.

Similar to Example 3.1 for the steady-state case, we start with a comparison of
the approximation approaches for the temporal weights with regard to accuracy and
efficiency reasons. More precisely, we compare the approximation by higher-order
extrapolation using Gauss or Gauss-Lobatto quadrature points and the approximation
by higher-order finite elements, respectively, as introduced in Sec. 4.3.2.
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Figure 4.21: Comparison of effectivity indices (over total space-time degrees of free-
dom) for a sequence of decreasing diffusion coefficients ε with δ0 “ 1 and ω “ 2 for
Example 4.3. The primal solution approximation is u1,0

τh in cG(1)-dG(0) and the dual
solution approximations are z2,0

τh in cG(2)-dG(0), z2,1
τh in cG(2)-dG(1).

In Fig. 4.21, we visualize the development of the respective effectivity indices for
a sequence of decreasing diffusion coefficients involving high Péclet numbers. Overall,
the development as well as the actual values of the indices are similar in all considered
cases of ε, but there are slightly differences with regard to stability and achievement
of the desired value of one. In the case of ε “ 10´3, we observe a slight overestimation
of the exact error by using a higher-order extrapolation approach for the temporal
weights. This observation holds true for both using Gauss (red line) or Gauss-Lobatto
(green line) quadrature points. In contrast, the higher-order finite elements approach
(blue line) seem to be more stable as taking values very close to one through the whole
range of total space-time degrees of freedom or rather for all DWR loops within one
adaptive refinement run. A similar behavior can be observed for the case of ε “ 10´4.
The more challenging case of ε “ 10´6 shows a slightly different behavior compared to
the other two choices of the diffusion coefficient. Here, all approximation approaches
show up with small values for the respective effectivity index at the beginning. It
takes some refinement processes until this value increases, cf. also Table 4.13. Again,
the higher-order finite elements approach shows slightly better results with regard to
the faster achievement of the desired value of one and stability as far as being close
to this value. The approximation by higher-order extrapolation, however, takes more
refinement levels for reaching the desired value (extrapolation based on Gauss quadra-
ture points, red line) or rather getting at least closer to it (extrapolation based on
Gauss-Lobatto quadrature points, green line). This is in good agreement to the results
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obtained within the steady-state case, cf. Fig. 3.4-3.5 of Example 3.1 in Chapter 3
and the explanations therein. Nevertheless, the differences between an approximation
by higher-order extrapolation or finite elements, respectively, is not that significant
as it was observed for the steady-state case.

Higher-Order Extrapolation (Gauss)

` N Nmax
K Ntot

DoF JT pe
1,0,2,0q η̃h η̃dG,hoEx-Gτ Ieff

1 10 256 2890 1.5766e-01 8.2411e-03 -3.7392e-03 0.029
7 10 1744 8812 6.5846e-02 -7.8371e-03 -2.9862e-04 0.124
12 26 2200 34330 7.1833e-02 8.0055e-05 -9.7079e-03 0.134
15 37 2200 48933 7.8090e-02 1.6105e-03 -6.1815e-03 0.059
18 55 4060 113921 3.2128e-02 8.9406e-03 -1.5898e-03 0.229
23 55 36004 364439 8.6427e-03 4.0911e-03 1.1980e-03 0.612
26 72 104800 1231580 3.9484e-03 3.0524e-03 7.1158e-04 0.953
30 108 317572 4999150 1.6206e-03 9.8061e-04 6.6106e-04 1.013
31 124 488884 7672162 1.2173e-03 6.1208e-04 6.4369e-04 1.032

Higher-Order Extrapolation (Gauss-Lobatto)

` N Nmax
K Ntot

DoF JT pe
1,0,2,0q η̃h η̃dG,hoEx-GL

τ Ieff

1 10 256 2890 1.5766e-01 1.2740e-02 -5.2019e-03 0.048
4 12 616 5678 1.0917e-01 -1.3654e-02 -1.2161e-04 0.126
11 12 4504 22360 2.2853e-02 5.0269e-03 3.2887e-03 0.364
14 19 9340 75297 1.0323e-02 2.6713e-03 2.6807e-03 0.518
17 31 14200 220041 6.2166e-03 1.0727e-03 2.5099e-03 0.576
20 52 20872 497722 2.8948e-03 8.7129e-04 1.0268e-03 0.656
25 126 47260 2766248 9.8970e-04 2.5921e-04 5.4852e-04 0.816
27 181 59956 4828999 7.3743e-04 1.7729e-04 3.2093e-04 0.676
28 217 68128 6812307 6.1159e-04 1.5662e-04 2.7202e-04 0.701

Higher-Order Finite Elements

` N Nmax
K Ntot

DoF JT pe
1,0,2,1q η̃h η̃dG,hoFEτ Ieff

1 10 256 2890 1.5766e-01 1.2294e-02 1.0976e-03 0.085
7 10 1288 8132 6.4279e-02 4.3335e-03 -4.4758e-03 0.002
12 16 5788 43208 1.8951e-02 7.1073e-03 2.1344e-03 0.488
15 16 8488 74748 8.9500e-03 3.6347e-03 2.9973e-03 0.741
20 37 20428 474275 3.3894e-03 1.7497e-03 1.3950e-03 0.928
23 62 30808 1192298 1.8388e-03 9.5589e-04 8.6632e-04 0.991
24 74 40108 1731154 1.4838e-03 7.8528e-04 7.1921e-04 1.014
26 105 54892 3545763 9.8131e-04 4.3559e-04 5.2019e-04 0.974
27 126 61564 5005616 8.0768e-04 3.8737e-04 3.7806e-04 0.948

Table 4.13: Selected DWR-loops within one adaptive refinement run including effec-
tivity indices for goal quantity (4.144), ε “ 10´6, δ0 “ 1 and ω “ 2 for Example 4.3,
using different approximation approaches for the temporal weights. e1,0,2,0 or e1,0,2,1

corresponds to the primal and dual solution approximation u1,0
τh in cG(1)-dG(0) and

z2,0
τh in cG(2)-dG(0) or z2,1

τh in cG(2)-dG(1), respectively.
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In Table 4.13, we present some selected DWR loops (`, first column) within one
adaptive refinement run for the different approximation approaches of the temporal
weights, exemplary for the strongly convection-dominated case of ε “ 10´6. This
table corresponds to the last plot of Fig. 4.21 and Fig. 4.22, respectively, and demon-
strates the related development of the total discretization error JT peq “ }e´N}Ω , the
approximated spatial and temporal error indicators η̃h and η̃τ as well as the effectivity
index Ieff during an adaptive run. Here, ep,r,q,s corresponds to a primal solution ap-
proximation up,rτh in cG(p)-dG(r) and dual solution approximation zq,sτh in cG(q)-dG(s),
N denotes the total cells in time, Nmax

K the number of cells on the finest spatial mesh
within the current loop, and N tot

DoF the total space-time degrees of freedom. All ap-
proaches have in common that the approximated spatial discretization error is clearly
larger than its temporal counterpart at the beginning. Therefore, the algorithm or-
ders solely spatial refinement in the first DWR loops (cf. columns one and two of
Table 4.13). Similar to Example 4.2, the spatial and temporal error indicators get
closer to each other in the course of the adaptive run and a very good equilibra-
tion is obtained in the final loops (cf. columns six and seven of Table 4.13). This
equilibration is essential with regard to efficiency reasons for a space-time adaptive
algorithm, cf. Rem. 4.15. With regard to accuracy, we observe an increase of the
effectivity index in the course of the adaptive run. Thereby, the approximation by
higher-order finite elements and extrapolation using Gauss quadrature points show
an almost perfect approximation quality of the actual discretization error, as visible
by effectivity indices very close to one (cf. the last column of Table 4.13). Although
the effectivity index within the extrapolation using Gauss-Lobatto quadrature points
are slightly worse, this technique still provides a good quantitative estimation of the
discretization error in the course of the adaptive run.

In Fig. 4.22, we compare the L2-error reduction at the final time point in view
of global and adaptive refinement for the same sequence of decreasing diffusion coef-
ficients as in Fig. 4.21. As in the steady-state case, cf. Fig.3.8 of Example 3.1, the
DWR-based adaptive refinement is clearly superior to the global refinement in terms
of accuracy over total space-time degrees of freedom, independent of the underly-
ing approximation technique. The difference between global and adaptive refinement
increases as the diffusion coefficient decreases. Again, the differences between the re-
spective approaches are of only marginal significance. Solely, in the case of ε “ 10´6,
the approximation by higher-order extrapolation based on Gauss quadrature points
shows a slower reduction compared to the other two approaches, but compared to
global refinement it is still strongly superior.
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Figure 4.22: L2-error reduction at T “ 0.5 in Example 4.3 for a sequence of decreasing
diffusion coefficients ε with δ0 “ 1 and ω “ 2. The primal solution approximation
is u1,0

τh in cG(1)-dG(0) and the dual solution approximations are z2,0
τh in cG(2)-dG(0),

z2,1
τh in cG(2)-dG(1).
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In contrast to Example 4.2, the goal functional (4.144) acts local in time aiming
to control the L2-error at the final time point T “ 0.5 only. Therefore, one would
expect a decrease of the temporal step size in the course of time. This behavior
is confirmed by the left part of Fig. 4.23, where exemplary for the case ε “ 10´6

the distribution of the adaptively determined time cell lengths τK of T `τ,n related
to the slab Q`

n over the whole time interval I is visualized for the respective last
DWR loop, exemplary for a cG(1)-dG(0)/cG(2)-dG(0) discretization using a higher-
order extrapolation approximation for the temporal weights based either on Gauss
(Fig. 4.23a(left)) or on Gauss-Lobatto (Fig. 4.23b(left)) quadrature points and for a
cG(1)-dG(0)/cG(2)-dG(1) discretization using a higher-order finite elements approxi-
mation for the temporal weights (Fig. 4.23c(left)), respectively. For all approximation
approaches we observe a relatively large temporal size of the first slabs whereas this
size becomes much smaller in the course of time reaching the final time point T “ 0.5.
Note that the first steps are still equal to the initial distribution of the temporal mesh.
Moreover, on the right part of Fig. 4.23, the related primal spatial degrees of freedom
of the single slabs over the whole time interval I are depicted for the last DWR loop,
denoted by Nn,`

DoF , ` P t27, 28, 31u. Consistently, the degrees of freedom increase in
the course of time reaching the final time point.

Finally, in Figs. 4.24-4.26, we present the primal solution profiles and related
spatial meshes at different time points corresponding to the respective last DWR loop
within Table 4.13.Considering the solution profiles at t “ 0.25 for all approximation
approaches, we observe that the respective solution is still strongly perturbed in the
backward part of the hump’s layer (cf. the respective value ranges with the exact
minimum and maximum value of the solution u at t “ 0.25, given by 0 and 0.705,
respectively). The mesh is coarse in that part of the domain and the refinement takes
mainly place on the south-western part of the circular layer due to the prescribed
direction of the flow field b (cf. Figs. 4.24-4.26a). For T “ 0.5 an almost perfect
solution profile is obtained for all approximation cases and the spatial mesh cells are
located close to the whole circular layer and behind the hump in the north-eastern
part of the domain where the direction of the flow field has an impact towards the
end of time (cf. Figs. 4.24-4.26b). The mesh is considerably more refined at the final
time point involving a higher number of degrees of freedom, cf. the respective right
part of Fig. 4.23. Furthermore, we note that the spurious oscillations are reduced
significantly and, compared to the case at t “ 0.25, this time the respective value
ranges are much closer to the exact minimum and maximum value of the solution u
at t “ 0.5, given by 0 and 0.997, respectively. Such a behavior is admissible for a
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(a) Higher-order extrapolation using Gauss quadrature points.
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(b) Higher-order extrapolation using Gauss-Lobatto quadrature points.
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(c) Higher-order finite elements.

Figure 4.23: Distribution of the adaptively determined temporal step size τK (left)
and primal spatial degrees of freedom (right) related to the space-time slabs of the
different approximation approaches for the temporal weights corresponding to the
respective last DWR loop in Table 4.13.
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local in time acting goal functional (4.144) and nicely illustrates the potential of the
DWR approach as obtaining highly economical meshes in space and time located at
the time point to be controlled, whereas the solution is allowed to be of low resolution
and the related meshes are notably less refined away from this time point.

(a) t “ 0.25 (b) t “ 0.5

Figure 4.24: Solution profiles, value range and related adaptively refined spatial
meshes at different time points within the last DWR loop ` “ 31 for the higher-order
extrapolation approach using Gauss quadrature points with goal functional (4.144)
and ε “ 10´6 for Example 4.3, using a cG(1)-dG(0)/cG(2)-dG(0) discretization.

(a) t “ 0.25 (b) t “ 0.5

Figure 4.25: Solution profiles, value range and related adaptively refined spatial
meshes at different time points within the last DWR loop ` “ 28 for the higher-
order extrapolation approach using Gauss-Lobatto quadrature points with goal func-
tional (4.144) and ε “ 10´6 for Example 4.3, using a cG(1)-dG(0)/cG(2)-dG(0) dis-
cretization.
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(a) t “ 0.25 (b) t “ 0.5

Figure 4.26: Solution profiles, value range and related adaptively refined spatial
meshes at different time points within the last DWR loop ` “ 27 for the higher-order
finite elements approach with goal functional (4.144) and ε “ 10´6 for Example 4.3,
using a cG(1)-dG(0)/cG(2)-dG(1) discretization.

Conclusion 4.3 (Convection-Dominated - hoEx-G vs. hoEx-GL vs. hoFE)
As an interim conclusion, we summarize the following.

• All test cases end up with a very economical mesh in space and time with regard
to a local in time acting goal functional, (cf. Figs. 4.23 as well as 4.24–4.26)
along with a high quality in the computation of the user-specified goal quantity;
cf. the last column of Table 4.13.

• Comparing the approximation techniques used for the temporal weights, the
higher-order finite elements approach shows slightly better results with re-
gard to accuracy of the underlying error estimator; cf. Fig. 4.21 as well as
Table 4.13 (last column). However, the difference to the higher-order extrap-
olation approach is not that significant as in the steady-state case; cf. Conclu-
sion 3.1 in Sec. 3.4.1.

• With regard to efficiency, all approximation techniques used for the temporal
weights show a very good equilibration of the spatial and temporal error indi-
cators η̃h and η̃τ , even though the approximated spatial discretization error is
significantly larger than its temporal counterpart at the beginning; cf. the course
of columns six and seven of Table 4.13.

• With regard to the reduction of the L2-error, the dominance of goal-oriented
adaptive mesh refinement towards global refinement becomes clearer the higher
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the underlying Péclet number is chosen; cf. Fig. 4.22. This holds true for all
approximation techniques used for the temporal weights, although higher-order
extrapolation based on Gauss quadrature points shows a slower reduction com-
pared to the other both approaches.

4.5.4 Final Summary

With reference to the specific results outlined in Conclusions 4.1–4.3, we summarize
the following. All approximation techniques yield efficient and accurate results for
solving time-dependent convection-dominated problems. With regard to efficiency
and reliability reasons, the independence of one part of the splitted error estimator
on the refinement of the other discretization was demonstrated, cf. Table 4.2 and
Table 4.3. Furthermore, very good equilibrations of the spatial and temporal error
indicators were observed in the course of the refinement process, cf. Tables 4.4-4.12,
and highly economical meshes in space and time were obtained with regard to the
underlying goal quantity, cf. Figs. 4.17-4.19 as well as Figs. 4.23-4.26. With regard to
convection-dominated cases involving stabilization, robustness of the respective ap-
proaches with respect to vanishing diffusion parameters was shown and quantitative
good results for the estimation of the discretization errors were obtained, cf. Fig. 4.21
and Table 4.13. Even though the higher-order finite elements approach shows slightly
better results with regard to accuracy and stability (cf. Fig. 4.21), the differences to
the higher-order extrapolation approaches in all was not that significant as for the
steady-state case (cf. Ch. 3), even less if we take into account the higher computa-
tional costs for solving the dual problem.

160



Chapter 5

Multirate Goal-Oriented Error
Control for Coupled Flow and
Transport Problems

In this chapter, we present the application of goal-oriented error control based on
the Dual Weighted Residual method to coupled flow and transport problems using
a multirate in time approach. The challenges of those problems come through dif-
ferent natural time scales of the underlying subproblems and their impacts regarding
suitable time discretizations, cf., e.g., [111, 89, 94, 10]. An efficient numerical sim-
ulation with regard to the temporal discretization does not become feasible without
using techniques adapted to these characteristic time scales that resolve the solution
components on their respective time length by an adaptation of the time steps sizes.
Such methods are referred to as multirate in time (for short, multirate) schemes. For
a short review of multirate methods including a list of references we refer to the main
introduction.

With regard to the coupled model problem, we assume a high time-dynamic, i.e.
fast moving process modeled by a convection-diffusion-reaction transport equation
such that the underlying temporal mesh is discretized using smaller time step sizes
compared to a slowly moving process modeled by a viscous time-dependent Stokes
flow problem. Our motivation comes through the definition of so-called characteristic
times for the two subproblems that serve as quantities to measure the underlying
dynamic in time that have their origin in the field of natural and engineering sciences,
cf., e.g., [93, 146].

Imagine a slowly creeping flow in which a species is transported, for instance, a
toxic, viscous fluid that runs into a strongly flowing river due to an accident within
a nearby company. What are the effects of this pollution to the species living in the
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river and how does the spreading takes place by the injection to the river and in
the following? In practice, such a case can be modeled by a system of n transport
equations representing the different species or concentrations coupled with a time-
dependent Stokes flow problem characterizing the pollution, possibly given by the
following coupled system

Btui ´∇ ¨ pε∇uiq ` v ¨∇ui ` rpuiq “ gipu, tq , i “ 1, . . . , n ,

Btv ´ ν∆v `∇p “ fpu, tq ,

∇ ¨ v “ 0 .

Such multi-physics systems of coupled flow and transport serve as prototype models
for applications in several branches of natural and engineering scienes, for instance,
contaminant transport and degradation in the subsurface, reservoir simulation, fluid-
structure interaction, and thermal and mass transport in deformable porous media
or thermal expansion in solid mechanics; cf., e.g., [133, 148, 38, 145, 152, 184, 185,
28, 41, 9].

The case of a slowly varying flow and a rapidly changing transport is ideally
suitable for investigating multirate in time phenomena with regard to different time
scales and the impact of adaptive mesh refinement used thereby. With regard to
coupled problems, adaptive strategies become even more crucial since besides the
need of error indicators that tell us in which part of the domain the solution needs
to be improved one wants to know which of the subproblems contributes most to the
overall error, and thus needs to be solved more accurately, cf., e.g., [133, 45, 111, 186,
185, 159]. Moreover, by an increasing complexity with regard to an efficient handling
of the underlying discretization parameters in space and time for both subproblems,
an adaptive algorithm that handles these parameters automatically by means of an a
posteriori error estimator seems to be predestined. Beyond that, the here presented
approach of the coupled system is fairly general such that it can easily be adopted to
other types of problems as exemplarily described above.

This chapter is organized as follows. We start by introducing the coupled system
together with some global assumptions and general concepts including the underlying
variational formulation. Then, we explain our multirate in time approach for the two
subproblems and present the (stabilized) space-time discretization schemes. After-
wards, we derive a posteriori error estimators for both the transport and Stokes flow
problem including the introduction of the dual problems. Similar to the preceding
chapters, a section regarding practical aspects follows with regard to the underlying
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concepts of goal-oriented adaptivity as well as some software skills. Thereby, we in-
troduce time marching schemes for the primal and dual problems, derive localized
forms of the error estimators and present the goal-oriented space-time adaptive algo-
rithm in different variations. The chapter is closed by some numerical experiments, in
which we validate our higher-order space-time implementations and investigate the
performance properties of the algorithm with regard to the new multirate in time
approach. Some parts of this chapter have been published by the author et al. in [52]
and [29], respectively.

Henceforth, for the sake of simplicity, we reduce the system above to the case
n “ 1, modeling, for instance, heat transport in a creeping viscous fluid. Then, the
convection-diffusion-reaction transport problem coupled with time-dependent Stokes
flow is given by the following model problem.

Problem 5.1 (Coupled Flow and Transport Problem)
The time dependent convection-diffusion-reaction transport problem in dimensionless
form is given by

Btu´∇ ¨ pε∇uq ` v ¨∇u` αu “ g in Q “ Ω ˆ I ,

u “ uD on ΣD “ ΓD ˆ I ,

ε∇u ¨ n “ uN on ΣN “ ΓN ˆ I ,

up0q “ u0 on Σ0 “ Ω ˆ t0u ,

(5.1)

for a boundary partition BΩ “ ΓD Y ΓN , ΓD ‰ H with outer unit normal vector n.
The convection or velocity field v in the transport problem (5.1) is determined by the
dimensionless Stokes flow system

Btv ´∇ ¨ spvq `∇p “ f in Q “ Ω ˆ I ,

∇ ¨ v “ 0 in Q “ Ω ˆ I ,

v “ vD on Σinflow “ Γinflow ˆ I ,

v “ 0 on Σwall “ Γwall ˆ I ,

spvqn´ pn “ 0 on Σoutflow“ Γoutflow ˆ I ,

v “ v0 on Σ0 “ Ω ˆ t0u ,

(5.2)

for a boundary partition BΩ “ ΓinflowYΓwallYΓoutflow which is (in general) independent
from the boundary partition of the transport problem. The appropriate choice for the
boundary partition and setting of the inflow profiles is standard and can be found in
the literature, e.g., [79, XIV, Ch. 72], [112, Ch. 4.1].

In Eqs. (5.1) and (5.2), we denote by Q “ ΩˆI the space-time domain, where Ω Ă
Rd, with d “ 2 or d “ 3, is a polygonal or polyhedral bounded domain with Lipschitz
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boundary BΩ and I “ p0, T q, 0 ă T ă 8, is a finite time interval. We assume
that 0 ă ε ď 1 is a constant diffusion coefficient, α P L8

`

I;L8pΩq
˘

is a non-negative
(α ą 0) reaction coefficient, u0 P L

2pΩq is a given initial condition, g P L2pI;H´1pΩqq

is a given source of the unknown scalar quantity u, uD P L2pI;H
1
2 pΓDqq is a given

function specifying the Dirichlet boundary condition, and uN P L2pI;H´ 1
2 pΓNqq is a

given function specifying the Neumann boundary condition.
Within the flow problem the second-order tensor of symmetrized gradients spvq is

the viscous stress tensor defined as

spvq :“ 2ν εpvq , εpvq :“
1

2
p∇v ` p∇vqJq ,

where εpvq is the (linearized) strain rate tensor and the parameter ν ą 0 is the
dynamic or shear viscosity assumed to be constant and dimensionless here for the
sake of simplicity. The gradient of the velocity is a tensor with the components

p∇vqi,j “ Bjvi “
Bvi
Bxj

, i, j “ 1, 2, 3 .

Furthermore, f P L2pI;H´1pΩqdq is a given volume force, p P L2pI;L2
0pΩqq is the

pressure variable, and v0 P HdivpΩq is a given initial condition, where the function
spaces L2

0pΩq and HdivpΩq are defined in Sec. 2.1.1 of Ch. 2, respectively.

Remark 5.1 (Different Forms of Viscous Term, cf. [112], Rem. 2.20)
Assume that v is sufficiently smooth with ∇ ¨ v “ 0. Then, straightforward calcula-
tions, using the Theorem of Schwarz and the second equation of (5.2), give

∇ ¨ p∇vq “ ∆v , ∇ ¨ p∇vqJ “ ∇p∇ ¨ vq “

¨

˝

Bx1p∇ ¨ vq
Bx2p∇ ¨ vq
Bx3p∇ ¨ vq

˛

‚“ 0 .

Thus, the viscous term is equivalent to

´2ν∇ ¨ εpvq “ ´ν∆v .

For simplicity, we will use the latter version of the viscous term here and in the
following, although the implemented version for our numerical examples in Sec.5.4 is
based on the first one.

Henceforth, for the sake of simplicity, we assume homogeneous Dirichlet boundary
values uD “ 0 on ΓD “ BΩ in the transport problem and no-slip Dirichlet boundary
values v|BΩ “ 0 in the flow problem, respectively. In our numerical examples in
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Sec. 5.4 we also consider more general boundary conditions as introduced above,
whose incorporation is straightforward, cf. also Rem. 4.14 and, e.g., [92].

Finally, with regard to the characteristic times mentioned in the introduction of
this chapter, we assume the following.

Assumption 5.1 The characteristic time ttransport of the transport equation (5.1)
can be comprehended as a dimensionless time variable depending on the diffusive,
convective as well as reactive part and is here defined by

ttransport :“ min

#

L2

ε
;
L

V
;

1

α

+

, (5.3)

where L denotes the characteristic length of the domain Ω, for instance, its diameter,
and V denotes a characteristic velocity of the flow field v, for instance, the mean
inflow velocity given by 1

T |Γinflow|

ş

I

ş

Γinflow
vD ¨ p´nq do dt; cf.[93, 146] for more details.

The characteristic time tflow of the Stokes flow equation (5.2) is then defined by

tflow :“
L

V
, (5.4)

with L and V being chosen as in (5.3).

With regard to the characteristic times of the two subproblems defined in Assump-
tion 5.1, we assume that ttransport ! tflow such that we are using a finer temporal mesh
to resolve the dynamics of a faster process given by the transport equation compared
to the slower process of the viscous, creeping flow. This multirate in time approach
is described in detail in the following section.

For the corresponding variational formulations of the two subproblems of Prob-
lem 5.1, we introduce the following function spaces as given in Def. 2.3 of Sec. 2.1.2.

X :“

"

u P L2pI;Xq
ˇ

ˇ

ˇ
Btu P L

2pI;H´1pΩqq

*

, with X :“ H1
0 pΩq ,

Y1 :“

"

v P L2pI;Xdq

ˇ

ˇ

ˇ
Btv P L

2pI;H´1pΩqdq

*

,

Y2 :“

"

p P L2pI;Y q

*

, with Y :“ L2
0pΩq ,

Y :“ Y1 ˆ Y2 “

"

u “ tv, pu P Y1 ˆ Y2

*

.

(5.5)

Using these function spaces, the weak formulation of the transport problem (5.1)
reads as follows.
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Problem 5.2 (Variational Formulation Transport Problem)
For a given v P Y1 of Problem 5.3, find u P X such that

Apu;vqpϕq “ Gpϕq @ϕ P X , (5.6)

where the bilinear form Ap¨; ¨qp¨q and the linear form Gp¨q are defined by

Apu;vqpϕq :“

ż

I

 

pBtu, ϕq ` apu;vqpϕq
(

dt ` pup0q, ϕp0qq , (5.7)

Gpϕq :“

ż

I

pg, ϕq dt` pu0, ϕp0qq , (5.8)

with the inner bilinear form ap¨; ¨qp¨q given by

apu;vqpϕq :“ pε∇u,∇ϕq ` pv ¨∇u, ϕq ` pαu, ϕq . (5.9)

Remark 5.2 (Well-Posedness and Regularity Transport) With regard to well-
posedness and sufficient regularity we assuume the following.

• The model problem (5.6) along with the conditions given in Problem 5.1 is well-
posed, cf. Prop. 4.1 as well as Rem. 4.1.

• We note that in Problem 5.2 it is sufficient to require the test functions ϕ to
be in L2pI;Xq. Nevertheless, since X is dense in L2pI;Xq with respect to the
norm of L2pI;Xq (cf. Corollary 2.1 in Sec. 2.1.2 of Ch. 2) and with regard to the
derivation of the so-called dual problems in the framework of the DWR approach,
we deliberately decide to choose the test functions ϕ P X here. Furthermore, we
note that the expression up0q makes sense for a function u P X , cf. Rem. 2.1
in Sec. 2.1.2.

Here, p¨, ¨q denotes the inner product of L2pΩq or duality pairing of H´1pΩq with
H1

0 pΩq, respectively. By } ¨ } we denote the associated L2-norm as defined in Sec. 2.1.
In order to keep the treatment of the Stokes flow problem clearer and with regard

to the common use of u and z as primal and dual variables within the DWR approach,
we introduce the primal and dual variables u :“ tv, pu and z :“ tw, qu, respectively,
for the now following Stokes flow problem. The variational formulation of the Stokes
flow problem (5.2) is given by the following problem.

Problem 5.3 (Variational Formulation Stokes Flow Problem)
Find u “ tv, pu P Y such that

Bpuqpϕq “ F pψq @ϕ “ tψ, χu P Y , (5.10)

166



where the bilinear form Bp¨qp¨q and the linear form F p¨q are defined by

Bpuqpϕq :“

ż

I

 

pBtv,ψq ` bpuqpϕq
(

dt ` pvp0q,ψp0qq , (5.11)

F pψq :“

ż

I

pf ,ψq dt` pv0,ψp0qq , (5.12)

with the inner bilinear form bp¨qp¨q given by

bpuqpϕq :“ νp∇v,∇ψq ´ pp,∇ ¨ψq ` p∇ ¨ v, χq . (5.13)

Proposition 5.1 (Well-Posedness Stokes Flow)
Assume that f P L2pI;H´1pΩqdq and v0 P HdivpΩq. Then, the model problem (5.10)
is well-posed.

Proof. The proof can be found in the literature, for instance, in [79, Thm. 72.2]. l

Remark 5.3 (Regularity)
Beyond the assumption v P Y1 which is sufficient within the framework of the DWR
approach, the existence of a sufficiently regular solution is assumed such that the
well-posedness of the transport problem can be ensured, cf. Prop. 4.1, and all of the
arguments and terms used below are well-defined. Regularity assumptions for the
Stokes flow problem in general can be found, for instance, in [79, 112, 173].

Remark 5.4 (Coupling)
The coupling of the transport problem with the time-dependent Stokes flow problem
is via the convection variable v of the system (5.1), (5.2). We consider for the error
estimation in Sec. 5.2 a coupled system but remark that the coupling is uni-directional
from the Stokes flow to the transport problem. Furthermore, we note that the state-
ment of Rem. 5.2 can be transferred to the Stokes flow problem by replacing the cor-
responding spaces.

The weak formulations, given by Problem 5.2 and 5.3, respectively, are now the
starting point for the variational discretizations in space and time. Thereby, we start
with a discontinuous in time discretization leading to a finite set of coupled PDEs
which is then discretized in space using the concepts introduced in Chapter 2. This
approach is sometimes called Rothe’s method in the literature, cf. [79, Rem. 69.1].
For adaptivity reasons, it is desirably to allow the spatial meshes to change in time.
This approach is referred to as the concept of dynamic meshes, cf. [168, 167]. For
more details about the implementation features we refer to Sec. 4.4 of the previous
chapter.
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5.1 Stabilized Space-Time Discretizations

In this section, we we explain our multirate in time approach and describe the dis-
cretization in space and time of the weak formulations of the transport and Stokes
flow problem by means of Galerkin finite element methods. Thereby, we start with
the semi-discretization in time using a discontinuous Galerkin method as introduced
in Sec. 2.2. Afterwards, we present the (stabilized) discretization in space of the
arising semi-discrete problems using continuous Galerkin finite element methods as
introduced in Sec. 2.1.3. Here, we are using the approach of space-time slabs includ-
ing a temporal triangulation that is allowed to have more than one cell in time on an
associated time subinterval, cf. Assumption. 2.5. Therefore, the following considera-
tions are done with respect to such a cell in time (here denoted by Kn). Restricting
the temporal triangulation to only one cell in time leads to the classical considerations
with respect to a subinterval In, cf. Rem. 2.3.

5.1.1 Multirate in Time Approach

For the efficient approximation of the underlying coupled problem, we use a multirate
in time approach to mimic the behavior of a slowly moving fluid, that is approximated
by a time-dependent Stokes solver, and a faster convection-diffusion-reaction process.
Precisely, the subproblems given by (5.1) and (5.2) are considered on different time
scales modeling the underlying physical processes. We initialize the temporal mesh
independently for the Stokes flow and the transport problem with the following prop-
erties:

• The Stokes flow temporal mesh is coarser or equal to that of the transport
problem.

• The endpoints in the temporal mesh of the Stokes solver must match with
endpoints in the temporal mesh of the transport problem.

We allow for adaptive time refinements of the temporal meshes of the transport and
Stokes flow problem complying the conditions above. An exemplary initialization and
one manufactured refined temporal mesh are illustrated in Fig. 5.1.

For our multirate in time approach including different time scales for the two
subproblems, we rely on the concepts introduced in Assumptions 2.4-2.5 in Sec. 2.2.
Thus, for the multirate decoupling of the transport problem, we let 0 “: tT0 ă tT1 ă

¨ ¨ ¨ ă tT
N` :“ T a set of time points for the partition of the closure of the time domain

Ī “ r0, T s into left-open subintervals In :“ ptTn´1, t
T
n s, n “ 1, . . . , N `. The number
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Figure 5.1: Illustration of different exemplary temporal meshes for the transport and
Stokes flow solver for the initial loop and for the first adaptively refined loop.

N ` depends on the adaptivity loop `. Since we allow the Stokes flow problem to be
solved on a different temporal mesh compared to the transport problem, we introduce
an additional partition of the time domain I. Thus, for the Stokes flow problem, we
let 0 “: tF0 ă tF1 ă ¨ ¨ ¨ ă tF

NF,` :“ T a set of time points for the partition of the
closure of the time domain Ī “ r0, T s into left-open subintervals IFn :“ ptFn´1, t

F
ns,

n “ 1, . . . , NF,`. For simplicity of the implementation, we ensure that each element
of the set ttF0 , tF1 , . . . , tNF,`u corresponds to an element of the set ttT0 , tT1 , . . . , tN`u.
Additionally, we can approximate the transport and Stokes flow problem with an
arbitrary, but different degree rT , rF ě 0 in time. This gives us for rT ą rF an
additional level of the multirate in time character between the two problems.

5.1.2 Discretization in Time

The sets of time subintervals In and IFn are finite and countable. Thus, a separation
of the global space-time domain Q “ Ω ˆ I into a partition of space-time slabs
Q̂n “ Ωˆ In for the transport problem and Q̂F

n “ Ωˆ IFn for the Stokes flow problem,
respectively, is reasonable, using a one-dimensional triangulation Tτ,n (including cells
in time Kn) or Tσ,n (including cells in time KF

n ) for the discretization in time on each
slab Q̂n or Q̂F

n, 1 ď n ď N `, or 1 ď n ď NF,`, as introduced in Assumption 2.5.
Furthermore, let Fτ and Fσ be the sets of all interior time points given as

Fτ :“ pttT1 , . . . , t
T
N`u Y tt P BKn | Kn P Tτ,nuqzt0, T u ,

Fσ :“ pttF1 , . . . , t
F
NF,`u Y tt P BK

F
n | K

F
n P Tσ,nuqzt0, T u .

(5.14)

The commonly used time step size τK or σK is here the diameter or length of the
cell in time of Tτ,n or Tσ,n and the global time discretization parameter τ or σ is the
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maximum time step size τK or σK of all cells in time of all slabs Q̂n or Q̂F
n, respectively.

For the discretization in time of the transport and Stokes flow problem we use
a discontinuous Galerkin method dG(r) with an arbitrary polynomial degree r ě 0.
For more details about this method including, for instance, the composition of the
respective shape functions or the concept on the reference interval, we refer to Sec. 2.2.
Let X dGprq

τ be the finite-dimensional discontinuous time-discrete function space for the
transport problem defined by

X dGprq
τ :“

"

uτ P L
2pI;Xq

ˇ

ˇ

ˇ
uτ |Kn P Prτ pKn;Xq ,

uτ p0q P L
2pΩq , Kn P Tτ,n , n “ 1, . . . , N `

*

,
(5.15)

where Prτ pKn;Xq denotes the space of all polynomials in time up to degree r ě 0 on
Kn P Tτ,n with values in X , as given in Eq. (2.9) in Sec. 2.2.2. For some discontinuous
in time function uτ P X dGprq

τ , we allow the left-side traces to be different from the
right-side traces at some interior time point tF P Fτ . Thus, we define the limits
uτ pt

˘
Fq from above and below as well as their jump at tF by means of

uτ pt
˘
Fq :“ lim

tÑtF˘0
uτ ptq , ruτ stF :“ uτ pt

`
Fq ´ uτ pt

´
Fq . (5.16)

In the same way, we define the finite-dimensional discontinuous time-discrete function
space used for the Stokes flow problem by means of

YdGprq
σ :“

"

tvσ, pσu P L
2pI;Xd ˆ Y q

ˇ

ˇ

ˇ
vσ|KF

n
P PrσpKF

n ;Xdq ,vσp0q P L
2pΩqd ,

pσ|KF
n
P PrσpKF

n ;Y q , KF
n P Fσ,n , n “ 1, . . . , NF,`

*

,

(5.17)
as well as the limits vτ pt˘Fq from above and below as well as their jump at tF P Fσ
by means of

vσpt
˘
Fq :“ lim

tÑtF˘0
vσptq , rvσstF :“ vσpt

`
Fq ´ vσpt

´
Fq . (5.18)

In the following, we present the semidiscretization in time schemes of the transport
and Stokes flow problem. Let X dGprq

τ be the common trial and test space for the
transport problem. Then, the discontinuous time-discrete variational approximation
of Problem 5.2 reads as follows.

Problem 5.4 (Discontinuous Time-Discrete Transport Scheme: dG(r))
For a given vσ P YdGprq

σ of Problem 5.5, find uτ P X dGprq
τ such that

Aτ puτ ;vσqpϕτ q “ Gτ pϕτ q @ϕτ P X dGprq
τ , (5.19)
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where the bilinar form Aτ p¨; ¨qp¨q and the linear form Gτ p¨q are defined by

Aτ puτ ;vσqpϕτ q :“
N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

 

pBtuτ , ϕτ q ` aτ puτ ;vσqpϕτ q
(

dt (5.20)

`
ÿ

tFPFτ

pruτ stF , ϕτ pt
`
Fqq ` puτ p0

`
q, ϕτ p0

`
qq ,

Gτ pϕτ q :“
N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

pg, ϕτ q dt` pu0, ϕτ p0
`
qq , (5.21)

with the inner bilinear form aτ p¨; ¨qp¨q given by

aτ puτ ;vσqpϕτ q :“ pε∇uτ ,∇ϕτ q ` pvσ ¨∇uτ , ϕτ q ` pαuτ , ϕτ q , (5.22)

depending on the semi-discrete Stokes solution vσ.

Remark 5.5 For the error e “ u´uτ we get by subtracting Eq. (5.19) from Eq. (5.6)
the identity

N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

 

pBte, ϕτ q ` ape;vσqpϕτ q
(

dt

“
ÿ

tF PFτ

pruτ stF , ϕτ pt
`
F q ´

N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

`

pv ´ vσq ¨∇u, ϕτ
˘

dt ,

(5.23)

with a non-vanishing right-hand side term depending on the jump terms and the error
in the approximation of the flow field. Eq. (5.23) with the perturbation terms on the
right-hand side replaces the standard Galerkin orthogonality of the space-time finite
element approximation.

For the discontinuous in time semi-discretization of the Stokes flow problem let YdGprq
σ

be the common trial and test space. Then, the discontinuous time-discrete variational
approximation of Problem 5.3 reads as follows.

Problem 5.5 (Discontinuous Time-Discrete Stokes Flow Scheme: dG(r))
Find uσ “ tvσ, pσu P YdGprq

σ such that

Bσpuσqpϕσq “ Fσpψq @ϕσ “ tψσ, χσu P YdGprq
σ , (5.24)
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where the bilinar form Bσp¨, ¨qp¨, ¨q and the linear form Fσp¨q are defined by

Bσpuσqpϕσq :“
NF,`
ÿ

n“1

ÿ

KF
nPTσ,n

ż

KF
n

 

pBtvσ,ψσq ` bpuσqpϕσq
(

dt (5.25)

`
ÿ

tFPFσ

prvσstF ,ψσpt
`
Fqq ` pvσp0

`
q,ψσp0

`
qq ,

Fσpψσq :“
NF,`
ÿ

n“1

ÿ

KF
nPTσ,n

ż

KF
n

pf ,ψσq dt` pv0,ψσp0
`
qq , (5.26)

where the inner bilinear form bp¨qp¨q is given by Eq. (5.13).

5.1.3 Discretization in Space

In this section, we describe the Galerkin finite element approximation in space of
the semi-discrete Problems 5.4 and 5.5, respectively. Thereby, we use the concepts
introduced in Sec. 2.1.3, where all details can be found that are not specified in the
following. We use Lagrange type finite element spaces of continuous functions that
are piecewise polynomials. For the discretization in space, we consider a separation
Qn “ Th,n ˆ Tτ,n or QF

n “ T F
h,n ˆ Tσ,n as given in Assumption 2.5, where Th,n or T F

h,n

build a decomposition of the domain Ω into disjoint spatial elements K or KF for the
transport or Stokes flow problem, respectively. Our mesh adaptation process includes
locally refined cells, which is enabled by allowing so-called hanging nodes. For this
purpose, we assume the decompositions Th,n and T F

h,n (in the following also referred
to as spatial triangulation) to be regular and organized in a patch-wise manner,
cf. Def. 2.5 and Def. 2.6, respectively. We point out that the global conformity of the
finite element approach is preserved since the unknowns at such hanging nodes are
eliminated by interpolation between the neighboring ’regular’ nodes, cf. Rem. 2.2.

Now, using discrete finite element spaces pV p,n
h qd on Th,n and T F

h,n , n “ 1, . . . , N `

and n “ 1, . . . , NF,`, respectively, with V p
h being defined by Eq. (2.1) in Sec. 2.1.3, we

introduce the fully discrete function spaces for the transport and Stokes flow problem,
respectively, by means of

X dGprq,p
τh :“

"

uτh P X dGprq
τ

ˇ

ˇ

ˇ
uτh|Kn P Prτ pKn;Hpu,n

h q ,

uτhp0q P H
pu,1
h , Kn P Tτ,n , n “ 1, . . . , N `

*

,
(5.27)

172



YdGprq,p
σh :“

"

tvσh, pσhu P YdGprq
σ

ˇ

ˇ

ˇ
vσh|KF

n
P PrσpKF

n ; pHpv ,n
h qdq ,

vσhp0q P pH
pv ,1
h qd , pσh|KF

n
P PrσpKF

n ;L
pp,n
h q ,

KF
n P Tσ,n , n “ 1, . . . , NF,`

*

,

(5.28)

with
Hpu,n
h :“ V pu,n

h XX, Hpv ,m
h :“ V pv ,n

h XX, L
pp,m
h :“ V

pp,n
h X Y.

We note that the spatial finite element space pV p,n
h qd is allowed to be different on

all slabs Qn or QF
n, respectively, which is natural in the context of a discontinuous

Galerkin approximation of the time variable and allows for dynamic mesh changes in
time. Due to the conformity of Hpu,n

h , Hpv ,n
h and Lpp,nh we get X dGprq,p

τh Ď X dGprq
τ and

YdGprq,p
σh Ď YdGprq

σ , respectively.
The fully discrete discontinuous in time schemes of the transport problem (5.6)

and Stokes flow problem (5.10) can be easily obtained now from the dG(r) semi-
discretization schemes given by Eq. (5.19) and Eq. (5.24), respectively, by simply
adding the additional index h to the variables and by replacing the respective semi-
discrete spaces by the above defined fully discrete counterparts. For the sake of com-
pleteness, the fully discrete discontinuous in time scheme for the transport problem
then reads as follows.

Problem 5.6 (Fully Discrete Transport Scheme: cG(p)-dG(r))
For a given vσh P YdGprq,p

σh of Problem 5.7, find uτh P X dGprq,p
τh such that

Aτhpuτh;vσhqpϕτhq “ Gτhpϕτhq @ϕτh P X dGprq,p
τh , (5.29)

with Aτhp¨; ¨qp¨q “ Aτ p¨; ¨qp¨q and Gτhp¨q “ Gτ p¨q being defined in Eq. (5.20) and
Eq. (5.21), respectively. We note that the inner bilinear form aτhp¨; ¨qp¨q occurring in
Aτhp¨; ¨qp¨q reads here as

aτhpuτh;vσhqpϕτhq :“ pε∇uτh,∇ϕτhq ` pvσh ¨∇uτh, ϕτhq ` pαuτh, ϕτhq , (5.30)

depending on the fully discrete Stokes solution vσh.

The fully discrete discontinuous in time scheme for the Stokes flow problem reads as
follows.

Problem 5.7 (Fully Discrete Stokes Flow Scheme: cG(p)-dG(r))
Find uσh “ tvσh, pσhu P YdGprq,p

σh such that

Bσhpuσhqpϕσhq “ Fσhpψσhq @ϕσh “ tψσh, χσhu P Y
dGprq,p
σh , (5.31)

with Bσhp¨qp¨q “ Bσp¨qp¨q and Fσhp¨q “ Fσp¨q being defined in Eq. (5.25) and Eq. (5.26),
respectively.
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5.1.4 Stabilization of the Transport Problem

For the sake of physical realism, the transport problem is supposed to be convection-
dominated by assuming high Péclet numbers that are characterized by the ratio of
small diffusion compared to the convection field, cf. [53, 116]. Thus, the finite element
approximation needs to be stabilized in order to avoid spurious and non-physical
oscillations of the discrete solution arising close to sharp fronts and layers. Here,
we apply the streamline upwind Petrov-Galerkin (SUPG) method [106, 49], that
was introduced in Sec. 2.4. Existing convergence analyses in the natural norm of
the underlying scheme including local and global error bounds can be found, for
instance, in [147] and [162, Ch. III.4.3]. With this in mind, the stabilized fully
discrete discontinuous in time scheme for the transport problem reads as follows.

Problem 5.8 (Stabilized Transport Scheme: cG(p)-dG(r))
For a given vσh P YdGprq,p

σh of Problem 5.7, find uτh P X dGprq,p
τh such that

ASpuτh;vσhqpϕτhq “ Gτhpϕτhq @ϕτh P X dGprq,p
τh , (5.32)

where the linear form Gτhp¨q “ Gτ p¨q is defined by Eq. (5.21) and the stabilized bilinear
form ASp¨; ¨qp¨q is given by

ASpuτh;vσhqpϕτhq :“ Aτhpuτh;vσhqpϕτhq ` SApuτh;vσhqpϕτhq , (5.33)

with Aτhp¨; ¨qp¨q “ Aτ p¨; ¨qp¨q being defined by Eq. (5.20) using (5.30). Here, the SUPG
stabilization bilinear form SAp¨; ¨qp¨q is defined by

SApuτh;vσhqpϕτhq :“
N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

δK
`

rpuτh;vσhq,vσh ¨∇ϕτh
˘

K
dt

`
ÿ

tFPFτ

ÿ

KPTh,n

δK
`

ruτhstF ,vσh ¨∇ϕτhpt
`
Fq
˘

K

`
ÿ

KPTh,1

δK
`

uτhp0
`
q ´ u0,vσh ¨∇ϕτhp0`q

˘

K
,

(5.34)

where δK is the so-called stabilization parameter (cf. Rem. 4.3) and the residual term
rp¨; ¨q is given by

rpuτh;vσhq :“ Btuτh ´∇ ¨ pε∇uτhq ` vσh ¨∇uτh ` αuτh ´ g . (5.35)
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Remark 5.6 For the error e “ uτ ´ uτh we get by subtracting Eq. (5.32) from
Eq. (5.19) the identity

N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

 

pBte, ϕτhq ` ape;vσhqpϕτhq
(

dt

`
ÿ

tF PFτ

prestF , ϕτhpt
`
F q ` pep0

`
q, ϕτhp0

`
qq

“ SApuτh;vσhqpϕτhq ´
N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

`

pvσ ´ vσhq ¨∇uτ , ϕτh
˘

dt ,

(5.36)

with a non-vanishing right-hand side term depending on the stabilization and the error
in the approximation of the flow field. Eq. (5.36) with the perturbation terms on the
right-hand side replaces the standard Galerkin orthogonality of the space-time finite
element approximation.

5.2 A Posteriori Error Estimation for a Coupled
Flow and Transport Problem

In this section, we derive DWR-based a posteriori error estimators for the stabilized
transport and the Stokes flow problem. With regard to practical relevance described
at the beginning of this chapter, we apriori focus on the derivation of an a posteriori
error estimator for the transport problem depending, among other things, on the
error in the Stokes flow problem due to the coupling terms. Thereafter, we derive an
a posteriori error estimator for the time-dependent Stokes flow problem.

5.2.1 An A Posteriori Error Estimator for the Transport
Problem

So far, this work dealt with fixed given convection fields for steady-state and time-
dependent transport problems. Here, this convection filed is now determined through
the coupling with the Stokes flow problem, more precisely its solution v. Hence, this
coupling affects the error representation formula of the transport problem by means
of additionally occurring coupling terms. This is an extension compared to the former
results obtained in Thm. 4.1 or rather Thm. 4.2. Nevertheless, the derivation of the
error estimator for the stabilized transport equation (5.32) is similar to the course
of action in the previous chapter. Based on that, we first derive the dual transport
problems using the Euler Lagrange method of constraint optimization as introduced
in Sec. 2.5. In a second step, we develop an a posteriori error estimator measuring the
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discretization errors in an output value J .This output value is called goal functional
and fulfills the following properties.

Assumption 5.2 (Goal Functional of Transport) Let us assume J : X Ñ R to
be a linear functional representing the goal quantity of physical interest. In general,
this functional is given as

Jpuq “

ż T

0

J1puptqq dt` J2pupT qq , (5.37)

where J1 P L
2pI;H´1pΩqq and J2 P H

´1pΩq are three times differentiable functionals
defining the dual right-hand side and the dual initial at time t “ T , respectively, where
each of them may be zero; cf. also Rem. 4.5.

In practice, the quantity of interest represents, for instance, a mean value of a given
functional (J1) or a final time-point value J2pupT qq; cf., e.g., [168, 36, 20].

Since we are interested in error indicators for both the spatial and the temporal
mesh, we split the a posteriori error representation with respect to J into the following
contributions

Jpuq ´ Jpuτhq “ Jpuq ´ Jpuτ q ` Jpuτ q ´ Jpuτhq . (5.38)

To derive these representations, we define the following Lagrangian functionals based
on the Euler Lagrange method of constraint optimization as introduced in Sec. 2.5.

Definition 5.1 (Lagrangian Functionals of Transport) The Lagrangian function-
als L : X ˆX Ñ R, Lτ : X dGprq

τ ˆX dGprq
τ Ñ R, and Lτh : X dGprq,p

τh ˆX dGprq,p
τh Ñ R are

defined by

Lpu, z;vq :“ Jpuq `Gpzq ´ Apu;vqpzq , (5.39)

Lτ puτ , zτ ;vσq :“ Jpuτ q `Gτ pzτ q ´ Aτ puτ ;vσqpzτ q , (5.40)

“ Lpuτ , zτ ;vσq ´
ÿ

tFPFτ

pruτ stF , zτ pt
`
Fqq

`

N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

`

pv ´ vσq ¨∇uτ , zτ
˘

dt ,

Lτhpuτh, zτh;vσhq :“ Jpuτhq `Gτhpzτhq ´ ASpuτh;vσhqpzτhq (5.41)

“ Lτ puτh, zτh;vσhq ´ SApuτh;vσhqpzτhq

`

N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

`

pvσ ´ vσhq ¨∇uτh, zτh
˘

dt ,
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where Fτ denotes the set of interior time points of the temporal mesh of the transport
problem, defined by the first equation in (5.14).

Remark 5.7 The Lagrange multipliers z, zτ , and zτh are called dual variables in
contrast to the primal variables u, uτ , and uτh, cf. [36, 40]. Furthermore, by using
the respective Lagrangian functionals from above, we can express the functional values
of the continuous, semi-discrete, and fully discrete solution by means of

Jpuq :“ Lpu, ϕ;vq @ϕ P X ,

Jpuτ q :“ Lpuτ , ϕτ ;vσq @ϕτ P X dGprq
τ ,

Jpuτhq :“ Lτhpuτh, ϕτh;vσhq @ϕτh P X dGprq,p
τh .

(5.42)

5.2.1.1 Derivation of the Dual Schemes

As mentioned in the introductory Sec. 2.5, the DWR approach may be compre-
hended as a constraint optimization problem in terms of exploiting the Euler Lagrange
method of constraint optimization. In this sense, we point out that the following opti-
mality or stationary conditions, given by the directional derivatives of the Lagrangian
functionals with respect to their second argument,

L1zpu, z;vqpϕq “ 0 @ϕ P X ,

L1τ,zpuτ , zτ ;vσqpϕτ q “ 0 @ϕτ P X dGprq
τ ,

L1τh,zpuτh, zτh;vσhqpϕτhq “ 0 @ϕτh P X dGprq,p
τh ,

(5.43)

can be identified with determining the continuous solution u of Eq. (5.6), the semi-
discrete solution uτ of the discontinuous time-discrete transport scheme, given by
Eq. (5.19), and the fully discrete solution uτh of the stabilized fully discrete cG(p)-
dG(r) transport scheme, given by Eq. (5.32), respectively. More precisely, in Eq. (5.43)
the so-called Gâteaux derivatives are used, given by Def. 2.11 in Sec. 2.3. In order
to enhance understanding, we recall here its definition with respect to the first and
second argument.

L1zpu, z;vqpϕq :“ limt‰0,tÑ0 t
´1
 

Lpu, z ` tϕ;vq ´ Lpu, z;vq
(

, ϕ P X ,

L1upu, z;vqpψq :“ limt‰0,tÑ0 t
´1
 

Lpu` tψ, z;vq ´ Lpu, z;vq
(

, ψ P X ,

In contrast, considering the directional derivatives of the Lagrangian functionals with
respect to their first argument leads to the dual problems, cf., e.g., [40], given by the
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following optimality or stationary conditions.

L1upu, z;vqpψq “ 0 @ψ P X ,

L1τ,upuτ , zτ ;vσqpψτ q “ 0 @ψτ P X dGprq
τ ,

L1τh,upuτh, zτh;vσhqpψτhq “ 0 @ψτh P X dGprq,p
τh .

(5.44)

More precisely, the continuous dual solution z P X fulfills the following problem.

Problem 5.9 (Dual Transport Problem)
For a given v P Y1 of Problem 5.3, find z P X such that

A1pu;vqpψ, zq “ J 1puqpψq @ψ P X , (5.45)

where the adjoint bilinear form A1p¨; ¨qp¨, ¨q is defined by

A1pu;vqpψ, zq :“

ż

I

 

pψ,´Btzq ` a
1
pu;vqpψ, zq

(

dt` pψpT q, zpT qq . (5.46)

The right-hand side of Eq. (5.45) is given by

J 1puqpψq :“

ż

I

J 11puqpψqdt` J
1
2pupT qqpψpT qq . (5.47)

Remark 5.8 Within the representation (5.46) of A1p¨; ¨qp¨, ¨q integration by parts in
time is applied, given by

ż

I

pBtψ, zq dt “

ż

I

pψ,´Btzq dt` pψpT q, zpT qq ´ pψp0q, zp0qq ,

which is allowed for weak solutions z P X ; cf., e.g., [160, 187] and Thm. 2.2 in
Sec. 2.1.2 of Ch. 2. Therefore, the dual solution can be thought of running backward
in time. Furthermore, we note that right-hand side as well as initial or better final
data at time t “ T are given by the goal functional (5.37). More precisely, J1 defines
the dual right-hand side, whereas J2 defines the dual initial at time t “ T . Then,
as combination with the above introduced integration by parts in time there holds,
cf. [160],

pψpT q, zpT qq “ J 12pupT qqpψpT qq .

Finally, the derivative a1pu;vqpψ, zq of the inner bilinear form apu;vqpzq in A1, defined
by Eq. (5.9), admits the explicit form

a1pu;vqpψ, zq “ pε∇ψ,∇zq ` pv ¨∇ψ, zq ` pαψ, zq . (5.48)

The second stationary condition of Eq. (5.44) yields the following dual semi-discrete
discontinuous in time problem:
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Problem 5.10 (Dual Discontinuous Time-Discrete Transport Scheme)
For a given vσ P YdGprq

σ of Problem 5.5, find zτ P X dGprq
τ such that

A1τ puτ ;vσqpψτ , zτ q “ J 1puτ qpψτ q @ψτ P X dGprq
τ , (5.49)

where the adjoint bilinear form A1τ p¨; ¨qp¨, ¨q is defined by

A1τ puτ ;vσqpψτ , zτ q :“
N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

 

pψτ ,´Btzτ q ` a
1
τ puτ ;vσqpψτ , zτ q

(

dt

´
ÿ

tFPFτ

pψτ pt
´
Fq, rzτ stF q ` pψτ pT

´
q, zτ pT

´
qq ,

(5.50)

with the dual inner bilinear form a1τ p¨; ¨qp¨, ¨q being defined by Eq. (5.48) depending on
the semi-discrete Stokes solution vσ. The right-hand side of Eq. (5.49) is given by

J 1puτ qpψτ q :“
N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

J 11puτ qpψτ q dt` J 12puτ pT
´
qqpψτ pT

´
qq . (5.51)

The third stationary condition of Eq. (5.44) yields the dual stabilized fully discrete
discontinuous in time problem:

Problem 5.11 (Dual Stabilized Transport Scheme: cG(p)-dG(r))
For a given vσh P YdGprq,p

σ of Problem 5.7, find zτh P X dGprq,p
τh such that

A1Spuτh;vσhqpψτh, zτhq “ J 1puτhqpψτhq @ψτh P X dGprq,p
τh , (5.52)

where the stabilized adjoint bilinear form A1Sp¨; ¨qp¨, ¨q is defined by

A1Spuτh;vσhqpψτh, zτhq :“ A1τhpuτh;vσhqpψτh, zτhq ` S
1
Apuτh;vσhqpψτh, zτhq , (5.53)

with A1τhp¨; ¨qp¨, ¨q given by Eq. (5.50) including the dual inner bilinear form a1τhp¨; ¨qp¨, ¨q

being defined by Eq. (5.48) and depending on the fully discrete Stokes solution vσh.
The right-hand side of Eq. (5.52) is given by

J 1puτhqpψτhq :“
N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

J 11puτhqpψτhq dt` J 12puτhpT
´
qqpψτhpT

´
qq . (5.54)
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Here, the adjoint SUPG stabilization bilinear form S 1Ap¨; ¨qp¨, ¨q is defined by

S 1Apuτh;vσhqpψτh, zτhq :“
N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

δK

!

pvσh ¨∇ψτh, BtzτhqK

´
`

∇ ¨ pε∇ψτhq,vσh ¨∇zτh
˘

K

`pvσh ¨∇ψτh ` αψτh,vσh ¨∇zτhqK

`
ÿ

tFPFτ

ÿ

KPTh,n

δK
`

vσh ¨∇ψτhpt´Fq, rzτhstF
˘

K

´
ÿ

KPTh,N

δK
`

vσh ¨∇ψτhpT´q, zτhpT´q
˘

K
.

(5.55)

Remark 5.9 The discrete dual problems decouple to a time stepping method run-
ning backward in time as given by Problem 5.10 and Problem 5.11, respectively, by
using integration by parts in time; cf. [160, Lemma 8.9]. Furthermore,the presented
derivation of the dual schemes can be interpreted as an FSTD approach, since the
stabilized fully discrete scheme given by Problem 5.11 is derived with the help of the
adjoint of the stabilized fully discrete primal operator that is included in the respective
Lagrangian functionals; cf. also Rem. 4.7 of the preceding chapter. For more details
about the two approaches, we further refer to [169, 101, 103, 31].

5.2.1.2 Derivation of an A Posteriori Error Estimator

For the derivation of computable representations of the separated error contributions
in space and time as indicated in Eq. (5.38) we use Lemma 4.1 of the preceding
chapter. Therefore, we recall the general result of this lemma, that can be found in
[167, 40]. The proof can be found in the stated literature and is additionally given in
Sec. 4.2.2 of Ch. 4; cf. also Rem. 4.8.

Lemma 5.1 Let W be a function space and L and L̃ be three times Gâteaux differen-
tiable functionals on W. We seek a stationary point w1 of L on a subspace W1 ĎW:
Find w1 PW1 such that

L1pw1qpδw1q “ 0 @δw1 PW1. (5.56)

This equation is approximated by a Galerkin method using the functional L̃ on a
subspace W2 ĎW. Hence, the discrete problem seeks w2 PW2 such that

L̃1pw2qpδw2q “ 0 @δw2 PW2. (5.57)
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If the continuous solution w1 additionally fulfills

L1pw1qpw2q “ 0 , (5.58)

with the approximated solution w2, we have the error representation

Lpw1q´L̃pw2q “
1

2
L1pw2qpw1´w̃2q`

1

2
pL´L̃q1pw2qpw̃2´w2q`pL´L̃qpw2q`R , (5.59)

for arbitrary w̃2 PW2, where the remainder term R is given in terms of e :“ w1´w2

as

R “ 1

2

ż 1

0

L3pw2 ` seqpe, e, eqsps´ 1q ds . (5.60)

Before proceeding with the main result, we introduce the primal and dual residuals
based on the continuous and semi-discrete in time schemes by means of

ρpu;vqpϕq :“ L1zpu, z;vqpϕq “ Gpϕq ´ Apu;vqpϕq ,

ρ˚pu, z;vqpϕq :“ L1upu, z;vqpϕq “ J 1puqpϕq ´ A1pu;vqpϕ, zq ,

ρτ pu;vσqpϕq :“ L1τ,zpu, z;vσqpϕq “ Gτ pϕq ´ Aτ pu;vσqpϕq ,

ρ˚τ pu, z;vσqpϕq :“ L1τ,upu, z;vσqpϕq “ J 1puqpϕq ´ A1τ pu;vσqpϕ, zq .

(5.61)

We apply the abstract error representation formula (5.59) to the Lagrangian function-
als (5.39), (5.40) and (5.41), respectively, to derive an a posteriori error estimator for
the transport problem in space and time. The result is summarized in the following
Thm. 5.1 that is an extension to the result in Thm. 4.1 with regard to additionally oc-
curring terms caused by the coupling. Furthermore, we note that the idea of the proof
goes back to the result in [40, Thm. 5.2] stated for the nonstationary Navier-Stokes
equations stabilized by local projection stabilization.

Theorem 5.1 (Error Representation for the Transport Problem)
Let tu, zu P X ˆX , tuτ , zτu P X dGprq

τ ˆX dGprq
τ , and tuτh, zτhu P X dGprq,p

τh ˆX dGprq,p
τh be

stationary points of L,Lτ , and Lτh on the different levels of discretization, i.e.,

L1pu, z;vqpδu, δzq “ 0 @ tδu, δzu P X ˆ X ,

L1τ puτ , zτ ;vσqpδuτ , δzτ q “ 0 @ tδuτ , δzτu P X dGprq
τ ˆ X dGprq

τ ,

L1τhpuτh, zτh;vσhqpδuτh, δzτhq “ 0 @ tδuτh, δzτhu P X dGprq,p
τh ˆ X dGprq,p

τh .

Additionally, there holds the Galerkin orthogonalities (5.23) and (5.36) for the error
e “ u ´ uτ and e “ uτ ´ uτh, respectively. Then, there hold the following error
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representation formulas for the discretization errors in space and time

Jpuq ´ Jpuτ q “
1

2
ρpuτ ;vqpz ´ z̃τ q `

1

2
ρ˚puτ , zτ ;vqpu´ ũτ q (5.62)

`
1

2
D1τ puτ , zτ ;v ´ vσqpũτ ´ uτ , z̃τ ´ zτ q

`Dτ puτ , zτ ;v ´ vσq `Rτ ,

Jpuτ q ´ Jpuτhq “
1

2
ρτ puτh;vσqpzτ ´ z̃τhq `

1

2
ρ˚τ puτh, zτh;vσqpuτ ´ ũτhq (5.63)

`
1

2
D1τhpuτh, zτh;vσ ´ vσhqpũτh ´ uτh, z̃τh ´ zτhq

`Dτhpuτh, zτh;vσ ´ vσhq `Rh ,

with

Dτ puτ , zτ ;v ´ vσq “
ÿ

tFPFτ

pruτ stF , zτ pt
`
Fqq

´

N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

`

pv ´ vσq ¨∇uτ , zτ
˘

dt ,

Dτhpuτh, zτh;vσ ´ vσhq “ SApuτh;vσhqpzτhq

´

N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

`

pvσ ´ vσhq ¨∇uτh, zτh
˘

dt ,

(5.64)

and D1τ p¨, ¨; ¨qp¨, ¨q,D1τhp¨, ¨; ¨qp¨, ¨q denoting the the Gâteaux derivatives with respect to
the first and second argument. Here, tũτ , z̃τu P X dGprq

τ ˆ X dGprq
τ , and tũτh, z̃τhu P

X dGprq,p
τh ˆ X dGprq,p

τh can be chosen arbitrarily and the remainder terms Rτ and Rh

have the same structure as the remainder term (5.60) in Lemma 5.1.

Proof. The proof is basically equal to that one of Thm. 4.1 given in Ch. 4. The
difference comes through the coupling via the flow velocity field with regard to non-
vanishing terms depending on the error in the approximation of this flow field within
the respective Galerkin orthogonalities; cf. Rem. 5.5 and Rem. 5.6. Evaluating the
Lagrangian functionals at the respective primal and dual solutions, there holds that
(cf. Eq. (5.42) in Rem. 5.7)

Jpuq “ Lpu, z;vq , Jpuτ q “ Lτ puτ , zτ ;vσq , Jpuτhq “ Lτhpuτh, zτh;vσhq .
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Thus, we get the following representation for the temporal and spatial error, respec-
tively,

Jpuq ´ Jpuτ q “ Lpu, z;vq ´ Lτ puτ , zτ ;vσq , (5.65a)

Jpuτ q ´ Jpuτhq “ Lτ puτ , zτ ;vσq ´ Lτhpuτh, zτh;vσhq . (5.65b)

To prove the assertion (5.62) for the temporal error, we apply Lemma 5.1 with the
identifications

L “ L , L̃ “ Lτ , W1 “ X ˆ X , W2 “ X dGprq
τ ˆ X dGprq

τ

to the identity (5.65a). Further, we have to chooseW :“W1`W2 since here X dGprq
τ Ę

X . Thus, we have to verify condition (5.58), that now reads as L1pu, z;vqpuτ , zτ q “ 0,
or equivalently,

L1upu, z;vqpuτ q “ 0 and L1zpu, z;vqpzτ q “ 0 . (5.66)

We only give the proof of the second equation in (5.66). The first one can be proved
analogously. To show that L1zpu, z;vqpzτ q “ 0, we rewrite this equation building the
Gâteaux derivative of its definition given by Eq. (5.39) as

Gpzτ q ´ Apu;vqpzτ q “

ż

I

 

pg ´ Btu, zτ q ´ apu;vqpzτ q
(

dt .

By construction, the continuous solution u satisfies that (cf. Eq. (5.6))

Gpϕq ´ Apu;vqpϕq “

ż

I

 

pg ´ Btu, ϕq ` apu;vqpϕq
(

dt “ 0 @ϕ P X . (5.67)

By Corollary 2.1 we have that X is dense in L2pI;Xq with respect to the norm of
L2pI;Xq, and since no time derivatives of ϕ arise in (5.67), this equation is also
satisfied for all ϕ P L2pI;Xq. The inclusion zτ P X dGprq

τ Ă L2pI;Xq then implies that
the second equation in (5.66) is fulfilled. Now, applying Lemma 5.1 with the above
made identifications yields

Jpuq ´ Jpuτ q “ Lpu, z;vq ´ Lτ puτ , zτ ;vσq

“
1

2
L1puτ , zτ ;vqpu´ ũτ , z ´ z̃τ q

`
1

2
pL´ Lτ q1puτ , zτ ;v ´ vσqpũτ ´ uτ , z̃τ ´ zτ q

` pL´ Lτ qpuτ , zτ ;v ´ vσq `Rτ .

(5.68)
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With the definition of the primal and dual residuals based on the continuous schemes,
given by the first two equations in (5.61) as well as taking into account the non-
vanishing terms in Eq. (5.23) of Rem. 5.5, Eq. (5.68) can be rewritten as

Jpuq ´ Jpuτ q “
1
2
ρpuτ ;vqpz ´ z̃τ q `

1
2
ρ˚puτ , zτ ;vqpu´ ũτ q

`1
2
D1τ puτ , zτ ;v ´ vσqpũτ ´ uτ , z̃τ ´ zτ q

`Dτ puτ , zτ ;v ´ vσq `Rτ ,

where the remainder term Rτ is given by

Rτ “
1

2

ż 1

0

L3puτ ` se, zτ ` se˚;vqpe, e, e, e˚, e˚, e˚qsps´ 1q ds , (5.69)

with the ‘primal’ and ‘dual’ errors e :“ u ´ uτ and e˚ :“ z ´ zτ , respectively. This
proves the assertion (5.62).

To prove the spatial error representation (5.63), we apply Lemma 5.1 with the
identifications

L “ Lτ , L̃ “ Lτh , W1 “ X dGprq
τ ˆ X dGprq

τ , W2 “ X dGprq,p
τh ˆ X dGprq,p

τh

to Eq. (5.65b). In this case, we have W2 Ď W1 since X dGprq,p
τh Ď X dGprq

τ . Hence, we
can choose W :“ W1 in Lemma 5.1 and condition (5.58) is directly satisfied. Now,
applying Lemma 5.1 with these identifications implies that

Jpuτ q ´ Jpuτhq “ Lτ puτ , zτ ;vσq ´ Lτhpuτh, zτh;vσhq

“
1

2
L1τ puτh, zτh;vσqpuτ ´ ũτh, zτ ´ z̃τhq

`
1

2
pLτ ´ Lτhq1puτh, zτh;vσ ´ vσhqpũτh ´ uτh, z̃τh ´ zτhq

` pLτ ´ Lτhqpuτh, zτh;vσ ´ vσhq `Rh .

(5.70)

Again, using the definition of the primal and dual residuals this time based on the
semi-discrete schemes, given by the last two equations in (5.61) as well as taking into
account the non-vanishing terms in Eq. (5.36) of Rem. 5.6, Eq. (5.70) can be rewritten
as

Jpuτ q ´ Jpuτhq “
1

2
ρτ puτh;vσqpzτ ´ z̃τhq `

1

2
ρ˚τ puτh, zτh;vσqpuτ ´ ũτhq

`
1

2
D1τhpuτh, zτh;vσ ´ vσhqpũτh ´ uτh, z̃τh ´ zτhq

`Dτhpuτh, zτh;vσ ´ vσhq `Rh ,

where the remainder term Rh is given by

Rh “
1

2

ż 1

0

L3τ puτh ` se, zτh ` se˚;vσqpe, e, e, e˚, e˚, e˚qsps´ 1q ds , (5.71)
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with the ‘primal’ and ‘dual’ errors e :“ uτ ´ uτh and e˚ :“ zτ ´ zτh. This proves
the assertion (5.63). For completeness, we state the explicit form of the Gâteaux
derivatives D1τ p¨, ¨; ¨qp¨, ¨q and D1τhp¨, ¨; ¨qp¨, ¨q, respectively, given by

D1τ puτ , zτ ;v ´ vσqpũτ ´ uτ , z̃τ ´ zτ q

“ D1τ,upuτ , zτ ;v ´ vσqpũτ ´ uτ q `D1τ,zpuτ , zτ ;v ´ vσqpz̃τ ´ zτ q

“
ÿ

tFPFτ

prũτ ´ uτ stF , zτ pt
`
Fqq

´

N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

`

pv ´ vσq ¨∇pũτ ´ uτ q, zτ
˘

dt

`
ÿ

tFPFτ

pruτ stF , z̃τ pt
`
Fq ´ zτ pt

`
Fqq

´

N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

`

pv ´ vσq ¨∇uτ , z̃τ ´ zτ
˘

dt ,

(5.72)

D1τhpuτh, zτh;vσ ´ vσhqpũτh ´ uτh, z̃τh ´ zτhq

“ D1τh,upuτh, zτh;vσ ´ vσhqpũτh ´ uτhq `D1τh,zpuτh, zτh;vσ ´ vσhqpz̃τh ´ zτhq

“ S 1Apuτh;vσhqpũτh ´ uτh, zτhq

´

N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

`

pvσ ´ vσhq ¨∇pũτh ´ uτhq, zτh
˘

dt

`SApuτh;vσhqpz̃τh ´ zτhq

´

N`
ÿ

n“1

ÿ

KnPTτ,n

ż

Kn

`

pvσ ´ vσhq ¨∇uτh, z̃τh ´ zτh
˘

dt ,

(5.73)
where we have used Def. 2.11, cf. also Rem. 2.6 and the stabilization terms SAp¨; ¨qp¨q
and S 1Ap¨; ¨qp¨, ¨q are given by Eq. (5.34) and Eq. (5.55), respectively. l

5.2.2 An A Posteriori Error Estimator for the Stokes Flow
Problem

In general, the derivation of an a posteriori error estimator for the time-dependent
Stokes flow problem (5.31) is similar to the approach of the transport problem having
regard to some slight modifications. The ideas and concepts are based on the work
of Besier and Rannacher [40] as well as Schmich and Vexler [168], respectively, where
LPS-stabilized Navier-Stokes equations and parabolic problems in general have been
investigated. Consequently, we start with introducing the underlying Lagrangian
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functionals to derive for one thing the dual flow problems and, for another thing, to
present the splitted error representation formula for the Stokes flow problem.

As in the case of the transport problem, we first define the goal functional of the
Stokes flow problem.

Assumption 5.3 (Goal Functional of Stokes Flow) Let us assume J : Y Ñ R
to be a linear functional representing the goal quantity of physical interest. In general,
this functional is given as

Jpuq “

ż T

0

J1puptqqdt` J2pupT qq , (5.74)

where u “ tv, pu and the single functionals J1 P L2pI;H´1pΩqd ˆ H´1pΩqq and
J2 P H

´1pΩqd ˆ H´1pΩq are three times differentiable functionals defining the dual
right-hand side and the dual initial at time t “ T , respectively, where each of them
may be zero; cf. also Rem. 5.11.

Again, we seperate the influences due to the discretization errors in space and time
by splitting the a posteriori error representation with respect to J into the following
contributions

Jpuq ´ Jpuσhq “ Jpuq ´ Jpuσq ` Jpuσq ´ Jpuσhq . (5.75)

To derive these representations we define the following Lagrangian functionals based
on the Euler Lagrange method of constraint optimization as introduced in Sec. 2.5.

Definition 5.2 (Lagrangian Functionals of Stokes Flow) With regard to the Stokes
flow problem, the Lagrangian functionals L : Y ˆ Y Ñ R, Lτ : YdGprq

σ ˆ YdGprq
σ Ñ R,

and Lτh : YdGprq,p
σh ˆ YdGprq,p

σh Ñ R are defined by

Lpu, zq :“ Jpuq ` F pwq ´Bpuqpzq , (5.76)

Lσpuσ, zσq :“ Jpuσq ` F pwσq ´Bσpuσqpzσq (5.77)

“ Lpuσ, zσq ´
ÿ

tFPFσ

prvσstF ,wσpt
`
Fqq ,

Lσhpuσh, zσhq :“ Lσpuσh, zσhq , (5.78)

where Fσ denotes the set of interior time points of the temporal mesh of the Stokes
flow problem, defined by the second equation in (5.14).
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Remark 5.10 The Lagrange multipliers z “ tw, qu , zσ “ twσ, qσu , and zσh “
twσh, qσhu are called dual variables in contrast to the primal variables u “ tv, pu ,uσ “
tvσ, pσu , and uσh “ tvσh, pσhu cf. [36, 40]. Furthermore, by using the respective La-
grangian functionals from above, we can express the functional values of the continu-
ous, semi-discrete, and fully discrete solution by means of

Jpuq :“ Lpu,ϕq @ϕ “ tψ, χu P Y ,

Jpuσq :“ Lσpuσ,ϕσq @ϕσ “ tψσ, χσu P Y
dGprq
σ ,

Jpuσhq :“ Lσhpuσh,ϕσhq @ϕσh “ tψσh, χσhu P Y
dGprq,p
σh .

(5.79)

5.2.2.1 Derivation of the Dual Schemes

As mentioned in the introductory Sec. 2.5, the DWR approach may be compre-
hended as a constraint optimization problem in terms of exploiting the Euler Lagrange
method of constraint optimization. In this sense, we point out that the following opti-
mality or stationary conditions, given by the directional derivatives of the Lagrangian
functionals with respect to their second argument,

L1zpu, zqpϕq “ 0 @ϕ P Y ,

L1σ,zpuσ, zσqpϕσq “ 0 @ϕσ P Y
dGprq
σ ,

L1σh,zpuσhzσhqpϕσhq “ 0 @ϕσh P Y
dGprq,p
σh ,

(5.80)

can be identified with determining the continuous solutions u of Eq. (5.10), the semi-
discrete solutions uσ of the discontinuous time-discrete Stokes flow scheme, given
by Eq. (5.24), and the fully discrete solution uσh of the fully discrete cG(p)-dG(r)
Stokes flow scheme, given by Eq. (5.31), respectively. More precisely, in Eq. (5.80)
the so-called Gâteaux derivatives are used, given by Def. 2.11 in Sec. 2.3. In order to
enhance understanding, we recall here its definition, exemplary with respect to the
second argument.

L1zpu, zqpϕq :“ limt‰0,tÑ0 t
´1
 

Lpu, z ` tψq ´ Lpu, zq
(

, ϕ P Y .

In contrast, considering the directional derivatives of the Lagrangian functionals with
respect to their first argument leads to the dual problems, cf., e.g., [40], given by the
following optimality or stationary conditions:

L1upu, zqpϕq “ 0 @ϕ, χ P Y ,

L1σ,upuσ, zσqpϕσq “ 0 @ϕσ P Y
dGprq
σ ,

L1σh,upuσhzσhqpϕσhq “ 0 @ϕσh P Y
dGprq,p
σh ,

(5.81)
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More precisely, the continuous dual solution z “ tw, qu P Y fulfills the following
problem.

Problem 5.12 (Dual Stokes Flow Problem)
Find z “ tw, qu P Y such that

B1puqpϕ, zq “ J 1puqpϕq @ϕ “ tψ, χu P Y , (5.82)

where the adjoint bilinear form B1p¨qp¨, ¨q is defined by

B1puqpϕ, zq :“

ż

I

 

pψ,´Btwq ` b
1
puqpϕ, zq

(

dt` pψpT q,wpT qq . (5.83)

The right-hand side of Eq. (5.82) is given by

J 1puqpϕq :“

ż

I

J 11puqpϕqdt` J
1
2pupT qqpϕpT qq . (5.84)

Remark 5.11 Within the representation (5.83) of B1p¨qp¨, ¨q integration by parts in
time is applied, given by

ż

I

pBtψ,wq dt “

ż

I

pψ,´Btwq dt` pψpT q,wpT qq ´ pψp0q,wp0qq ,

which is allowed for weak solutions z P Y; cf., e.g., [160, 187] and Thm. 2.2 in
Sec. 2.1.2 of Ch. 2. Therefore, the dual solution can be thought of running backward
in time. Furthermore, we note that right-hand side as well as initial or better final
data at time t “ T are given by the goal functional (5.74). More precisely, J1 defines
the dual right-hand side, whereas J2 defines the dual initial at time t “ T . Then,
as combination with the above introduced integration by parts in time there holds,
cf. [160],

pψpT q,wpT qq “ J 12pvpT q, ppT qqpψpT q, χpT qq .

Finally, the derivative b1puqpϕ, zq of the inner bilinear form bpuqpzq in B1, defined
by Eq. (5.13), admits the explicit form

b1puqpϕ, zq “ νp∇ψ,∇wq ´ pχ,∇ ¨wq ` p∇ ¨ψ, qq . (5.85)

The second stationary condition of Eq. (5.81) yields the following dual semi-discrete
discontinuous in time problem:
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Problem 5.13 (Dual Discontinuous Time-Discrete Stokes Flow Scheme)
Find zσ “ twσ, qσu P YdGprq

σ such that

B1σpuσqpϕσ, zσq “ J 1puσqpϕσq @ϕσ “ tψσ, χσu P YdGprq
σ , (5.86)

where the adjoint bilinear form B1σp¨qp¨, ¨q is defined by

B1σpuσqpϕσ, zσq :“
NF,`
ÿ

n“1

ÿ

KF
nPTσ,n

ż

KF
n

 

pψσ,´Btwσq ` b
1
puσqpϕσ, zσq

(

dt

´
ÿ

tFPFσ

pψσpt
´
Fq, rwσstF q ` pψσpT

´
q,wσpT

´
qq ,

(5.87)

with the dual inner bilinear form b1p¨qp¨, ¨q being defined by Eq. (5.85). The right-hand
side of Eq. (5.86) is given by

J 1puσqpϕσq :“
NF,`
ÿ

n“1

ÿ

KF
nPTσ,n

ż

KF
n

J 11puσqpϕσq dt` J 12puσpT
´
qqpϕσpT

´
qq . (5.88)

The third stationary condition of Eq. (5.81) yields the dual stabilized fully discrete
discontinuous in time problem:

Problem 5.14 (Dual Fully-Discrete Stokes Flow Scheme: cG(p)-dG(r))
Find zσh “ twσh, qσhu P YdGprq,p

σh such that

B1σhpuσhqpϕσh, zσhq “ J 1puσhqpϕσhq @ϕσh “ tψσh, χσhu P Y
dGprq
σh , (5.89)

with Bσhp¨qp¨, ¨q “ Bσp¨qp¨, ¨q and J 1p¨qp¨q being defined in Eq. (5.87) and Eq. (5.88),
respectively.

Remark 5.12 The discrete dual problems decouple to a time stepping method run-
ning backward in time as given by Problem 5.13 and Problem 5.14, respectively, by
using integration by parts in time; cf. [160, Lemma 8.9].

5.2.2.2 Derivation of an A Posteriori Error Estimator

For the derivation of computable representations of the separated error contributions
in space and time as indicated in Eq. (5.75) we use a well-known abstract result from
[36].

Lemma 5.2 Let W be a function space and L be a three times Gâteaux differentiable
functional on W. We seek a stationary point w of L on W, that is,

L1pwqpδwq “ 0 @δw PW . (5.90)
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This equation is approximated by a Galerkin method using a finite-dimensional sub-
space W0 ĎW. Hence, the discrete problem seeks w0 PW0 such that

L1pw0qpδw0q “ 0 @δw0 PW0 . (5.91)

Then we have for arbitrary w̃0 PW0 the error representation

Lpwq ´ Lpw0q “
1

2
L1pw0qpw ´ w̃0q `R , (5.92)

where the remainder term R is given in terms of e :“ w ´ w0, as

R “
ż 1

0

L3pw0 ` seqpe, e, eqsps´ 1q ds . (5.93)

Proof. The proof of Lemma 5.2 is given by setting L̃ :“ L within the proof of
Lemma 4.1 in Sec. 4.2.2 of Ch. 4 and can be found, for instance, in [36, Prop. 2.1] or
[20, Prop. 6.1], cf. also Rem. 4.8. l

We apply the abstract error representation formula (5.92) to the Lagrangian func-
tionals (5.76), (5.77) and (5.78), respectively, to derive an a posteriori error estimator
for the Stokes flow problem in space and time. The idea of the proof goes back to
the result in [168, Thm. 3.2], where it was stated for parabolic problems.

Before proceeding with the theorem, we introduce the primal and dual residuals
based on the semi-discrete in time schemes by means of

ρσpuqpϕq :“ L1σ,zpu, zqpϕq “ Fσpψq ´Bσpuqpϕq ,

ρ˚σpu, zqpϕq :“ L1σ,upu, zqpϕq “ J 1puqpϕq ´B1σpuqpϕ, zq .
(5.94)

By using Lemma 5.2 we get the following result for the DWR-based error represen-
tation in space and time for the Stokes flow problem.

Theorem 5.2 (Error Representation for the Stokes Flow Problem)
Let tu, zu P Y ˆY, tuσ, zσu P YdGprq

σ ˆYdGprq
σ , and tuσh, zσhu P YdGprq,p

σh ˆYdGprq,p
σh be

stationary points of L,Lσ, and Lσh on the different levels of discretization, i.e.,

L1pu, zqpδu, δzq “ L1σpu, zqpδu, δzq “ 0 @ tδu, δzu P Y ˆ Y ,

L1σpuσ, zσqpδuσ, δzσq “ 0 @ tδuσ, δzσu P YdGprq
σ ˆ YdGprq

σ ,

L1σhpuσh, zσhqpδuσh, δzσhq “ L1σpuσh, zσhqpδuσh, δzσhq

“ 0 @ tδuσh, δzσhu P YdGprq,p
σh ˆ YdGprq,p

σh .
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Then, there hold the following error representation formulas for the discretization
errors in space and time

Jpuq ´ Jpuσq “
1

2
ρσpuσqpz ´ z̃σq `

1

2
ρ˚σpuσ, zσqpu´ ũσq `Rσ , (5.95)

Jpuσq ´ Jpuσhq “
1

2
ρσpuσhqpzσ ´ z̃σhq `

1

2
ρ˚σpuσh, zσhqpuσ ´ ũσhq (5.96)

`Rσh .

Here, tũσ, z̃σu P YdGprqσ ˆ YdGprqσ , and tũσh, z̃σhu P YdGprq,pσh ˆ YdGprq,pσh can be chosen
arbitrarily and the remainder terms Rσ and Rσh have the same structure as the
remainder term (5.93) in Lemma 5.2.

Proof. The proof is related to that one of Thm. 3.2 in [168]. It is basically equal
to that one of Thm. 4.1 given in Ch. 4. The difference comes through the absence of
stabilization terms and thus the equality of Lσ and Lσh. Evaluating the Lagrangian
functionals at the respective primal and dual solutions, there holds that (cf. Eq. (5.79)
in Rem. 5.10)

Jpuq “ Lpu, zq ,

Jpuσq “ Lσpuσ, zσq ,

Jpuσhq “ Lσhpuσh, zσhq .
Since the additional jump terms and the initial condition in Lσ vanish for a continuous
solution u “ tv, pu P Y and there holds Lσ “ Lσh for a fully discrete solution
uσh “ tvσh, pσhu P YdGprq,p

σh , we get the following representation for the temporal and
spatial error, respectively,

Jpuq ´ Jpuσq “ Lpu, zq ´ Lσpuσ, zσq

“ Lσpu, zq ´ Lσpuσ, zσq , (5.97a)

Jpuσq ´ Jpuσhq “ Lσpuσ, zσq ´ Lσhpuσh, zσhq

“ Lσpuσ, zσq ´ Lσpuσh, zσhq . (5.97b)

To prove the assertion (5.95) for the temporal error, we apply Lemma 5.2 with the
identifications

L “ Lσ , W “ pY ` YdGprq
σ q ˆ pY ` YdGprq

σ q , W0 “ YdGprq
σ ˆ YdGprq

σ

to the identity (5.97a). The above choice of W is necessary since YdGprq
σ Ę Y . Then,

the validity of condition (5.90) can be shown by the same density argument as used
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in the proof of Thm. 5.1 with the fact that Y being dense in L2pI;H1
0 pΩq

d ˆ L2
0pΩqq

given by Corollary 2.1 of Sec. 2.1.2 in Ch. 2. Now, applying Lemma 5.2 with the
above made identifications yields that

Jpuq ´ Jpuσq “ Lσpu, zq ´ Lσpuσ, zσq

“
1

2
L1σpuσ, zσqpu´ ũσ, z ´ z̃σq `Rσ .

(5.98)

With the definition of the primal and dual residuals based on the semi-discrete
schemes, given by the equations in (5.94), Eq. (5.98) can be rewritten as

Jpuq ´ Jpuσq “
1

2
ρσpuσqpz ´ z̃σq `

1

2
ρ˚σpuσ, zσqpu´ ũσq `Rσ ,

where the remainder term Rσ is given by

Rσ “
1

2

ż 1

0

!

L3σ puσ ` seu, zσ ` se˚zqpeu, eu, eu, e˚z, e˚z, e˚zqsps´ 1q
)

ds , (5.99)

with the ‘primal’ and ‘dual’ errors eu :“ u´uσ “ tv´vσ, p´pσu and e˚z :“ z´zσ “

tw ´wσ, q ´ qσu, respectively. This proves the assertion (5.95).
To prove the spatial error representation (5.96), we apply Lemma 5.2 with the

identifications

L “ Lσ , W “ YdGprq
σ ˆ YdGprq

σ , W0 “ YdGprq,p
σh ˆ YdGprq,p

σh

to Eq. (5.97b). In this case, we haveW0 ĎW since YdGprq,p
σh Ď YdGprq

σ . Then, applying
Lemma 5.2 with these identifications yields that

Jpuσq ´ Jpuσhq “ Lσpuσ, zσq ´ Lσpuσh, zσhq

“
1

2
L1σpuσh, zσhqpuσ ´ ũσh, zσ ´ z̃σhq `Rσh .

(5.100)

Again, using the definition of the primal and dual residuals based on the semi-discrete
schemes given by the equations in (5.94), Eq. (5.100) can be rewritten as

Jpuσq ´ Jpuσhq “
1

2
ρσpuσhqpzσ ´ z̃σhq `

1

2
ρ˚σpuσh, zσhqpuσ ´ ũσhq `Rσh ,

where the remainder term Rσh is given by

Rσh “
1

2

ż 1

0

!

L3σ puσh ` seu, zσh ` se˚zqpeu, eu, eu, e˚z, e˚z, e˚zqsps´ 1q
)

ds , (5.101)

with the ‘primal’ and ‘dual’ errors eu :“ uσ ´ uσh “ tvσ ´ vσh, pσ ´ pσhu and
e˚z :“ zσ ´ zσh “ twσ ´wσh, qσ ´ qσhu, respectively. This proves the assertion (5.96).

l
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Remark 5.13 The above derived error representation formulas for the Stokes flow
problem are based on a general goal functional in the form of Eq. (5.74) such that an
error control independent of the transport problem is theoretically possible. In practice,
however, especially for the case of the underlying model problem given by Prob. 5.1,
one is primary interested to control the transport problem under the condition that
the influence of the error in the Stokes flow problem stays small. Here, the terms that
account for this influence are given by the coupling terms in Eq. (5.64) within the
error representation formulas (5.62) and (5.63), respectively, and may be interpreted
as a modeling error; cf., for instance, [133]. In this case, the general right-hand side
term in Eq. (5.86) within Problem 5.13 has to be modified by

J 1puσqpϕσq “

ż

I

`

v ´ vσ, uτ ¨∇zτ
˘

dt . (5.102)

Likewise, for the dual fully discrete case the right-hand side term in Eq. (5.89) within
Problem 5.14 has to be modified by

J 1puσhqpϕσhq “

ż

I

`

vσ ´ vσh, uτh ¨∇zτh
˘

dt . (5.103)

5.3 Practical Aspects

In this section, we illustrate some useful aspects for the practical implementation
of the adaptivity process used within the DWR framework for the specific class of
coupled problems. Thereby, we present the formulation as time marching schemes
for the transport and Stokes flow problem, respectively, derive localized forms of the
error estimators for both problems on spatial and temporal cells, respectively, give
insight into some implementational aspects regarding our multirate in time approach,
and introduce the underlying adaptive space-time algorithm in different variations.

5.3.1 Representation as a Time Marching Scheme

As introduced in Sec. 2.2.2, the choice of a discontinuous time-discrete test space
allows for rewriting the variational system as a time marching scheme (TMS). The
representation as a TMS is helpful for the practical realization of the underlying
problem by decoupling the original huge system into independent subproblems using
so-called space-time slabs, cf. Sec. 4.4 and, in particular, Fig. 4.5 for more details. In
the course of this, we recall the separation of the global space-time domain Q “ ΩˆI

into a partition of space-time slabs Qn “ Th,nˆTτ,n, where Th,n builds a triangulation
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of the domain Ω and Tτ,n builds a triangulation of the closure of the time subinterval
sIn, respectively.

Since the derivation was described explicitly in Sec. 4.3.1, we restrict ourselves to
the final presentation of the time marching schemes (TMSs) here and reference to this
section for more details. However, we recall the representation of the fully discrete
discontinuous in time solutions given by

udGτh |KˆKnpx, tq :“
r
ÿ

ι“0

un,ιh |Kpxqζn,ιptq ,

vdGσh |KFˆKF
n
px, tq :“

r
ÿ

ι“0

vn,ιh |KFpxqζn,ιptq ,

pdGσh |KFˆKF
n
px, tq :“

r
ÿ

ι“0

pn,ιh |KFpxqζn,ιptq ,

(5.104)

on an element K P Th,n or KF P T F
h,n, respectively, where Kn P Tτ,n, n “ 1, . . . , N ` , or

KF
n P Tσ,n , n “ 1, . . . , NF,` , denotes the underlying cell in time. For more details we

refer to Sec. 2.2 in Ch. 2. Here, we use the same notation as used in [128], where we
also refer to for more details.

5.3.1.1 Time Marching Schemes for the Transport Problem

In the case of a discontinuous in time discretization, the TMS of the primal stabilized
transport scheme given by Problem 5.8 has the following form:

Problem 5.15 (Primal stabilized TMS for the Transport Problem)
For a given vσh P YdGprq,p

σh of Problem 5.7, represented in the form of the second
equation in (5.104), find udGτh |KˆKn P Prτ pKn;Hpu,n

h q, represented by the first equation
in (5.104) with coefficients un,ιh , ι “ 0, . . . , r, such that

ÿ

KnPTτ,n

r
ÿ

ι“0

"

ακ,ι

´

ÿ

KPTh,n

`

pun,ιh , ϕhqK ` δKpu
n,ι
h ,vσh ¨∇ϕhqK

˘

¯

` βκ,ι

´

ÿ

KPTh,n

`

pε∇un,ιh ,∇ϕhqK ´ δKp∇ ¨ pε∇un,ιh q,vσh ¨∇ϕhqK
˘

¯

` βκ,ι

´

ÿ

KPTh,n

`

pvσh ¨∇un,ιh , ϕhqK ` δKpvσh ¨∇un,ιh ,vσh ¨∇ϕhqK
˘

¯

` βκ,ι

´

ÿ

KPTh,n

`

pαun,ιh , ϕhqK ` δKpαu
n,ι
h ,vσh ¨∇ϕhqK

˘

¯

*

“
ÿ

KnPTτ,n

r
ÿ

ι“0

βκ,ι

´

ÿ

KPTh,n

`

pgn,ιh , ϕhqK ` δKpg
n,ι
h ,vσh ¨∇ϕhqK

˘

¯

`γκ

´

ÿ

KPTh,n

`

pudGτh pt
´
F ,n`q, ϕhqK ` pu

dG
τh pt

´
F ,n`q,vσh ¨∇ϕhqK

˘

¯

,

(5.105)
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for all ϕh P V pu,n
h , for all κ “ 0, . . . , r, and with

ακ,ι :“pζ 1n,ιptq, ζn,κptqqKn ` ζn,ιpt
`
F ,n`q ζn,κpt

`
F ,n`q

“

ż

pI

pζ 1ιpptq
pζκpptq dpt` pζιp0q pζκp0q “

r
ÿ

µ“0

pwµ pζ
1
ιp
ptµq pζκpptµq ` pζιp0q pζκp0q ,

βκ,ι :“pζn,ιptq, ζn,κptqqKn “

ż

pI

pζιpptq pζκpptq τK dpt “
r
ÿ

µ“0

τK pwµ pζιpptµq pζκpptµq ,

γκ :“ ζn,κpt
`
F ,n`q “

pζκp0q ,

(5.106)

where the reference basis functions in time pζιp¨q, pζκp¨q are the standard Lagrange basis
functions as introduced in Sec. 2.2.2, using quadrature weights pwµ and quadrature
points ptµ from an (r ` 1)-point Gauss quadrature rule on the reference cell in time
pI “ r0, 1s, denoted by pQGpr`1q, with τK denoting the length of the cell in time Kn, and
with

udGτh pt
´
F ,n`q :“ udGτh |Kn` pt

´
F ,n`q , (5.107)

by marching sequentially through all slabs Qn, n “ 1, . . . , N `, where ` denotes the
current DWR adaptivity loop. Here, Kn` denotes the left neighbor cell in time of Kn

and tF ,n` denotes the left end of Kn, respectively. For the case that Kn represents the
first cell in time of the current slab Qn, the left neighbor cell in time Kn` is given
by the last cell in time of the previous slab Qn´1, cf. Fig. 2.5 for an illustration. In
particular, on the first cell in time of the first slab Q1 the left-side trace udGτh pt

´
F ,1`q is

given by the initial condition u0.

Remark 5.14 In general, the source term integral of the right-hand side cannot be
evaluated exactly. Hence, we approximate this integral here by means of a numerical
quadrature. Here, we replace the source term g by its appropriate Lagrange interpolant
in time gdGτ P X dGprq

τ , such that gdGτ |Kn P Prτ pKn;L2pΩqq is represented by

gdGτ |Knptq :“
r
ÿ

ι“0

Gι
nζn,ιptq , Gι

n :“ gptn,ιq , (5.108)

using the same basis functions ζn,ιp¨q P Yrτ and support points tn,ι as introduced in
Sec. 4.3.1.1. Finally, the time-independent coefficients Gι

n of the Lagrange inter-
polants given by Eq. (5.108) are replaced in space by gn,ιh , to the following fully discrete
functions

gdGτh |KˆKnpx, tq :“
r
ÿ

ι“0

gn,ιh |Kζn,ιptq . (5.109)
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The TMS of the dual stabilized transport scheme given by Problem 5.11 has the
following form, cf. Rem. 5.9:

Problem 5.16 (Dual stabilized TMS for the Transport Problem)
For a given vσh P YdGprq,p

σh of Problem 5.7, represented in the form of the second
equation in (5.104), find zdGτh |KˆKn P Prτ pKn;Hpu,n

h q, represented in the shape of the
first equation in (5.104) with coefficients zn,ιh , ι “ 0, . . . , r, such that

ÿ

KnPTτ,n

r
ÿ

ι“0

"

ακ,ι

´

ÿ

KPTh,n

`

´ pψh, ρ z
n,ι
h qK ` δKpvσh ¨∇ψh, z

n,ι
h qK

˘

¯

` βκ,ι

´

ÿ

KPTh,n

`

pε∇ψh,∇zn,ιh qK ´ δKp∇ ¨ pε∇ψhq,vσh ¨∇z
n,ι
h qK

˘

¯

` βκ,ι

´

ÿ

KPTh,n

`

pvσh ¨∇ψh, zn,ιh qK ` δKpvσh ¨∇ψh,vσh ¨∇z
n,ι
h qK

˘

¯

` βκ,ι

´

ÿ

KPTh,n

`

pαψh, z
n,ι
h qK ` δKpαψh,vσh ¨∇z

n,ι
h qK

˘

¯

*

“
ÿ

KnPTτ,n

r
ÿ

ι“0

βκ,ι
ÿ

KPTh,n

J 11|Kpu
n,ι
h qpψhq

` γκ
ÿ

KPTh,n

`

pψh, z
dG
τh pt

`
F ,nqqK ´ δKpvσh ¨∇ψh, zdGτh pt`F ,nqqK

˘

,

(5.110)

for all ψh P V pu,n
h , and for all κ “ 0, . . . , r, and with

ακ,ι :“ pζn,κptq, ζ
1
n,ιptqqKn ´ ζn,κpt

´
F ,nqqpζn,ιpt

´
F ,nqq

“

ż

pI

pζκpptq pζ
1
ιp
ptq dpt´ pζκp1q pζιp1q “

r
ÿ

µ“0

pwµ pζκpptµq pζ
1
ιp
ptµq ´ pζκp1q pζιp1q ,

βκ,ι :“ pζn,κptq, ζn,ιptqqKn “

ż

pI

pζκpptq pζιpptq τK dpt “
r
ÿ

µ“0

τK pwµ pζκpptµq pζιpptµq ,

γκ :“ ζn,κpt
´
F ,nqq “

pζκp1q ,

(5.111)

where the reference basis functions in time pζιp¨q, pζκp¨q are the standard Lagrange basis
functions as introduced in Sec. 2.2.2, using quadrature weights pwµ and quadrature
points ptµ from pQGpr`1q, with τK denoting the length of the cell in time Kn, and with

zdGτh pt
`
F ,nq :“ zdGτh |Knr pt

`
F ,nq , (5.112)

by marching sequentially through all slabs Qn, n “ N `, . . . , 1. Here, Knr denotes the
right neighbor cell in time of Kn and tF ,n denotes the right end of Kn, respectively.
For the case that Kn represents the last cell in time of the current slab Qn, the right
neighbor cell in time Knr is given by the first cell in time of the next slab Qn`1,
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cf. Fig. 2.5 for an illustration. In particular, on the last cell in time of the last slab
QN the right-side trace zdGτh pt

`
F ,Nq is given by the dual initial at time t “ T , denoted

by zT and depending on the choice of the goal functional J or rather J2, cf. Rem.5.8.

5.3.1.2 Time Marching Schemes for the Stokes Flow Problem

The TMS of the primal discontinuous in time fully discrete Stokes flow scheme given
by Problem 5.7 reads as

Problem 5.17 (Primal TMS for the Stokes Flow Problem)
Find the pairs tvdGσh |KFˆKF

n
, pdGσh |KFˆKF

n
u P Prτ pKF

n ;Hpv ,n
h qˆPrτ pKF

n ;L
pp,n
h q, represented

in the shape of Eq. (5.104) with coefficients vn,ιh , pn,ιh , ι “ 0, . . . , r, such that

ÿ

KF
nPTσ,n

r
ÿ

ι“0

"

ακ,ι
ÿ

KFPT F
h,n

pvm,ιh ,ψhqKF

`βκ,ι
ÿ

KFPT F
h,n

`

νp∇vm,ιh ,∇ψhqKF ´ ppm,ιh ,∇ ¨ψhqKF ` p∇ ¨ vm,ιh , χhqKF

˘

*

“
ÿ

KF
nPTσ,n

r
ÿ

ι“0

βκ,ι
ÿ

KFPT F
h,n

pfm,ιh ,ψhqKF ` γκ
ÿ

KFPT F
h,n

pvdGσh pt
´
F ,n`q,ψhqKF ,

(5.113)

for all tψh, χhu P V
pv ,n
h ˆ V

pp,n
h , for all κ “ 0, . . . , r, and with

ακ,ι :“pζ 1n,ιptq, ζn,κptqqKF
n
` ζn,ιpt

`
F ,n`q ζn,κpt

`
F ,n`q

“

ż

pI

pζ 1ιpptq
pζκpptq dpt` pζιp0q pζκp0q “

r
ÿ

µ“0

pwµ pζ
1
ιp
ptµq pζκpptµq ` pζιp0q pζκp0q ,

βκ,ι :“pζn,ιptq, ζn,κptqqKF
n
“

ż

pI

pζιpptq pζκpptqσK dpt “
r
ÿ

µ“0

σK pwµ pζιpptµq pζκpptµq ,

γκ :“ ζn,κpt
`
F ,n`q “

pζκp0q ,

(5.114)

where the reference basis functions in time pζιp¨q, pζκp¨q are the standard Lagrange basis
functions as introduced in Sec. 2.2.2, using quadrature weights pwµ and quadrature
points ptµ from an (r ` 1)-point Gauss quadrature rule on the reference time cell pI,
denoted by pQGpr`1q, with σK denoting the length of the cell in time KF

n , and with

vdGσh pt
´
F ,n`q :“ vdGσh |KF

n`
pt´F ,n`q , (5.115)

by marching sequentially through all slabs QF
n, n “ 1, . . . , NF,`, where ` denotes the

current DWR adaptivity loop. Here, KF
n`

denotes the left neighbor cell in time of KF
n

and tF ,n` denotes the left end of KF
n , respectively. For the case that KF

n represents
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the first cell in time of the current slab QF
n, the left neighbor cell in time KF

n`
is given

by the last cell in time of the previous slab QF
n´1, cf. Fig. 2.5 for an illustration. In

particular, on the first cell in time of the first slab QF
1 the left-side trace vdGσh pt

´
F ,1`q

is given by the initial condition v0. Again, the source term integral of the right-hand
side in Eq. (5.113) is handled in the same fashion as described in Rem. 5.14.

The TMS of the dual discontinuous in time fully discrete Stokes flow schemes given
by Problem 5.14 has the following form, cf. Rem. 5.12.

Problem 5.18 (Dual TMS for the Stokes Flow Problem)
Find the pairs twdG

σh |KFˆKF
n
, qdGσh |KFˆKF

n
u P Prτ pKF

n ;Hpv ,n
h qˆPrτ pKF

n ;L
pp,n
h q, represented

in the shape of Eq. (5.104) with coefficients wm,ι
h , qm,ιh , ι “ 0, . . . , r, such that

ÿ

KnPTτ,n

r
ÿ

ι“0

"

ακ,ι
ÿ

KPTh,n

´pψh,w
m,ι
h qKF

`βκ,ι
ÿ

KPTh,n

`

νp∇ψh,∇w
m,ι
h qKF ´ pχh,∇ ¨wm,ι

h qKF ` p∇ ¨ψh, q
m,ι
h qKF

˘

*

“
ÿ

KF
nPTσ,n

r
ÿ

ι“0

βκ,ι
ÿ

KFPT F
h,n

J 11|KFpun,ιh qpϕhq ` γκ
ÿ

KFPT F
h,n

`

pψh,w
dG
σh pt

`
F ,nqqKF

˘

KF ,

(5.116)
for all tψh, χhu P V

pv ,n
h ˆ V

pp,n
h , for all κ “ 0, . . . , r, and with

ακ,ι :“ pζn,κptq, ζ
1
n,ιptqqKF

n
´ ζn,κpt

´
F ,nqpζn,ιpt

´
F ,nq

“

ż

pI

pζκpptq pζ
1
ιp
ptq dpt´ pζκp1q pζιp1q “

r
ÿ

µ“0

pwµ pζκpptµq pζ
1
ιp
ptµq ´ pζκp1q pζιp1q ,

βκ,ι :“ pζn,κptq, ζn,ιptqqKF
n
“

ż

pI

pζκpptq pζιpptqσK dpt “
r
ÿ

µ“0

σK pwµ pζκpptµq pζιpptµq ,

γκ :“ ζn,κpt
´
F ,nq “

pζκp1q ,

(5.117)

where the reference basis functions in time pζιp¨q, pζκp¨q are the standard Lagrange basis
functions as introduced in Sec. 2.2.2, using quadrature weights pwµ and quadrature
points ptµ from pQGpr`1q, with σK denoting the length of the cell in time KF

n , and with

wdG
σh pt

`
F ,nq :“ wdG

σh |KF
nr
pt`F ,nq , (5.118)

by marching sequentially through all slabs QF
n, n “ NF,`, . . . , 1. Here, KF

nr denotes the
right neighbor cell in time of KF

n and tF ,n denotes the right end of KF
n , respectively.

For the case that KF
n represents the last cell in time of the current slab QF

n, the right
neighbor cell in time KF

nr is given by the first cell in time of the next slab QF
n`1,

198



cf. Fig. 2.5 for an illustration. In particular, on the last cell in time of the last slab
QF
N the right-side trace wdG

σh pt
`
F ,Nq is given by the dual initial at time t “ T , denoted

by wT and depending on the choice of the goal functional J or rather J2, cf. Rem.5.11.

5.3.2 Localization and Evaluation of the Error Estimators

The error representation formulas derived in Sec. 5.2 lead to temporal and spatial
a posteriori error estimators for the transport and for the Stokes flow problem, re-
spectively. These estimators serve for one thing as a quantitative estimation of the
discretization error within the user-chosen goal quantity J and, for another thing, as
indicators for the adaptive mesh refinement process in space and time. For the latter
case, we present a localized form of the error representation formulas for the trans-
port and Stokes flow problem as obtained in Thm. 5.1 and Thm. 5.2, respectively,
that are used as error indicators within the practical realization of the adaptive mesh
refinement process.

5.3.2.1 Localized Error Indicators of the Transport Problem

Neglecting the remainder terms in the error representation formulas of the transport
problem given by Eqs. (5.62)–(5.63) in Theorem 5.1, we get the following approxima-
tions in space and time:

Jpuq ´ Jpuτ q «
1

2
ρpuτ ;vqpz ´ z̃τ q `

1

2
ρ˚puτ , zτ ;vqpu´ ũτ q

`
1

2
D1τ puτ , zτ ;v ´ vσqpũτ ´ uτ , z̃τ ´ zτ q

`Dτ puτ , zτ ;v ´ vσq

“: ητ “
N
ÿ

n“1

ηnτ ,

Jpuτ q ´ Jpuτhq «
1

2
ρτ puτh;vσhqpzτ ´ z̃τhq `

1

2
ρ˚τ puτh, zτh;vσhqpuτ ´ ũτhq

`
1

2
D1τhpuτh, zτh;vσ ´ vσhqpũτh ´ uτh, z̃τh ´ zτhq

`Dτhpuτh, zτh;vσ ´ vσhq

“: ηh “
N
ÿ

n“1

ηnh .

(5.119)

Assumption 5.4 To simplify notation while presenting a localized form of the error
indicators in time ηnτ and space ηnh , respectively, we make the following assumptions.
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• We assume that J2p¨q “ 0 and that J1p¨q is given by J1puptqq :“ pψptq, jptqq or
rather J 11puptqqpψptqq “ pψptq, jptqq for some density function j P L2pI;L2pΩqq,
cf. Eq. (5.37).

• We only present the localized form of the residuals in (5.119) and leave all other
terms untouched.

Thus, the local error indicators in time ηnτ and space ηnh , respectively, with regard to
a single slab Qn “ Th,n ˆ Tτ,n , n “ 1, . . . , N ` , are given by

ηnτ “
1

2

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

!

`

Rpuτ ;vq, z ´ z̃τ
˘

K
´
`

Epuτ q, z ´ z̃τ
˘

BK

)

dt

`
1

2

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

!

`

u´ ũτ , R
˚
pzτ ;vq

˘

K
´
`

u´ ũτ , E
˚
pzτ q

˘

BK

)

dt

`
1

2
D1τ puτ , zτ ;v ´ vσqpũτ ´ uτ , z̃τ ´ zτ q `Dτ puτ , zτ ;v ´ vσq ,

(5.120)

where Dτ and D1τ are given by the first equation of Eq. (5.64) and Eq. (5.72), respec-
tively, having regard to its respective localized form, and

ηnh “
1

2

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

!

`

Rpuτh;vσq, zτ ´ z̃τh
˘

K
´
`

Epuτhq, zτ ´ z̃τh
˘

BK

)

dt

´
ÿ

tFPFτ,n

ÿ

KPTh,n

`

ruτhstF,n`
, zτ pt

`
F ,n`q ´ z̃τhpt

`
F ,n`q

˘

K

`
1

2

ÿ

KnPTτ,n

ż

Kn

ÿ

KPTh,n

!

`

uτ ´ ũτh, R
˚
pzτh;vσq ´

`

uτ ´ ũτh, E
˚
pzτhq

˘

BK

)

dt

`
ÿ

tFPFτ,n

ÿ

KPTh,n

`

uτ pt
´
F ,nq ´ ũτhpt

´
F ,nq, rzτhstF,n

˘

K

`
1

2
D1τhpuτh, zτh;vσ ´ vσhqpũτh ´ uτh, z̃τh ´ zτhq

`Dτhpuτh, zτh;vσ ´ vσhq ,

(5.121)

where Dτh and D1τh are given by the second equation of Eq. (5.64) and Eq. (5.73),
respectively, having regard to its respective localized form. The cell and edge residuals
Rp¨; ¨q, R˚p¨; ¨q and Ep¨q, E˚p¨q, respectively, are given by

Rpu;vq|K :“ g ´ ρ Btu`∇ ¨ pε∇uq ´ v ¨∇u´ αu , (5.122)

R˚pz;vq|K :“ j ` ρ Btz `∇ ¨ pε∇zq ` v ¨∇z ´ αz , (5.123)

Epuq|Γ :“

#

1
2
n ¨ rε∇us if Γ Ă BKzBΩ ,

0 if Γ Ă BΩ ,
(5.124)

E˚pzq|Γ :“

#

1
2
n ¨ rε∇zs if Γ Ă BKzBΩ ,

0 if Γ Ă BΩ ,
(5.125)
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with r∇ϕs :“ ∇ϕ|ΓXK ´ ∇ϕ|ΓXK1 denoting the spatial jump of ∇ϕ over the inner
edges Γ with normal unit vector n pointing from cell K to K 1. Here, Fτ,n denotes
the set of interior time points corresponding to slab Qn with tF ,n` and tF ,n denoting
the left and right end of the cell in time Kn, respectively.

Remark 5.15 Let us remark some aspects about the error indicators.

• The additional terms including the spatial edge terms Ep¨q, E˚p¨q appear applying
integration by parts on each spatial cell K P Th,n, n “ 1, . . . , N `, to the second
order terms of the primal or dual residual, respectively; cf., e.g., [20, Ch. 3].

• For the case of nonhomogeneous Dirichlet and Neumann boundary conditions
we refer to Rem. 4.14.

• With regard to neglecting the remainder terms in (5.120) and (5.121), respec-
tively, we refer to the first note in Rem. 4.11 and [20, Rem. 6.5].

• In the case of a non-vanishing goal functional J2p¨q, an additional sum in the
form

ÿ

KPTh,N

J 12|Kpuτ pT
´
qqpupT´q ´ ũτ pT

´
qq ,

ÿ

KPTh,N

J 12|KpuτhpT
´
qqpuτ pT

´
q ´ ũτhpT

´
qq ,

has to be added within the computation on the last cell in time of the last slab
QN in Eq. (5.120) and Eq. (5.121), respectively. Obviously, this means that the
final condition zT does not vanish in this case.

So far, the localized forms of the temporal and spatial error indicators given by
Eq. (5.120) and Eq. (5.121), respectively, include solutions and integrals that have to
be approximated for a practical realization. In view of this, the numerical evaluation
of the temporal and spatial error indicators is performed in the following fashion.

Assumption 5.5 (Approximation Techniques) For a practical computation of
the local error indicators given by Eq. (5.120) and Eq. (5.121), respectively, we intro-
duce the following possibilities.

• Approximate the temporal weights u ´ ũτ and z ´ z̃τ , respectively, occurring
in Eq. (5.120), by means of a higher-order extrapolation or finite elements ap-
proach, exemplary given by

u´ ũτ «Er`1
τ uτ ´ uτ ,

u´ ũτ «uτ ´ Rr
τ uτ ,

(5.126)
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using an extrapolation in time operator Er`1
τ or a restriction in time operator

Rr
τ , respectively, as introduced in Sec. 4.3.2.2. Note that within the higher-order

finite elements approach the discrete dual solution zτ has to be solved in a space
X dGpsq
τ , s ą r , as given by Eq. (5.15).

• Approximate the spatial weights uτ ´ ũτh and zτ ´ z̃τh, respectively, occurring in
Eq. (5.121), by means of a patch-wise higher-order interpolation or higher-order
finite elements approach, exemplary given by

uτ ´ ũτh« I
p2pq
2h uτh ´ uτh ,

uτ ´ ũτh«uτh ´ Rp
h uτh ,

(5.127)

using an interpolation in space operator I
p2pq
2h or a restriction in space operator

Rp
h, respectively, as introduced in Sec. 3.3.1. Note that within the higher-order

finite elements approach the discrete dual solution zτh has to be solved in a space
X dGprq,q
τh , q ą p , as given by Eq. (5.27).

• Approximate the temporal velocity difference v ´ vσ within the coupling terms,
occurring in Eq. (5.120), by one of the techniques used for the temporal weights
given by

v ´ vσ «Er`1
τ vσ ´ vσ ,

v ´ vσ «vσ ´Rr
τvσ ,

(5.128)

with Er`1
τ and Rr

τ acting componentwise like Epr`1q
τ and Rr

τ , respectively.

• Approximate the spatial velocity difference vσ ´ vσh within the coupling terms,
occurring in Eq. (5.121), by one of the techniques used for the spatial weights
given by

vσ ´ vσh« I
p2pq
2h vσh ´ vσh ,

vσ ´ vσh«vσh ´Rp
hvσh ,

(5.129)

with I
p2pq
2h and Rp

h acting componentwise like I
p2pq
2h and Rp

h, respectively. Note that
the solution transfer of the fully discrete solution vσh to the meshes used for
the transport problem is handled by a precasted function within deal.II called
interpolate_to_different_mesh(), cf. Sec. 5.3.3 for further information.

• Approximate the integrals in time by means of an appropriate quadrature rule
depending on the approximation approach used for the temporal weights. More
precisely, the integrals in time are evaluated numerically by using an pr`2q-point
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Gauss-Lobatto quadrature rule for the approximation case hoEx-G, an pr ` 1q-
point Gauss quadrature rule for the case hoEx-GL, and an pr ` 2q-point Gauss
quadrature rule for the case hoFE, respectively, cf. Sec. 4.3.2.2 for more details.

• Replace all unknown solutions occurring either in the residuals, weights or in
the coupling depending terms by the computed fully discrete solutions uτh , zτh
and vσh, respectively, cf. also Rem. 4.13.

5.3.2.2 Localized Error Indicators of the Stokes Flow Problem

The derivation of local error indicators for the Stokes flow problem is rather similar
to the transport problem, although less complex due to missing stabilization and
coupling terms. Again, neglecting the remainder terms in the error representation
formulas of the Stokes flow problem given by Eqs. (5.95)–(5.96) in Theorem 5.2, we
get the following approximations in space and time:

Jpuq ´ Jpuσq «
1

2
ρσpuσqpz ´ z̃σq `

1

2
ρ˚σpuσ, zσqpu´ ũσq

“: ηFσ “
NF,`
ÿ

n“1

ηF,nσ .

Jpuσq ´ Jpuσhq «
1

2
ρσpuσhqpzσ ´ z̃σhq `

1

2
ρ˚σpuσh, zσhqpuσ ´ ũσhq

“: ηFh “
NF,`
ÿ

n“1

ηF,nh .

(5.130)

Maintaining the same restrictions as in Assumption 5.4, the local error indicators in
time ηF,nσ and space ηF,nh , respectively, with regard to a single slabQF

n “ T F
h,nˆTσ,n , n “

1, . . . , NF,` , are given by

ηF,nσ “
1

2

ÿ

KF
nPTσ,n

ż

KF
n

ÿ

KFPT F
h,n

!

`

Rpuσq,w ´ w̃σ

˘

KF

´p∇ ¨ vσ, q ´ q̃σqKF ´
`

Epuσq,w ´ w̃σ

˘

BKF

)

dt

´
ÿ

tF,n`PFσ,n

ÿ

KFPT F
h,n

`

rvσstF,n`
,wpt`F ,n`q ´ w̃σpt

`
F ,n`q

˘

KF

`
1

2

ÿ

KF
nPTσ,n

ż

KF
n

ÿ

KFPT F
h,n

!

`

v ´ ṽσ,R
˚
pzσq

˘

KF

`pp´ p̃σ,∇ ¨wσqKF ´
`

v ´ ṽσ,E
˚pzσq

˘

BKF

)

dt

`
ÿ

tF,nPFσ,n

ÿ

KFPT F
h,n

`

vpt´F ,nq ´ ṽσpt
´
F ,nq, rwσstF,n

˘

KF ,

(5.131)
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and

ηF,nh “
1

2

ÿ

KF
nPTσ,n

ż

KF
n

ÿ

KFPT F
h,n

!

`

Rpuσhq,wσ ´ w̃σh

˘

KF

´p∇ ¨ vσh, qσ ´ q̃σhqKF ´
`

Epuσhq,wσ ´ w̃σh

˘

BKF

)

dt

´
ÿ

tF,n`PFσ,n

ÿ

KFPT F
h,n

`

rvσhstF,n`
,wσpt

`
F ,n`q ´ w̃σhpt

`
F ,n`q

˘

KF

`
1

2

ÿ

KF
nPTσ,n

ż

KF
n

ÿ

KFPT F
h,n

!

`

vσ ´ ṽσh,R
˚
pzσhq

˘

KF

`ppσ ´ p̃σh,∇ ¨wσhqKF ´
`

vσ ´ ṽσh,E
˚pzσhq

˘

BKF

)

dt

`
ÿ

tF,nPFσ,n

ÿ

KFPT F
h,n

`

vσpt
´
F ,nq ´ ṽσhpt

´
F ,nq, rwσhstF,n

˘

KF ,

(5.132)

where the cell and edge residuals Rp¨q,R˚p¨q and Ep¨q,E˚p¨q , respectively, are given
by

Rpuq :“ f ´ Btv `∇ ¨ pν∇vq ´∇p, , (5.133)

R˚pzq :“ j ` Btw `∇ ¨ pν∇wq `∇q , (5.134)

Eρ
puq|Γ :“

#

1
2
rνBnv ´ pns if Γ Ă BKzBΩ ,

0 if Γ Ă BΩ ,
(5.135)

Eρ˚pzq|Γ :“

#

1
2
rνBnw ` qns if Γ Ă BKzBΩ ,

0 if Γ Ă BΩ ,
(5.136)

with rϕs :“ ϕ|ΓXK ´ ϕ|ΓXK1 denoting the spatial jump of ϕ over the inner edges Γ
with normal unit vector n pointing from cell K to K 1. Here, Fσ,n denotes the set
of interior time points corresponding to slab QF

n with tF ,n` and tF ,n denoting the left
and right end of the cell in time KF

n , respectively.

Remark 5.16 Let us remark some aspects about the error indicators.

• Again, the additional terms including the spatial edge terms Ep¨q,E˚p¨q appear
by applying integration by parts on each spatial cell KF P T F

h,n, n “ 1, . . . , NF,`,

to the second order terms of the primal or dual residual; cf., for instance, [20,
Ch. 11] and [32]. Furthermore, since we are using continuous pressure approx-
imations in space within our numerical computations in Sec. 5.4, the pressure
jump terms across inner edges vanish, rpσhns ” rqσhns ” 0; cf., for instance,
[40] or [20, Ch. 11].
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• With regard to problem dependent boundary conditions such as so-called no-slip,
inflow and outflow conditions, we refer to Rem. 4.14 and [20, Ch. 11.1].

• Furthermore, the remaining notes outlined in Rem. 5.15 can be transferred to
the case of the Stokes flow problem.

So far, the localized forms of the temporal and spatial error indicators given by
Eq. (5.131) and Eq. (5.132), respectively, include solutions and integrals that have to
be approximated for a practical realization. In view of this, the numerical evaluation
of the temporal and spatial error indicators is performed in the following way:

• Approximate the temporal weights v´ṽσ, p´p̃σ andw´w̃σ, q´q̃σ, respectively,
occurring in Eq. (5.131), by means of a higher-order extrapolation or finite
elements approach, exemplary given by

v ´ ṽσ «Er`1
τ vσ ´ vσ ,

v ´ ṽσ «vσ ´Rr
τvσ ,

p´ p̃σ «Er`1
τ pσ ´ pσ ,

p´ p̃σ « pσ ´ Rr
τ pσ ,

(5.137)

using an extrapolation in time operator Er`1
τ or a restriction in time operator

Rr
τ , respectively, as introduced in Sec. 4.3.2.2 and with Er`1

τ and Rr
τ acting

componentwise like Epr`1q
τ and Rr

τ , respectively. Note that within the higher-
order finite elements approach the discrete dual solution zσ has to be solved in
a space YdGpsq

σ , s ą r , as given by Eq. (5.17).

• Approximate the spatial weights vσ ´ ṽσh, pσ ´ p̃σh and wσ ´ w̃σh, qσ ´ q̃σh,
respectively, occurring in Eq. (5.132), by means of a patch-wise higher-order
interpolation or higher-order finite elements approach, exemplary given by

vσ ´ ṽσh« I
p2pq
2h vσh ´ vσh ,

vσ ´ ṽσh«vσh ´Rp
hvσh ,

pσ ´ p̃σh« I
p2pq
2h pσh ´ pσh ,

pσ ´ p̃σh« pσh ´ Rp
h pσh ,

(5.138)

using an interpolation in space operator I
p2pq
2h or a restriction in space operator

Rp
h, respectively, as introduced in Sec. 3.3.1 and with I

p2pq
2h and Rp

h acting com-
ponentwise like I

p2pq
2h and Rp

h, respectively. Note that within the higher-order
finite elements approach the discrete dual solution zσh has to be solved in a
space YdGprq,q

σh , q ą p , as given by Eq. (5.28).
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• Approximate the integrals in time by means of an appropriate quadrature rule
depending on the approximation approach used for the temporal weights. More
precisely, the integrals in time are evaluated numerically by using an pr ` 2q-
point Gauss-Lobatto quadrature rule for the approximation case hoEx-G, an
pr` 1q-point Gauss quadrature rule for the case hoEx-GL, and an pr` 2q-point
Gauss quadrature rule for the case hoFE, respectively, cf. Sec. 4.3.2.2 for more
details.

• Replace all unknown solutions occurring either in the weights or residuals by
the computed fully discrete solutions vσh , pσh ,wσh and qσh, respectively, cf.
also Rem. 4.13.

5.3.3 Implementation of Multirate Aspects

In this section, we give insight into some implementational aspects with regard to our
multirate in time approach for coupled problems. Most of these aspects are based
on the concepts introduced in Sec. 4.4, where we refer to for all details not being
specified in the following. With regard to a practical realization of our multirate in
time approach for coupled flow and transport problems, the following aspects are of
particular importance:

• Initialization of spatial and temporal meshes for both transport and Stokes flow
problem: Space-time slabs.

• Interaction of spatial and temporal meshes between transport and Stokes flow
problem: Solution mesh transfer.

• Realization of adaptive mesh refinement in space and time: Involvement of
slabs.

In the following, we address the above mentioned aspects in greater detail.

Initialization of Spatial and Temporal Meshes for Transport and Flow

For an adaptive numerical approximation of Problem 5.1, the space-time domain
Q “ Ω ˆ I is divided into non-overlapping space-time slabs Qn “ Th,n ˆ Tτ,n, n “
1, . . . , N , as well as QF

n “ T F
h,nˆTσ,n, n “ 1, . . . , NF , with NF ď N , for the transport

(5.1) and Stokes flow (5.2) problem, respectively, as outlined in Assumption 2.5 in
Sec. 2.2. On such a slab, a tensor-product of a d-dimensional, d “ 1, 2, 3 , spatial finite
element space with a one-dimensional temporal finite element space is implemented.
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An exemplary illustration of such a slab is given by Fig.2.4 in Sec. 2.2. The temporal
finite element space is based on a discontinuous Galerkin dG(r) method of arbitrary
order r , r ě 0, whereas the spatial finite element space is based on a continuous
Galerkin cG(p) method of arbitrary order p , p ě 1. In this sense, we are using here
and in the following the notation cG(p)-dG(r) method, cf. Rem. 4.2.

As mentioned at the beginning of this chapter, the behavior of the underlying
transport and Stokes flow problem is rather contrary with regard to the processes
that take place in time. In order to measure these different dynamics in time, we
introduced the concept of characteristic times ttransport and tflow for the respective
subproblems, cf. Assumption 5.1. Due to these characteristic times the transport and
Stokes flow problem given by (5.1) and (5.2), respectively, are initialized indepen-
dently on different time scales fulfilling the following conditions:

• The Stokes flow temporal mesh is coarser or equal to the transport problem.

• The endpoints in the temporal mesh of the Stokes solver must match with
endpoints in the temporal mesh of the transport problem.

An exemplary initialization of the temporal meshes for the transport and Stokes flow
problems are illustrated in Fig. 5.2.

Transport

t

t

Stokes flow

Initialization loop ` “ 1

t0

I1

tT1

I2

tT2

I3

tT3

I4

tT4

I5

tT5

I6

tT6

I7

tT7

I8

T

t0

IF1

tF1

IF2

tF2

IF3

tF3

IF4

T

Figure 5.2: Exemplary initialization of different temporal meshes for the transport
and Stokes solver.

The number of the above mentioned slabs corresponds to the number of the initial
decomposition of the time interval I, as exemplarily given by Fig. 5.2, such that the
closure of a subinterval sIn “ rtTn´1, t

T
n s or sI F

n “ rtFn´1, t
F
ns is discretized using a one-

dimensional triangulation Tτ,n or Tσ,n, respectively. For further information to these
triangulations including, e.g., their decomposition, we refer to Assumption 2.5.

With regard to the underlying spatial triangulations, we state the following. On
each slab, we generate a geometrical triangulation Th,n or T F

h,n, i.e. a spatial mesh, and
colorize the respective boundaries. We choose the elements K P Th,n or KF P T F

h,n to
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be intervals for d “ 1, quadrilaterals for d “ 2 and hexahedrals for d “ 3, respectively.
We assume the spatial triangulations to be regular, but allowing hanging nodes,
cf. Rem. 2.2 in Sec. 2.1.3. Furthermore, the spatial triangulations are assumed to be
organized in a patch-wise manner (cf. Def. 2.6). For the sake of implementational
simplicity, we allow the spatial mesh to change between two consecutive slabs, but to
be equal on all degrees of freedom in time used within one slab, cf. Fig. 4.5. Thus,
for the initialization of the spatial meshes for the transport and Stokes flow problem,
we assume the following:

• The Stokes flow spatial mesh is coarser or equal to the transport problem.

• If the Stokes flow spatial mesh is coarser, the transport spatial mesh has to be
emerged from the Stokes mesh in the sense of a patch-wise manner, i.e. Th,n is
obtained by uniform refinement of the coarser decomposition T F

h,n such that it
is always possible to combine four (d “ 2) or eight (d “ 3) adjacent elements of
Th,n to obtain one element of T F

h,n, cf. Def.2.6.

An exemplary initialization of the spatial meshes for the transport and Stokes flow
problems are illustrated in Fig. 5.3.

Transport Th,n Stokes flow T F
h,n

Figure 5.3: Exemplary initialization of different spatial meshes for the transport Th,n
and Stokes solver T F

h,n.

Finally, for the specific implementation process of the space-time tensor-product
spaces Qn and QF

n, respectively, we refer to Sec. 4.4.1.

Interaction of Spatial and Temporal Meshes between Transport and Flow

The coupling within Problem 5.1 is given via the convection variable v of the system
(5.1), (5.2). Thus, we need the fully discrete Stokes solution vσh for the numerical ap-
proximation of the stabilized primal and dual transport problems given by Eq. (5.32)
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and Eq. (5.52), respectively. More precisely, the fully discrete Stokes solution vσh
has to be transferred to the respective transport meshes in an appropriate way. This
solution mesh transfer is handled in a similar fashion as described in Sec. 4.4.3 for the
transfer of a solution between two consecutive slabs with different underlying spatial
meshes and will be specified in the following.

QF
n

t
tFn´1 tF,1DoF tFn

Inh Inh Inh In`1
h In`1

h In`1
h

t1DoFtn´1 tn

Qn

t2DoF t3DoF t1DoF tn`1

Qn`1

t2DoF t3DoF
t

Figure 5.4: Exemplary solution mesh transfer from a Stokes flow slab QF
n (for a discon-

tinuous Galerkin dGp0q time discretization generated with one Gaussian quadrature
point) to transport slabs Qn and Qn`1 (for a discontinuous Galerkin dGp2q time dis-
cretization generated with three Gaussian quadrature points), respectively. Each of
the illustrated slabs here consists of one cell in time and an independent and adap-
tively refined spatial triangulation.

For the sake of simplicity, we approximate the solution tv, pu of the Stokes flow
problem on each IFn by means of a globally piecewise constant discontinuous Galerkin
(dG(0)) time approximation. Thus, in accordance with the above described conditions
for the temporal discretizations of both subproblems (cf. Fig. 5.2), we simply have
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to guarantee the correct choice of the corresponding Stokes flow slab when solving
on the current transport slab and avoid an additional evaluation of the Stokes flow
solution at the temporal degrees of freedom within the slab. For example, with regard
to Fig. 5.2, for the approximation of the transport solution on I4 (corresponding to
slab Q4) the Stokes flow solution on IF2 (corresponding to slab QF

2 ) is needed.
The Stokes solution transfer with regard to the spatial meshes is handled by means

of introducing a temporary additional Stokes triangulation build as a copy of the
transport triangulation. Then, the Stokes solution is interpolated to this temporary
triangulation using an interpolation operator Inh onto the primal or dual finite element
space used on the current slab Qn in the same way as given in Eq. (4.136). This inter-
polation is handled by the precasted function interpolate_to_different_mesh()

within the deal.II library [17] in the same fashion as described in Sec. 4.4.3, where
we refer to for further details. An exemplary solution transfer of the Stokes flow solu-
tion to the transport meshes is illustrated in Fig. 5.4. Of course, this approach entails
an additional interpolation error. However, in our numerical examples in Sec. 5.4,
we see that this impact as well as the restriction to a dG(0) approximation in time
for the Stokes flow problem is negligibly to obtain quantitatively good results with
regard to the transport solution.

Realization of Adaptive Mesh Refinement in Space and Time

A further important aspect when dealing with goal-oriented error control of coupled
problems is the treatment of adaptive mesh refinement within the single subproblems
as well as the question of the consequences for the respective other meshes due to these
refinements. The adaptive refinement is performed cell-wise in space and time based
on the local error indicators ηnτ , ηnh and ηF,nσ , ηF,nh given by the Eqs. (5.120)–(5.121) and
Eqs. (5.131)–(5.132) for the transport and Stokes flow problem, respectively. With
regard to a single subproblem, the adaptive mesh refinement process including the
involvement of additional space-time slabs is described in detail within the correspon-
dent Sec. 4.4.2 given in the previous chapter. For this reason, we outline here only
the main features of the framework regarding the adaptive process:

• Store the space-time slabs within a std::list object; cf. Fig. 4.14 of an exem-
plary std::list structure.

• Execute at first the spatial refinement and coarsening of the underlying trian-
gulations on all slabs.
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• Refine in time by involving new created slabs by copying the just refined spatial
triangulation of a slab that is marked for refinement; cf. Fig. 4.9.

A detailed description of the issues above is given in Sec. 4.4.2. Finally, in order
to respond the question above successfully with regard to the resulting consequences
for the meshes of the other subproblem within the adaptive refinement process, we
assume the following:

• Refine the transport meshes after the Stokes flow meshes.

• The endpoints in the temporal mesh of the Stokes solver match with endpoints
in the temporal mesh of the transport problem; cf. the second condition for the
initialization of the temporal meshes for both problems.

5.3.4 Application Scenarios of a Multirate-DWR Concept

In this section, we present various implementation scenarios in terms of different
strategies with regard to goal functionals for the dual problems, approximation tech-
niques of the weights and adaptive refinement in space and time for both the transport
and Stokes flow problem. More precisely, we present the following three cases of a
multirate in time approach including dual weighted residual based error estimation
for coupled problems:

• General Multirate-DWR Algorithm for Coupled Problems.

• Transport-Oriented Multirate-DWR Algorithm for Coupled Problems.

• Implemented Multirate-DWR Algorithm for Coupled Problems.

Here, the first case is kept as general as possible with regard to an independent error
control of the two subproblems including arbitrary goal functionals. In contrast, the
transport-oriented algorithm is designed to focus on the transport equation charac-
terized by using a specific goal functional within the dual Stokes flow problem as
outlined in Rem.5.13. Finally, we present our implemented version that is inspired
by the transport-oriented approach, although the strategy to gain information for the
refinement of the Stokes flow meshes is a different one. This approach is used within
the numerical examples given in Sec. 5.4 As introduced in the sections before, we
use a multirate in time approach based on a discontinuous in time Galerkin method
within all the following three application scenarios, cf. Sec.5.1.1 for the details.
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5.3.4.1 General Multirate-DWR Algorithm for Coupled Problems

We start with presenting an algorithm in its most general version to demonstrate
what is possible when dealing with goal-oriented adaptive mesh refinement in space
and time with regard to coupled problems. This serves to provide an overview of
solution approaches used for the dual problems, approximation techniques for the
respective weights within the error indicators as well as refinement strategies for both
the transport and Stokes flow problem with regard to different goals.

For the case of a fully adaptive space-time approximation of Problem 5.1, the
space-time domain Q “ Ω ˆ I is divided into non-overlapping space-time slabs Q`

n “

T `h,n ˆ T `τ,n , n “ 1, . . . , N ` , as well as QF,`
n “ T F,`

h,n ˆ T `σ,n , n “ 1, . . . , NF,` , with
NF,` ď N ` , for the transport and Stokes flow problem, respectively, as introduced in
Assumption 2.5 in Sec. 2.2, where ` denotes the current DWR adaptivity loop. For
the underlying software architecture in general, we refer to Sec. 5.3.3 and Sec. 4.4,
respectively, and for the effective implementation of the space-time tensor-product
spaces in particular, we refer to Sec. 4.4.1.

The fully discrete primal and dual solutions of the transport problem are repre-
sented by u`τh and z`τh, respectively. The fully discrete primal and dual solutions of
the Stokes flow problem are represented by u`σh “ tv`σh, p`σhu and z`τh “ tw`

σh, q
`
σhu,

respectively.

General Multirate-DWR Algorithm for Coupled Problems

Initialization: Set DWR loop ` “ 1 and generate the initial space-time slabs Q1
n “

T 1
h,n ˆ T 1

τ,n , n “ 1, . . . , N1 , as well as QF,1
n “ T F,1

h,n ˆ T 1
σ,n , n “ 1, . . . , NF,1 , NF,1 ď N1

for the transport and Stokes flow problem, respectively.

1. Solve the Fully Discrete cG(p)-dG(r) Primal Stokes Flow Problem 5.7:

Find u`σh “ tv`σh, p`σhu P Y
dGprq,p
σh such that Bσhpu

`
σhqpϕσhq “ Fσhpϕσhq ,

for all ϕσh “ tψσh, χσhu P Y
dGprq,p
σh .

2. Break if the goal for the Stokes flow problem is reached, i.e., for instance,
}u´ u`σh} ă tol, or pηF,`σ ` ηF,`h q ă tol, or maxN tot

DoF is reached, etc.

3. Solve the Stabilized cG(p)-dG(r) Primal Transport Problem 5.8:

Find u`τh P X
dGprq,p
τh such that ASpu`τh;v`σhqpϕτhq “ Gτhpϕτhq ,

for all ϕτh P X dGprq,p
τh , using v`σh from step 1.
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4. Break if the goal for the transport problem is reached, i.e., for instance,
}u´ u`τh} ă tol, or pη`τ ` η`hq ă tol, or maxN tot

DoF is reached, etc.

5. Solve the Stabilized cG(q)-dG(s) Dual Transport Problem 5.11 depend-
ing on the underlying choice of the approximation strategy for the weights:

Find z`τh P X
dGpsq,q
τh such that A1Spu`τh;v`σhqpψτh, z`τhq “ J 1pu`τhqpψτhq ,

for all ψτh P X dGpsq,q
τh , where s “ r , q “ p (hoEx approach) or rather s ě

r ` 1 , q ě p` 1 (hoFE approach), using v`σh from step 1, and

solve the Fully Discrete cG(q)-dG(s) Dual Stokes Flow Problem 5.14 de-
pending on the underlying choice of the approximation strategy for the weights:

Find z`σh “ tw`
σh, q

`
σhu P Y

dGpsq,q
σh such that B1σhpu`σhqpϕσh, z`σhq “ J 1pu`σhqpϕσhq ,

for all ϕσh “ tψσh, χσhu P Y
dGpsq,q
σh , where s “ r , q “ p (hoEx approach) or

rather s ě r ` 1 , q ě p` 1 (hoFE approach).

6. Evaluate the local a posteriori space-time error indicators ηn,`τ , ηn,`h given
by Eqs. (5.120), (5.121) for the transport problem, and ηF,n,`σ , ηF,n,`h given by
Eqs. (5.131), (5.132) for the Stokes flow problem, by marching sequentially
through all space-time slabs Q`

n, n “ 1, . . . , N `, and QF,`
n , n “ 1, . . . , NF,` ,

respectively.

7. If
ˇ

ˇ|ηF,`σ | ` |η
F,`
h |

ˇ

ˇ ą $
ˇ

ˇ|η`τ | ` |η
`
h|
ˇ

ˇ , $ ě 1, (Stokes flow dominating case):

Refine the temporal and spatial meshes of the Stokes flow problem as follows:

(i) If |ηF,`σ | ą ωF |ηF,`h | , ω
F ě 1, (Temporal error dominating case):

Mark the cells K̃F
n P T `σ,n for temporal refinement if the corresponding

ηF,n,`σ |K̃F
n
is in the set of θtopσ , 0 ď θtopσ ď 1 , percent of the worst indicators.

(ii) Else if |ηF,`h | ą ωF |ηF,`σ | , ω
F ě 1, (Spatial error dominating case):

Mark the cells K̃F P T F,`
h,n for spatial refinement if the corresponding

ηF,n,`h |K̃F is in the set of θF,toph,1 or θF,toph,2 (for a slab that includes or does not
include marked cells in time), 0 ď θF,toph,2 ď θF,toph,1 ď 1 , percent of the worst
indicators, or, respectively, mark for spatial coarsening if ηF,n,`h |K̃F is in
the set of θF,bottomh , 0 ď θF,bottomh ď 1 , percent of the best indicators.

(iii) Else (Temporal and spatial errors are equilibrated):

Mark the cells K̃F
n P T `σ,n for temporal refinement as well asmark the

cells K̃F P T F,`
h,n for spatial coarsening and refinement as described

in Step 7(i) and Step 7(ii), respectively.
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(iv) Execute spatial refinement and/or coarsening on all slabs of the
Stokes flow problem under the use of mesh smoothing operators.

(v) Execute temporal refinement on all slabs of the Stokes flow problem.

8. If
ˇ

ˇ|η`τ | ` |η
`
h|
ˇ

ˇ ą $
ˇ

ˇ|ηF,`σ | ` |η
F,`
h |

ˇ

ˇ , $ ě 1, (Transport dominating case):

Refine the temporal and spatial meshes of the transport problem as follows:

(i) If |η`τ | ą ω |η`h| , ω ě 1, (Temporal error dominating case):

Mark the cells K̃n P T `τ,n for temporal refinement if the correspond-
ing ηn,`τ |K̃n is in the set of θtopτ , 0 ď θtopτ ď 1 , percent of the worst indicators.

(ii) Else if |η`h| ą ω |η`τ | , ω ě 1, (Spatial error dominating case):

Mark the cells K̃ P T `h,n for spatial refinement if the corresponding
ηn,`h |K̃ is in the set of θtoph,1 or θtoph,2 (for a slab that includes or does not
include marked cells in time), 0 ď θtoph,2 ď θtoph,1 ď 1 , percent of the worst
indicators, or, respectively, mark for spatial coarsening if ηn,`h |K̃ is in
the set of θbottomh , 0 ď θbottomh ď 1 , percent of the best indicators.

(iii) Else (Temporal and spatial errors are equilibrated):

Mark the cells K̃n P T `τ,n for temporal refinement as well asmark the
cells K̃ P T `h,n for spatial coarsening and refinement as described in
Step 8(i) and Step 8(ii), respectively.

(iv) Execute spatial refinement and/or coarsening on all slabs of the
transport problem under the use of mesh smoothing operators.

(v) Execute temporal refinement on all slabs of the transport problem.

9. Else (Transport and Stokes flow errors are equilibrated):

Refine the temporal and spatial meshes of the Stokes flow and transport
problem as described in Step 7 and Step 8, respectively.

10. Increase ` to `` 1 and return to Step 1.

Remark 5.17 Let us remark some aspects about the multirate adaptive algorithm.

• The remarks outlined for the case of a steady-state and space-time adaptive algo-
rithm given by Rem. 3.9 in Chapter 3 and Rem. 4.15 in Chapter 4, respectively,
can be transferred to the above multirate algorithm for coupled problems as well.
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• Depending on the goal that is pursued by the user, there are two possible exit
conditions, one after solving the primal Stokes flow problem and one after solv-
ing the primal transport problem, respectively; cf. Step 2 and 4 of the algorithm
above as well as Fig. 5.5.

• Besides an equilibrated reduction of the temporal and spatial discretization er-
rors for both the transport and the Stokes flow problem, ensured by the use of
equilibration constants ω and ωF (values in the range of 1.0 ď ω, ωF ď 3.5 are
used in our numerical experiments), respectively, within the framework of cou-
pled problems, it is essential to know which equation contributes most to the
overall error. For this purpose, the problem equilibration constant $ (a value
in the range of 1 ď $ ď 3 is used in our numerical experiments) is introduced
in Step 7 and 8.

For better clarity to the sequence of the single steps above, an illustration of the
general algorithm is given in Fig. 5.5. The black arrows symbolize the direction of
the run here, beginning with the initialization (start) of the space-time slabs for both
the transport and Stokes flow problem, respectively. If an arrow is splitted this means
that both actions or only one of them are possible, cf., e.g., the refinement process
described by Step 7-9. We note that the actual refinement at least of the temporal
mesh for the transport problem is done after the refinement of the Stokes flow problem
due to guarantee the properties outlined in Sec. 5.3.3. Furthermore, we note that the
dual Stokes flow problem is solved simultaneously to the dual transport one. This
is only possible for a Stokes flow goal functional being independent of the primal
and dual transport solutions and is in contrast to the following transport-oriented
algorithm; cf. Rem. 5.13 and Fig. 5.6. We point out that it is also possible to solve
the dual Stokes flow problem simultaneously to the primal transport one, but if the
goal check after the latter one is positive, the solution of the dual Stokes flow problem
becomes redundant.
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Figure 5.5: Illustration of the General Multirate-DWR Algorithm for Coupled Prob-
lems.

5.3.4.2 Transport-Oriented Multirate-DWRAlgorithm for Coupled Prob-
lems

As outlined in Rem. 5.13, in a practical realization of Problem 5.1 one is rather inter-
ested to control the transport problem under the condition that the influence of the
error in the Stokes flow problem is minimized. We call this case a transport-oriented
approach and will specify it in the following. The main difference to the general case
introduced in the previous section comes through the focus on solving the transport
equation and to subordinate all other aspects to this goal. More precisely, the goal of
the dual Stokes flow problem is here to account for the influence of the error in the
velocity and to keep this error small due to its presence in the error representation
formulas of the transport problem, cf. Eqs. (5.62)–(5.63) and, in particular, Rem. 5.13
for more details. This goal is ensured using the modified goal functionals (5.102) and
(5.103), respectively, within the dual Stokes flow problem. These functionals are ad-
ditionally depending on the primal and dual transport solutions with the consequence
that the dual Stokes flow problem is no longer solvable simultaneously to the dual
transport problem, but subsequently to that, cf. Step 5 of the following algorithm as
well as Fig. 5.6. Moreover, the goal-check and respective exit condition for the Stokes
flow problem are omitted here.

Since the introduction to the partition of the space-time slabs equals that one
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described for the general case, we refrain to this here and refer to Sec. 5.3.4.1 instead.
The fully discrete primal and dual solutions of the transport problem are represented
by u`τh and z`τh, respectively. The fully discrete primal and dual solutions of the Stokes
flow problem are represented by u`σh “ tv`σh, p`σhu and z`τh “ tw`

σh, q
`
σhu, respectively.

Transport-Oriented Multirate-DWR Algorithm for Coupled Problems

Initialization: Set DWR loop ` “ 1 and generate the initial space-time slabs Q1
n “

T 1
h,n ˆ T 1

τ,n , n “ 1, . . . , N1 , as well as QF,1
n “ T F,1

h,n ˆ T 1
σ,n , n “ 1, . . . , NF,1 , NF,1 ď N1

for the transport and Stokes flow problem, respectively.

1. Solve the Fully Discrete cG(p)-dG(r) Primal Stokes Flow Problem 5.7:

Find u`σh “ tv`σh, p`σhu P Y
dGprq,p
σh such that Bσhpu

`
σhqpϕσhq “ Fσhpϕσhq ,

for all ϕσh “ tψσh, χσhu P Y
dGprq,p
σh .

2. Solve the Stabilized cG(p)-dG(r) Primal Transport Problem 5.8:

Find u`τh P X
dGprq,p
τh such that ASpu`τh;v`σhqpϕτhq “ Gτhpϕτhq ,

for all ϕτh P X dGprq,p
τh , using v`σh from step 1.

3. Break if the goal for the transport problem is reached, i.e., for instance,
}u´ u`τh} ă tol, or pητ ` ηhq ă tol, or maxN tot

DoF is reached, etc.

4. Solve the Stabilized cG(q)-dG(s) Dual Transport Problem 5.11 depend-
ing on the underlying choice of the approximation strategy for the weights:

Find z`τh P X
dGpsq,q
τh such that A1Spu`τh;v`σhqpψτh, z`τhq “ J 1pu`τhqpψτhq ,

for all ψτh P X dGpsq,q
τh , where s “ r , q “ p (hoEx approach) or rather s ě

r ` 1 , q ě p` 1 (hoFE approach), using v`σh from step 1.

5. Solve the Fully Discrete cG(q)-dG(s) Dual Stokes Flow Problem 5.14
depending on the underlying choice of the approximation strategy for the weights:

Find z`σh “ tw`
σh, q

`
σhu P Y

dGpsq,q
σh such that

B1σhpu
`
σhqpϕσh, z

`
σhq “

NF,`
ÿ

n“1

ÿ

KF
nPTσ,n

ż

KF
n

`

vσ ´ vσh, uτh ¨∇zτh
˘

dt ,

for all ϕσh “ tψσh, χσhu P Y
dGpsq,q
σh , where s “ r , q “ p (hoEx approach) or

rather s ě r ` 1 , q ě p` 1 (hoFE approach).
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6. Evaluate the local a posteriori space-time error indicators ηn,`τ , ηn,`h given
by Eqs. (5.120), (5.121) for the transport problem, and ηF,n,`σ , ηF,n,`h given by
Eqs. (5.131), (5.132) for the Stokes flow problem, by marching sequentially
through all space-time slabs Q`

n, n “ 1, . . . , N `, and QF,`
n , n “ 1, . . . , NF,`, re-

spectively.

7. If
ˇ

ˇ|ηF,`σ | ` |η
F,`
h |

ˇ

ˇ ą $
ˇ

ˇ|η`τ | ` |η
`
h|
ˇ

ˇ , $ ě 1, (Stokes flow dominating case):

Refine the temporal and spatial meshes of the Stokes flow problem as follows:

(i) If |ηF,`σ | ą ωF |ηF,`h | , ω
F ě 1, (Temporal error dominating case):

Mark the cells K̃F
n P T `σ,n for temporal refinement if the corresponding

ηF,n,`σ |K̃F
n
is in the set of θtopσ , 0 ď θtopσ ď 1 , percent of the worst indicators.

(ii) Else if |ηF,`h | ą ωF |ηF,`σ | , ω
F ě 1, (Spatial error dominating case):

Mark the cells K̃F P T F,`
h,n for spatial refinement if the corresponding

ηF,n,`h |K̃F is in the set of θF,toph,1 or θF,toph,2 (for a slab that includes or does not
include marked cells in time), 0 ď θF,toph,2 ď θF,toph,1 ď 1 , percent of the worst
indicators, or, respectively, mark for spatial coarsening if ηF,n,`h |K̃F is in
the set of θF,bottomh , 0 ď θF,bottomh ď 1 , percent of the best indicators.

(iii) Else (Temporal and spatial errors are equilibrated):

Mark the cells K̃F
n P T `σ,n for temporal refinement as well asmark the

cells K̃F P T F,`
h,n for spatial coarsening and refinement as described

in Step 7(i) and Step 7(ii), respectively.

(iv) Execute spatial refinement and/or coarsening on all slabs of the
Stokes flow problem under the use of mesh smoothing operators.

(v) Execute temporal refinement on all slabs of the Stokes flow problem.

8. If
ˇ

ˇ|η`τ | ` |η
`
h|
ˇ

ˇ ą $
ˇ

ˇ|ηF,`σ | ` |η
F,`
h |

ˇ

ˇ , $ ě 1, (Transport dominating case):

Refine the temporal and spatial meshes of the transport problem as follows:

(i) If |η`τ | ą ω |η`h| , ω ě 1, (Temporal error dominating case): :

Mark the cells K̃n P T `τ,n for temporal refinement if the correspond-
ing ηn,`τ |K̃n is in the set of θtopτ , 0 ď θtopτ ď 1 , percent of the worst indicators.

(ii) Else if |η`h| ą ω |η`τ | , ω ě 1, (Spatial error dominating case):

Mark the cells K̃ P T `h,n for spatial refinement if the corresponding
ηn,`h |K̃ is in the set of θtoph,1 or θtoph,2 (for a slab that includes or does not
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include marked cells in time), 0 ď θtoph,2 ď θtoph,1 ď 1 , percent of the worst
indicators, or, respectively, mark for spatial coarsening if ηn,`h |K̃ is in
the set of θbottomh , 0 ď θbottomh ď 1 , percent of the best indicators.

(iii) Else (Temporal and spatial errors are equilibrated):

Mark the cells K̃n P T `τ,n for temporal refinement as well asmark the
cells K̃ P T `h,n for spatial coarsening and refinement as described in
Step 8(i) and Step 8(ii), respectively.

(iv) Execute spatial refinement and/or coarsening on all slabs of the
transport problem under the use of mesh smoothing operators.

(v) Execute temporal refinement on all slabs of the transport problem.

9. Else (Transport and Stokes flow errors are equilibrated):

Refine the temporal and spatial meshes of the Stokes flow and transport
problem as described in Step 7 and Step 8, respectively.

10. Increase ` to `` 1 and return to Step 1.
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Primal Transport

Goal check Exit

Dual Transport

Dual Stokes Flow

Error Estimator SF

Error Estimator T

Marking Process SF

Marking Process T

Mesh Adaptation SF
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Figure 5.6: Illustration of the Transport-Oriented Multirate-DWR Algorithm for Cou-
pled Problems.
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5.3.4.3 Implemented Multirate-DWR Algorithm for Coupled Problems

In a final step, we present our implemented version of a discontinuous in time multirate
DWR algorithm for coupled problems that slightly differs from the variants introduced
before. In order to investigate our multirate in time approach with regard to a
rapidly changing transport coupled with a slowly creeping flow, we put the focus
on the space-time adaptive refinement process within the transport problem and
approximate at first the Stokes flow solution on globally refined meshes in space and
time. Nonetheless, in some test cases of our numerical examples we apply adaptive
mesh refinement within the Stokes flow problem obtained by means of using so-called
auxiliary error indicators, given by

η̃Fσh “ η̃Fσ ` η̃
F
h “

NF,`
ÿ

n“1

ηF,nσ `

NF,`
ÿ

n“1

ηF,nh . (5.139)

These indicators may represent, for instance, global or local errors in common norms
or indicators of non-weighted error estimators such as the Kelly Error Estimator that
is introduced in Rem. 5.19. This allows to refrain an explicit computation of the dual
Stokes flow problem, cf. Fig. 5.7.

While we kept the framework of the two algorithms presented before as general
as possible, we give details to the actual used approximation techniques within the
numerical examples given in Sec. 5.4 in the following.

Assumption 5.6 To compute the local transport error indicators ηnτ and ηnh given by
Eq. (5.120) and (5.121), respectively, we make the following choices.

• Replace all unknown solutions occurring either in the weights or residuals by the
approximated fully discrete solutions uτh P X dGprq,p

τh , zτh P X dGprq,q
τh , with p ă q ,

and vσh P YdGprq,p
σh ,

• Approximate the temporal weights u ´ ũτ and z ´ z̃τ , respectively, by means of
a higher-order extrapolation using Gauss-Lobatto quadrature points given by

u´ ũτ «Er`1
τ uτh ´ uτh ,

z ´ z̃τ «Er`1
τ zτh ´ zτh ,

using an extrapolation in time operator Er`1
τ as introduced in Sec. 4.3.2.2. Due

to this approximation technique, the integrals in time within the error indicators
given by Eq. (5.120) and (5.121), respectively, are approximated by using an
pr ` 1q-point Gauss quadrature rule; cf. Sec. 4.3.2.2 for more details.
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• Approximate the spatial weights uτ ´ ũτh by means of a patch-wise higher-order
interpolation given by

uτ ´ ũτh « I
p2pq
2h uτh ´ uτh ,

using an interpolation in space operator I
p2pq
2h as introduced in Sec. 3.3.1.

• Approximate the spatial weights zτ ´ z̃τh by means of a higher-order finite ele-
ments approach given by

zτ ´ z̃τh « zτh ´ Rp
h zτh ,

using a restriction in space operator Rp
h as introduced in Sec. 3.3.1.

• Approximate the temporal velocity difference v´ vσ by means of a higher-order
extrapolation using Gauss-Lobatto quadrature points given by

v ´ vσ « Epr`1q
τ vσ ´ vσ ,

with Epr`1q
τ acting componentwise like Epr`1q

τ .

• Approximate the spatial velocity difference vσ ´ vσh by means of a patch-wise
higher-order interpolation given by

vσ ´ vσh « I
p2pq
2h vσh ´ vσh ,

with I
p2pq
2h acting componentwise like I

p2pq
2h . Note that the solution mesh transfer of

the fully discrete solution vσh to the spatial mesh used for the transport problem
is handled by a precasted function within the finite element library deal.II

called interpolate_to_different_mesh(), cf. Sec. 5.3.3 for further details.

For the case of the implemented space-time approximation of Problem 5.1, the space-
time domain Q “ Ω ˆ I is divided into non-overlapping space-time slabs Q`

n “

T `h,n ˆ T `τ,n , n “ 1, . . . , N `, as well as QF,`
n “ T F,`

h,n ˆ T `σ,n , n “ 1, . . . , NF,` , with
NF,` ď N ` , for the transport and Stokes flow problem, respectively, as introduced
in Assumption 2.5, where ` denotes the current DWR adaptivity loop here. For
the underlying software architecture in general, we refer to Sec. 5.3.3 and Sec. 4.4,
respectively, and for the effective implementation of the space-time tensor-product
spaces in particular, we refer to Sec. 4.4.1. The fully discrete primal and dual solutions
of the transport problem are represented by u`τh and z`τh, respectively, and the fully
discrete primal solution of the Stokes flow problem is represented by u`σh “ tv`σh, p`σhu.
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Implemented Multirate-DWR Algorithm for Coupled Problems

Initialization: Set DWR loop ` “ 1 and generate the initial space-time slabs Q1
n “

T 1
h,n ˆ T 1

τ,n , n “ 1, . . . , N1 , as well as QF,1
n “ T F,1

h,n ˆ T 1
σ,n , n “ 1, . . . , NF,1 , NF,1 ď N1

for the transport and Stokes flow problem, respectively, where we restrict T 1
τ,n, T 1

σ,n to
consist of only one cell in time on each slab.

1. Solve the Fully Discrete cG(p)-dG(r) Primal Stokes Flow Problem 5.7:

Find u`σh “ tv`σh, p`σhu P Y
dGprq,p
σh such that Bσhpu

`
σhqpϕσhq “ Fσhpϕσhq ,

for all ϕσh “ tψσh, χσhu P Y
dGprq,p
σh .

2. Solve the Stabilized cG(p)-dG(r) Primal Transport Problem 5.8:

Find u`τh P X
dGprq,p
τh such that ASpu`τh;v`σhqpϕτhq “ Gτhpϕτhq ,

for all ϕτh P X dGprq,p
τh , using v`σh from step 1.

3. Break if the goal for the transport problem is reached, i.e., for instance,
}u´ u`τh} ă tol, or pητ ` ηhq ă tol, or maxN tot

DoF is reached, etc.

4. Solve the Stabilized cG(q)-dG(s) Dual Transport Problem 5.11:

Find z`τh P X
dGprq,q
τh such that A1Spu`τh;v`σhqpψτh, z`τhq “ J 1pu`τhqpψτhq ,

for all ψτh P X dGprq,q
τh , where q ą p , s ě r using v`σh from step 1.

5. Evaluate the local a posteriori space-time error indicators ηn,`τ , ηn,`h given
by Eqs. (5.120), (5.121) for the transport problem by marching sequentially
through all space-time slabs Q`

n , n “ 1, . . . , N `, and the auxiliary error in-
dicators η̃F,n,`σ , η̃F,n,`h given by Eq. (5.139) for the Stokes flow problem, by
marching sequentially through all space-time slabs QF,`

n , n “ 1, . . . , NF,`.

6. If
ˇ

ˇη̃F,`σh

ˇ

ˇ “
ˇ

ˇ|η̃F,`σ | ` |η̃
F,`
h |

ˇ

ˇ ą $
ˇ

ˇ|η`τ | ` |η
`
h|
ˇ

ˇ , $ ě 1:

(i) Mark the slabs QF,`
ñ , ñ P t1, . . . , NF,`u, for temporal refinement if the

corresponding η̃F,ñ,`σ is in the set of θtopσ , 0 ď θtopσ ď 1 , percent of the worst
indicators.
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(ii) Mark the cells K̃F P T F,`
h,n for spatial refinement if the corresponding

η̃F,n,`h |K̃F is in the set of θF,toph,1 or θF,toph,2 (for a slab that is or is not marked
for temporal refinement), 0 ď θF,toph,2 ď θF,toph,1 ď 1 , percent of the worst
indicators, or, respectively, mark for spatial coarsening if η̃F,n,`h |K̃F is in
the set of θF,bottomh , 0 ď θF,bottomh ď 1 , percent of the best indicators.

(iii) Execute spatial refinement and/or coarsening on all slabs of the
Stokes flow problem under the use of mesh smoothing operators.

(iv) Execute temporal refinement on all slabs of the Stokes flow problem.

Else:

Do not refine the temporal and spatial meshes of the Stokes flow problem and
continue with Step 7.

7. Refine the temporal and spatial meshes of the transport problem as follows:

(i) If |η`τ | ą ω |η`h| , ω ě 1, (Temporal error dominating case):

Mark the slabs Q`
ñ, ñ P t1, . . . , N `u, for temporal refinement if the

corresponding ηñ,`τ is in the set of θtopτ , 0 ď θtopτ ď 1 , percent of the worst
indicators.

(ii) Else if |η`h| ą ω |η`τ | , ω ě 1, (Spatial error dominating case):

Mark the cells K̃ P T `h,n for spatial refinement if the corresponding
ηn,`h |K̃ is in the set of θtoph,1 or θtoph,2 (for a slab that is or is not marked for
temporal refinement), 0 ď θtoph,2 ď θtoph,1 ď 1 , percent of the worst indicators,
or, respectively, mark for spatial coarsening if ηn,`h |K̃ is in the set of
θbottomh , 0 ď θbottomh ď 1 , percent of the best indicators.

(iii) Else (Temporal and spatial errors are equilibrated):

Mark the slabs Q`
ñ , ñ P t1, . . . , N

`u , for temporal refinement as well
as mark the cells K̃ P T `h,n for spatial coarsening and refinement
as described in Step 7(i) and Step 7(ii), respectively.

(iv) Execute spatial refinement and/or coarsening on all slabs of the
transport problem under the use of mesh smoothing operators.

(v) Execute temporal refinement on all slabs of the transport problem.

8. Increase ` to `` 1 and return to Step 1.
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Remark 5.18 Let us remark some aspects about the implemented algorithm above.

• For the spatial discretization of the Stokes flow problem we are using Taylor-
Hood elements Qp{Qp´1 , p ě 2. This choice represents conforming inf-sup stable
pairs of finite element spaces, cf., e.g., [112, Sec. 4.2.1].

• Restricting the temporal triangulation T `τ,n within a single slab Q`
n to consist

of only one cell in time allows for interpreting this cell Kn P T `τ,n as the time
subinterval In , n “ 1, . . . , N `; cf. Rem.2.3 in Sec.2.2. Then, the time step size
τK corresponds to the length of the subinterval In given by ptTn ´ tTn´1q and the
variational system may be represented as time marching scheme (TMS) in a
classical sense; cf. Sec.5.1.1. The same holds true for the decomposition of the
Stokes flow problem.

• Nevertheless, in some numerical examples in Sec. 5.4 we use temporal trian-
gulations consisting of more than one cell in time on a slab and compare this
approach to the classical restriction to one cell described above.

Remark 5.19 (Kelly Error Estimator) The absence of an error estimator based
on the DWR approach by means of solving an additional dual problem could be by-
passed, for instance, using a so-called Kelly Error Estimator [126] that was originally
developed for Laplace’s equation and tries to approximate the error per cell by inte-
gration of the jump of the gradient of the solution along the faces of each cell, cf. the
reference documentation of the KellyErrorEstimator class of the deal.II library
for more details as well as [4] for a further discussion. The disadvantage compared to
error indicators based on the DWR method is the missing weighting by means of mea-
suring the discretization error in the goal functional which may lead to unnecessary
refinement depending on the respective goal.

Finally, for the sake of completeness, we present an illustration of the implemented
algorithm in Fig. 5.7.
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Figure 5.7: Illustration of the Implemented Multirate-DWR Algorithm for Coupled
Problems.

5.4 Numerical Examples

In this section, we illustrate and investigate the performance properties of the pro-
posed multirate in time approach combined with goal-oriented space-time adaptive
error control based on the Dual Weighted Residual method for coupled flow and trans-
port problems. More precisely, we study convergence, computational efficiency and
stability of the underlying multirate adaptive algorithm introduced in Sec. 5.3.4.3.

The first example is an academic test problem with given analytical solutions
to study the convergence behavior of the two subproblems and, in particular, the
coupling between them. The second example serves to demonstrate the performance
properties of the algorithm with regard to adaptive mesh refinement in space and time
and different goal functionals. Finally, the third example is motivated by a problem
of physical relevance in which we simulate a convection-dominated transport with
goal-oriented adaptivity of a species through a channel with a constraint.

Here and in the following, we denote by wp,rτh and wp,r
σh , respectively, an exem-

plary approximated solution obtained by using a space-time cG(p)-dG(r) method;
cf. Rem. 4.2. For the spatial discretization of the Stokes flow problem, we are using
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Taylor-Hood elements Qp{Qp´1 , p ě 2. We note that this choice represents con-
forming inf-sup stable pairs of finite element spaces, cf., e.g., [112, Sec. 4.2.1] for
more details. Similar to the previous two chapters, we will consider in some cases an
effectivity index for the transport problem, as given by

Ieff :“

ˇ

ˇ

ˇ

ˇ

ητ ` ηh
Jpuq ´ Jpuτhq

ˇ

ˇ

ˇ

ˇ

, (5.140)

measuring the ratio of the sum of the estimated errors in space and time over the
exact error. In general, the tuning parameters with regard to the adaptive mesh
refinement process used in the respective algorithms given in Sec. 5.3.4 are chosen
to balance automatically the potential misfit of the spatial and temporal errors. If
not specified differently in the respective sections, these parameters are given by the
following ranges.

1.0 ď $ ď 3.0 , 1.0 ď ω ď 3.5 , 0 ď θbottomh , θF,bottomh ď 0.02 ,

θtoph,1 ě θtoph,2 “
1
2
¨min

!
ˇ

ˇ

ˇ

ηh
|ηh|`|ητ |

ˇ

ˇ

ˇ
, 1
)

, θtopτ “ 1
2
¨min

!
ˇ

ˇ

ˇ

ητ
|ηh|`|ητ |

ˇ

ˇ

ˇ
, 1
)

,

θF,toph,1 ě θF,toph,2 “ 1
2
¨min

!
ˇ

ˇ

ˇ

ηFh
|ηFh |`|η

F
τ |

ˇ

ˇ

ˇ
, 1
)

, θtopσ “ 1
2
¨min

!
ˇ

ˇ

ˇ

ηFτ
|ηFh |`|η

F
τ |

ˇ

ˇ

ˇ
, 1
)

.

(5.141)

Finally, the SUPG method stabilization parameter δK is given by

δK “ δ0 ¨ hK , 0.1 ď δ0 ď 1 , (5.142)

where hK denotes the cell diameter of the spatial mesh cell K, cf. Rem. 4.3.
The software for the now following examples is called dwr-stokes-condiffrea

being a module of our in-house DWR software project DTM++.Project/dwr (bit-
bucket.org/dtmproject) developed by U. Köcher [128, 129]. It is implemented using
the open source finite element library deal.II; cf. [17]. Some of the results presented
in the following have been published in [52] and [29], respectively.

5.4.1 Higher-Order Space-Time Convergence Studies

In a first numerical example, we study the global space-time refinement behavior to
verify the expected experimental orders of convergence and show the correctness of
the higher-order implementations in space and time. We consider the following two
cases, namely the case of a Stokes flow problem solved on its own as well as the case of
a non-stabilized solved convection-diffusion-reaction transport problem coupled with
this Stokes equation via the convection field solution vσh. The latter may be compared
to the results of a transport equation solved by its own with a constant convection
field v “ p2, 3qJ that can be found in Sec. 4.5.1 of the previous chapter. For this
purpose, we consider the following example.
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Example 5.1 (Bechmark Stokes Flow)
The first example is an academic test case, in which we study the time dependent
Stokes flow problem given by Eq. (5.2) with the prescribed exact solution (cf. [40,
Example 1])

vpx, tq :“

ˆ

sinptq sin2pπx1q sinpπx2q cospπx2q

´ sinptq sinpπx1q cospπx1q sin2pπx2q

˙

,

ppx, tq :“ sinptq sinpπx1q cospπx1q sinpπx2q cospπx2q ,

(5.143)

with x “ px1, x2q
J P R2 , t P R and ∇ ¨ v “ 0. The viscosity is set to ν “ 0.5.

The stream function, velocity, and pressure of the (analytical) solution (5.143) given
at an exemplary time point are presented in Fig. 5.8. The problem is defined on
Q “ Ω ˆ I :“ p0, 1q2 ˆ p0, 1s. The initial and boundary conditions are given as

v “ 0 on Σ0 “ Ω ˆ t0u , v “ 0 on ΣD “ BΩ ˆ p0, 1q ,

and the volume force term f is calculated from the given analytical solution (5.143)
and Eq. (5.2). The global L2pI;L2pΩqdq-norm (for short, L2pL2q-norm) is given by

} ¨ }p0,T qˆΩ :“ } ¨ }L2pI;L2pΩqdq “

ˆ
ż

I

p¨, ¨q dt

˙
1
2

. (5.144)

In general, for a cG(p)-dG(r) method, measured in the L2pL2q-norm, we may expect
convergence in space-time of order Ophp`1 ` τ r`1q; cf., e.g., [174, 142] and, in par-
ticular, for the Stokes flow problem, e.g. [79, Rem. 73.5],[112, Corollary 4.30]. To
study the global space-time refinement behavior, the solution tv, pu is approximated
in different finite element spaces. More precisely, we consider the approximation of
tv, pu by means of the space-time higher-order methods {cG(2)-dG(2),cG(1)-dG(2)}
and {cG(3)-dG(3),cG(2)-dG(3)}, respectively. Due to the same polynomial orders of
the spatial and temporal discretizations with respect to the flow field v, and lower
polynomial order in space compared to in time with respect to the pressure variable
p, we expect experimental orders of convergence (EOC :“ ´ log2p||e||`{||e||`´1q) for
v of EOC2,2

« 3 for the cG(2)-dG(2) method and EOC3,3
« 4 for the cG(3)-dG(3)

method, as well as EOC1,2
« 2 for the cG(1)-dG(2) method and EOC2,3

« 3 for the
cG(2)-dG(3) method for p, respectively, for a global refinement convergence test. The
results are given by Table 5.1 and nicely confirm the expected experimental orders of
convergence. Here, ` denotes the refinement level, NF the number of slabs, KF,tot

n the
total number of cells in time, NF

K the cells in space on a slab, NF,tot
DoF the total space-

time degrees of freedom, || ¨ || the global L2pL2q-norm error as given in Eq. (5.144)
and EOC the experimental order of convergence.
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Figure 5.8: Exemplary stream function (top left) velocity (top right) and pressure
(bottom) at final time point tN “ T “ 1 for Example 5.1.

` NF KF,tot
n NF

K NF,tot
DoF ||v ´ v2,2

σh || EOC ||p´ p1,2
σh || EOC

1 4 4 16 2244 3.7974e-03 — 2.0593e-02 —
2 8 8 64 15816 4.4945e-04 3.08 2.5898e-03 2.99
3 16 16 256 118416 5.5129e-05 3.03 5.5087e-04 2.23
4 32 32 1024 915744 6.8603e-06 3.01 1.3405e-04 2.04
5 64 64 4096 7201344 8.5697e-07 3.00 3.3291e-05 2.01
6 128 128 16384 57115776 1.0713e-07 3.00 8.3039e-06 2.00
7 256 256 65536 454953216 1.3394e-08 3.00 2.0740e-06 2.00

` NF KF,tot
n NF

K NF,tot
DoF ||v ´ v3,3

σh || EOC ||p´ p2,3
σh || EOC

1 4 4 16 6704 3.0085e-04 — 3.6349e-03 —
2 8 8 64 49248 1.9122e-05 3.98 4.9603e-04 2.87
3 16 16 256 377024 1.2073e-06 3.99 4.6902e-05 3.40
4 32 32 1024 2949504 7.5829e-08 3.99 4.6449e-06 3.34
5 64 64 4096 23331584 4.7494e-09 4.00 5.3029e-07 3.13
6 128 128 16384 185599488 2.9712e-10 4.00 6.4815e-08 3.03

Table 5.1: Global convergence for v2,2
σh , p

1,2
σh in a {cG(2)-dG(2),cG(1)-dG(2)} and

v3,3
σh , p

2,3
σh in a {cG(3)-dG(3), cG(2)-dG(3)} primal approximation for a time-dependent

Stokes flow problem with ν “ 0.5 for Example 5.1. Each slab includes a temporal
triangulation that consists of one cell in time.
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` NF KF,tot
n NF

K NF,tot
DoF ||v ´ v2,2

σh || EOC ||p´ p1,2
σh || EOC

1 1 4 16 2244 3.7541e-03 — 2.0683e-02 —
2 2 8 64 15816 4.4315e-04 3.08 2.5754e-03 3.01
3 4 16 256 118416 5.4348e-05 3.03 5.4736e-04 2.23
4 8 32 1024 915744 6.7589e-06 3.01 1.3353e-04 2.04
5 16 64 4096 7201344 8.4385e-07 3.00 3.3221e-05 2.01

` NF KF,tot
n NF

K NF,tot
DoF ||v ´ v3,3

σh || EOC ||p´ p2,3
σh || EOC

1 1 4 16 6704 2.9764e-04 — 3.6385e-03 —
2 2 8 64 49248 1.8822e-05 3.98 4.9491e-04 2.88
3 4 16 256 377024 1.1863e-06 3.99 4.6552e-05 3.41
4 8 32 1024 2949504 7.4484e-08 3.99 4.5766e-06 3.35

Table 5.2: Global convergence for v2,2
σh , p

1,2
σh in a {cG(2)-dG(2),cG(1)-dG(2)} and

v3,3
σh , p

2,3
σh in a {cG(3)-dG(3), cG(2)-dG(3)} primal approximation for a time-dependent

Stokes flow problem with ν “ 0.5 for Example 5.1. Each slab includes a temporal
triangulation that consists of four cells in time.

To verify our approach of allowing more than one cell in time on a slab includ-
ing additional coupling terms appearing due to the jumps at the transition of two
consecutive cells in time, we perform the same convergence test a second time using
slabs whose corresponding temporal triangulations consist of four cells in time, cf. As-
sumption 2.5 as well as Sec. 4.4.1 and Fig.4.6 for the details of this approach. The
results are given by Table 5.2 starting with only one slab within the first loop. As
desired, the same orders of convergence as in Table 5.1 are obtained, albeit negligible
differences are visible with regard to the respective errors in the global L2pL2q-norm,
which may depend on solving less but larger systems in the second case but we are
not able to explain so far. We skipped here in each case the last two refinement loops
due to the disproportionate running time compared to the known results, cf. the
tremendous number of total space-time degrees of freedom (NF,tot

DoF ) in the last two
rows of Table 5.1.

The second part of the first example now serves to verify the higher-order imple-
mentation of the coupled problem. To compare the following results to the case of
a transport equation solved by its own with a constant convection field v “ p2, 3qJ

given by Table 4.1 in Sec. 4.5.1, we are using the same (analytical) solution for the
transport equation again. This case is summarized in the following example.

Example 5.2 (Rotating Hill)
We consider the Coupled Flow and Transport Problem 5.1 given by the Eqs. (5.1)
and (5.2), respectively. Thereby, the time-dependent Stokes flow problem (5.2) is
studied with the prescribed exact solution (5.143) as outlined in Example 5.1. Here,
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the convection-diffusion-reaction transport problem given by Eq. (5.1) is studied with
the prescribed exact solution (cf. [98, Sec. 1.4.2])

upx, tq :“u1 ¨ u2 , x “ px1, x2q
J P R2 and t P R ,

u1px, tq :“p1` a ¨ ppx1 ´m1ptqq
2 ` px2 ´m2ptqq

2qq´1 ,

u2px, tq :“ s , m1ptq :“ 1
2
` 1

4
cosp2πtq , m2ptq :“ 1

2
` 1

4
sinp2πtq .

(5.145)

The (analytic) solution (5.145) mimics a counterclockwise rotating hill whose size and
gradient are depending on the scalars s, a0. The problem is defined on Q “ Ω ˆ I :“

p0, 1q2 ˆ p0, 1s with the scalars s “ 1, a0 “ 50 such that the final position of the hill
equals the initial one and its peak is close to the value 1, cf. Fig. 4.15. The right-hand
side forcing term g, the nonhomogeneous Dirichlet boundary condition and the initial
condition are calculated from the given analytical solution (5.145) and Eqs. (5.1). We
choose the diffusion coefficient ε “ 1, the convection field v is given by the exact
Stokes solution (5.143) and the reaction coefficient is set to α “ 1. Since we study
the global space-time refinement behavior here, we restrict the transport problem to a
non-stabilized case, i.e. we set δ0 :“ 0 within the local SUPG stabilization parameter
δK given by Eq. (5.142).

(a) (b) (c) (d)

Figure 5.9: Exemplary solution profiles at time points tn “ 0 (a), tn “ 0.5 (b),
tn “ 0.75 (c) and tn “ 1 (d) for Example 5.2.

With regard to the practical implementation, we note that the assembly of the
transport system matrix uses the approximated fully-discrete Stokes solution vσh
of Problem 5.7 that has to be transferred to the spatial and temporal mesh of the
transport problem, cf. the last note in Assumption 5.6 as well as Sec. 5.3.3.

The global space-time refinement behavior is illustrated by Table 5.3 and nicely
confirms our results with respect to the expected EOCs for the solely solved transport
problem including a constant convection field v “ p2, 3qJ obtained by Table 4.1 in
Sec. 4.5.1, cf. columns five and six of Table 5.3. Furthermore, with regard to the
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` N NK N tot
DoF ||u´ u1,1

τh || EOC NF NF
K NF,tot

DoF ||v ´ v2,0
σh || EOC

1 4 4 72 1.8778e-01 — 4 16 748 4.5783e-03 —
2 8 16 400 5.7990e-02 1.70 8 64 5272 1.7196e-03 1.41
3 16 64 2592 1.5808e-02 1.88 16 256 39472 9.9383e-04 0.79
4 32 256 18496 4.4262e-03 1.84 32 1024 305248 5.6228e-04 0.82
5 64 1024 139392 1.1384e-03 1.96 64 4096 2400448 3.0374e-04 0.89
6 128 4096 1081600 2.8829e-04 1.98 128 16384 19038592 1.5868e-04 0.94
7 256 16384 8520192 7.2658e-05 1.99 256 65536 151651072 1.5868e-04 0.94

` N NK N tot
DoF ||u´ u2,2

τh || EOC NF NF
K NF,tot

DoF ||v ´ v3,0
σh || EOC

1 2 1 54 2.3725e-01 — 2 1 72 3.8910e-02 —
2 4 4 300 1.5974e-01 0.57 4 4 428 7.6009e-03 2.36
3 8 16 1944 1.2939e-02 3.60 8 16 2904 1.7488e-03 2.12
4 16 64 13872 2.3660e-03 2.45 16 64 21296 9.9237e-04 0.82
5 32 256 104544 3.2088e-04 2.88 32 256 162912 5.6213e-04 0.82
6 64 1024 811200 4.2252e-05 2.92 64 1024 1274048 3.0373e-04 0.89
7 128 4096 6390144 5.8599e-06 2.85 128 4096 10076544 1.5868e-04 0.94

Table 5.3: Global convergence for u1,1
τh in a cG(1)-dG(1) and u2,2

τh in a cG(2)-dG(2)
primal solution approximation of the transport problem for Example 5.2 using v2,0

σh in
a cG(2)-dG(0) and v3,0

σh in a cG(3)-dG(0) primal solution approximation of the Stokes
flow problem for Example 5.1.

EOCs of the Stokes solution, we note that both approximations cG(2)-dG(0) as well
as cG(3)-dG(0) are restricted through the lowest order approximation in time, cf. the
last two columns of Table 5.3.

Conclusion 5.1 (Convergence Behavior Stokes Flow, Coupled Problem)
As an interim conclusion, we summarize the following.

• The algorithm confirms the expected experimental orders of convergence in space
and time Ophp`1 ` τ r`1q for the time-dependent Stokes flow problem (5.2) re-
garding one or four cells in time per slab; cf. Tables 5.1 and 5.2, respectively.

• The algorithm confirms the expected experimental orders of convergence in space
and time Ophp`1 ` τ r`1q for the Coupled Flow and Transport Problem 5.1;
cf. Table 5.3.

• The experimental orders of convergence for the Coupled Flow and Transport
Problem 5.1 confirm the orders of convergence of a solely solved transport prob-
lem using a fixed convection field v “ p2, 3qJ that can be found in Table 4.1 of
the previous chapter.

231



5.4.2 Space-Time Adaptivity Studies for Coupled Problems

The second example serves to study the goal-oriented space-time adaptivity behavior
of our multirate DWR algorithm introduced in Sec. 5.3.4.3. In this sense, we modify
Example 5.2 of the previous section regarding more dynamic behavior in time. This
modification is summarized in the following example.

Example 5.3 (Rotating Hill with Changing Orientation)
We consider the Coupled Flow and Transport Problem 5.1 given by the Eqs. (5.1)
and (5.2), respectively. Thereby, the time-dependent Stokes flow problem (5.2) is
studied with the prescribed exact solution (5.143) as outlined in Example 5.1. Here,
the convection-diffusion-reaction transport problem given by Eq. (5.1) is now studied
with the prescribed exact solution (cf. [98, Sec. 1.4.2])

upx, tq :“u1 ¨ u2 , x “ px1, x2q
J P R2 and t P R ,

u1px, tq :“p1` a ¨ ppx1 ´m1ptqq
2 ` px2 ´m2ptqq

2qq´1 ,

u2ptq :“ ν1ptq ¨ s ¨ arctanpν2ptqq ,

(5.146)

with m1ptq :“ 1
2
` 1

4
cosp2πtq and m2ptq :“ 1

2
` 1

4
sinp2πtq, and, ν1pt̂q :“ ´1, ν2pt̂q :“

5π ¨ p4t̂´ 1q, for t̂ P r0, 0.5q and ν1pt̂q :“ 1, ν2pt̂q :“ 5π ¨ p4pt̂´ 0.5q´ 1q, for t̂ P r0.5, 1q,
t̂ “ t´ k, k P N0, and, scalars s “ 1

3
, a0 “ 50.

The (analytical) solution behaves as in Example 5.2, but is designed in such a
way that the maximum height of the hill is compressed and the orientation of the
hill changes its sign from positive to negative at t “ 0.25 and again from negative to
positive at t “ 0.75, cf. Fig. 5.10. The problem is defined on Q “ Ω ˆ I :“ p0, 1q2 ˆ

p0, 1s. The right-hand side forcing term g, the nonhomogeneous Dirichlet boundary
condition and the initial condition are calculated from the given analytical solution
(5.146) and Eqs. (5.1). We choose the diffusion coefficient ε “ 1, the convection field
v is given by the exact Stokes solution (5.143) and the reaction coefficient is set to
α “ 1. Furthermore, no stabilization (δK “ 0) is used in this test case. The goal
quantity is chosen to control the global L2pL2q-error of e, e “ u ´ uτh, in space and
time, given by

Jpuq “
1

}e}p0,T qˆΩ

ż

I

pu, eqdt , with } ¨ }p0,T qˆΩ “

ˆ
ż

I

p¨, ¨q dt

˙
1
2

. (5.147)

232



(a) (b) (c) (d)

Figure 5.10: Exemplary solution profiles at time points tn “ 0 (a), tn “ 0.5 (b),
tn “ 0.8 (c) and tn “ 1 (d) for Example 5.3.

In view of our multirate in time approach, we first put focus on the adaptive refinement
process with respect to the temporal mesh of the transport problem using global
refined meshes for the Stokes flow problem. More precisely, the transport problem is
adaptively refined in space and time using an approximated Stokes solution vσh on
a coarser global refined mesh in space and time. With regard to the characteristic
times of the two subproblems defined in Assumption 5.1, the respective coefficients
in Example 5.3 are chosen in such a way that there holds ttransport ă tflow. Thus,
the initial space-time meshes of the transport problem are finer compared to the
initial meshes of the Stokes flow problem, cf. the first rows of Tables 5.4–5.6 and
the first plot of Fig. 5.11, respectively. Here, we set the auxiliary error indicators
introduced in Eq. (5.139) as η̃Fσh :“ ||v´v2,0

σh ||p0,T qˆΩ , cf. also Step 7 of the algorithm
introduced in Sec. 5.3.4.3. Thus, the temporal and spatial meshes of the Stokes
flow problem are refined globally if the global L2pL2q-error (||v´vp,rσh ||p0,T qˆΩ) for the
Stokes flow problem is larger than its counterpart (||u´up,rτh ||p0,T qˆΩ) corresponding to
the goal functional (5.147) for the transport problem, with vp,rσh and up,rτh representing
an approximated solution using a cG(p)-dG(r) method; cf. columns five and nine of
Tables 5.4–5.6. The tuning parameters of the adaptive algorithm given in Sec. 5.3.4.3
are chosen to balance automatically the potential misfit of the spatial and temporal
errors as

θtoph,1 ě θtoph,2 “
1
2
¨

ˇ

ˇ

ˇ

ηh
|ηh|`|ητ |

ˇ

ˇ

ˇ
, θbottomh “ 0.02 , θtopτ “ 1

2
¨

ˇ

ˇ

ˇ

ητ
|ηh|`|ητ |

ˇ

ˇ

ˇ
,

θF,toph,1 “ θF,toph,2 “ 1.0 , θF,bottomh “ 0.0 , θtopσ “ 1.0 ,

$ “ 1.0 , 1.5 ď ω ď 3.0 .

In Tables 5.4–5.6, we present the development of the total discretization error Jpeq “
}e}p0,T qˆΩ for goal functional (5.147), the spatial and temporal error indicators ηh
and ητ as well as the effectivity index Ieff during an adaptive refinement process for

233



different primal and dual solution pairings tuτh, zτhu: {cG(1)-dG(0),cG(2)-dG(0)},
{cG(1)-dG(1),cG(2)-dG(1)}, {cG(2)-dG(2),cG(3)-dG(2)} of the transport problem.
Moreover, the development of the total discretization error ||v ´ vp,rσh ||p0,T qˆΩ (for
short, in Tables 5.4–5.6 only ||v ´ vp,rσh ||) for the Stokes flow solution on a global
refined mesh in space and time is displayed. Here, ` denotes the refinement level or
DWR loop, N or NF the number of slabs, Nmax

K or NF,max
K the number of spatial cells

on the finest mesh within the current loop, and N tot
DoF or NF,tot

DoF the total space-time
degrees of freedom of the transport or Stokes flow problem, respectively. Here and in
the following, we use an approximation of the temporal weights by means of a higher-
order extrapolation strategy using Gauss-Lobatto quadrature points, cf. Sec. 4.3.2.2
and Fig. 4.2 for the details of this approximation technique. This is due to the results
regarding comparative studies of different approximation techniques performed in
Sec. 4.5 of the previous chapter as well as efficiency reasons in view of reducing
numerical costs compared to the higher-order finite elements approach.

Regarding the accuracy of the underlying error estimator, as given by the last col-
umn of Tables 5.4–5.6, we observe a good quantitative estimation of the discretization
error as the respective effectivity indices are getting close to one in the course of the
refinement process. With regard to efficiency reasons for a space-time adaptive algo-
rithm, it is essential to ensure an equilibrated reduction of the temporal as well as
spatial discretization error, cf. [40, Sec. 3.3]. Referring to this, we point out a good
equilibration of the spatial and temporal error indicators ηh and ητ in the course of
the refinement process (columns ten and eleven of Table 5.4–5.6).

In Fig. 5.11, we visualize exemplary the distribution of the adaptively determined
time cell lengths τK of Tτ,n, used for the transport problem, as well as the distri-
bution of the globally determined time cell lengths σK of Tσ,n, used for the Stokes
flow problem, over the whole time interval I for different DWR refinement loops,
corresponding to Table 5.4. We point out that the respective figures corresponding to
Table 5.5 and Table 5.6, respectively, show a similar distribution, albeit not explicitly
displayed here. The initial temporal meshes for the transport and Stokes flow prob-
lem are chosen fulfilling the requirements presented in Sec. 5.1.1 and Fig. 5.1. While
the time steps for the transport problem become smaller when the hill is changing
its orientation (t “ 0.25 and t “ 0.75), the time steps for the Stokes flow problem
stay comparatively large in the course of the refinement process, cf. the last two
plots of Fig. 5.11. Away from the time points of orientation change, the temporal
mesh of the transport problem is almost equally decomposed. This behavior seems
natural for a global acting goal quantity (5.147) and nicely confirms our multirate in
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DWR Stokes Flow Transport
` NF NF,max

K NF,tot
DoF ||v ´ v2,0

σh || N Nmax
K N tot

DoF Jpe1,0,2,0q ηh ητ Ieff
1 5 4 295 1.97e-02 10 16 250 5.25e-02 4.27e-03 3.34e-04 0.09
2 1.97e-02 10 40 438 4.68e-02 7.12e-04 3.55e-03 0.09
3 1.97e-02 14 40 616 1.73e-02 3.59e-03 1.59e-03 0.30
4 10 16 1870 4.10e-03 19 88 1913 1.10e-02 1.61e-03 3.78e-03 0.49
5 4.10e-03 26 160 4074 7.14e-03 6.66e-04 3.64e-03 0.60
6 4.10e-03 36 160 5534 5.04e-03 9.44e-04 2.59e-03 0.70
7 4.10e-03 50 268 11954 3.44e-03 4.24e-04 2.15e-03 0.75
8 20 64 13180 9.68e-04 70 268 16752 2.59e-03 5.38e-04 1.45e-03 0.77
9 9.68e-04 98 448 37900 1.84e-03 2.34e-04 1.18e-03 0.77
10 20 64 13180 9.68e-04 137 448 52937 1.40e-03 2.91e-04 8.38e-04 0.81

Table 5.4: Adaptive refinement in the transport problem (based on the DWR method)
including effectivity indices for goal (5.147), with ε “ 1, δ0 “ 0, ω “ 3 for Example. 5.3
using a Stokes solution v2,0

σh related to a cG(2)-dG(0) method on global refined meshes
in space and time. e1,0,2,0 corresponds to the adaptive solution approximation u1,0

τh in
cG(1)-dG(0) and dual solution approximation z2,0

τh in cG(2)-dG(0).

DWR Stokes Flow Transport
` NF NF,max

K NF,tot
DoF ||v ´ v2,0

σh || N Nmax
K N tot

DoF Jpe1,1,2,1q ηh ητ Ieff
1 5 4 295 1.97e-02 20 16 1000 2.55e-02 2.12e-02 1.23e-04 0.83
2 1.97e-02 20 28 1640 1.16e-02 1.28e-02 4.41e-03 1.48
3 10 16 1870 4.10e-03 20 76 2956 7.73e-03 3.99e-03 5.23e-03 1.19
4 4.10e-03 28 124 6468 4.34e-03 3.63e-03 4.31e-03 1.83
5 4.10e-03 39 172 11694 2.84e-03 2.31e-03 3.45e-03 2.02
6 20 64 13180 9.68e-04 54 232 20348 1.95e-03 8.63e-04 3.17e-03 2.07
7 9.68e-04 64 232 24600 1.89e-03 2.21e-04 1.83e-03 1.08
8 9.68e-04 75 232 28022 1.87e-03 5.16e-04 1.29e-03 0.97
9 9.68e-04 147 316 66570 1.47e-03 7.05e-04 8.05e-04 1.02
10 40 256 98680 4.69e-04 283 532 220298 8.42e-04 4.54e-04 4.15e-04 1.03

Table 5.5: Adaptive refinement in the transport problem (based on the DWR method)
including effectivity indices for goal (5.147), with ε “ 1, δ0 “ 0, ω “ 2.5 for Exam-
ple. 5.3 using a Stokes solution v2,0

σh related to a cG(2)-dG(0) method on a global
refined mesh in space and time. e1,1,2,1 corresponds to the adaptive solution approxi-
mation u1,1

τh in cG(1)-dG(1) and dual solution approximation z2,1
τh in cG(2)-dG(1).

DWR Stokes Flow Transport
` NF NF,max

K NF,tot
DoF ||v ´ v3,0

σh || N Nmax
K N tot

DoF Jpe2,2,3,2q ηh ητ Ieff
1 5 4 535 7.53e-03 10 16 2430 1.39e-02 6.21e-04 1.19e-02 0.90
2 7.53e-03 13 16 3159 5.77e-03 9.78e-03 1.43e-03 1.94
3 10 16 3630 1.53e-03 13 28 5499 2.57e-03 4.01e-03 8.09e-04 1.84
4 1.53e-03 17 76 10803 1.12e-03 1.11e-03 3.64e-04 1.31
5 20 64 26620 8.32e-04 17 88 17091 8.27e-04 6.88e-04 5.79e-04 1.53
6 40 256 203640 4.63e-04 23 100 27717 5.87e-04 3.12e-04 4.83e-04 1.35
7 4.63e-04 31 100 38145 5.06e-04 2.54e-04 3.92e-04 1.28
8 4.63e-04 50 100 63960 4.84e-04 1.71e-04 3.41e-04 1.06
9 4.63e-04 57 100 70611 4.74e-04 2.13e-04 3.24e-04 1.13
10 40 256 203640 4.63e-04 61 100 74553 5.48e-04 3.08e-04 3.16e-04 1.14

Table 5.6: Adaptive refinement in the transport problem (based on the DWR method)
including effectivity indices for goal (5.147), with ε “ 1, δ0 “ 0, ω “ 1.5 for Exam-
ple. 5.3 using a Stokes solution v3,0

σh related to a cG(3)-dG(0) method on a global
refined mesh in space and time. e2,2,3,2 corresponds to the adaptive solution approxi-
mation u2,2

τh in cG(2)-dG(2) and dual solution approximation z3,2
τh in cG(3)-dG(2).
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time approach regarding an efficient temporal approximation of a rapidly changing
transport coupled with a slowly varying viscous flow.

Finally, in Fig. 5.12 we present the related adaptive spatial meshes at selected
time points corresponding to the the last loop in Table 5.4 and the last plot of
Fig. 5.11, respectively. Considering these meshes, we note that the total number
and distribution of the spatial cells is totally equal to each other comparing the initial
(Fig. 5.12a) and final (Fig. 5.12d) position of the hill. The same holds true comparing
the spatial meshes where the dynamics in time take place (Fig. 5.12b at t “ 0.25 and
Fig. 5.12c at t “ 0.75), although the distribution of the cells differs here depending
on the related position of the hill. Thus, for the chosen goal functional (5.144) the
spatial mesh runs as expected with the rotation of the hill in a synchronous way.
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Figure 5.11: Distribution of the temporal step size τK of the transport problem
(adaptive, based on the DWR method) and σK of the Stokes flow problem (global)
over the time interval I “ p0, T s for the initial (1) and after 5 and 10 DWR-loops,
corresponding to Table 5.4.
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(a) (b) (c) (d)

Figure 5.12: Adaptive spatial meshes of the transport problem (based on the DWR
method) at time points tn “ 0 (a), tn “ 0.25 (b), tn “ 0.75 (c) and tn “ 1 (d)
corresponding to the last loop in Table 5.4 and the last plot of Fig. 5.11, respectively.

The second part of the space-time adaptivity studies is devoted to a local in
time acting goal functional. More precisely, this goal aims to control the L2-error at
the final time point. Moreover, we are using adaptive spatial mesh refinement for
the Stokes flow problem by means of applying a so-called Kelly Error Estimator as
introduced in Rem. 5.19. This case is summarized in the following example.

Example 5.4 (Local in Time Goal Functional)
We study the Coupled Flow and Transport Problem 5.1 that is given by the Eqs. (5.1)–
(5.2) with the prescribed exact solutions (5.146) and (5.143), respectively.

The problem is defined on Q “ ΩˆI :“ p0, 1q2ˆp0, 1s. The right-hand side forcing
terms, the initial and boundary conditions as well as the underlying coefficients are
chosen in the same way as outlined in Example 5.1 and Example 5.3, respectively.
The goal functional is chosen to control the L2-error e´N , e

´
N “ upx, T q ´ uτhpT

´q, at
the final time point T “ 1.0, given by

JT puq “

`

upx, T q, e´N
˘

}e´N}T
, (5.148)

where } ¨ }T denotes the L2-norm at the final time point T .

We approximate the primal and dual transport solutions u and z by means of a cG(1)-
dG(0) and a cG(2)-dG(0) method, respectively. The primal Stokes flow solution tv, pu
is approximated by using a {cG(2)-dG(0),cG(1)-dG(0)} discretization. The transport
problem is adaptively refined in space and time using an approximated Stokes solution
vσh on coarser global in time and adaptive in space refined meshes. The adaptivity
in space with regard to the Stokes flow problem is based on non-weighted spatial
error indicators η̃Fh obtained by means of a Kelly Error Estimator, cf. Eq. (5.139) and
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Rem.5.19 for more details. Here, we set the auxiliary error indicators introduced in
Eq. (5.139) as η̃Fσh :“ ||v´v2,0

σh ||p0,T qˆΩ , cf. also Step 7 of the algorithm introduced in
Sec. 5.3.4.3. Thus, the temporal and spatial meshes of the Stokes flow problem are
refined if the global L2pL2q-error (||v ´ v2,0

σh ||p0,T qˆΩ) for the Stokes flow problem is
larger than the L2-error at the final time point T (||px, T q´u1,0

τh pT
´q||T ) corresponding

to the goal functional (5.148) for the transport problem; cf. columns five and nine of
Table 5.7. As before, the approximation of the temporal weights is done by a higher-
order extrapolation strategy using Gauss-Lobatto quadrature points, cf. Sec. 4.3.2.2.
The tuning parameters with regard to the adaptive refinement process are chosen to
balance automatically the potential misfit of the spatial and temporal errors as

θtoph,1 ě θtoph,2 “
1
2
¨

ˇ

ˇ

ˇ

ηh
|ηh|`|ητ |

ˇ

ˇ

ˇ
, θbottomh “ 0.02 , θtopτ “ 1

2
¨

ˇ

ˇ

ˇ

ητ
|ηh|`|ητ |

ˇ

ˇ

ˇ
,

θF,toph,1 “ θF,toph,2 “ 0.38 , θF,bottomh “ 0.02 , θtopσ “ 1.0 ,

$ “ 1.0 , ω “ 2.0 .

In Table 5.7, we present the development of the total discretization error JT pe´Nq “
}e´N}T for goal functional (5.148), the spatial and temporal error indicators ηh and ητ
as well as the effectivity index Ieff during an adaptive refinement process. Moreover,
the development of the total discretization error ||v ´ vp,rσh ||p0,T qˆΩ (for short, in Ta-
ble 5.7 only ||v ´ vp,rσh ||) for the Stokes flow solution on a global refined mesh in time
and an adaptive refined mesh in space is displayed. Again, ` denotes the refinement
level or DWR loop, N or NF the number of slabs, Nmax

K or NF,max
K the number of

spatial cells on the finest mesh within the current loop, and N tot
DoF or NF,tot

DoF the total
space-time degrees of freedom of the transport or Stokes flow problem, respectively.

We observe a very good estimation of the discretization error JT peq identified by
effectivity indices close to one (cf. the last column of Table 5.7). Thus, with regard to
accuracy the underlying algorithm performs very well. Moreover, well-balanced error
indicators ητ and ηh are obtained in the course of the refinement process (cf. columns
ten and eleven of Table 5.7). Note the existing mismatch of these indicators at the
beginning or, for instance, in the DWR loops 4, 10 or 17, such that the refinement
only takes place in time here. This fact is guaranteed by the balancing parameter
ω and thus ensures an an equilibrated reduction of the temporal as well as spatial
discretization error which is very important with regard to reliability and efficiency
reasons of the underlying algorithm.

In Fig. 5.13, we visualize the distribution of the adaptively determined time cell
lengths τK of Tτ,n, used for the transport problem, as well as the distribution of the
globally determined time cell lengths σK of Tσ,n, used for the Stokes flow problem,
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DWR Stokes Flow Transport
` NF NF,max

K NF,tot
DoF ||v ´ v2,0

σh || N Nmax
K N tot

DoF JT pe
1,0,2,0q ηh ητ Ieff

1 2 4 118 1.96e-02 10 16 250 2.14e-02 -1.26e-03 4.67e-02 2.12
2 1.96e-02 12 16 300 2.10e-02 5.06e-03 1.87e-03 0.33
3 1.96e-02 15 40 699 1.88e-02 3.73e-03 4.07e-03 0.41
4 4 16 748 4.58e-03 19 112 1975 1.05e-02 7.08e-04 2.97e-03 0.35
5 4.58e-03 24 112 2512 6.32e-03 1.22e-03 2.02e-03 0.51
6 4.58e-03 30 196 4374 4.29e-03 8.97e-04 3.72e-03 1.08
7 8 64 5272 1.72e-03 38 196 5688 3.10e-03 1.23e-03 2.72e-03 1.27
8 1.72e-03 48 196 7022 3.02e-03 1.25e-03 2.60e-03 1.27
9 1.72e-03 60 196 8856 2.30e-03 1.64e-03 1.28e-03 1.27
10 1.72e-03 76 268 14436 2.22e-03 8.26e-04 1.80e-03 1.18
11 1.72e-03 96 268 18040 2.05e-03 8.99e-04 1.25e-03 1.05
12 1.72e-03 121 400 31421 1.47e-03 6.71e-04 9.64e-04 1.11
13 16 208 33072 1.01e-03 153 556 52213 1.22e-03 4.30e-04 9.60e-04 1.14
14 1.01e-03 194 556 64340 1.18e-03 4.42e-04 6.89e-04 0.96
15 1.01e-03 246 1060 121064 8.30e-04 3.72e-04 4.35e-04 0.97
16 32 688 215980 5.65e-04 312 1372 197706 6.79e-04 2.43e-04 4.14e-04 0.97
17 5.65e-04 396 1744 320712 4.50e-04 1.81e-04 4.05e-04 1.30
18 64 2176 1354656 3.04e-04 502 1744 415834 4.03e-04 2.02e-04 2.14e-04 1.03
19 3.04e-04 637 2860 707155 3.56e-04 1.37e-04 2.16e-04 1.00
20 64 2176 1354656 3.04e-04 808 3484 1146746 2.74e-04 9.77e-05 1.76e-04 1.00

Table 5.7: Adaptive refinement in the transport problem (based on the DWR method)
including effectivity indices for goal functional (5.147), with ε “ 1, δ0 “ 0, and
ω “ 2.0 for Example. 5.4 using a Stokes solution v2,0

σh corresponding to a cG(2)-
dG(0) approximation on a global refined mesh in time and adaptive refined mesh
in space (based on the Kelly Error Estimator). e1,0,2,0 corresponds to the adaptive
solution approximation u1,0

τh in cG(1)-dG(0) and dual solution approximation z2,0
τh in

cG(2)-dG(0).

over the whole time interval I for selected DWR refinement loops corresponding to
Table 5.7. We observe a similar distribution as displayed in Fig. 5.11 corresponding
to a global in time acting goal functional. But in addition, here the temporal mesh is
significantly more refined reaching the final time point T “ 1, cf. the last three plots
of Fig. 5.13. This behavior is desirably since the underlying goal functional (5.148)
aims to control the L2-error at the final time point. It is all the more remarkable
that the dynamics in time arising close to the time points where the hill is changing
its orientation (t “ 0.25 and t “ 0.75) are detected which illustrates once more
the potential of the underlying algorithm with regard to obtaining efficient temporal
meshes regarding different characteristic dynamics in time of the subproblems.

Finally, regarding the spatial meshes of the Stokes flow and transport problem
given by Fig. 5.14, we state the following. Compared to the spatial transport meshes
obtained in Fig. 5.12 corresponding to a global in time acting goal functional, we ob-
serve a similar result with regard to localization and distribution of the spatial cells,
cf. Figs. 5.14e–5.14h. Additionally, a significantly stronger refinement takes place
within the spatial mesh corresponding to the final time point (cf. Fig. 5.14h) in accor-
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Figure 5.13: Distribution of the temporal step size τK of the transport problem
(adaptive, based on the DWR method) and σK of the Stokes flow problem (global)
over the time interval I “ p0, T s for the initial (1) and after 7, 13 and 18 DWR-loops,
corresponding to Table 5.7.
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dance to the underlying local in time acting goal functional (5.148) that aims at con-
trolling the L2-error at the final time point. Moreover, we observe a slightly stronger
spatial refinement where the dynamics in time take place (cf. Figs. 5.14f–5.14g) com-
pared to the spatial mesh corresponding to the initial time point (cf. Fig. 5.14e). All in
all, the algorithm provides very efficient spatial meshes with regard to the underlying
goal functional, additionally taking into account the dynamics in time.

Regarding the spatial meshes of the Stokes flow problem obtained by using non-
weighted error indicators by means of a Kelly Error Estimator, we observe an almost
equal number and distribution of the spatial cells over the whole time located to the
course of the stream lines of the flow field solution, cf. the upper plots in Fig. 5.8. This
observation is in good agreement with the results obtained in [167, Sec. 4.7.2] using so-
called heuristic error indicators, cf. [167, Sec. 4.6] for further details of this approach.
error indicators approach. Comparing the adaptive spatial meshes of the transport
and Stokes flow problem obtained by different error estimators, the advantage of
weighted error indicators based on the DWR method is clearly visible. Due to the
user-chosen goal functional more flexibility with regard to localized interests along
with economical and efficient meshes adapted to these goals is feasible.

(a) t “ 0.00 (b) t “ 0.25 (c) t “ 0.75 (d) t “ 1.00

(e) t “ 0.00 (f) t “ 0.25 (g) t “ 0.75 (h) t “ 1.00

Figure 5.14: Comparison of adaptive spatial meshes at different time points for the
Stokes flow (based on the Kelly Error Estimator) (top, (a)–(d)) and transport (based
on the DWR method) (bottom, (e)–(h)) problem, respectively, corresponding to the
last loop in Table 5.7.
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Conclusion 5.2 (Accuracy and Efficiency)
As an interim conclusion, we summarize the following.

• With regard to accuracy, all cG(p)-dG(r) discretizations show a good quantita-
tive estimation of the discretization error; cf. the last column of Tables 5.4–5.5
and Table 5.7, respectively.

• With regard to efficiency, all cG(p)-dG(r) discretizations show a very good
equilibration of the spatial and temporal error indicators ηh and ητ in the course
of refinement; cf. the columns ten and eleven of Tables 5.4–5.5 and Table 5.7,
respectively.

• Our multirate in time approach combined with goal-oriented error con-
trol based on the DWR method leads to very economical and efficient temporal
meshes for both subproblems regarding both a global and local in time acting
goal functional; cf. Fig. 5.11 and Fig. 5.13, respectively.

• Very economical and efficient spatial meshes having regard to a global as well
as a local in time acting goal functional were obtained for the transport problem
using weighted error indicators by means of the DWR approach; cf. Fig. 5.12
and Figs. 5.14e–5.14h, respectively. Moreover, economical spatial meshes having
regard to the stream lines were obtained for the Stokes flow problem using non-
weighted error indicators by means of a Kelly Error Estimator; cf. Figs. 5.14a–
5.14d

5.4.3 Transport in a Channel

In this example, we simulate a convection-dominated transport with goal-oriented
adaptivity of a species through a channel with a constraint. This scenario including
unknown exact solutions is summarized in the following example.

Example 5.5 (Transport in a Channel, Steady-State Inflow vD)
We study the Coupled Flow and Transport Problem 5.1 given by the Eqs. (5.1) and
(5.2), respectively, with the following settings. The domain and its boundary coloriza-
tion are presented by Fig. 5.15. Precisely, the spatial domain is composed of two unit
squares and a constraint in the middle which restricts the channel height by a factor
of five. In detail, Ω “ p´1, 0q ˆ p´0.5, 0.5q Y p0, 1q ˆ p´0.1, 0.1q Y p1, 2q ˆ p´0.5, 0.5q

with an initial cell diameter of h “
?

2 ¨ 0.0252. The time domain is set to I “ p0, 2.5q
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with an initial τ “ 0.1 for the transport and σ “ 2.5 for the Stokes flow problem for
the initialization of the slabs for the first loop ` “ 1.

The transport of the species, which enters the domain on the left with a nonho-
mogeneous and time-dependent Dirichlet boundary condition and leaves the domain
on the right through a homogeneous Neumann boundary condition, is driven by the
convection with magnitudes between 0 and 5 as displayed in Fig. 5.16. More pre-
cisely, the Dirichlet boundary function value is homogeneous on ΓD except for the
line p´1,´1q ˆ p´0.4, 0.4q and time 0 ď t ď 0.2 where the constant value

upx, tq “ 1

is prescribed on the solution. The initial value function u0 “ 0 as well as the forc-
ing term g “ 0 are homogeneous. On the left boundary Γinflow, the parabolic inflow
condition vD for the Stokes flow problem is given by

vDpx, tq “ p1´ 4x2
2, 0q

J , (5.149)

The diffusion coefficient has the constant and small value of ε “ 10´4, the reaction
coefficient is chosen α “ 0.1 and the viscosity is set to ν “ 1. The local SUPG
stabilization coefficient is here set to δK “ δ0 ¨hK, δ0 “ 0, i.e. a vanishing stabilization
here. The goal quantity is

Jpuq “
1

|T | ¨ |Ω|

ż

I

ż

Ω

upx, tq dxdt . (5.150)

Figure 5.15: Boundary colorization for the convection-diffusion-reaction transport
problem (top) and the coupled Stokes flow problem (bottom) for Example 5.5. The
graphic is taken from [29].
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Figure 5.16: Convection vσh solution of the Stokes flow problem on one slab with a
sufficiently globally refined spatial mesh with Q2-Q1 finite elements for Example 5.5.
On the left boundary a parabolic inflow profile in the positive x1-direction with unit
magnitude is prescribed for the convection vD. The graphic is taken from [29].

The choice σ “ 2.5 in Example 5.5 has been made to compare the results to
Example 2 in [29], where a quasi-stationary Stokes flow solution vh was used. We
approximate the primal transport solution u1,0

τh with a cG(1)-dG(0) method and the
dual transport solution z2,0

τh with a cG(2)-dG(0) method, respectively, on adaptively
refined meshes in space and time. The Stokes flow solution v2,0

σh is approximated
with a cG(2)-dG(0) method on globally refined meshes in space and time obtained by
means of weighted error indicators based on the DWR method given by Eq. (5.119).
The tuning parameters with regard to the adaptive refinement process are chosen to
balance automatically the potential misfit of the spatial and temporal errors as

θtoph,1 ě θtoph,2 “
1
2
¨min

!ˇ

ˇ

ˇ

ηh
|ηh|`|ητ |

ˇ

ˇ

ˇ
, 1
)

, θbottomh “ 0.02 , θtopτ “ 1
2
¨min

!ˇ

ˇ

ˇ

ητ
|ηh|`|ητ |

ˇ

ˇ

ˇ
, 1
)

,

θF,toph,1 “ θF,toph,2 “ 1.0 , θF,bottomh “ 0.0 , θtopσ “ 0.0 ,

$ “ 1.0 , ω “ 3.0 .

The solution profiles and corresponding adaptive spatial meshes of the primal
transport solution u1,0

τh of the loop ` “ 8 for t “ 0.15, t “ 0.70, t “ 0.92, t “ 1.33

and t “ 2.45 are given by Fig. 5.17. The refinement in space is adjusted to the
position of the transported species within the channel. It is located to the layers of
the transported species, whereas the mesh stays coarse in the non-affected area.

244



Figure 5.17: Transport solution profiles and related adaptively refined spatial meshes
(based on the DWR method) with ε “ 10´4, δ0 “ 0.0, and ω “ 3.0 at different time
points corresponding to loop ` “ 8 for Example 5.5.

In Fig. 5.18, we present a comparative study of the solution profile and corre-
sponding spatial meshes for t “ 0.95 in the course of the adaptive refinement loops.
For ` “ 1, 2, 3 obvious spurious oscillations in the left square and at the beginning
of the constriction are existing, which are captured and resolved by the goal-oriented
adaptivity by taking spatial mesh refinements along the layers of the transported
species within the left square and within the constriction of the channel. For ` ą 3

the spatial refinements capture especially the solution profile fronts with strong gra-
dients with a focus on the high-convective middle of the spatial domain. For the last
loops an almost perfect solution profile is observable and the spurious oscillations
occurred within the first loops are reduced significantly.
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Figure 5.18: Capturing of spurious oscillations with goal-oriented adaptivity illus-
trated by comparative solution profiles and related adaptively refined spatial meshes
(based on the DWR method) of the loops ` “ 1 ´ 8 with ε “ 10´4, δ0 “ 0.0, and
ω “ 3.0, exemplary at time point t “ 0.95 for Example 5.5.

246



0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4

9 ¨ 10´2

0.1

0.11

0.12

t

τ K
pI

1 n
q

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4

5 ¨ 10´2

0.1

t

τ K
pI

4 n
q

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4
0

5 ¨ 10´2

0.1

t

τ K
pI

8 n
q

Figure 5.19: Distribution of the temporal step size τK of the transport problem (based
on the DWR method) for a fixed σK “ 2.5 of the Stokes flow problem over the time
interval I “ p0, T s for the initial (1) and after 4 and 8 DWR-loops.

In Fig. 5.19, we visualize the temporal distribution of the transport problem for
several DWR-loops. The time cell lengths of the Stokes flow problem is kept fixed with
value σK “ 2.5 for all DWR-loops here and thus explicitly not displayed. We observe
an adaptive refinement in time at the beginning, consistent with the restriction in
time of the inflow boundary condition. The closer we get to the final time point T
the coarser the temporal mesh is chosen. This behavior nicely brings out the feature
of automatically controlled mesh refinement of the underlying algorithm with regard
to dynamics in time, note that the respective goal functional (5.150) acts global in
time. The refinement in space and time is automatically balanced due to the dynamic
choice of θtoph,1 , θ

top
h,2 and θtopτ given by (5.141) and is illustrated by Table 5.8. Here,

` denotes DWR loop, N the number of slabs, Nmax
K the number of spatial cells on

the finest mesh within the current loop, and N tot
DoF the total space-time degrees of
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freedom. Regarding the spatial and temporal error indicators (cf. columns five and
six of Table 5.8) a good equilibration can be observed within the final loop, whereas
in the first step a mismatch occurs resulting in a solely temporal refinement between
` “ 1 and ` “ 2. This behavior is desirable with regard to efficiency reasons.

` N Nmax
K N tot

DoF ηh ητ
1 25 880 24425 3.5795e-03 1.1452e-02
2 29 880 28333 3.8619e-03 3.2318e-03
3 32 1456 39456 2.9354e-03 5.4042e-03
4 42 2116 62528 2.5532e-03 5.2001e-03
5 51 4492 132483 2.3178e-03 5.2170e-03
6 70 7072 239266 1.8934e-03 3.8571e-03
7 79 10744 371015 1.7406e-03 2.3554e-03
8 89 15376 619071 1.6069e-03 1.2974e-03

Table 5.8: Adaptive temporal and spatial refinements for the transport problem in-
cluding error indicators (based on the DWR method) in space ηh and time ητ , respec-
tively, ε “ 10´4, δ0 “ 0, and ω “ 3.0 for Example 5.5.

With regard to more dynamic in time, we now modify Example 5.5 regarding
a time-dependent inflow condition for the Stokes flow problem in order to inves-
tigate our multirate in time approach for the present example. This modification is
summarized in the following example.

Example 5.6 (Transport in a Channel, Time-Dependent Inflow vD)
We study the Coupled Flow and Transport Problem 5.1 given by the Eqs. (5.1) and
(5.2), respectively, with the same settings as outlined in Example 5.5 except for the
following. On the left boundary Γinflow the inflow condition vD is now time-dependent,
given by

vDpx, tq “

#

arctanptq
π{2

¨ p1´ 4x2
2, 0q

J for 0 ď t ď 0.1 ,

p1, 0qJ for 0.1 ă t ď T .
(5.151)

Moreover, for the transport problem, the Dirichlet boundary function value is homo-
geneous on ΓD except for the line p´1,´1q ˆ p´0.4, 0.4q and time 0 ď t ď 0.1 where
the constant value

upx, tq “ 1

is prescribed on the solution.

With regard to the characteristic times of the two subproblems defined in Assump-
tion 5.1 relating to Example 5.6, the coefficients are chosen in such a way that the
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convective part of ttransport becomes dominant towards the diffusive and reactive part
and thus there holds ttransport “ tflow. Therefore, the time domain I “ p0, 2.5q is
now discretized using the same initial τ “ σ “ 0.1 for the transport and Stokes flow
problem for the first loop ` “ 1, cf. the first plot in Fig. 5.20. The tuning parameters
with regard to the adaptive refinement process are chosen to balance automatically
the potential misfit of the spatial and temporal errors as

θtoph,1 ě θtoph,2 “
1
2
¨min

!
ˇ

ˇ

ˇ

ηh
|ηh|`|ητ |

ˇ

ˇ

ˇ
, 1
)

, θbottomh “ 0.02 , θtopτ “ 1
2
¨min

!
ˇ

ˇ

ˇ

ητ
|ηh|`|ητ |

ˇ

ˇ

ˇ
, 1
)

,

θF,toph,1 “ θF,toph,2 “ 1.0 , θF,bottomh “ 0.0 , θtopσ “ 1.0 (for 0 ď t ď 0.2q ,

$ “ 1.0 , ω “ 3.0 . θtopσ “ 0.0 (for 0.2 ă t ď 2.5q .
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Figure 5.20: Distribution of the temporal step size τK of the transport problem (based
on the DWR method) and σK of the Stokes flow problem (based on fixed, user-chosen
refinement) over the time interval I “ p0, T s for the initial (1) and after 4 and 8 DWR-
loops.
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In Fig. 5.20, we visualize the distribution of the adaptively determined time cell
lengths τK and σK used for the transport and Stokes flow problem, respectively,
over the whole time interval I for different DWR refinement loops. We observe a
similar behavior as displayed in Fig. 5.19. The temporal mesh is refined close to
the time conditions of the respective inflow boundaries for both problems, where the
refinement in time for the Stokes flow problem is chosen to refine those slabs related
to the inflow condition (5.151) for each second DWR-loop with regard to the choice
of θtopσ given above. Away from the temporal inflow condition both temporal meshes
stay coarse. The solution profiles and corresponding adaptive spatial meshes of the
primal transport solution look very similar to that obtained in the steady-state inflow
case given by Figs. 5.17–5.18 and thus are not explicitly displayed here.

In a final step, we demonstrate the application and interaction of all mathemat-
ical tools and techniques developed in this work. More precisely, we investigate our
multirate in time approach in view of focusing on the interaction of stabilization
techniques combined with goal-oriented error control. For this purpose, we modify
Example 5.5 to the case of a strongly convection-dominated transport problem by
increasing the Péclet number by two orders of magnitude. We show that for this case
a solely application of adaptive mesh refinement is no longer sufficient, but the trans-
port problem additionally has to be stabilized in order to capture strong gradients
and reduce spurious and non-physical oscillations. This is done by comparing a non-
stabilized solution (δ0 “ 0) with the case of a SUPG stabilized solution (δ0 ‰ 0) of the
transport problem. This final investigation is summarized in the following example.

Example 5.7 (Transport in a Channel, Stabilized Transport)
We study the Coupled Flow and Transport Problem 5.1 given by the Eqs. (5.1) and
(5.2), respectively, with the same settings as outlined in Example 5.5 except for the
following. The diffusion coefficient has the constant and small value of

ε “ 10´6 .

The transport problem is stabilized using SUPG stabilization. Therefore, the local
SUPG stabilization coefficient is here set to

δK “ δ0 ¨ hK , δ0 “ 0.1 .

The goal functional is given by Eq. (5.150) and on the left boundary Γinflow the inflow
condition vD is still time-dependent, given by Eq. (5.151).
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In order to investigate the interaction of stabilization and goal-oriented error control
based on the DWR approach, we focus here on the transport problem and compare the
approximated solution given by the non-stabilized fully discrete scheme (5.29) with
that one obtained by the SUPG stabilized fully discrete scheme (5.32), respectively.
We approximate the respective primal transport solution u1,0

τh with a cG(1)-dG(0)
method and the dual transport solution z2,0

τh with a cG(2)-dG(0) method, respectively,
on adaptively refined meshes in space and time obtained by means of weighted error
indicators based on the DWR method, given by Eq. (5.119). However, the Stokes
flow solution v2,0

σh is approximated with a cG(2)-dG(0) method on adaptively refined
meshes in space and time obtained by means of the auxiliary non-weighted error
indicators based on the Kelly Error Estimator, given by Eq. (5.139). Thereby, the
auxiliary spatial error indicators are determined as described in Rem. 5.19 and the
temporal error indicators are set to

η̃F,nσ :“
ÿ

KFPT F
h,n

η̃F,nh , (5.152)

with regard to a single slab QF
n , n “ 1, . . . , NF. The tuning parameters are chosen to

balance automatically the potential misfit of the spatial and temporal errors as

θtoph,1 ě θtoph,2 “
1
2
¨min

!ˇ

ˇ

ˇ

ηh
|ηh|`|ητ |

ˇ

ˇ

ˇ
, 1
)

, θbottomh “ 0.02 , θtopτ “ 1
2
¨min

!ˇ

ˇ

ˇ

ητ
|ηh|`|ητ |

ˇ

ˇ

ˇ
, 1
)

,

θF,toph,1 “ θF,toph,2 “ 0.33 , θF,bottomh “ 0.02 , θtopσ “ 0.2 ,

$ “ 1.0 , ω “ 3.0 .

With regard to the characteristic times of the two subproblems there still holds
ttransport “ tflow as outlined in the context of Example 5.6. Thus, the time domain
I “ p0, 2.5q is again discretized using the same initialization for the transport and
Stokes flow problem. In Fig. 5.21, we visualize the distribution of the adaptively de-
termined time cell lengths τK and σK used for the transport and Stokes flow problem,
respectively, over the whole time interval I for different DWR refinement loops. We
observe a similar behavior as displayed in Fig. 5.19 and Fig. 5.20, respectively. The
temporal mesh is refined close to the temporal conditions of the respective inflow
boundaries for both problems. Away from the temporal inflow condition both tempo-
ral meshes stay coarse. The adaptive refinement in time for the Stokes flow problem
is here based on the auxiliary indicators given by Eq. (5.152) instead of a user-chosen,
fixed given refinement in each second loop as used in Example 5.6. Obtaining similar
results with regard to the distribution and localization of the temporal refinement for
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the Stokes flow problem as given in Fig. 5.20 validates the underlying approach for
the computation of the temporal error indicators.

In Fig. 5.22, we compare the solution profiles and corresponding adaptive spatial
meshes of the primal transport solution u1,0

τh for a non-stabilized and stabilized case,
respectively, at different time points within the final DWR loop ` “ 8. Comparing
the results of the present non-stabilized case to that one obtained by Fig. 5.17 for
a lower Péclet number, it becomes clear that in the strongly convection-dominated
case a solely adaptive mesh refinement without stabilization is no longer sufficient
to resolve the arising layers of the transported species within the channel, especially
regarding the solution profiles in the course of time; cf. the blurred solution profiles
in the course of the transported species on the left part of Fig. 5.22 compared to those
of Fig. 5.17. This becomes even clearer considering the exemplary side profile of the
primal transport solution at time t “ 1.35 given by the upper part of Fig. 5.23 that
is strongly perturbed by means of spurious and non-physical oscillations, especially
in the part of the constriction within the channel. Without additional stabilization
techniques the underlying algorithm is not able to capture the strong gradients and
resolve the layers and sharp moving fronts of the underlying transported species.

In contrast, regarding the stabilized solution profiles given by the right and lower
part of Fig. 5.22 and Fig. 5.23, respectively, the solution profile fronts are resolved
in a visibly more accurate way along with a significantly reduction of the spurious
oscillations. Moreover, regarding the underlying spatial meshes, we point out that in
the stabilized case the adaptive refinement is located close to the whole solution front
of the underlying transported species within the channel. More precisely, we observe
local refinements located in the left unit square corresponding to the wing-like fronts
and behind them, within the constriction corresponding to the course of the solution
profile as well as at the exit of the restriction, in particular at the corners of the exit,
corresponding to the head of the solution profile.

In contrast to that, in the non-stabilized case most of the local refinement takes
place at the beginning of the constriction where most of the oscillations are visible. In
comparison, the remaining parts along the solution front are less refined, in particular,
regarding the wing-like fronts in the left unit square. This is obvious since the goal
functional (5.150) acts global in space and time and thus those parts of the error
indicators are weighted stronger involving larger errors in the respective quantity.

Due to the additional stabilization along with a significantly reduction of the
oscillations, the algorithm in the stabilized case is capable to distribute the refinement
more evenly to the regions belonging to strong gradients of the underlying solution
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profile. In summary, the stabilized solution shows a significantly improvement with
regard to resolving layers and sharp moving fronts along with efficient underlying
spatial meshes, even though some slight perturbations located at the course of the
layers are still visibly.
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Figure 5.21: Distribution of the temporal step size τK of the transport problem (based
on the DWR method) and σK of the Stokes flow problem (based on the Kelly Error
Estimator) over the time interval I “ p0, T s for the initial (1) and after 5 and 8
DWR-loops.
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Figure 5.22: Comparison of transport solution profiles and related adaptively refined
spatial meshes (based on the DWR method) without stabilization δ0 “ 0.0 (left)
and with SUPG stabilization δ0 “ 0.1 (right) for ε “ 10´6 at different time points
corresponding to loop ` “ 8 for Example 5.7.
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(a) No Stabilization (δ0 “ 0.0), 29843 spatial DoFs

(b) SUPG Stabilization (δ0 “ 0.1), 27471 spatial DoFs

Figure 5.23: Comparison of side profiles for the transport solution and related adap-
tively refined spatial meshes (based on the DWR method) without stabilization
δ0 “ 0.0 (top) and with SUPG stabilization δ0 “ 0.1 (bottom) for ε “ 10´6 cor-
responding to loop ` “ 8 for Example 5.7, exemplary at time point t “ 1.35.

Finally, for the sake of completeness, we present in Fig. 5.24 the solution profile
and corresponding adaptive spatial mesh of the primal Stokes flow convection solution
vσh based on the Kelly Error Estimator, exemplary at time t “ 0.1 corresponding
to the time-dependence of the inflow boundary condition given by Eq. (5.151) within
the final loop ` “ 8. The adaptive spatial refinement is located to the spreading of
the convection flow field vσh, cf. the upper plot of Fig. 5.24. Moreover, the spatial
mesh is visibly more refined close to the corners of the entrance and exit of the
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channels’ constriction consistent with occurring challenges arising in such regions of
the underlying meshes, cf., e.g., [168, 67].

Figure 5.24: Convection vσh solution of the Stokes flow problem and related adap-
tively refined spatial mesh (based on the Kelly Error Estimator) with Q2-Q1 finite
elements and 48186 spatial DoFs, corresponding to loop ` “ 8 for Example 5.7, ex-
emplary at time point t “ 0.1. On the left boundary a time-dependent inflow profile
in the positive x1-direction is prescribed for the convection vD given by Eq. (5.151).

Conclusion 5.3 (Accuracy and Efficiency - Convection-Dominated Case)
As an interim conclusion, we summarize the following.

• With regard to accuracy, the solution profiles of the transport approximated
solution uτh show significantly improvements with regard to reducing spurious
unphysical oscillations close to layers in the course of the DWR refinement
loops; cf. Fig. 5.18 and Figs. 5.22–5.23, respectively.

• With regard to efficiency, a very good equilibration of the spatial and temporal
error indicators ηh and ητ is obtained in the course of the DWR refinement
loops; cf. the columns five and six of Table 5.8.

• Our multirate in time approach combined with goal-oriented error control
based on the DWR method leads to very economical and efficient temporal
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meshes for both subproblems even in the case of convection-dominated trans-
port. Moreover, the algorithm is able to recognize dynamics in time and thus
adjusts automatically the temporal mesh refinement; cf. Figs. 5.19–5.20 as well
as Fig. 5.21, respectively.

• With regard to adaptive mesh refinement in space, economical and efficient
meshes are obtained capturing strong gradients of the transport solution and
running with the position of the species within the channel; cf. Figs. 5.17–5.18
and Figs. 5.22–5.23, respectively.

• With regard to strongly convection-dominated cases (ε ď 10´6), the inter-
action of stabilization and goal-oriented error control becomes crucial and
solely adaptive mesh refinement without stabilization is no longer sufficient,
cf. Figs. 5.22–5.23. compared to Figs. 5.17–5.18, respectively.

• Finally, the auxiliary non-weighted error indicators obtained by means of the
so-called Kelly Error Estimator used within the Stokes flow problem lead to
reasonable meshes in space and time, cf. Fig. 5.24 and Fig. 5.21, respectively.

5.4.4 Final Summary

At the beginning of this work, we proclaimed the need of an error estimator that is
able to automatically control the necessary parameters within the increasing com-
plexity of efficiently solving coupled problems including different characteristic time
scales by means of adaptive mesh refinement in space and time. For this purpose,
with reference to the specific results outlined in Conclusions 5.1–5.3, we summarize
the following. The underlying algorithm of our multirate in time approach combined
with goal-oriented error control based on the DWR method is able to detect differ-
ent dynamics in time as well as layers and sharp moving fronts of the solutions of
the underlying coupled problem, and thus automatically controls the adaptive mesh
refinement process by means of localized error indicators in space and time. Efficient
temporal and spatial meshes were obtained even in the case of convection-dominated
transport, capturing the specific dynamics in time and strong gradients of the solu-
tion profiles, respectively. This property of automatically controlling discretization
parameters within the fully adaptive algorithm based on goal-oriented a posteriori
error estimators was nicely confirmed considering Fig. 5.11 as well as Figs. 5.17–5.24,
respectively, considering different goal functionals and test cases.
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Experimental orders of convergence were verified for academic test cases for both
the two subproblems as well as the coupled problem, cf. Table 4.1, Tables 5.1–5.2 and
Table 5.3, respectively. With regard to reliability and accuracy reasons, effectivity
indices close to one were obtained for different cG(p)-dG(r) discretization methods
which is indicative for a good quantitative estimation of the underlying discretization
errors, cf. Tables 5.4–5.6 and Table 5.7, respectively. Furthermore, with regard to
efficiency reasons well-balanced error indicators in time and space were obtained in
the course of the refinement process, even though these indicators differed strongly
at the beginning, cf. Tables 5.4–5.6, Table 5.7 and Table 5.8, respectively. Finally,
spurious oscillations that typically arise in numerical approximations of convection-
dominated problems could be reduced significantly and local mesh refinements were
adjusted to the position of the transported species within the channel, cf. Figs.5.17–
5.18. For the case of strongly convection-dominated transport solely adaptive mesh
refinement by means of goal-oriented error control was no longer sufficient to resolve
solution profile fronts with strong gradients without producing spurious oscillations,
but the application of additionally stabilization techniques were necessary to reduce
these oscillations and obtain more accurate solution profiles.
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Chapter 6

Conclusion and Outlook

6.1 Summary

In this work, we developed a fully space-time adaptive multirate approach regarding
different time scales for a rapidly changing transport problem coupled with a slowly
creeping Stokes flow problem. The transport problem is represented by a convection-
dominated convection-diffusion-reaction equation which is for this reason stabilized
using the residual-based streamline upwind Petrov Galerkin (SUPG) method. Both
subproblems are discretized using a discontinuous Galerkin method dG(r) with an
arbitrary polynomial degree r ě 0 in time and a continuous Galerkin method cG(p)
with an arbitrary polynomial degree p ě 1 in space. Based on these discretizations, we
derived goal-oriented a posteriori error representations based on the Dual Weighted
Residual (DWR) method for both the transport as well as the Stokes flow problem.
These error representations, measured in quantities of physical interest, are splitted
into spatial and temporal amounts such that their localized forms can be used as
cell-wise error indicators for the adaptive mesh refinement process is space and time.
Thereby, the underlying algorithm balances these error indicators end ensures good
quantitative estimation of the discretization error including an equilibrated reduction
of the temporal and spatial discrtization error in the course of further adaptive re-
finement of the respective meshes. These are important properties of the underlying
algorithm with regard to reliability, efficiency and accuracy reasons.

For the practical realization of the underlying approach we introduced the con-
cept of space-time slabs that are based on tensor-product spaces. The slabs are
stored within a list object which enables for an easy and efficient involvement of
additional slabs in the course of adaptive refinement and is thus governed by the
concept of dynamic meshes, i.e. spatial meshes that change in time. The software is
called dwr-stokes-condiffrea being a module of our in-house DWR software project
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DTM++.Project/dwr (bitbucket.org/dtmproject) developed by U. Köcher [128, 129].
It is implemented using the open source finite element library deal.II; cf. [17].

In order to analyze the interaction of stabilization and error control with regard
to accuracy and efficiency reasons, we considered first the case of stationary and
time-dependent convection-dominated transport problems without coupling but using
fixed convection fields. Furthermore, these two cases served to study and compare
different approaches for obtaining the dual problem and approximating the spatial
and temporal weights occurring within the error representations such that the gained
knowledge could be used with regard to the case of investigating coupled problems.

The efficiency of the developed approach was demonstrated by applying it to aca-
demic test cases, well-known benchmarks for convection-dominated problems as well
as examples of physical relevance in two and three space dimensions. Flexibility with
regard to arbitrary polynomial degrees up to order three in space and time was shown
by investigating several space-time cG(p)-dG(r) discretizations. In numerical exam-
ples we verified experimental orders of convergence, studied several goal quantities and
demonstrated the independence of the temporal error indicators by means of spatial
refinement and vice versa. Space-time adaptivity studies were investigated leading
to high-efficient adaptively refined meshes in space and time. We could prove that
spurious oscillations that typically arise in numerical approximations of convection-
dominated problems are reduced significantly. Regarding stabilization, robustness
against the choice of the underlying stabilization parameter was observed which is
an important issue in view of stabilization concepts. Furthermore, effectivity indices
close to one and well-balanced error indicators in space and time were obtained.

With regard to reliability, efficiency and accuracy reasons of the underlying error
representations, as posed at the beginning of this work, we summarize the following.
It turned out that the approximation of the spatial weights by means of a higher-
order finite elements approach is significantly better regarding the accuracy of the
underlying error estimator, especially for increasing Péclet numbers. An approxima-
tion comparison for the temporal weights showed only marginal better results using
the higher-order finite elements approach with regard to accuracy, but the difference
was not that significant as obtained for the spatial weights in the steady-state case.
With regard to efficiency and reliability reasons ensured by an equilibrated reduction
of the temporal and spatial discretization error, no significant differences between
the approximation by higher-order extrapolation or finite elements, respectively, were
observed. In view of efficiency reasons regarding the underlying numerical costs, the
higher-order extrapolation approach is preferable.
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6.2 Extensions and Future Work

As mentioned before, the here proposed multirate in time approach based on goal-
oriented error control by means of the DWR method applied to coupled flow and
transport problems is fairly general such that it serves as a prototype model that can
easily be adopted to other similar types of problems in natural sciences and engi-
neering sciences. This could be, for instance, contaminant transport and degradation
in the subsurface, reservoir simulation, fluid-structure interaction, and thermal and
mass transport in deformable porous media or thermal expansion in solid mechanics;
cf., e.g., [133, 148, 38, 145, 152, 184, 185, 41, 9]. This work has set itself the goal
to analyze the interaction of stabilization and goal-oriented error control for the case
of convection-dominated transport coupled with fluid flow in order to obtain optimal
cell-wise error indicators in space and time with regard to the adaptive mesh refine-
ment process. Here, the term optimal refers to reliability, efficiency and accuracy
reasons. Therefore, several comparative studies have been done regarding different
approaches for obtaining the dual problem, different approximation approaches for
spatial and temporal weights as well as various cG(p)-dG(r) discretizations with poly-
nomial degrees up to order three in space and time.

Nevertheless, there is still potential for further improvements and extensions. A
first and evident extension is to deal with nonlinear flow within the coupled system by
means of the incompressible Navier-Stokes equations. The DWR approach together
with the LPS method was investigated for the model of nonstationary incompressible
flow on its own in [40, 167]. Furthermore, an extension to a system of transport
equations as introduced at the beginning of Ch. 5 is possible and more or less straight
forward. The here arising challenges in view of different underlying meshes for the re-
spective equations of the system can be handled by means of the techniques described
in Sec. 4.4.2 and Sec. 4.4.3 of the underlying work. Moreover, we point out that the
application of the DWR method with regard to systems of equations is possible since
the dual system is decoupled, and thus can be solved easily. With regard to com-
bining goal quantities, here for instance for each single equation of the system, first
investigations have been recently proposed under the name of a multigoal-oriented
approach in [69, 68, 67].

With regard to convection-dominated problems, this work dealt with the SUPG
stabilization method which is the most common used stabilization technique with re-
gard to convection-dominated transport problems, cf., e.g., [116, 148]. In general, an
overview of state-of-the-art results as well as open questions and problems with regard
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to singular perturbed convection-diffusion-reaction equations can be found in [116,
161]. Numerical results regarding the SUPG method applied to (time-dependent)
convection-diffusion-reaction equations and a comparison to other stabilization tech-
niques as well as different approaches can be found in [120, 121, 58, 169, 148]. More-
over, combining the DWR method with stabilization concepts for the case of steady-
state Navier-Stokes equations have been investigated in [31] and using the stabilization
approach of the LPS method for the case of nonstationary Navier-Stokes equations
in [40, 167].

Finally, we point out that the concepts of our software dwr-stokes-condiffrea

are fairly general and thus can easily be adopted to other kind of model problems
by modifying the respective parts of the model specific classes such as assemblies
of system matrices or the error estimator class exemplarily. On the other hand,
the proposed approach of using space-time slabs based on tensor-product spaces
within a list object is universally usable. To this end, we refer to our in-house
DWR software project DTM++.Project/dwr (bitbucket.org/dtmproject) developed by
U. Köcher [128, 129], where we developed several model problem cases with regard to
the DWR approach, starting from the case of a simple heat equation (dwr-heat) over
steady-state Stokes flow problems (dwr-stokes) up to time-dependent convection-
diffusion-reaction equations (dwr-condiffrea) and more. The latter was used within
the numerical examples of Ch. 3 (in a steady-state and stabilized version) and Ch. 4
(in a time-dependent and stabilized version), respectively. Moreover, since our soft-
ware is based on the open source finite element library deal.II [17], many of the
underlying concepts, features and functions itself can be used that are in addition to
it well documented. In this sense, our implementations can be used as starting point
to incorporate the user and model problem specific issues. Despite this wide range
of application scenarios, our software still has potential for further improvements. So
far, we are using a direct solver for solving the linear systems. For the here considered
test cases these direct solvers have been sufficient and performed very well, but with
regard to the above mentioned extension to nonlinear flow or test cases in three space
dimensions within the coupled problem, these solvers may quickly come up against
their limits. For that reason, the application of iterative solvers such as multigrid
(for short, MG) methods, for instance, the geometric multigrid (for short, GMG)
method or the algebraic multigrid (for short, AMG) method, including appropriate
preconditioning theory is indispensable with regard to these scenarios. With regard
to time-dependent convection-diffusion equations, GMG methods have been investi-
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gated in [158, 176, 177], and regarding preconditioners for a discontinuous Galerkin
time-stepping method applied to parabolic equations we refer to [26].

Moreover, in view of parallel computing there exists further potential for exten-
sions and improvements. Even though we already use some parallel concepts such as
the deal.II - WorkStream approach within the assemblies of system matrices and
right hand side vectors as well as the computation of the error indicators within our er-
ror estimator class, the concepts of parallel computing should be further incorporated
with regard to efficiency reasons; cf. the reference documentation of the WorkStream
Namespace for more details about this approach as well as [17].
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Abbreviations

AFC Algebraic Flux Correction scheme
AMG Algebraic Multigrid method
CIP Continuous Interior Penalty method
EOC Experimental Order of Convergence
FCT Flux-Corrected Transport scheme
FDTS First Dualize and Then Stabilize approach
FEM Finite Element Method
FSTD First Stabilize and Then Dualize approach
GLS Galerkin Least Squares method
G-L Gauss-Lobatto quadrature rule
GMG Geometric Multigrid method
h-oIn Approximation by higher-order Interpolation in space
h-oFE Approximation by higher-order Finite Elements in space
hoEx Approximation by higher-order Extrapolation in time
hoEx-G Approximation by higher-order Extrapolation in time

using Gauss quadrature points
hoEx-GL Approximation by higher-order Extrapolation in time

using Gauss-Lobatto quadrature points
hoFE Approximation by higher-order Finite Elements in time
LPS Local Projection Stabilization method
SUPG Streamline Upwind Petrov-Galerkin method
SDFEM Streamline Diffusion Finite Element method
TMS(s) Time Marching Scheme(s)

Variational Space-Time Methods

cG continuous (in space or time) Galerkin method
dG discontinuous (in time) Galerkin method
cG(p) continuous in space Galerkin method of degree p
cG(r) continuous in time (Petrov-)Galerkin method of degree r

dG(r) discontinuous in time Galerkin method of degree r
_G(p)–_G(r) space-time method of degree p in space and r in time
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