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Abstract

The subject of this dissertation is the active control of acoustical noise
by means of headphones. The contribution to the research field entails
three novel control structures and the optimization of their parameters.
These control structures combine simultaneously the three classical con-
trol schemes, namely the feedforward, the minimum variance and the in-
ternal model control schemes, into one system. This is achieved without
requiring additional microphones or loudspeakers. The optimization of the
controller parameters is performed in two stages. First, the minimum vari-
ance and the internal model controllers are co-optimized while subject to
the stability, performance, and controller gain constraints developed in this
work. Second, based on these optimized parameters and the novel control
structure to be used, the feedforward controller is optimized. This can be
done offline for a fixed controller implementation, by following a Wiener
controller derivation. Alternatively, the optimization can be done online
based on the implementation of an adaptive controller. To achieve this
goal the Modified Normalized Filtered-x LMS algorithm is integrated into
the novel control structures in a way that requires a minimum of memory
and computational resources.
The fixed controllers are evaluated by means of simulations of an ANC

headphones prototype subject to an ipsilateral single-source free-field ex-
citation. From the results it is concluded that, if the impulse response
of the feedforward controller is as long as the one of the primary path,
then the performance of the novel control structure is the same as the
one of a classical feedforward scheme. However, if the impulse response
of the feedforward controller is shorter than the one of the primary path,
the minimum variance and internal model controllers significantly increase
the attenuation in the low frequencies. Moreover, at the same time the
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detrimental waterbed effect produced by the feedback controllers is com-
pensated by the feedforward controller. Thus, the novel control structures
achieve a better performance.
The adaptive controllers are evaluated by means of measurements done

with an ANC headphones prototype under ipsilateral and contralateral
single-source stochastic noise excitation. It is found that, under ipsilateral
excitation the results achieved in the simulations can be corroborated.
However, it is also found that the attenuation performance is subject to
deterioration, if the impulse response of the estimated secondary path is
not sufficiently long. Under a contralateral excitation the performance of
the novel control structures is shown to be subject to an additive noise
introduced by the feedforward controller in the low frequencies. Never-
theless, it is also found that the performance of the minimum variance
and internal model controllers combined together achieve a comparable
performance to the one achieved under an ipsilateral excitation. Hence, if
the shortcomings of the adaptive feedforward controller can be solved in
the future, the improved performance of the novel structures could also be
achieved for contralateral excitation scenarios.
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Glossary

In this glossary the mathematical operators, functions, symbols and ab-
breviations used in this work are introduced. The symbols which are used
once and defined directly in their sections are omitted. The elements are
arranged in the order of their appearance.

Mathematical operators and functions

| · | Euclidean norm
E[·] Expectation operator (of signals)
(·)H Hermitian adjoint operator
{·}> Transpose operator
∂a/∂b Partial derivative of a with respect to b
∇ Del or nabla operator as vector differential operator
e{·} Exponential function
log(·) Natural logarithm
Re{·} Real part of complex number or vector
Im{·} Imaginary part of complex number or vector
sin(·) Sine function
cos(·) Cosine function
deg(·) Polynomial degree
maxi | · | Maximal magnitude found by iterating over i

Signals and Systems

x(n) Reference signal in discrete-time domain
P (z) Primary path in Z-domain



xii Glossary

d(n) Disturbance signal in discrete-time domain
Wf(z) Feedforward controller in Z-domain
y′(n) Control signal to be fed to the system
y(n) Control signal at the error microphone’s position in discrete-

time domain
e(n) Residual control error in discrete-time domain
Hf(z) Feedforward control scheme’s transfer function
S(z) Secondary path or also plant in feedback control analysis
x(t) Reference signal in continuous-time domain
d(t) Disturbance signal in continuous-time domain
y(t) Control signal at the error microphone’s position in

continuous-time domain
e(t) Residual control error in continuous-time domain
P (jω) Primary path’s continuous frequency response
Shyp(z) Hypothetical secondary path
SD(z) Hypothetical secondary path’s component responsible for non-

causality
SD(z) Hypothetical secondary path’s component left after extracting

the delays responsible for non-causality
W hyp

f (z) Optimum feedforward controller in hypothetical scenario
Hhyp

f (z) Feedforward control scheme’s transfer function in hypothetical
scenario

Φee(z) Z-transform of the error signal’s auto-correlation function
D(z) Disturbance signal in Z-domain
Y (z) Control signal at the error microphone’s position in Z-domain
Φdx(z) Z-transformed cross-power spectra of the reference and distur-

bance signals
Φdd(z) Z-transformed cross-power spectra of the disturbance signal
Φxx(z) Z-transformed auto-power spectra of the reference signal
Cdx(z) Magnitude-squared coherence between the reference and dis-

turbance signals
W opt

f (z) Optimum feedforward controller in Z-domain
Ŵ opt

f (z) Optimum feedforward controller in Z-domain for free-field ex-
citation scenario

xs(n) Filtered-x signal
d̂(n) Estimated disturbance signal
Ψ(z) Deviation factor between estimated and real secondary paths
Wm(z) Minimum variance controller in Z-domain
m(n) Music signal to be played through the headphones
c(n) Command signal used in the analysis of the minimum variance

control scheme
T (z) Complementary sensitivity function in Z-domain
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Hm(z) Minimum variance control scheme’s transfer function, also
known as sensitivity function

M(z) Music signal to be played through the headphones in Z-domain
T hyp(z) Hypothetical complementary sensitivity function in Z-domain
W hyp(z) Optimal controller given an hypothetical context in Z-domain
Hhyp(z) Hypothetical sensitivity function in Z-domain
Cm(z) Minimum variance control scheme’s characteristic equation
O(z) Open-loop transfer function
si(n) Secondary path’s impulse response number i of the measure-

ment set used to derive G2(Ωk)
Si(z) Z-transformed secondary path number i of the measurement

set used to derive G2(Ωk)
S0(jΩk) Nominal secondary path’s frequency response
Si(Ωk) Frequency response of the secondary path number i of the

measurement set
G2(Ωk) Maximum multiplicative magnitude deviation over frequency

of the secondary path
O(jΩk) Frequency response of the open-loop transfer function
O0(jΩk) Frequency response of the nominal open-loop transfer function
G3(Ωk) Maximal amplification of d(n) allowed over frequency
G4(Ωk) Maximal controller gain allowed over frequency
G1(Ωk) Spectral weighting used in the cost function
Hi(z) Internal model control scheme’s transfer function, also known

as sensitivity function
Wi(z) Sensitivity function or transfer function of the internal model

control scheme
W̃m(z) Equivalent minimum variance controller
Ci(z) Characteristic equation of the internal model control scheme
Oi(jΩ) Open-loop transfer function of the internal model control

scheme
Oi,0(jΩ) Nominal open-loop transfer function of the internal model con-

trol scheme
Hmi(z) Pseudo-cascaded control structure’s transfer function with in-

dependent optima
Ĥmi(z) Pseudo-cascaded control structure’s nominal transfer function

with independent optima
Ĥi(z) Internal model control scheme’s nominal transfer function
Cmi(z) Characteristic equation of the pseudo-cascaded system in the

novel control structures
Ĉmi(z) Nominal characteristic equation of the pseudo-cascaded system

in the novel control structures
Omi(jΩ) Open-loop transfer function of the pseudo-cascaded system in

the novel control structures



xiv Glossary

Hfim(z) Novel FIM control structure’s transfer function
Ĥfim(z) Novel FIM control structure’s nominal transfer function
Hfimpdo(z) Novel FIMPDO control structure’s transfer function
Ĥfimpdo(z) Novel FIMPDO control structure’s nominal transfer function
Hfimdo(z) Novel FIMDO control structure’s transfer function
Ĥfimdo(z) Novel FIMDO control structure’s nominal transfer function
Sfim
f (z) Novel FIM control structure’s effective secondary path seen

from the feedforward controller’s perspective
Ŝfim
f (z) Novel FIM control structure’s nominal effective secondary path

seen from the feedforward controller’s perspective
Sfimpdo
f (z) Novel FIMPDO control structure’s effective secondary path

seen from the feedforward controller’s perspective
Ŝfimpdo
f (z) Novel FIMPDO control structure’s nominal effective secondary

path seen from the feedforward controller’s perspective
Sfimdo
f (z) Novel FIMDO control structure’s effective secondary path seen

from the feedforward controller’s perspective
Ŝfimdo
f (z) Novel FIMDO control structure’s nominal effective secondary

path seen from the feedforward controller’s perspective

Variables and Parameters

n Sample-time index in the discrete-time domain
t Time variable
z Complex variable of the Z-domain
ω Frequency variable of the Fourier transform domain
Ω Frequency variable of the discrete-time Fourier transform

domain
Ωk Frequency variable of the discrete Fourier transform do-

main
Dps Delays of the secondary path in comparison to the ones

in the primary path, which are responsible for the non-
causality

Ts Sampling period
fs Sampling frequency
Ls Length of the secondary path’s finite impulse response
Lp Length of the primary path’s finite impulse response
Lw Length of the feedforward controller’s finite impulse re-

sponse
β0 Tikhonov regularization method’s parameter
µ Gradient descent method’s step-size parameter
α Auxiliary variable used during mathematical derivations



xv

β Auxiliary variable used during mathematical derivations
γ Auxiliary variable used during mathematical derivations
α̂ Auxiliary variable used during mathematical derivations
β̂ Auxiliary variable used during mathematical derivations
Ds Amount of sample-delays in the secondary path
κ Contour in the Z-domain used in the Cauchy’s argument

principle
ZCm,κ Number of zeros of the characteristic equation inside of

the contour κ
PCm,κ Number of poles of the characteristic equation inside of

the contour κ
Ncw
O(κ) Number of clockwise encirclement of the Nyquist point

made by the sub-contours of O(κ)
Nccw
O(κ) Number of counter-clockwise encirclement of the Nyquist

point made by the sub-contours of O(κ)
ZCm,c Amount of zeros outside the unit circle that the charac-

teristic equation has
κc Contour in the Z-domain considering only the unit-circle
Ncw
O(κ) Number of clockwise encirclement of the Nyquist point

made by the open-loop transfer function when evaluated
on the unit-circle

Nccw
O(κ) Number of counter-clockwise encirclement of the Nyquist

point made by the open-loop transfer function when eval-
uated on the unit-circle

Ω+
k Frequency variable of the discrete Fourier transform do-

main related to the positive frequencies
∆ The subset of complex numbers that fulfills the condition

|∆| ≤ 1
Cmvc(wm) Minimum variance control scheme’ cost function
C′mvc(wm) Minimum variance control scheme’ cost function calcu-

lated within the fl − fh frequency range
Lm Length of the minimum variance controller’s finite im-

pulse response
Cimc(wi) Internal model control scheme’ cost function
C′imc(wi) Internal model control scheme’ cost function calculated

within the fl − fh frequency range
Li Length of the internal model controller’s finite impulse

response
Cmvc-imc(wm, wi) Cost function used for optimizing the pseudo-cascaded

system of the novel control structures calculated within
the fl − fh frequency range
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Matrices and Column Vectors

d First Ld samples of the disturbance signal
p First Lp samples of the primary path’s impulse response
x First Lx samples of the reference signal
P Toeplitz matrix built with the first Lp samples of the primary

path’s impulse response
s First Ls samples of the secondary path’s impulse response
S Toeplitz matrix built with the first Ls samples of the secondary

path’s impulse response
wf Vector of length Lw containing the feedforward controller’s fi-

nite impulse response
Wf Toeplitz matrix built with the first Lw samples of the sec-

ondary path impulse response
e First Le samples of the residual error signal
dzp First Ld samples of the disturbance signal extended with zeroes
X Toeplitz matrix built with the first Lx samples of the reference

signal
wopt

f Optimal feedforward controller’s finite impulse response
Φxx Auto-correlation matrix of the reference signal
φ+
dx Vector containing the half of the cross-correlation φdx(τ) re-

lated to the positive lags (τ ≥ 0)
pzp First Lp samples of the primary path’s impulse response ex-

tended with zeroes
wf(n) Feedforward controller’s finite impulse response at sample-time

n
∇fT

c (wf(n)) Gradient of the cost function with respect to the controller
coefficients at sample-time n

xs First Lxs samples of the filtered-x signal
Xs Toeplitz matrix built with the first Lxs samples of the filtered-x

signal
wm Vector of length Lm containing the finite impulse response of

the minimum variance controller
wi Vector of length Li containing the finite impulse response of

the internal model controller

Abbreviations

ANC Active noise control or active noise cancelling
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FF Feedforward control scheme
DSP Digital signal processor
D/A Digital-analog converter
A/D Analog-digital converter
ZOH Zero-order hold reconstruction method
LMS Least mean square
dB Decibels
MVC Minimum variance control scheme
GM Gain margin
PM Phase margin
FIM Novel control structure that combines the feedforward, mini-

mum variance, and internal model control schemes and yields
independent optimal controllers

FIMPDO Novel control structure that combines the feedforward, mini-
mum variance, and internal model control schemes and yields
partially dependent optimal controllers

FIMDO Novel control structure that combines the feedforward, mini-
mum variance, and internal model control schemes and yields
dependent optimal controllers

SPL Sound pressure level





CHAPTER 1

Introduction

Active Noise Cancelling (ANC), also known as Active Noise Control, aims
to reduce the sound pollution present in the environment by actively gen-
erating sound pressure waves that overlap destructively on a sweet-spot
with the ones of the noise sources. Its origins can be dated back to Lueg’s
patent [Lueg, 1936] on the control of acoustical tonal noise inside of a duct,
while its particular application to headphones can be dated to the later
work of Simshauser et al. in [Simshauser and Hawley, 1955]. In order to
achieve a perfect attenuation, the phase and the amplitude of the noise
around the sweet-spot have to be matched. To estimate how sensitive
the performance of such a principle is to deviations from the optimum, a
hypothetical disturbance sine-wave measured at the sweet-spot

d(n) = Ad · sin(Ω0n) (1.1)

is used. A control signal

y(n) = Ay · sin(Ω0n+ θy), (1.2)

having the same frequency but amplitude and phase that differ from the
optimum is used to cancel it. By the destructive superposition of both
signals a residual error e(n) = d(n) − y(n) remains after the control is
applied. As a performance metric the attenuation

AdB = 10 log10

(
Pe
Pd

)
dB (1.3)
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is defined, being Pe and Pd the average power of e(n) and d(n), respectively.
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Figure 1.1.: Attenuation contours AdB = 10 log10
(
Pe/Pd

)
dB of destructively

overlapping control signal y(n) = Ay sin(Ω0n + θy ) and disturbance signal
d(n) = Ad sin(Ω0n). The amplitude ratio for the x-axis is calculated as
20 · log10

(
Ay/Ad

)
.

In Fig. 1.1 the contour plot of the achieved attenuation for phase devi-
ations in the range of

−40◦ < θy < 40◦

and amplitude ratios between

−8 dB < 20 · log10
(
Ay/Ad

)
< 4 dB

is presented. As it can be seen, all contours are concentric to the optimum,
which attenuation is theoretically infinite and negative. On the one hand
it can be seen that curves are symmetric with respect to the x-axis, which
implies that there is no difference in the outcome if the relative phase
deviation θy is positive or negative. On the other hand, the curves are
not symmetric with respect to the y-axis. Thus, worse results are to be
expected, if the control signal has a bigger amplitude than the one of
the disturbance. The contours AdB = −20dB and AdB = −15 dB show
that for achieving a significant attenuation the amplitude and phase of
the signals must not deviate more than ±1 dB and ±6◦ from each other.
This error margin should be maintained throughout the frequencies that
comprehend the attenuation bandwidth of interest, which may contain
not only periodic noise like the one of this example, but also components
of stochastic nature. Different approaches can be used to achieve this,
depending on the nature of the noise and the solution’s context.
In the case of ANC headphones, the transducers and systems presented

in Fig. 1.2 can be found. An external microphone measures a time-advanced
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Figure 1.2.: Signals and systems around ANC headphones

reference of the incoming disturbance x(n). This signal is measured again
as d(n), after it has entered the ear-cup and reached the so-called error
microphone. Thus, P (z), known as the primary path, is defined as the
changes in magnitude and phase that the disturbance suffers by means of
the headphones’ construction materials and its angle of incidence. The
control signal y′(n) generated by the ANC system is phase-inverted, fed to
the speaker and measured again by the error microphone as y(n). Hence,
the loudspeaker and the error microphone define the so-called secondary
path S(z), which considers the characteristics of both elements plus the
acoustic path between them. At the end, the control signal y(n) and
the disturbance d(n) overlap destructively at the error microphone’s po-
sition, and the residual error e(n) is generated. ANC approaches that
use the residual error e(n) for calculating y′(n) are called feedback control
schemes. On the other hand, the ones that use the time-advanced reference
signal x(n) for calculating y′(n) are called feedforward or forward control
schemes. Adaptive implementations of feedforward controllers also utilize
e(n) to solve the underlying optimization problem.
In this context it is assumed that the distance between the error micro-

phone and the human ear is much smaller than the wavelength of sound
to be attenuated. Therefore, the difference in magnitude and phase of
the control and disturbance signals at the two positions can be considered
negligible. Hence, a minimization of the residual error e(n) achieved by
the control scheme produces a minimization of the sound pressure reaching
the human ear.
The subject of this dissertation is the combination of different control

schemes into one system to improve the attenuation performance. This,
without the use of extra microphones and loudspeakers. The combined
control schemes impose an increment in the implementation complexity,
but at the same time offer a higher design flexibility and attenuation per-
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Figure 1.3.: The conceptual diagram used to graphically determine the theo-
retical combination possibilities of the classical control schemes.

formance. The content of this work can be conceptually visualized as the
diagram presented in Fig. 1.3. In Chapter 2, Chapter 3, and Chapter 4 the
feedforward (F-F), the minimum variance (MVC) and the internal model
(IMC) control schemes conceptually related to the outer-most regions of
the diagram are described. In these chapters, the mathematical formu-
lations used for deriving the optimal parameters for their controllers are
presented. With the help of simulations based on impulse responses mea-
sured with an ANC headphones prototype, the attenuation performance
reachable with each control scheme is exemplified. In Chapter 5 the three
classical control schemes are used as building blocks for their combination
in pairs. The combination strategies found in the literature offer two con-
trol structures: one structure yields independent optimal solutions for the
(two) controllers involved in the combination scheme; the second struc-
ture yields an optimal controller that is dependent with respect to the
parameters of the other. Depending on which two schemes are considered
in the combination, the content of this chapter is spread over the three
triangular-shapes regions around the center in Fig. 1.3. In Chapter 6 three
novel control structures are proposed, which combine simultaneously all
three classical control schemes. Analogously to the combinations in pairs,
the combination in triples offers three alternative structures that yield dif-
ferent dependency levels between their optimal controllers. This content is
graphically placed at the center of the diagram in Fig. 1.3. In this chapter
the achievable attenuation performance is exemplified by simulations. In
Chapter 7 the ANC headphones prototype based on an FPGA-platform is
equipped with real-time control algorithms. By means of a dummy-head,
measurements are done under ipsilateral and contralateral stochastic ex-
citation. The measurement results corroborate the simulations and the
working principle of the proposed control schemes. In Chapter 8 the most
relevant findings of this work are summarized and discussed.



CHAPTER 2

Feedforward Control

A feedforward control scheme (FF) is used in contexts where a time-
advanced reference of the disturbance can be provided. As illustrated
in Fig. 2.1, the reference signal x(n), originated in free-field from a distant
noise source, goes through the acoustic primary path P (z) to arrive later at
the error microphone’s position as d(n). Simultaneously, the same signal
x(n) is measured and used by the controller Wf(z) to calculate y′(n). The
control signal y′(n) is fed to the secondary path, to destructively super-
pose with d(n) and generate the residual control error e(n). For historical
reasons a subtraction has been used to conceptually emphasize that d(n)
and y(n) overlap with opposite phases. The system’s transfer function

Hf(z) = E(z)
X(z) = P (z)− S(z) ·Wf(z) (2.1)

mathematically represents the passive and active attenuation undergone by
the disturbance x(n) until it reaches the error microphone. The controller
Wf(z) is designed to minimize the magnitude of Hf(z) by matching the
primary path’s effect on x(n) and compensating for the influence of the
secondary path S(z) on its own control signal y′(n).
When this control approach is applied to headphones the elements con-

ceptually represented in Fig. 2.1 are reordered to match the solution con-
text, as shown in Fig. 2.2. Here the reference microphone is placed outside
of the earcup and the error microphone inside of it, as close to the ear
canal’s entrance as possible. Because the relative position of the noise
source(s) changes upon head movements, the controller Wf(z) has to be
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Figure 2.1.: The system diagram of a the feedforward control scheme. Rep-
resented are the feedforward controller Wf(z), the primary path P(z), and the
secondary path S(z).

Figure 2.2.: The system diagram of a the feedforward control scheme adapted
to the application on a headphones earcup. Represented are a digital feedfor-
ward controller Wf(z), the primary path P(z), and the secondary path S(z).

continuously recalculated by a digital signal processor (DSP) and with it
also the control signal y′(n). Additionally, the phase inversion is intro-
duced by digitally inverting the sign of y′(n), before it is input to the
secondary path S(z).
The elements involved in the implementation of the controller Wf(z) on

a DSP platform are presented in Fig. 2.3. The upper-most part of the
diagram is designated to the acoustic domain, where the acoustic signals
x(t), d(t), y(t), and e(t), and the primary path P (jω) are described in
the continuous time domain. The elements of the next lower level are the
microphonesMx(jω) andMe(jω) and loudspeaker Ly(jω) that provide the
conversion from the acoustic domain to the electric domain and vice-versa.
On the next lower level the anti-aliasing filters Fx(jω) and Fe(jω) and
reconstruction filter Fy(jω) required for limiting the signals’ bandwidth
are depicted. One level lower, the analog-digital (A/D) and digital-analog
(D/A) converters together with the method used for the reconstruction of
the analog signal after the D/A conversion are presented. In this specific
case a zero-order hold method (ZOH) is shown, but other methods can be
used here as well, e.g. first-order hold. The bottom level is the discrete
time domain in which the signals of the acoustic domain are sample-wise
represented as x(n) and e(n). Here the calculation of the control signal
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Figure 2.3.: Feedforward control scheme in its digital implementation form.

y′(n) is described by the convolution between the signal x(n) and the
impulse response of the controller Wf (z).
In the following sections the limitations of this control scheme due to

the implicit causality constrain and due to loss in coherence between the
measured signals are presented. These are followed by the mathematical
derivation of the controllerWf (z) that minimizes the residual error. Then,
the iterative on-line approximation of the optimum controller by means of
an adaptive filter is described. At the end, the chapter is finalized by a
summary of the important facts and findings related to this control scheme.

2.1. Causality

The system’s transfer function in Eq. 2.1 also defines the underlying causal-
ity constraint, i.e. for the attenuation to be total, the digital delay of the
controller Wf(z) plus the delay of S(z) has to be smaller or equal to the
acoustic delay of P (z). If this is not met, then the performance of the
system relies solely on the disturbance signal’s characteristics. In order to
quantify this effect, let the secondary path be a hypothetical system free
of zeros outside the unit circle in the Z-domain, which can be divided into
two components

Shyp(z) = SD(z) · SD(z), (2.2)

with SD(z) = z−Dps being the excess of Dps delays of the secondary path
in comparison to the ones in the primary path (which are responsible for
the non-causality) and SD(z) being the rest of its impulse response. As
the remaining delays in SD(z) are also contained in P (z), an optimum
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controller
W hyp

f (z) = P (z)
SD(z) (2.3)

can be calculated without any causality or stability issues. If this optimum
controller is used in Eq. 2.1, then it can be shown that the resulting sys-
tem’s transfer function simplifies to the one of the primary path in series
connection with a feedforward comb filter with a negative gain applied to
the delay line

Hhyp
f (z) = P (z)

(
1− z−Dps

)
. (2.4)

So on top of the passive attenuation that the primary path introduces, the
hypothetical optimal controller produces a coloration with amplification
and attenuation regions, similar to the ones presented in Fig. 2.4. To
be exact, this is the coloration seen at the output of the system after
a period of time ∆t greater than Dps · Ts (being Ts = 1/fs the sampling
period), as the control signal is delayed by this amount of time. Thus,
for an impulsive noise excitation, the error signal e(n) consists at first
of an uncontrolled pulse, followed Dps-samples after by a phase-inverted
copy of it. Nevertheless, if the reference signal x(n) is of stochastic but
steady-state nature, then 6 dB resonances will be found at frequencies

fpeak = 1
Dps · Ts

·
(
mp + 1

2

)
, (2.5)

with mp ∈ {0, 1, . . . , bDps−1
2 c} and notches or attenuation regions will

appear at frequencies

fnotch = 1
Dps · Ts

·mn, (2.6)

with mn ∈ {0, 1, . . . , bDps

2 c}. In contrast, if the reference signal x(n)
is of periodic and steady-state nature, it is possible to achieve a perfect
attenuation after Dps · Ts seconds, provided that the relative gain and
phase of d(n) with respect to x(n) are already known.

2.1.1. Bandwidth limitation due to non-causality scenario

In cases in which the resonances of the comb-filter effect are not toler-
ated, it is of importance to limit the active bandwidth of the controller
Wf(z). This bandwidth can be chosen as the low-frequency region where
the comb filter’s frequency response remains under 0 dB. In order to find
the first frequency at which the frequency response reach 0 dB, the squared
magnitude of the it can be equated to one

|1− z−Dps |2 = 1. (2.7)



2.1. Causality 9

102 103 104
−40

−20

0

Frequency in Hz

M
ag

ni
tu

de
in

dB

|1− z−5|
|1− z−10|

Figure 2.4.: Coloration introduced by the best achievable controller due to a
non-causality equivalent to Dps = 5 samples @ 48 kHz (≈ 104µs) and Dps =
10 samples @ 48 kHz (≈ 208µs), respectively.

By substituting z = ejΩ, it can be shown
(
1− ejΩDps

)(
1− e−jΩDps

)
= 1 (2.8)

1− ejΩDps − e−jΩDps + 1 = 1 (2.9)
2−

(
ejΩDps + e−jΩDps

)
= 1 (2.10)

2− 2 · cos(ΩDps) = 1 (2.11)

cos(ΩDps) = 1
2 (2.12)

that the first intercept happens at

ΩDps = π

3 . (2.13)

This can be equivalently written as

2 · π · f0dB

fs
·Dps = π

3 , (2.14)

with which the frequency of the first intercept with the 0 dB level can be
found

f0dB = 1
6 · Ts ·Dps

. (2.15)

So for example, if the DSP is working at 48 kHz (Ts ≈ 20.7µs) and the
overall DSP delay is 5 samples higher than the expected acoustic delay in
the primary path, then the bandwidth could be limited to 1.6 kHz, in order
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to avoid any amplification.

2.1.2. Further discussion about the causality constraint

The causality constraint intuitively understood from Eq. 2.1 finds its exact
form in the inequality over frequency

τp(f) ≥ τmx (f) + τfx (f) + τad + τdsp + τda + τzoh + τfy (f) + τly (f), (2.16)

where the sub-indices reference the systems depicted in Fig. 2.3. Here, the
group delay over frequency of the primary path τp(f) has to be greater
or equal to the input-output delay of the DSP platform. The latter is
constituted by the systems’ group delay over frequency τmx (f), τfx (f),
τly (f), and τfy (f); the conversion times τad and τda; the DSP processing
time τdsp; and finally, the delay introduced by the signal reconstruction
process τzoh. As can be seen, the causality constraint is not directly related
to the delay in the secondary path. However, if the microphones and anti-
aliasing filters for the reference and error signals are chosen to be equal
(Me(jω) = Mx(jω) and Fe(jω) = Fx(jω)), then the causality constraint
can be written as

τp(f) ≥ τdsp + τda + τzoh + τfy (f) + τly (f) + τme (f) + τfe (f) + τad. (2.17)

Thus, in this new form of the constraint the intuitive interpretation of
Eq. 2.1 is correct. Now, just by knowing τdsp and measuring the impulse
response of the transfer function Ŝ(z) = −E(z)/Y ′(z) (see Fig. 2.3), the
bandwidth in which the constraint is met can be rapidly estimated. Alter-
natively, the impulse response of the transfer function Ebl(z)/Xbl(z) can
be measured to determine the complete delay of the control system.
If the bandwidth in which Eq. 2.16 is fulfilled should be extended, then

the components represented in Fig. 2.3 have to be design or chosen such
that they produce the smallest delay possible. The conversion times of
the A/D and D/A converters can be as small as τad = τda = 1µs, if
Successive Approximation Register (SAR) technology is utilized instead
of the popular Sigma-Delta modulation. The ZOH reconstruction process
introduces a delay proportional to the sample period τzoh = Ts/2 [Franklin
et al., 1997], because of the convolution with the rectangular function of
width Ts. Some DSPs control their A/D and D/A converters with the
same control signal, which implicitly imposes a processing delay τdsp = Ts.
Nevertheless, this is not mandatory, and decoupled control signals together
with parallel processing can be used to minimize this delay down to 30-
20 ns [Rivera Benois et al., 2018a] (see Sec. 3.1.1 for more details).
The group delay of the anti-aliasing and reconstruction filters can be

designed to be maximal outside the frequency range of interest by in-
creasing their order and cutoff frequencies. Alternatively, the low-pass
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characteristic of the filters can be designed with a smaller order or outside
the frequency range of interest, if the sampling frequency is high enough.
Moreover, if the microphone and loudspeaker’s frequency response is al-
ready low enough near the half of the Nyquist frequency, the order of the
filters can be chosen even lower. All in all, choosing a fast A/D technol-
ogy, increasing the sampling frequency, and using filters of low-order with
a maximum group delay outside the critical frequency band are the main
things to take into account in order to improve the frequency band where
causality can be assured.

2.2. Coherence

As the control signal calculation relies on the information contained in the
reference signal, only disturbances correlated with it can be attenuated.
Therefore, the maximum achievable attenuation is limited by the cross-
correlation between x(n) and d(n) [Sen and Morgan, 1996]. In order to
understand how a decrease in correlation between x(n) and d(n) limits the
achievable attenuation, the excitation by a single noise source in a free-
field is replaced by a diffuse and isotropic sound field. For the analysis
the error signal’s auto-power spectrum is defined as the Z-transform of its
auto-correlation function

Φee(z) = E[|D(z)− Y (z)|2] (2.18)
= E[|D(z)|2 −D(z−1)Y (z)−D(z)Y (z−1) + |Y (z)|2], (2.19)

where the expectation E[·] implies that the Z-transforms of D(z) and Y (z)
have been calculated based on data collected over a time span that tends
to infinity [Elliott, 2001b, Section 2.4.1]. If the controller Wf(z) and the
secondary path S(z) are time-invariant systems, the control signal can be
further expressed as Y (z) = S(z)Wf(z)X(z) and the equation takes the
form

Φee(z) =E[|D(z)|2 −D(z−1)S(z)Wf(z)X(z)
−D(z)

(
S(z−1)Wf(z−1)X(z−1)

)
+ |S(z)Wf(z)X(z)|2].

(2.20)

By considering the Z-transformed cross-power spectra

Φdx(z) = E[D(z)X(z−1)] (2.21)

and
Φxd(z) = Φdx(z−1), (2.22)
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the whole expression can be expressed in terms of auto-and cross-correlation
as

Φee(z) =Φdd(z)− S(z)Wf(z)Φdx(z−1)
−
(
S(z−1)Wf(z−1)

)
Φdx(z) + |S(z)Wf(z)|2Φxx(z).

(2.23)

Following a similar analysis in [Sen and Morgan, 1996, Section 3.1.2], if
the zero-valued quantity |Φdx(z)|2/Φxx(z)− |Φdx(z)|2/Φxx(z) is added to
Eq. 2.23 and the identity Φxx(z) = Φxx(z−1) is used, then Eq. 2.23 can be
re-written as

Φee(z) =
(

1− |Φdx(z)|2
Φdd(z)Φxx(z)

)
Φdd(z) +

∣∣∣∣
Φdx(z)
Φxx(z) −Wf(z)S(z)

∣∣∣∣
2

Φxx(z).

(2.24)
The first term determines the minimum achievable error imposed by the
magnitude-squared coherence (MSC) between x(n) and d(n) given by

Cdx(z) = |Φdx(z)|2
Φdd(z)Φxx(z) , (2.25)

which is not subject to change by the controller Wf(z). It has been found
in [Morrow, 1971], that under this diffuse and isotropic sound field excita-
tion, Eq. 2.25 can be formulated as a frequency-dependent function of the
distance between the (in this context reference and error) microphones δxd
in meters as

Cdx(f , δxd, c) =
(
sin(2πf δxd

c
)

2πf δxd
c

)2

, (2.26)

being c the speed of sound in the medium. In Fig. 2.5 the solution of
Eq. 2.26 for the case δxd = 0.03m and c = 343m/s is presented, together
with the maximum achievable attenuation over frequency Φmin

ee (f)/Φdd(f).
It can be seen that for two microphones separated only by air, the MSC
decreases by 3 dB at approx. 2.5 kHz. This produces a magnitude min-
ima at frequencies multiple of 5.7 kHz. The consecutive peaks in between
the minima decay at a rate of 20 dB per decade. As an effect of this, a
maximum attenuation of -45 dB is achievable at 20Hz. This attenuation
decreases at a rate of 20 dB per decade, leading to an intersection between
the two curves at approx. 2.5 kHz.
The extrapolation of this result to the case of headphones is nevertheless

more complex, since the microphones are not separated only by air, but
rather by the earcup. As the speed of sound is inverse-proportional to the
density of the transmission medium, any solid placed in between reference
and error microphone would imply a consecutive increase in the speed of
sound and a shift of the first minimum of Cdx(f) to a higher frequency.

If one comes back to the single-source free-field excitation and the mea-
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Figure 2.5.: Maximum achievable attenuation Φmin
ee (f )/Φdd(f ) due to the

magnitude-squared coherence over frequency Cdx (f ) for a microphone distance
δxd = 3 cm separated only by air, when the system is subject to the excitation
of a diffuse isotropic sound field.

surement noise in x(n) is neglected, the correlation functions can be ex-
pressed as

Φdx(z) = P (z)Φxx(z) (2.27)
and

Φdd(z) = |P (z)|2Φxx(z). (2.28)
Replacing these in the magnitude-squared coherence in Eq. 2.25

Ĉdx(z) = |P (z)Φxx(z)|2
|P (z)|2Φxx(z)Φxx(z) ⇒ 1, (2.29)

simplifies to one, showing that in case of a free-field excitation the max-
imum achievable attenuation is not limited by coherence. The contexts
in which one can find a perfect free- or diffuse-field are rare, and one is
more likely to find some weighted combination of both. Nevertheless, it
is important to mathematically understand both extreme cases and their
implications.

2.3. The Wiener Controller

The minimization of the error signal’s auto-power spectrum in Eq. 2.24 is
achieved through the optimization ofWf(z). For finding the mathematical
expression of this optimal controller Eq. 2.24 is differentiated with respect
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to Wf(z)

∂Φee(z)
∂Wf(z)

= −2
(

Φdx(z)
Φxx(z) −Wf(z)S(z)

)H

Φxx(z)S(z), (2.30)

with (·)H being the Hermitian operator. Then the result is equated to zero
and under the constraint that Φxx(z)S(z) 6= 0 the optimal controller

W opt
f (z)S(z) = Φdx(z)

Φxx(z) (2.31)

finds an expression which depends on the secondary path, the cross-correlation
between signals and the auto-correlation of the reference. Alternatively, if
a free-field excitation is considered, it can be shown by using Eq. 2.27 that
Eq. 2.31 resolves to

Ŵ opt
f (z)S(z) = P (z). (2.32)

These optimal solutions to the minimization of Eq. 2.24 are called uncon-
strained Wiener filters [Elliott, 2001b, Section 2.4.1], as they are neither
limited in their causality nor in their stability. As the secondary path S(z)
is in acoustic applications a non-minimum-phase system, due to its delay
and possible zeros outside of the unit-circle, a straightforward division of
both sides of Eq. 2.32 by S(z) can not directly follow. Moreover, using this
expression may lead to a non-causal and/or unstable controller which can
not be implemented. As a first alternative, the secondary path could be
first separated

S(z) = Smp(z)Smp(z) (2.33)
in its minimum-phase Smp(z) and non-minimum-phase Smp(z) compo-
nents, before computing the division. This would produce a controller

W
smp
f (z) = 1

Smp(z)
Φdx(z)
Φxx(z) . (2.34)

which incorporates only the minimum-phase components of S(z). How-
ever, this does not take advantage of the fact that the causality compo-
nents in Φdx(z) may dominate over the non-causal ones. This because
the part of the diffuse field that would reach the error microphone before
reaching the reference one is subject to the shadowing effect of the human-
head. Moreover, it can be shown that by replacing Wf(z) = W

smp
f (z) and

S(z) = Smp(z)Smp(z) in Eq. 2.24, the residual

Φee(z)
∣∣∣∣
W

smp
f

=
(

1− |Φdx(z)|2
Φdd(z)Φxx(z)

)
Φdd(z)+

∣∣∣∣
(
1−Smp(z)

)Φdx(z)
Φxx(z)

∣∣∣∣
2

Φxx(z),

(2.35)
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would limit the attenuation performance by incorporating in Smp(z) all
delay components and zeros outside of the unit circle of S(z).

2.3.1. The constrained time-domain derivation

As seen from the Z-transform analysis, by working in a transform domain
is difficult to incorporate constraints to the solution that could be directly
introduced in a time-domain analysis. To find an optimal solution for
Wf(z), which takes advantage of the causal components in Φdx(z) and
yields a causal and stable controller with a finite-length impulse response,
the notation for the analysis in time-domain is to be defined. Let the
following example column vectors

dLd×1 =




d0
d1
...

dLd−1


 , pLp×1 =




p0
p1
...

pLp−1


 , (2.36)

and

xLx×1 =




x0
x1
...

xLx−1


 (2.37)

be the first Ld, Lp, and Lx samples of the signals or system impulse re-
sponses d(n), p(n), and x(n), respectively. Then, let d, p, and x be related
by the convolution defined by the scalar product

d = P · x, (2.38)

being P the Toeplitz matrix created by repeating p Lx times along the
diagonal




d0
d1
...

dLd−1


 =




p0 . . . 0
...

. . .
...

pLp−1 p0
...

. . .
...

0 . . . pLp−1



·




x0
x1
...

xLx−1


 . (2.39)

Consequently, their lengths are related by

Ld = Lp + Lx − 1. (2.40)
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Making use of this notation to describe the feedforward system in Fig. 2.1
the error signal

e = dzp − S ·Wf · x, (2.41)
can be defined, where dzp is the vector d of Ld elements extended with
zeroes to reach the length Ls + Lw + Lx − 2. Later on, it will be shown
that Ld can not be chosen arbitrarily. Using Eq. 2.41, one can define the
minimization’s cost function as the expectation of the quadratic error

E[eTe] = E[(dzp − S ·Wf · x)T(dzp − S ·Wf · x)]. (2.42)

By considering the involved systems as time-invariant and using the com-
mutative property of the convolution, the expression can be rewritten as

E[eTe] = E[(dzp −X · S ·wf)T(dzp −X · S ·wf)]. (2.43)

In order to find the controller’s finite impulse response wf that minimizes
the objective function, the gradient of Eq. 2.43 with respect to the impulse
response coefficients is calculated

∂E[eTe]
∂wf

= −2 · E[(dzp −X · S ·wf)T ·X · S] (2.44)

and equated to zero. If the transpose of both sides is taken

ST · E[XT ·X] · S ·wopt
f = ST · E[XT · dzp], (2.45)

the equality fulfilled by the optimal controller’s impulse response wopt
f can

be formulated. In it two important quantities can be found: First, the
auto-correlation matrix of the reference signal x(n)

Φxx = E[XT ·X], (2.46)

where the expectation E[·] implies that the calculation has been time-
averaged over a period of time that tends to infinity; and second, the half
of the cross-correlation φdx(τ) related to the positive lags (τ ≥ 0)

φ+
dx = E[XT · dzp], (2.47)

where the expectation E[·] implies once again that the calculation has been
time-averaged. In order to avoid any information loss, the length of the
vector d has to be chosen as Ld = Ls +Lw − 1, with Ls and Lw being the
secondary path’s and controller’s impulse response lengths, respectively.
If Ld is chosen following this rule, the vector dzp contains exactly Lx − 1
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zeroes, and the sliding window of the cross-correlation calculation




φdx(0)
φdx(1)

...
φdx(Lφ − 1)


 =




x0 . . . 0
...

. . .
...

xLx−1 x0
...

. . .
...

0 . . . xLx−1




T

·




d0
...

dLd−1
0
...
0




(2.48)

finishes with the last vector element being φdx(Lφ − 1) = x0 · dLd−1.
By using Eq. 2.46 and Eq. 2.47 in Eq. 2.45 the optimal solution for the
controller coefficients

wopt
f = (ST ·Φxx · S)−1 · ST · φ+

dx, (2.49)

can be found, provided that the matrix (ST ·Φxx · S) is nonsingular. Al-
ternatively, if the free-field excitation scenario is similarly analyzed, the
optimum solution takes the form

ŵopt
f = (ST ·Φxx · S)−1 · ST ·Φxx · pzp, (2.50)

where pzp is the zero-padded vector of the first Lp samples of the primary
path’s causal impulse response.
As stated in [Elliott, 2001b, Section 2.5.1], for cases in which (ST ·Φxx ·S)

is indeed singular, these equations can not be used for calculating the
optimum controller. However, the matrix’s singularity can be avoided
through the use of the Tikhonov regularization method

w̃opt
f = (ST ·Φxx · S + β0 · I)−1 · ST · φ+

dx, (2.51)

by adding to it the identity matrix I multiplied by a small scalar β0. It can
be shown that this expression is the optimal solution of the minimization
problem

min
wf

(
E[eTe] + β0wT

f wf
)
, (2.52)

where the weighted sum of squared controller coefficients is added to the
cost function. If the parameter β0 is increased, the optimum steers towards
solutions with a controller with a lower gain over frequency. Thus, the same
principle can be used in cases when (ST ·Φxx · S) is not singular, in order
to achieve some degree of control over the controller’s gain.

Examples

The result examples presented here are a reference for the achievable per-
formance of the feedforward scheme. They will be used later on in this
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dissertation to analyze and understand the improvements achieved with
the novel control structures. The examples are performance estimations
based on the primary and secondary paths’ impulse responses measured
on a real device. Therefore, only a free-field excitation is considered here.
For this, the measurement procedure and parameters described in [Rivera
Benois et al., 2016] are applied to the prototype presented in [Rivera Benois
et al., 2019] for the measurement of a primary path impulse response with
length Lp = 8192. Here, the sound source is placed 1m at the left of a
dummy-head wearing the headphones prototype, while the left earcup’s
microphones are used for recording. Additionally, the procedure and pa-
rameters described in [Rivera Benois et al., 2019] are used for measuring
a secondary path impulse response of length Ls = 2048. Here the con-
troller’s platform is included in the processing chain, in order to include
the A/D delay τad, processing delay τdsp and D/A delay τda in the mea-
surement. The resulting impulse responses are presented in Fig. 2.6 using
a logarithmic x-axis. The first samples of the the primary path’s impulse
response show a pre-ringing (they are not perfectly zero), which is pro-
duced by the limited bandwidth of the measurement speaker. Its peak
magnitude is reached at the 20th sample with a positive value, because
the impinging sound pressure wave on the reference microphone increases
the sound pressure inside of the earcup at the same time. The impulse
response’s tail settles to zero. The secondary path has four first samples
that are close to zero. Its peak magnitude is reached at its 6th sample
with a negative value, because the headphone’s drive and microphones are
directed in the same direction. Its impulse response settles to zero at the
end of its length, as well. Based on the low-magnitude of the starting sam-
ples of both impulse responses and the position of their respective peaks,
a satisfactory degree of causality can be expected.
The magnitude frequency response of both impulse responses is pre-

sented in Fig. 2.7. The primary path shows a rough low-pass behavior
mainly produced by the closed-back earcup’s construction materials. The
frequency response can be divided in three frequency regions: A first one
being the pass-band with attenuation values below the 10 dB, which ex-
tends to approx. 190Hz; A second region in the mid-frequencies that
extend up to the 4 kHz, with attenuation values varying between 10 and
30 dB; And a third region in the high-frequencies, with attenuation values
that vary around the 40 dB, which can be as high as 60 dB. The secondary
path frequency response can be divided similarly in three region: a low-
frequency region with a gain that varies around the 10 dB; a mid-frequency
region with a gain that varies around the 2.5 dB; And a high-frequency re-
gion with variations imposed by the shape of the ear, as the wavelengths
of frequencies higher than roughly 4.5 kHz are comparable to the size of
the ear [Rivera Benois et al., 2019]. The difference in gain between both
systems is caused by the amplifier used to drive the headphones’s speakers,
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Figure 2.6.: System impulse responses. Please note that the x-axis is in
logarithmic scale. Parameters: fs = 48 kHz, Ls = 2048, Lp = 8192.

which is part of the controller platform, and therefore, also a sub-system
inside of the secondary path. For more details about these measurements,
please refer to the cited publications.
For the controller calculations, a free-field excitation scenario with a

flat power spectral density is considered, which enables the use of the
measured primary path impulse response and at the same time simplifies
the auto-correlation matrix Φxx to the identity matrix I. The feedforward
controllers are derived following Eq. 2.50 for the classical controller. Then,
the system impulse responses with length 8192 of the system hf(n) are
calculated by means of a sample-by-sample simulation of the system under
control.
In Fig. 2.8 the impulse responses of two systems are compared: the first

system hf(n)|Lw = 64 is under the effect of a controller with an impulse
response of short length Lw < Lp; the second system hf(n)|Lw = 8192 is
under the effect of a controller with an impulse response of length equal
to the one of the primary path Lw = Lp. As a reference, the primary
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Figure 2.7.: System magnitude frequency responses. Parameters: fs =
48 kHz, Ls = 2048, Lp = 8192.

path impulse response p(n) is presented as a reference of the system in
the absence of control. Please note that the x-axis is in logarithmic scale.
It can be seen from the first four samples of all three curves, that the
four delays in the secondary path unable both controllers to achieve any
change in the impulse response, because of the causality limitations. Thus,
the first samples of both systems are equal to the ones of the primary
path. From the 5th to approx. the 40th sample, both impulse responses
have a similar positive transient that holds in a constant positive value.
From the 40th to approximately the 70th sample hf(n)|Lw = 64 shows
a divergent oscillatory behavior when the impulse response approaches to
the end of the controller’s length. This effect moves together with different
controller lengths Lw and the amount of samples delays of the secondary
path (omitted here for sake of space). The tail that follows is the primary
path p(n) minus the response of the secondary path to the cease of control
signal coming from the controller. It can be seen from hf(n)|Lw = 8192,
that if the controller is as long as the primary path, its tail slowly settles
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Figure 2.8.: System impulse response hf(f ) compared to the system subject
to no control p(n). Please note that the x-axis is in logarithmic scale. Param-
eters: fs = 48 kHz, Ls = 2048, Lp = 8192, Φxx = I.

to zero without oscillations.
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Figure 2.9.: System’s frequency response Hf(f ) compared to the system sub-
ject to no control P(f ). Parameters: fs = 48 kHz, Ls = 2048, Lp = 8192,
Φxx = I.

In Fig. 2.9 the frequency response of the impulse responses in Fig. 2.8
are presented. It can be seen from comparing the primary path P (f) with
the frequency response of the long controller Hf(n)|Lw = 8192, that peak
attenuation values of 30 dB are possible. Although, not all frequencies are
attenuated, as it is the case with the frequencies in the 5-6 kHz range.
Some structures artifacts are visible but not dominant, which are origi-
nated during the matrix inversion. As the calculations are performed in
single precision, because of RAM memory-usage considerations. Under the
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effect of the short controller Hf(n)|Lw = 64 the attenuation values drop
significantly with a relative high variance. Nevertheless, it can be seen
that in the 30-250Hz and 0.5-4 kHz frequency ranges attenuation values
of roughly 15 dB are still achievable. However, around 20Hz and in the
250-500Hz frequency range amplifications are produced, i.e. within the
frequency range in which ANC should be effective the most.

102 103 104
−60

−40

−20

0

Frequency in Hz

M
ag

ni
tu

de
in

dB

Hf(f)
Hf(f)|p(n)=δ(n− 20)
Hf(f)|s(n)=δ(n− 6)

Figure 2.10.: System’s frequency response Hf(f ) compared to the hypo-
thetical scenarios in which either the primary path is a delay of 20 sam-
ples Hf(f )|p(n)=δ(n − 20) or the secondary path is a delay of 6 samples
Hf(f )|s(n)=δ(n − 6). Note: All controllers are recalculated based on their
hypothetical systems. Parameters: fs = 48 kHz, Lw = 8192, Ls = 2048,
Lp = 8192, Φxx = I.

In order to understand the origin of the optimal frequency response
Hf(n)|Lw = 8192, two hypothetical scenarios are evaluated and compared
with it in Fig. 2.10. In the first one, the primary path impulse response
is replaced by a delay placed at its original peak magnitude, e.i. at sam-
ple time n = 20. This enables to focus on the limits imposed by the
inversion of the secondary path, as the primary path influence is limited.
The Wiener controller is re-calculated and based on it, the system fre-
quency response Hf(f)|p(n)=δ(n− 20) is generated based on the impulse
response of a sample-by-sample simulation. The frequency response shows
a limitation in the low-frequencies that decreases at a rate of 20 dB. This
reaches a plateau of -40 dB at 2 kHz, which increases to -30 dB between
10 and 20 kHz. In the first second hypothetical scenario, the secondary
path path impulse response is replaced by a delay placed at its original
peak magnitude, e.i. at sample time n = 6. This enables to focus on the
limits imposed by the primary path and a simplified causality limitation
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produced by the idealized secondary path. The hypothetical system fre-
quency response Hf(f)|s(n)=δ(n − 6) shows a roughly low-pass behavior
with a 3.6 kHz cutoff frequency and a pass-band with gain of -40 dB. This is
the frequency response of the first six samples of the primary path, which
are the only that effectively become part of the system impulse response.
If one compares Hf(n) with the two hypothetical scenarios, it can be seen
that the limitations in the low- and mid-frequency region are originated
in the inversion of the secondary path. At the same time, the frequency
response in the high frequencies is originated by the first samples of the
primary path, which pass uncontrolled because of the delays in the sec-
ondary path. The fact that the limitations due to the inversion of the
secondary path do not increase again in the high-frequencies implies that
a positive interaction for the controller occurs between the primary path
and the secondary path. This could be for example pole-zero cancellations,
that would simplify the naive controller solution P (f)/S(f).
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Figure 2.11.: Controller’s frequency response Wf(f ) for two different lengths.
Parameters: fs = 48 kHz, Ls = 2048, Lp = 8192, Φxx = I.

The frequency response of both controllersWf(f)|Lw = 64 andWf(f)|Lw =
8192 are presented in Fig. 2.11. Together with them, the magnitude re-
sponse of the naive optimum controller P (f)/S(f) is presented as a ref-
erence. It can be seen that the longer controller Wf(f)Lw = 8192 is
over all frequencies very close to the ideal solution. Only in the low-
frequencies some deviations are visible, which are produced by the limita-
tions in the secondary path inversion. In contrast, the shorter controller
Wf(f)|Lw = 64 shows significant deviations, specially in the low-frequency
region. The gain excess in the 250-500Hz frequency range is the responsi-
ble for the amplifications seen before in Fig. 2.9.
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All in all, it can be concluded from the examples presented in this section
that even with a very long controller, the achievable attenuation reaches
a limit and that in some frequency regions some amplifications can occur.
The performance in the low-frequencies is dominated by the limitations
in the secondary path inversion. In the high-frequencies, the delays in
the secondary path together with the first samples of the primary path
impulse response determine the frequency response. The controller length
determines up to which sample the primary path impulse response can be
suppressed. This decreases the achievable attenuation over all frequencies,
as one could expect, with an important variance.

2.4. The Adaptive Controller

As seen in the previous section, in order to calculate the Wiener con-
troller time-consuming and computationally demanding tasks have to be
performed. First, the cross- and auto-correlations have to be calculated
and time-averaged during a period of time. Afterwards, the matrix inver-
sion (ST ·Φxx · S)−1 has to be performed. At last, the optimal controller
wopt

f has to be calculated following Eq. 2.49. Unfortunately, any change in
the sound field that implicates a change in the auto- or cross-correlation
between the signals would require to re-calculate wopt

f . The same applies
for changes in the secondary path S(z). Nevertheless, the search for the
optimal solution can also be performed in a continuous iterative way, such
that, if the sound field changes, then the current estimation of the optimal
controller automatically steers in the direction of the new optimum. Using
the gradient descent method, such an adaptive iterative controller can be
formulated. Using the coefficients’ update equation

wf(n+ 1) = wf(n)− µ

2 · ∇f
T
c (wf(n)), (2.53)

the new vector of coefficients wf(n + 1) can be calculated based on the
current ones wf(n), the current gradient of the quadratic error with re-
spect to the controller coefficients ∇fT

c (wf(n)), and a small scalar µ called
the step-size. With each iteration of this algorithm, the coefficient set
moves slowly against the gradient of the cost function, in direction to the
minimum.
In order to find an expression for the gradient ∇fT

c (wf(n)), the cost
function in Eq. 2.43 is redefined by replacing the expectation operand by
the equivalent mean over Le values

E[eTe] ≈ (dzp − S ·Wf · x)T(dzp − S ·Wf · x)
Le

. (2.54)

The gradient of the cost function with respect to the controller parameters
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changes respectively to

∇fc(wf) = ∂E[eTe]
∂wf

≈ −2
Le
· (dzp −X · S ·wf)T ·X · S (2.55)

Subsequently, Eq.2.41 is used to replace the vectors in round-parentheses
by the error signal vector, and both sides of the equation are transposed

∇fT
c (wf) ≈ −2

Le
· ST ·XTe. (2.56)

If a vector xs of length Lxs = Ls+Lx−1 is defined as the filtered-x signal

xs = S · x, (2.57)

it can be shown that its associated Toeplitz matrix of dimensions Le×Lw
is defined by

Xs = X · S. (2.58)
By using this result in Eq. 2.56, the transposed gradient takes the form

∇fT
c (wf) ≈ −2

Le
·XT

s · e, (2.59)

which is the cross-correlation φ+
xse

averaged over Le values, related to the
positive lags between the error signal e(n) and the filtered reference xs(n).
By using this equation in Eq. 2.53, the coefficients could be updated every
Le samples following

wf(n+ 1) = wf(n) + µ

Le
·XT

s · e, (2.60)

known as the Block Filtered-x Least Mean Square adaptation algorithm.
However, this would involve updating and storing an Le × Lw matrix. As
a cheaper alternative, the instantaneous estimation (or average over one
sample) of the cross-correlation

∇fT
c (wf(n)) ≈ −2 · xT

s · e(n). (2.61)

is used instead, where

xT
s =




xs(n)
xs(n− 1)

...
xs(n− Lw + 1)


 (2.62)

is the vector of last Lw samples of the filtered-x signal xs(n). By using
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Figure 2.12.: The system diagram of the Filtered-x LMS adaptation algorithm
applied to headphones.

Eq. 2.61 in Eq. 2.53, the coefficients’ update equation can be formulated as

wf(n+ 1) = wf(n) + µ · xT
s · e(n), (2.63)

which is the update equation of the well-known Filtered-x Least Mean
Square (Filtered-x LMS) adaptation algorithm [Widrow et al., 1981,Burgess,
1981]. When this adaptation algorithm is used in headphones, the diagram
presented in Fig. 2.12 is used. With each new sample x(n) a FIFO buffer
x of the length Lw is updated. Later, one control signal’s output sample
is generated by performing the vector multiplication

y′(n) = xT ·wf(n). (2.64)

Subsequently, with the same sample x(n) the FIFO buffer xs of the length
Ls is updated. Then one sample of the filtered-reference is generated

xs(n) = xT
s · s, (2.65)

where s is a vector containing the first Ls samples of the measured impulse
response of the secondary path S(z). Afterwards, each sample of xs(n) is
stored in the buffer xs that is used for updating the coefficients by following
Eq. 2.63.

2.4.1. Controller gain minimization
As explained at the end of Sec. 2.3, by including in the cost function the
sum of squared controller coefficients weighted by the scalar parameter β0

min
wf

E[eTe] + β0wT
f wf , (2.66)

the gain of the feedforward controller wf can also be penalize. This can be
used, for example, to avoid solutions which produce control signals outside
of the dynamic range of the system. With this change, the gradient of the
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cost function with respect to the controller coefficients wf changes to

∇fc(wf) = ∂E[eTe]
∂wf

≈ −2
Le
· (dzp−X ·S ·wf)T ·X ·S + 2 · β0

Le
·wT

f . (2.67)

If this expression is transposed

∇fT
c (wf) ≈ −2

Le
· ST ·XT · (dzp −X · S ·wf) + 2 · β0

Le
·wf, (2.68)

and the vectors in the round parenthesis are replaced following Eq. 2.41 by
the error signal vector

∇fT
c (wf) ≈ −2

Le
· ST ·XT · e + 2 · β0

Le
·wf, (2.69)

the gradient averaged over Le samples can be found. Subsequently, the
filtered-reference’s Toeplitz matrix defined in Eq. 2.58 is used

∇fT
c (wf) ≈ −2

Le
·XT

s · e + 2 · β0

Le
·wf, (2.70)

and the cheaper instantaneous estimate of the gradient is chosen instead

∇fT
c (wf(n)) ≈ −2 · xT

s · e(n) + 2 · β0 ·wf. (2.71)

This equation is used to replace the gradient in Eq. 2.53

wf(n+ 1) = wf(n) + µ · xT
s · e(n)− µ · β0 ·wf(n), (2.72)

which then formulates the coefficients update equation

wf(n+ 1) = wf(n)
(
1− µ · β0

)
+ µ · xT

s · e(n), (2.73)

of the well-known leaky Filtered-x LMS algorithm [Elliott et al., 1987].
So, by means of this update equation the Tikhonov-normalized Wiener
controller in Eq. 2.51 can be estimated in real-time.

2.4.2. The step-size

In order to yield a stable adaptation, µ has to be chosen according to

0 < µ <
2

(Lw + ∆)E[x2
s]

, (2.74)

where ∆ is the delay introduced by the secondary path and E[x2
s] is the

expectation of the squared filtered-reference signal xs(n) (this can be re-
placed by the signal power Pxs , if x(n) is a deterministic signal) [Kuo
and Morgan, 2000]. The maximum µ value in Eq. 2.74 is only a theoret-
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Figure 2.13.: The system diagram of the Modified Normalized Filtered-x LMS
adaptation algorithm applied to headphones.

ical one, and if a fast adaptation is desired, an iterative search has to be
performed with an x(n) that produces a stable E[x2

s]. Alternatively, the
search can be simplified, if a sample-by-sample estimation of E[x2

s] is in-
cluded in the adaptation algorithm. This can be done based on the last Lw
observations of xs(n), as E[x2

s] ≈ (xT
s · xs)/Lw. This yields the so-called

Normalized FxLMS (NFxLMS) [Sen and Morgan, 1996]. Its coefficients’
update equation

wf(n+ 1) = wf(n) + µ(n) · xT
s · e(n) (2.75)

contains a time-varying step-size µ(n) given by

µ(n) = µ0

xT
s · xs

, (2.76)

where µ0 is chosen as

0 < µ0 <
2

(1 + ∆/Lw) . (2.77)

Thus, the search for the highest µ, now µ0, can be be carried out in
scenarios with changing E[x2

s ] and the result will depend only on the delay
of the secondary path ∆ and the length of the controller Lw.

The modified filtered-x LMS

In practice, the search for an optimal µ0 is rather impractical and should
not be performed in the presence of a human subject, because of the risk of
an unstable adaptation. A variation of the NFxLMS called the Modified
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NFxLMS (MNFxLMS) [Bao et al., 1992, Bjarnason, 1992] simplifies the
search for an optimum µ0. Its system diagram is presented in Fig. 2.13.
As can be seen, an estimated secondary path Ŝ(z) is used to estimate the
disturbance signal d(n) from the measured error signal e(n). The estimated
d̂(n) is used in combination with the filtered x(n) to isolate a copy of the
controller and adapt it using

wf = wf + µ(n) · xs ·
(
d̂(n)− xT

s ·wf
)

, (2.78)

i.e. the LMS algorithm [Widrow et al., 1975]. By doing this, the controller
coefficients are corrected using a local error estimation, independently from
the delays and current state of the secondary path. This changes the
theoretical boundaries for stable µ0 to

0 < µ0 < 2. (2.79)

Now the search is narrowed to a range of values in which only the per-
formance of the attenuation varies, as a high µ0 value produces a fast
adaptation but a low attenuation, whereas a low µ0 value produces a slow
adaptation but a high attenuation.

2.4.3. Adaptation stability

The adaptation algorithms presented so far rely on the estimated sec-
ondary path Ŝ(z) for a correct estimation of the gradient of the cost func-
tion ∇fT

c (wf). As the secondary path S(z) is a system that may vary
between different headphones wearing situations, substantial differences
between this and the estimated system Ŝ(z) may appear. These can drive
the adaptation into instability or impose a severe limitation on the max-
imum step-size µ0. In order to derive the constraints that have to be
fulfilled to avoid the instability, the factor Ψ(z) is used to describe the
relation between both systems

Ŝ(z) = Ψ(z)S(z). (2.80)

The Filtered-x LMS structure in Fig. 2.12 is analyzed taking into account
the update equation of the Block Filtered-x LMS

Wf(z,n) = Wf(z,n− Le) + µ · Ŝ(z−1,n− Le)X(z−1,n− Le)E(z,n− Le).
(2.81)

Here, non-overlapping frames of Le samples of the signals are considered,
while the Le-samples long impulse responses of the systems are used. The
z arguments are evaluated at k frequencies following the well-known sub-
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stitution z = ejΩk

Wf(Ωk,n) = Wf(Ωk,n−Le)+µ·Ŝ∗(Ωk,n−Le)X∗(Ωk,n−Le)E(Ωk,n−Le),
(2.82)

in order to follow an analysis in the Discrete Fourier Transform domain.
Because the energy content of the reference and disturbance are considered
constant during the adaptation, only the controller’s time dependency is
taken into account

Wm = Wm−1 + µ · Ŝ∗ ·X∗ · E, (2.83)

expressed now with the time frame indexm. The error signal E is replaced

Wm = Wm−1 + µ · Ŝ∗ ·X∗(D −X ·Wm−1 · S), (2.84)

to find its dependency on the old controller Wm−1. This is factorized

Wm = (1− µ · Ŝ∗ ·X∗ ·X · S)Wm−1 + µ · Ŝ∗ ·X∗ ·D, (2.85)

and defining
α = 1− µ · Ŝ∗ ·X∗ ·X · S (2.86)

and
β = µ · Ŝ∗ ·X∗ ·D, (2.87)

rewritten as
Wm = α ·Wm−1 + β. (2.88)

If iterative replacements of this equations are used, the dependency ofWm

on its past value Wm−M

Wm = αM ·Wm−M + β

M−1∑

i=0

αi (2.89)

can be found. This equation is used to express the optimum

W opt
f = lim

M→∞

(
αM ·W init

f + β

M−1∑

i=0

αi
)

(2.90)

in the limit M → ∞, as a function of the initial coefficient set W init
f and

the adaptation parameters found in α and β. Thus, if 1 > |α|, then the
influence of the initial value decreases exponentially with every iteration,
which is zero in the limit M → ∞. Moreover, if the constraint 1 > |α| is
fulfilled, the geometric series is known to converge to the solution

W opt
f = β

1− α . (2.91)
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If the definitions of α and β are used, then the optimum can be expressed
as

W opt
f = Ŝ∗ ·X∗ ·D

Ŝ∗ ·X∗ ·X · S
. (2.92)

By using Eq. 2.80 to substitute Ŝ

W opt
f = Ψ∗ · S∗ ·X∗ ·D

Ψ∗ · S∗ ·X∗ ·X · S , (2.93)

it can be shown that the adaptive controller converges to the real optimum

W opt
f = S∗ ·X∗ ·D

S∗ ·X∗ ·X · S = (S∗ · Φxx · S)−1S∗ · Φdx (2.94)

given that the constraint 1 > |α| is fulfilled. To explore under which
circumstances this can be ensured, this expression is expanded in the fol-
lowing sequence of equivalences

1 >|1− µ ·Ψ∗ · S∗ ·X∗ ·X · S| (2.95)
1 >|1− µ ·Ψ∗ · Φxsxs | (2.96)
1 >|1− µ ·Ψ∗ · Φxsxs |2 (2.97)
1 >Re{1− µ ·Ψ∗ · Φxsxs}2 + Im{1− µ ·Ψ∗ · Φxsxs}2 (2.98)
1 >1− 2µ · |Ψ| · cos (−∠Ψ) · Φxsxs + (µ · |Ψ| · cos (−∠Ψ) · Φxsxs )2

+ (µ · |Ψ| · sin (−∠Ψ) · Φxsxs )2 (2.99)

1 >1− 2µ · |Ψ| · cos (∠Ψ) · Φxsxs + (µ · |Ψ| · Φxsxs )2 (2.100)
0 >(µ · |Ψ| · Φxsxs )2 − 2 · cos (∠Ψ) · (µ · |Ψ| · Φxsxs ). (2.101)

If the last inequality is analyzed as a quadratic equation, the range of valid
values is determined by its two zeroes

0 < µ · |Ψ| · Φxsxs < 2 · cos (∠Ψ). (2.102)

This inequality implies that to yield a stable adaptation and successful
convergence to a solution, the phase difference between S(z) and Ŝ has to
stay within the range

− 90◦ < ∠Ψ < 90◦ (2.103)
for all frequencies Ωk. Furthermore, if |Ψ| 6= 0 holds, then the inequality
can be reformulated

0 < µ · Φxsxs < 2 · cos (∠Ψ)
|Ψ| (2.104)

and the right-hand side plotted as contours for different Ψ as in Fig. 2.14.
Here it can be seen how the maximum achievable µ ·Φxsxs is exponentially
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limited by the deviations in phase ∠Ψ, by dropping to zero as the phase
gets near to either 90◦ or −90◦. At the same time, the magnitude deviation
is inverse proportional to µ ·Φxsxs . Thus, its highest value that is allowed
decreases when |Ψ| is bigger than one and it increases exponentially when
it approaches zero.

If the system is excited on the entire frequency range, then Φxsxs 6= 0
holds and the inequality can be formulated as

0 < µ <
2

Φxsxs

· cos (∠Ψ)
|Ψ| , (2.105)

for all frequencies Ωk. Finally, to find one step-size µ for the Block Filtered-
x LMS that fulfills this inequality over all frequencies Ωk, the smallest value
of the right-hand side should be taken

0 < µ < min
(

2
Φxsxs (Ωk) ·

cos (∠Ψ(Ωk))
|Ψ(Ωk)|

)
. (2.106)

As the effect of the deviations in the estimated secondary path can be
isolated in the factor cos (∠Ψ(Ωk))/|Ψ(Ωk)|, this can be used for extending
the constraint in Eq. 2.74 for the maximum step-size for the Filtered-x
LMS.
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Figure 2.14.: Contour plot of the limit imposed by the magnitude and phase
deviations Ψ contained in Ŝ(z) to the maximum achievable µΦxx for the
Filtered-x LMS.
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Figure 2.15.: Contour plot of the limit imposed by the magnitude deviations Ψ
contained in Ŝ(z) to the maximum achievable µΦxx for the Modified Filtered-x
LMS.

Modified filtered-x LMS adaptation stability

A similar analysis is performed with the Modified Filtered-x LMS pre-
sented in Fig. 2.13, in order to show that the system converges to the real
optimum and also to derive the stability constraint of its adaptation. For
that, the coefficients’ update equation in Eq. 2.78 is analogously rewritten

Wm = Wm−1 + µ · Ŝ∗ ·X∗ · (D̂m−1 −X · Ŝ ·Wm−1) (2.107)

and factorized

Wm = (1− µ · Ŝ∗ ·X∗ ·X · Ŝ)Wm−1 + µ · Ŝ∗ ·X∗ · D̂m−1. (2.108)

By defining the constant

α̂ = 1− µ · Ŝ∗ ·X∗ ·X · Ŝ (2.109)

and the variable
β̂m−1 = µ · Ŝ∗ ·X∗ · D̂m−1, (2.110)

the equation can be rewritten as

Wm = α̂ ·Wm−1 + β̂m−1. (2.111)
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If iterative replacements of this equation are performed, then the Wm can
be expressed as

Wm = α̂M ·Wm−M +
M−1∑

i=0

α̂i · β̂m−1−i. (2.112)

The variable β̂m−1−i is expanded

β̂m−1−i = µ · Ŝ∗ ·X∗ · D̂m−1−i (2.113)
= µ · Ŝ∗ ·X∗

(
D +X ·Wm−1−i(Ŝ − S)

)
(2.114)

= µ · Ŝ∗ ·X∗ ·D + µ · Ŝ∗ ·X∗ ·X · (Ŝ − S)Wm−1−i, (2.115)

and by defining
β = µ · Ŝ∗ ·X∗ ·D (2.116)

and
γ = µ · Ŝ∗ ·X∗ ·X · (Ŝ − S), (2.117)

it is reformulated as

β̂m−1−i = β + γ ·Wm−1−i. (2.118)

Using this formulation, Eq. 2.112 can be expressed as

Wm = α̂M ·Wm−M +
M−1∑

i=0

α̂i(β + γ ·Wm−1−i) (2.119)

= α̂M ·Wm−M + β

M−1∑

i=0

α̂i + γ

M−1∑

i=0

α̂i ·Wm−1−i. (2.120)

This equation is used to express the optimum

W opt
f = lim

M→∞

(
α̂M ·W init

f + β

M−1∑

i=0

α̂i + γ

M−1∑

i=0

α̂i ·Wm−1−i

)
(2.121)

in the limit M → ∞, as a function of the initial coefficient set W init
f ,

the adaptation parameters found in α̂ and β, and the frequency-weighted
accumulation of the past values of the controller. In the limit M → ∞
though, the optimum has been reached. Thus, for the limit M → ∞ the
sum can be also written as

lim
M→∞

(
γ

M−1∑

i=0

α̂i ·Wm−1−i

)
= lim
M→∞

(
γ

M−1∑

i=0

α̂i ·W opt
f

)
(2.122)
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and with it also Eq. 2.121 as

W opt
f = lim

M→∞

(
α̂M ·W init

f + β

M−1∑

i=0

α̂i + γ ·W opt
f

M−1∑

i=0

α̂i
)

. (2.123)

As it can be extrapolated from the analysis of the filtered-x LMS case, if
the condition 1 > |α̂| is fulfilled, then the limit solves to

W opt
f = β

1− α̂ +W opt
f

γ

1− α̂ (2.124)

→W opt
f = β

1− α̂− γ . (2.125)

By using the definitions of α̂, β, and γ in Eq. 2.109, Eq. 2.116, and Eq. 2.117,
respectively, it can be shown

W opt
f = µ · Ŝ∗ ·X∗ ·D

1− 1 + µ · Ŝ∗ ·X∗ ·X · Ŝ − µ · Ŝ∗ ·X∗ ·X · (Ŝ − S)
(2.126)

= Ŝ∗ ·X∗ ·D
Ŝ∗ ·X∗ ·X · S

. (2.127)

that the the Modified Filtered-x LMS also converges to the real optimum.
However, its convergence stability depends on the constraint

1 > |α̂|. (2.128)

If this is expanded using Eq. 2.109

1 >|1− µ · Ŝ∗ ·X∗ ·X · Ŝ| (2.129)
1 >|1− µ · |Ψ|2 · S∗ ·X∗ ·X · S| (2.130)
1 >|1− µ · |Ψ|2 · Φxsxs | (2.131)

1 >
√(

1− µ · |Ψ|2 · Φxsxs

)2 (2.132)

1 >
(
1− µ · |Ψ|2 · Φxsxs

)2 (2.133)

1 >1− 2 ·
(
µ · |Ψ|2 · Φxsxs

)
+
(
µ · |Ψ|2 · Φxsxs

)2 (2.134)
0 >(µ · |Ψ|2 · Φxsxs )2 − 2 · (µ · |Ψ|2 · Φxsxs ). (2.135)

and analyzed as a quadratic equation, the range of valid values is deter-
mined by

0 < µ · |Ψ|2 · Φxsxs < 2. (2.136)
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If |Ψ|2 6= 0 holds, then this can be written as

0 < µ · Φxsxs < 2 · 1
|Ψ|2 . (2.137)

Thus, the maximum µ is independent of the phase deviation ∠Ψ, but it is
inverse proportional to the squared magnitude deviation |Ψ|2, as plotted
in Fig. 2.15. Finally, if Φxsxs 6= 0, then the step-size µ for the Modified
Filtered-x LMS can be chosen as

0 < µ < min
(

2
Φxsxs (Ωk) ·

1
|Ψ(Ωk)|2

)
. (2.138)

Analog to the Filtered-x LMS, the factor 1/|Ψ(Ωk)|2 can be used in Eq. 2.79
to extend the constraint for cases in which the estimated secondary path
Ŝ(z) and the real one S(z) are not equal.

2.5. Summary

In the present chapter the feedforward control scheme has been presented.
In Sec. 2.1 the causality limitation due to the working principle based on
a time-advanced reference x(n) is described. If the control chain requires
more time to generate the control signal y(n) than the time that it takes
to the reference x(n) to arrive at the error microphone in the form of d(n),
then the superposition will not be perfectly destructive. As result of that,
the residual error e(n) is shaped by the comb-filter effect presented in
Fig. 2.4, with some attenuation regions an others where amplification oc-
curs. Depending on the solution context, a possible counter-measure could
be to increase the distance between reference and error microphones. This,
measuring the reference signal x(n) closer to the noise source. However,
in Sec. 2.2 it is shown that increasing the distance between both micro-
phones may lead to another problem: If the sound field is of isotropic and
diffuse nature, then the reference signal x(n) may not be correlated with
d(n) anymore. This loss in correlation limits the maximum attenuation as
presented in Fig. 2.5. It is left to the engineer to find an optimum solution
to the trade-off between both effects, based on the solution’s context.
In Sec. 2.3 the derivation of the optimum feedforward controller wopt

f is
presented. Equation 2.49 provide the controller’s impulse response coef-
ficients that minimize the expectation of the quadratic error. Based on
impulse responses measured from a real headphones prototype, examples
are presented in Sec. 2.3.1 to evaluate the achievable results. It is concluded
that even with a very long impulse response, the achievable attenuation
reaches a limit and that in some frequency regions amplifications can occur.
The performance in the low-frequencies is dominated by the limitations in
the secondary path inversion. In the high-frequencies, the frequency re-
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sponse is determined by the delays in the secondary path together with
the first samples of the primary path’s impulse response. If the chosen
controller length is shorter than the one of the primary path, this length
determines up to which sample the primary path impulse response can be
suppressed. This decreases the achievable attenuation over all frequencies
with an important variance.
In Sec. 2.4 adaptation algorithms are presented, which aim to approx-

imate wopt
f based on iterations performed in real-time, while the system

is in operation. This enables the controller to find a new optimum upon
changes in the energy content of the noise signal. However, when using
these algorithms a trade-off between convergence speed and the achievable
attenuation has to be made by choosing the adaptation step-size µ0. The
boundaries to choose this parameter rely on the correct approximation of
the secondary path. Furthermore, it is shown that, if the Filtered-x LMS
is used (see Fig. 2.12), a phase error bigger than ±90◦ can force the adap-
tation to instability. However, if the Modified Normalized Filtered-x LMS
is used instead (see Fig. 2.13), this problem can be circumvented. Then,
only the error in estimating the system’s magnitude over frequency is of
relevance for the stability.
In the following chapter a different control scheme is presented, which

avoids the use of a time-advanced reference x(n). Instead of that, it works
as a feedback system, using the residual error e(n) as input for calculating
its control signal. This enables it to circumvent coherence problem, as
its input and outputs are co-located. However, it is going to be shown
that its reactive working principle makes it subject to new practical and
mathematical considerations.
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CHAPTER 3

Minimum Variance Control

Feedback systems are preferred over the feedforward ones in contexts where
there is no economical way to provide a time-advanced reference to all noise
sources, or for systems which have to perform upon fast moving sources.
In contrast to the feedforward controller, the feedback one calculates its
output based on the error signal, instead of the time-advanced reference.
The Minimum Variance Control (MVC) structure, also known in the lit-
erature as classical feedback control scheme, is presented in Fig. 3.1. The
controller Wm(z) is designed such that the command signal c(n) is repli-
cated at the output of the plant S(z). Its output signal y(n) is subject to
the external disturbance d(n), which generates an effective system output
e(n). A negative feedback loop is used to calculate a correction factor by
subtracting e(n) from c(n), which is fed to the controller Wm(z).
Under ideal circumstances, the effective system’s output e(n) follows the

Figure 3.1.: The block diagram of the minimum variance control scheme.
Represented are the feedback controller Wm(z), the primary path P(z), and
the secondary path S(z).
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$x

Figure 3.2.: The system diagram of a the feedback control scheme adapted
to the application on a headphones earcup. Represented are a digital feed-
back controller Wm(z), the primary path P(z), and the secondary path S(z).
Optionally, a music signal m(n) can be integrated in the signal flow by using
an estimated secondary path Ŝ(z), as in [Liebich et al., 2016].

command signal c(n) closely, implying that the transfer function

T (z) = E(z)
C(z) = S(z) ·Wm(z)

1 + S(z) ·Wm(z) , (3.1)

also known as complementary sensitivity function, is close to unity. Fur-
thermore, the system transfer function

Hm(z) = E(z)
D(z) = 1

1 + S(z) ·Wm(z) , (3.2)

also called sensitivity function, is close to zero, thus rejecting the dis-
turbance d(n) in the effective system output e(n). For achieving this, the
controllerWm(z) is designed to maximize the denominator of Hm(z), while
respecting certain stability and performance constraints.

When this control approach is applied to headphones the elements con-
ceptually represented in Fig. 3.1 are reordered to match the solution con-
text, as shown in Fig. 3.2. As can be seen, the reference microphone placed
outside the earcup is not used by the controller, but is kept only for the con-
ceptual description of the primary path. The error microphone is placed
inside the earcup and its signal is used as input for the controller Wm(z).
In this context, rather than driving the system with a control signal c(n),
the integration of a music signal m(n) is required. For this, an estimated
secondary path Ŝ(z) is used to incorporate m(n) in the signal flow. This
coupling generates the transfer function

E(z)
M(z) = −S(z)1 + Ŝ(z) ·Wm(z)

1 + S(z) ·Wm(z) . (3.3)
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If Ŝ(z)=S(z) is chosen, the transfer function simplifies to E(z)
M(z)=−S(z),

andm(n) reaches the error microphone uncolored by the controllerWm(z).
If the headphones are well-designed, the effect of the secondary path S(z)
does not need further treatment.
The first application of this control scheme on a headrest was proposed

by Olson and May in [Olson and May, 1953,Olson, 1961], while its appli-
cation to headphones for the control of periodic signals was presented by
Simhauser and Hawley [Simshauser and Hawley, 1955]. The design of a
controller capable of attenuating low-frequency broadband noise was pre-
sented by Bose in [Bose, 1985]. Nowadays, the design and optimization
of such systems are based on the mixed-sensitivity H∞ method proposed
by Zames in [Zames, 1981]. Successful applications of this method to the
specific case of ANC headphones can be found in the literature, e. g. for
analog [Bai and Lee, 1997] and digital [Liebich et al., 2016] controllers’
circuitry. Here, an emphasis on robust stability and performance is made,
for which an uncertainty model of the secondary path is built from a set
of measurements. This model is used to establish the variability over
frequency that the secondary path has on different headphones’ wearing
situations. This variability is then used for building worst-case mathe-
matical constraints for the controller’s optimization based on an H∞ cost
function. One drawback of this approach is that a pole-zero model of each
secondary path has to be matched to the measurements first, instead of
using the measured impulse responses directly. Another drawback is that
the optimized controller has to have a state-space formulation.
An alternative to H∞ was proposed by Rafaely in [Rafaely, 1997] on

the optimization of an Internal Model Controller [Morari and Zafiriou,
1989] by means of an H2/H∞ design method. For more details about this,
please refer to Section 4. The robust stability against the uncertainty in the
secondary path is the same as in theH∞ method, but a cost function based
on the 2-norm is used instead. Moreover, the pole-zero system modeling
is avoided by the use of measured impulse responses, and the state-space
controller is substituted by a finite impulse response (FIR) filter. This
formulation is adopted in this Chapter, in order to optimize the impulse
response a minimum variance controller. As shown by Rafaely, if the
problem can be formulated as a convex optimization task [Gill et al., 1981],
a solution based on sequential quadratic programming (SQP) [Fletcher,
1987] yields a global optimum subject to the designed constraints.

3.1. Limitations due to Delays

Let us assume a hypothetical secondary path

Shyp(z) = z−Ds , (3.4)
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which is composed only by a delay of Ds samples. In this scenario, the
best causal controller would achieve to track the command signal with the
same delay Ds [Skogestad and Postlethwaite, 2005]. At the same time this
implies a complementary transfer function

T hyp(z) = z−Ds (3.5)

with the same delay of Ds samples. Equating this to the definition of the
complementary sensitivity function found in Eq. 3.1

Shyp(z) ·W hyp
m (z)

1 + Shyp(z) ·W hyp
m (z)

= z−Ds (3.6)

and replacing the hypothetical secondary path in it

z−Ds ·W hyp
m (z)

1 + z−Ds ·W hyp
m (z)

= z−Ds , (3.7)

the best causal controller for this scenario can be found

W hyp
m (z) = 1

1− z−Ds
. (3.8)

Replacing this hypothetical controller in the sensitivity function of Eq. 3.2
yields

Hhyp
m (z) = 1− z−Ds . (3.9)

This means that, the best achievable system transfer function is found to
be the one of a feedforward comb filter, as presented in Fig. 2.4. Thus,
the feedback controller behaves similarly to a feedforward system subject
to an overall control delay greater than the acoustic delay of the primary
path. Refer to Sec. 2.1 for more details. Thus, the feedback controller is
fundamentally a reactive system subject to performance limitations im-
posed by the delay in the secondary path S(z). Moreover, a destructive
overlap of the control signal with the disturbance can only take place as
long as the disturbance’s statistical characteristics and frequency content
do not change during the Ds samples. Thus, control of impulsive noise is
not possible with this control scheme.
If the amplifications produced by the comb filter are not tolerable, the

controller is limited to act within a specific bandwidth. This bandwidth
can be found to be approximately

f0dB <
1

6 ·Ds · Ts
, (3.10)

with Ts as the sampling period, if a similar analysis as the one presented
in Sec. 2.1.1 is followed [Elliott, 2008].
The sources of delays in a digital implementation of a feedback controller
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Figure 3.3.: Minimum variance control scheme in its digital implementation
form.

are presented in Fig. 3.3. The upper-most part of the diagram is designated
just to the acoustic domain, where the acoustic signals x(t), d(t), y(t), and
e(t), and the primary path P (jω) are described in the continuous time
domain. The elements of the next lower level are the loudspeaker Ly(jω)
and the microphone Mx(jω), which provide the conversion from the elec-
tric domain to the acoustic domain and vice-versa. On the next lower
level the reconstruction filter Fy(jω) and the anti-aliasing filter Fe(jω),
which are required for limiting the signals’ bandwidth are depicted. On
the level below, the analog-digital (A/D) and digital-analog (D/A) con-
verters together with the method used for the reconstruction of the analog
signal after the D/A conversion are presented. In this specific case a zero-
order hold method (ZOH) is shown. The bottom level is the discrete time
domain, in which calculation of the control signal y′(n) is described by
the convolution between the sampled error signal e(n) and the impulse
response of the controller Wm(z). So the overall delay in the secondary
path

τs(f) = τme (f) + τfe (f) + τad + τdsp + τda + τzoh + τfy (f) + τly (f) (3.11)

can be calculated by adding the group-delay of the microphone τme (f), the
group-delay of the anti-aliasing filter τfe (f), the analog-digital conversion
delay τad, the processing delay τdsp, the digital-analog conversion delay
τda, the zero-order hold implicit delay τzoh of Ts/2, the group-delay of
the reconstruction filter τfy (f), and the group-delay of the loudspeaker
τly (f). The group-delay of the loudspeaker and the microphone have to
be measured together, as it is important to include the physical distance
and influence of the acoustic system between them.
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As already mentioned in Sec. 2.1.2, the system can be optimized for
minimum delay by increasing the sampling frequency and choosing the
cut-off frequencies of the filters away from the frequency range of interest.
Moreover, choosing a fast digital-analog conversion technology. i.e. SAR,
can bring the conversion delays down to 1µs. However, in order to decrease
the processing delay τdsp below the sampling period Ts, the convolution has
be performed in a specific order and the DAC and ADC control signals have
to be decoupled. How this is done is presented in the following subsection.

3.1.1. Towards low-latency processing

The discrete-time filtering of a causal recursive filter and its input signal
x(n) can be written as two sums

y(n) =
K∑

k=0

bk · x(n− k)−
L∑

l=1

al · y(n− l), (3.12)

where the first one describes the interaction of its input samples with its
feed-forward filter coefficients bk, and the second one the interaction of
its past outputs with its feedback coefficients al. For the case of a non-
recursive filter, e.i. an FIR filter, the second sum disappears. Depending
on the order of the filter, the computational power of the target platform,
and the strategy of calculation, the time needed to calculate both sums of
products for one input sample, called the processing latency, may increase
beyond the sampling period or decrease below it. The first case would
produce that the result of the convolution will not be ready before the
new input sample comes, while the second case would produce a result
before the next sample arrives. If ADC and DAC units are clocked with
the same signal, i.e. coupled together, the processing latency will have
an effective value that is a multiple of the sampling period and greater
or equal to its real value. To get rid of this undesirable extra processing
latency and reach an effective value equal to the real value, the ADC and
DAC units should be decoupled.
If the sampling period is as long as or longer than the time required to

calculate the convolution, then the input and output samples involved in
the convolution do not change during its calculation. In that case, the first
term of the left sum of products may be pulled out

y(n) = b0 · x(n) +
K∑

k=1

bk · x(n− k)−
L∑

l=1

al · y(n− l) (3.13)

to show that besides x(n), all other input samples were already known
before starting with the calculation. This fact is strategically used to
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(a) (b)

Figure 3.4.: Special cases of a 2nd order IIR filter: (a) Hybrid Form I and and
(b) Transposed Direct Form II.

prepare a precalculated output for the next sample time n+ 1

ỹ(n+ 1) =
K∑

k=1

bk · x(n− k + 1)−
L∑

l=1

al · y(n− l + 1). (3.14)

Then, upon the arrival of the next input sample x(n+ 1), only one multi-
plication and one addition have to be performed

y(n+ 1) = b0 · x(n+ 1) + ỹ(n+ 1). (3.15)

Once these two calculations are ready, the D/A is signaled to convert
the output sample. Hence, from the moment in which the A/D provides
x(n+ 1) and the respective control signal y(n+ 1) is handed-over to the
D/A, only the time required to calculate one multiplication and one addi-
tion is required.

If this simple strategy is implemented with an IIR Direct Form I sub-
block for the calculation of ỹ(n+ 1), then the implementation is a special
case of an IIR Hybrid Form I (see Fig. 3.4a). In this case we will say
that the convolution calculation is decoupled from the filter’s memory. If
the precalculation is applied iteratively, then the behavior matches the
well-known IIR Transposed Direct Form II (see Fig. 3.4b).
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3.2. Stability

The stability of a feedback system can be determined by analyzing its
characteristic equation

Cm(z) = 1 + S(z) ·Wm(z), (3.16)

which corresponds to the denominator of the sensitivity and complemen-
tary sensitivity functions. The locations of the zeros of this equation are
the same as the positions of the poles of the sensitivity and complementary
sensitivity functions. Thus, if the characteristic equation has a zero out-
side the unit circle, then the feedback system has an unstable pole. This
is a very straightforward stability analysis, if the pole-zero descriptions of
S(z) and Wm(z) are available. However, in acoustics such descriptors are
inconvenient, due to the high complexity, delays, and variability that the
acoustic systems have [Elliott, 2008].
As an alternative, the Nyquist stability criterion [Nyquist, 1932] in the

Z-domain [Franklin et al., 1997] can be applied to determine the stability of
systems for which only the frequency responses and/or impulse responses
are known. The analysis makes use of the Cauchy’s argument principle

−
∮

κ

C′m(z)
Cm(z)dz = 2 · π · j · (ZCm,κ − PCm,κ). (3.17)

It states that the contour integration of the logarithmic derivative of Cm(z)
is proportional to the difference between the number of zeros ZCm,κ and
poles PCm,κ of Cm contained within the contour κ. Because the problem-
atic zeros are found outside the unit circle, the contour κ presented in
Fig. 3.5a is used. For comparison the contour used for an s-domain analy-
sis is presented in Fig. 3.5b as well. As can be seen, both contours enclose
without self-intersections the regions where the problematic zeros may be
located. Since both contours are clockwise oriented, a minus sign is used
in front of the integral in Eq. 3.17.
In general, the analysis is continued by determining the amount of un-

stable poles inside κ that the controller Wm(z) and the secondary path
S(z) have. Once this is determined, it is used to replace PCm,κ in Eq. 3.17,
because the poles of these systems are the same as the poles of the char-
acteristic equation Cm(z). However, the control of unstable systems is
outside the scope of the present work and for our analysis PCm,κ = 0 will
cover all relevant cases. Thus, Eq. 3.17 is re-arranged

ZCm,κ = − 1
2 · π · j

∮

κ

C′m(z)
Cm(z)dz (3.18)

to find the amount of problematic zeros ZCm,κ with help of the weighted
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(a) (b)

Figure 3.5.: Nyquist criterion evaluation contour: (a) for discrete time systems
in the z-domain and (b) for time continuous systems in the s-domain given
in [Franklin et al., 1997].

contour integral over κ. If the substitution Cm(z) = O(z) + 1 is used in
Eq. 3.18

ZCm,κ = − 1
2 · π · j

∮

κ

O′(z)
O(z) + 1dz, (3.19)

then the contour integral can be expressed in terms of the open-loop trans-
fer function

O(z) = Wm(z) · S(z). (3.20)
Subsequently, instead of calculating the integral over κ in z, the integral is
reformulated following the contour O(κ) in O, such that Eq. 3.19 simplifies
to

ZCm,κ = − 1
2 · π · j

∮

O(κ)

1
O + 1dO. (3.21)

Now, instead of calculating the right-hand side of Eq. 3.21 to find ZCm,κ,
the Cauchy’s integral formula

1
2 · π · j

∮

cc

g(x)
x− adx =

{
g(a) a inside cc
0 otherwise

(3.22)

is used to find the solution. It states that if the point in the complex plane
x = a is contained in the counterclockwise-oriented contour cc without self-
intersections, then the contour integral evaluates to g(a), and otherwise to
zero. The contour cc can be oriented in the clockwise direction (renamed
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(a) (b)

Figure 3.6.: Nyquist plot example of an stable system: (a) The open-loop
transfer function O(z) evaluated along the contour κ; and (b) the open-loop
transfer function O(z) evaluated along the upper-half of the unit circle.

as c), if a compensating change of sing is used in the integral

− 1
2 · π · j

∮

c

g(x)
x− adx =

{
g(a) a inside c
0 otherwise

(3.23)

such that it matches the orientation of O(κ). If the function g(x) = 1, the
Nyquist point a = (−1, 0), the variable x = O, and the clockwise-oriented
contour c = O(κ) are chosen, then this can be used for the current analysis

ZCm,κ = − 1
2 · π · j

∮

O(κ)

1
O + 1dO =

{
1 (−1, 0) inside O(κ)
0 otherwise

(3.24)

to solve Eq. 3.21 by visual inspection of O(κ).
One complication arises from the contour O(κ), because there is no

restriction that ensures that it contains no intersection with itself. So,
as in the examples presented in Fig. 3.6a and in Fig. 3.7a, there can be
sub-contours that encircle areas of the complex plane with different orien-
tations. In this case, the total number of unstable roots equals

ZCm,κ = Ncw
O(κ) −Nccw

O(κ), (3.25)

where Ncw
O(κ) is the number of clockwise encirclement of the Nyquist point

made by the sub-contours of O(κ) and Nccw
O(κ) is the number of counter-

clockwise ones.
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(a) (b)

Figure 3.7.: Nyquist plot example of an unstable system: (a) The open-loop
transfer function O(z) evaluated along the contour κ; and (b) the open-loop
transfer function O(z) segment corresponding to the upper-half of the unit
circle.

3.2.1. Simplification of the contour analysis

In practical applications of this analysis there are three important simpli-
fications that are made on the contour O(κ). First, because of the delays
in the impulse response of the open-loop O(z), the evaluation of O(κ) on
the more distant contour section (where |z| ∼=∞) results in values that are
zero in the limit. Therefore, their visualization is neglected, as with a ra-
dius close to zero they can not encircle the Nyquist point in any direction.
Second, the connection of the inner and outer section of the contour is
chosen arbitrarily, so it can not determine the stability of the system and
is therefore also excluded. And third, O(κ) can be completely described
by the evaluation of κ on the upper-half of to the unit-circle. As shown
in Fig. 3.6b and Fig. 3.7b, by considering the half of the sub-contours and
their orientations, the stability or instability of the feedback loop can still
be visually determined. Because of the above described simplifications, the
following discussion is motivated to provide proof that the simplifications
can not compromise the accuracy of the analysis.
An equivalent analysis to the one already presented can be achieved

using the two contour integrals

ZCm,c = 1
2 · π · j

(∮

κ∞

C′m(z)
Cm(z)dz −

∮

κc

C′m(z)
Cm(z)dz

)
, (3.26)

to calculate the amount of zeroes ZCm,c outside the unit circle that the
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characteristic function Cm has. It should not be forgotten, that here
the controller and the secondary path are stable systems, and therefore,
PCm,c = 0 holds. Here, the first contour integral is calculated over the
circle |z| ∼= ∞ to obtain the difference between the overall amount of ze-
roes and poles in the entire z-domain. On the other hand, the second
contour integral is calculated over the unit circle z = ejΩk and provides
information about the difference between zeroes and poles inside of it.

The value of the first integral can be calculated by the following polynomial-
degree analysis. If the open-loop transfer function is divided for the anal-
ysis

O(z) = N(z)
D(z) (3.27)

in its numerator N(z) and its denominator D(z), it is known that for
realizable systems the degree of the numerator polynomial deg(N) has to
be smaller or equal to the degree of the denominator deg(D). In the case
of the present application, the more restrictive case

deg(N) < deg(D) (3.28)

has to be enforced, in order to avoid a delay-free loop condition in the
feedback system. Equation 3.27 is used in Eq. 3.16 to replace the open-
loop

Cm(z) = D(z) +N(z)
D(z) (3.29)

in the characteristic equation. It is known that the degree of the addition of
two polynomials is lower or equal than the highest degree of the operands,
i.e. deg(D + N) ≤ max(deg(D), deg(N)). However, in cases where the
polynomials are known to be of different degrees, the equality

deg(D +N) = max(deg(D), deg(N)) (3.30)

holds. If Eq. 3.28 is applied, then the equality

deg(D +N) = deg(D) (3.31)

is found. This implies that in the characteristic equation Cm(z) the amount
of poles and zeroes are equal and, therefore, the left-hand side integral in
Eq. 3.26 ∮

κ∞

C′m(z)
Cm(z)dz = 0 (3.32)

evaluates to zero. Then Eq. 3.26 can be re-written as

ZCm,c = − 1
2 · π · j

∮

κc

C′m(z)
Cm(z)dz, (3.33)
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(a) (b)

Figure 3.8.: Solution space (in gray) produced by the nominal stability con-
straints in the Nyquist plot of the contour O(jΩ+

k ) = Ŝ(jΩ+
k ) ·Wm(jΩ+

k ). In
(a) the solution space of the constraint based on a vertical line and in (b) the
solution space of the constraint based on a hyperbolic curve.

where the amount of zeroes outside the unit circle ZCm,c of Cm(z) can be
determined by the contour integral along the unit circle κc.
Following the same procedure to derive Eq. 3.25 in the past section, it

can be shown that the number of unstable roots

ZCm,c = Ncw
O(κc) −Nccw

O(κc) (3.34)

equals to the number of clockwise encirclement of the Nyquist point made
by the sub-contours of the open-loop evaluated on the unit circle Ncw

O(κc),
minus the counter-clockwise ones Nccw

O(κc).

3.2.2. Nominal stability

In order to analyze the stability of the system without having to repeatedly
plot the contour produced by the controller under design, mathematical
constraints based on inequalities can be used. These restrict the area of
the Nyquist plot where the open-loop contour is allowed to move, so that
an encirclement of the Nyquist point is not possible.
The first of these constraints is based on a vertical line

∣∣O(jΩ+
k )
∣∣ ≤
∣∣2 · ρ+O(jΩ+

k )
∣∣ (3.35)

that crosses the x-axis on the point (−ρ, 0), as shown in Fig. 3.8a. The
parameter is chosen 0 < ρ < 1, such that the Nyquist point is excluded,
but maintaining the origin (0, 0) inside the area. Although this constraint
is simple and effective to avoid an encirclement of the Nyquist point, it is
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too restrictive. As a further more relaxed alternative, the left-hand half of
an hyperbola

|%−O(jΩ+
k )| ≤ |%+O(jΩ+

k )|+ 2 · ρ, (3.36)
with foci at (−%, 0) and (%, 0) can be used, as shown in Fig. 3.8b. Here, the
parameter 0 < ρ < 1 determines the intersect of the hyperbola with the
x-axis at the point (−ρ, 0). The curvature of the hyperbola is controlled
by its asymptotes

y = ±
√
%2 − ρ2

ρ
· x, (3.37)

with x and y as the standard variables for the cartesian plane. Thus, the
more distant the foci, the closer the hyperbola gets to a vertical line. It
is worth to explicitly mention that the constraint ρ < % has to be fulfilled
and that it is not recommended to take a % too close to ρ, as this will
cause an very (horizontally) flat and thin hyperbola. Thus, when using
sampled frequencies, consecutive points in the contour may jump over the
forbidden area, as the phase variation may be relatively high. This could
produce an encirclement of the Nyquist point, which may not be detected
by evaluating the constraint.

Gain and phase margins

Given that the feedback loop has been correctly designed to be stable, a
quantitative measure of its robustness towards changes on the secondary
path S(z) can be extracted from the Nyquist plot. As shown in Fig. 3.9,
by evaluating the open-loop on the upper-half of the unit circle O(κ+

c ),
two intersections can be found. The first one is the closest to the Nyquist
point that the contour does with the x-axis. The magnitude of the contour
at that point is the reciprocal of the Gain Margin (GM). The GM is the
increment in gain that the secondary path can have before the system
becomes unstable. The second intersection is the closest intersection to
the Nyquist point that the contour does with the unit circle. The angle
formed between the Nyquist point and the intersection point is called the
Phase Margin PM. The PM is the variation in phase that the secondary
path S(z) can have before the feedback system becomes unstable.
If the inequality based on the vertical line in Eq. 3.35 is used, then the

achievable gain margin
1

GMVL
≤ ρ (3.38)

is directly constrained by the parameter ρ. Moreover, the minimum en-
sured phase margin

PMVL ≥ arccos(ρ) (3.39)
is determined by the intersect of the vertical line with the unit circle. Thus,
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Figure 3.9.: Gain margin GM and phase margin PM determined by visual
inspection of the Nyquist plot of the open-loop evaluated along the upper-
half of the unit circle O(κ+

c ).

the smaller the ρ, the bigger the phase margin. If the inequality based on
the hyperbola in Eq. 3.36 is used instead, then the achievable gain margin

1
GMH

≤ ρ (3.40)

is also constrained by the parameter ρ. The phase margin in this case can
be calculated by finding the intersection of the hyperbola with the unit
circle. This results in a minimum phase margin given by

PMH ≥ arccos
(√

ρ2 · %2 + ρ2 − ρ4

%2

)
. (3.41)

A disadvantage of these measures of stability is that they can not be
used to foresee the stability of the system upon simultaneous changes in
gain and phase. For addressing these cases, robust stability constraints
are going to be derived in the next section, based on an uncertainty model
built on different secondary path measurements.

3.2.3. Robust stability
In the context of ANC headphones, the secondary path S(z) varies from
person to person, because of anatomical reasons, and may change dras-
tically, because of varying wearing situations. In order to incorporate
this variability in the controller design method, a so-called multiplicative
uncertainty model [Skogestad and Postlethwaite, 2005] is built. A multi-
plicative uncertainty model is based on a set of I finite impulse responses
of the secondary path, measured under different wearing situations and us-
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Figure 3.10.: Frequency responses of the secondary paths measured with
six subjects and six wearing positions. The nominal secondary path S0(f )
( ) used for the calculation of the multiplicative uncertainty G2(f ) ( )
are highlighted.

ing different human subjects. The finite impulse responses si(n) of length
Ls and i ∈ {0, · · · , I − 1} are Z-transformed

Si(z) =
Ls−1∑

n=0

si(n)z−n (3.42)

and evaluated over the unit-circle following the substitution rule z = ejΩk ,
with Ωk = 2π

N
k and k ∈ {0, 1, . . . ,N − 1}. The result is used to calculate

the secondary path’s maximum multiplicative magnitude deviation over
frequency

G2(Ωk) = max
i

∣∣∣Si(jΩk)− S0(jΩk)
S0(jΩk)

∣∣∣, (3.43)

with S0(jΩk) being the nominal secondary path impulse response. This
can be chosen as the impulse response si(n) that produces the G2(Ωk) with
the smallest maximal magnitude over frequency. The maximum multi-
plicative magnitude deviation G2(Ωk) is used then to model the secondary
path as

S(jΩk) = S0(jΩk)
(

1 +G2(Ωk) ·∆(jΩk)
)

, (3.44)

being ∆ the subset of complex numbers that fulfills the condition

|∆(jΩk)| ≤ 1, ∀Ωk. (3.45)

As a result of this, the phase deviation is unbounded.

Example In Fig. 3.10 the frequency response of 36 measured secondary
paths are presented in gray. The measurements were conducted following
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the parameters presented in [Rivera Benois and Zölzer, 2019], with six
subjects wearing the headphones in six different positions. From these six,
three of them are tight-fit positions, as the ones described in [Rivera Benois
and Zölzer, 2019], and the other three are lose-fit positions with 1, 2,
and 3 cm distance from the earcup’s cushion to the subject’s heads. The
nominal secondary path S0(f), presented in black, is chosen as the impulse
response in the measurement set that produces the smallest multiplicative
uncertainty G2(f), presented in dashed black. It can be seen, that in the
low-frequencies the measurements can be grouped in two sub-sets: the first
having a positive gain, due to the tight-fit scenario, and the second having
a loss in gain, due to the lose-fit scenario. As a result of the decrease in gain
in the low-frequencies, a resonance in the 300-700Hz range is produced.
In the 3-4 kHz and 5-6 kHz frequency ranges a high variability can be seen.
After the 10 kHz all measured secondary paths show a low-pass behavior.
The multiplicative uncertainty G2(f) shows in the low-frequencies a value
close to unity, produced by the high-gain that S0(f) has in comparison to
the rest of the secondary paths. In the 300-700Hz range the resonances
produce an increment in uncertainty. However, between 700Hz and 2 kHz
the variability between secondary paths decreases again and with it also
G2(f). Nevertheless, in the the 3-4 kHz and 5-6 kHz ranges, where the
gain drops with high variability, the uncertainty increases respectively. In
frequencies higher than 10 kHz it can be seen that the low-pass behavior
of the secondary path comes with a high variability, which also increases
G2(f) to its highest value near 20 kHz. From this example it could be
seen that the multiplicative uncertainty moves around the 0 dB, remaining
within the ±20 dB range.

Given the redefinition of the secondary path in Eq. 3.44, a controller
can be designed to be robustly stable upon changes in the secondary path.
This can be determined by evaluating the controller’s Z-transformed im-
pulse response wm(n) of length Lm in the frequencies of interest Ωk, and
calculating the open-loop transfer function. By substituting Eq. 3.44 in
Eq. 3.20 this yields

O(jΩk) = Wm(jΩk) · S0(jΩk)
(

1 +G2(Ωk) ·∆(jΩk)
)

. (3.46)

By using the Nyquist stability criterion for stable plants and discrete-time
controllers (which is the case with these secondary paths and controllers
based on FIR filters [Franklin et al., 1997]), a Nyquist plot, like the one in
Fig. 3.11, of the nominal open-loop transfer function

O0(jΩk) = Wm(jΩk) · S0(jΩk) (3.47)

can be drawn. By following the curve from low to high frequencies, the
number of unstable poles in Eq. 3.2 can be determined by counting the
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Figure 3.11.: Nyquist plot of the MVC open-loop system O(jΩ+
k ) evaluated in

the positive frequencies 0 ≤ Ωk < π, with uncertainty G2(Ω+
k ) and specified

maximal disturbance amplification G3(Ω+
k ).

number of clockwise encirclements that the curve does around the Nyquist
point (−1, 0). If no clockwise encirclements occur, then the system is
nominally stable and the analysis can be carried out further. In a second
step the discs

Or(jΩk) = G2(Ωk) ·∆(jΩk) ·O0(jΩk) (3.48)

with frequency-dependent radii G2(Ωk)|O0(jΩk)| are added on top of the
nominal open-loop curve by following the equation

O(jΩk) = O0(jΩk) +Or(jΩk). (3.49)

Finally, if no disc touches the Nyquist point (−1, 0), then the system is
robustly stable [Rafaely, 1997]. This graphical analysis can be expressed
mathematically as the inequality

G2(Ωk)|O0(jΩk)| < |1 +O0(jΩk)|, (3.50)

which implies that the radius of the disc has to be smaller than the distance
of the contour to the Nyquist point (−1, 0). Thus, this inequality can
be used as constraint during the optimization of the controller’s impulse
response wm to ensure that the optimal solution is robustly stable.

3.3. Disturbance Enhancement

In the context of acoustics, the secondary path is a non-minimum phase
system, because of the inherent causality that the distance between the
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loudspeaker and the microphone introduces. Moreover, this system is also
stable, as it is a feedforward concatenation of stable subsystems. Because
of the low-pass characteristic that each one of these subsystems has, the
secondary path frequency response tends to zero in the limit f → ∞. It
is known that, if the secondary path of these characteristics (stable, non-
minimum phase and proper) has at least two poles more than zeroes, then
the Bode sensitivity integral

∫ ∞

0
20 · log10 |Hm(jω)|dω = 0 (3.51)

of the equivalent continuous-time sensitivity transfer function Hm(jω)
equals zero. This implies that for an attenuation achieved in one fre-
quency, an amplification of the same magnitude is produced in another
frequency. Because of this, different approaches are used to identify the
frequency regions that should be attenuated and which ones can be ampli-
fied. Some of these methods can make use of the psychoacoustic aspects
of human hearing system to optimize the controllerWm(z) for human sub-
jects [Rivera Benois and Zölzer, 2019].

In order to limit the amplification over frequency that this effect may
cause, the frequency response of the sensitivity function Hm(jΩk) can be
limited by the frequency-dependent real-valued parameter G3(Ωk)

|Hm(jΩk)| ≤ G3(Ωk) (3.52)

during the optimization of the controller Wm(z). The constraint can be
also formulated in terms of the open-loop O(jΩk)

|1 +O(jΩk)| ≥ 1
G3(Ωk) , (3.53)

or explicitly in terms of the controller Wm(z) and secondary path S(z)

|1 + S(jΩk) ·Wm(jΩk)| ≥ 1
G3(Ωk) . (3.54)

In order to account for the variability of the secondary path, the mul-
tiplicative uncertainty model of Eq. 3.44 is used together with a graphical
analysis of the Nyquist plot, similar to the one performed for the stability
constraint. Thus, the system can be designed to have a nominal perfor-
mance, under which no point of the nominal open-loop transfer function
O0(jΩk) is allowed to enter the circle drawn by 1/G3(Ωk). This yields the
already known inequality

|1 +O0(jΩk)| ≥ 1
G3(Ωk) . (3.55)
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Furthermore, the system can be designed to have a robust performance,
under which circumstances no elements in the discs Or(jΩk) centered in
their respective O0(jΩk) curve points are allowed to enter the circle drawn
by 1/G3(Ωk). This graphical principle is equivalent to an increment of the
circle’s radius by the size of the discs, as

|1 +O0(jΩk)| ≥ 1
G3(Ωk) +G2(Ωk)|O0(jΩk)|. (3.56)

Other constraints One consideration for the digital implementation is to
limit the gain of the controller. This is done not only for security purposes,
but also to avoid the amplification of the ADC’s noise floor to a level that
is audible. This can be done by comparing the magnitude response of the
controller to that of a maximum gain curve as in the inequality

|Wm(Ωk)| ≤ G4(Ωk), (3.57)

where G4(Ωk) can be chosen as an inverted noise weighting curve or as a
constant. Something similar can be done for the impulse response coeffi-
cients ∣∣wm

∣∣ ≤ g5, (3.58)
in order to limit their magnitude.

3.4. Controller Optimization

In this section, the design of the controller is formulated as a convex op-
timization problem. This guarantees that any local minimum found with
SQP als yields the global one. The cost function is based on the frequency
response of the weighted denominator of the system sensitivity function in
Eq. 3.2

Cc
m(jΩk) = G1(jΩk) ·

(
1 +Wm(jΩk) · S0(jΩk)

)
, (3.59)

where G1(jΩk) is the estimated disturbance signal’s energy content and
S0(jΩk) is the nominal secondary path chosen for the multiplicative un-
certainty model of S(jΩk). The cost function is defined as the sum over
squared values of Cc

m(jΩk)

Cmvc(wm) = 2
N

N/2−1∑

k=0

∣∣∣Cc
m(jΩk)

∣∣∣
2
. (3.60)

This cost function builds a quadratic dependency with respect to the con-
troller coefficients wm and is tightly related to the 2-norm of its DTFT
counterpart. Alternatively, the sum can be calculated over a frequency



3.4. Controller Optimization 59

range of interest

C′mvc(wm) = 2
kh − kl + 1

kh∑

k=kl

∣∣∣Cc
m(jΩk)

∣∣∣
2
, (3.61)

starting from kl and ending at kh, the indices of the lowest fl and highest
fh frequencies, respectively. The sum over a desired attenuation band-
width of interest was suggested by Pawelczyk in [Pawełczyk, 2002], for the
optimization of analogue recursive feedback controllers.

Constraints Together with the cost functions, the constraints are also
re-defined to yield a convex programming problem. These changes do
not alter the effect of the constraints on the optimal solution, but intro-
duce a quadratic dependency with respect to the controller coefficients
wm [Rafaely, 1997]. Additionally, the constraints are evaluated only on
positive frequencies, in order to avoid extra computational load due to
redundancies. Based on these principles, the inequalities for nominal sta-
bility in Eq. 3.35 and Eq. 3.36 take the form

∣∣O0(jΩ+
k )
∣∣2 ≤

∣∣2 · ρ+O0(jΩ+
k )
∣∣2, (3.62)

and

|%−O0(jΩ+
k )|2 ≤ |%+O0(jΩ+

k )|2 + 4 · ρ|%+O0(jΩ+
k )|+ 4 · ρ2. (3.63)

The robust stability constraint in Eq. 3.50 is re-written as

G2
2(Ω+

k )|O0(jΩ+
k )|2 < |1 +O0(jΩ+

k )|2, (3.64)

while the inequality for nominal performance in Eq. 3.55 and for robust
performance in Eq. 3.56 are re-written as

|1 +O0(jΩ+
k )|2 ≥ 1

G2
3(Ω+

k )
(3.65)

and

1
G2

3(Ω+
k )

+ 2G2(Ω+
k )

G3(Ω+
k )
|O0(jΩ+

k )|+G2
2(Ω+

k )|O0(jΩ+
k )|2 < |1 +O0(jΩ+

k )|2

(3.66)
Additionally, the constraints for gain limiting in Eq. 3.57 and impulse re-
sponse coefficients’ magnitude in Eq. 3.58 are also re-written in its respec-
tive squared terms as

|Wm(jΩ+
k )|2 ≤ G2

4(Ω+
k ). (3.67)
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and ∣∣wm
∣∣2 ≤ g2

5 . (3.68)

3.4.1. Optimization results

The optimizations results presented in this section are obtained using the
nonlinear programming solver fmincon() together with the SQP algo-
rithm from the MATLAB 2019a optimization toolbox. The parameters
MaxIterations and MaxFunctionEvaluations are set to max(200,Lm) and
200 · Lm, respectively. All the optimization runs presented here found the
optimal solution before reaching these iteration limits. The starting solu-
tion for the coefficients’ optimization is set to zero. The sampling frequency
fs = 48 kHz and the FFT length N = 4096 are chosen.

102 103 104

−20

0

20

Frequency in Hz

M
ag

ni
tu

de
in

dB

G1(f)
G2(f)
G3(f)
G4(f)

Figure 3.12.: Frequency dependent parameters used for the optimization of
the MVC impulse response: The weighting function G1(f ), the multiplicative
uncertainty G2(f ), the maximum amplification of 3 dB G3(f ) and the maxi-
mum controller gain G4(f ).

In Fig. 3.12 the frequency-dependent parameters used during the op-
timization are presented. G1 is chosen as the frequency response of a
first-order high-cut shelving filter with cut-off frequency fc = 8 kHz and
−26dB in the stop-band, mimicking the passive attenuation of the pri-
mary path over frequency. The multiplicative uncertainty G2 is calculated
from the impulse response measurements of the secondary path presented
in Fig. 3.10. The maximum sensitivity function’s disturbance amplification
G3 is chosen as 3 dB. The maximum controller gain over frequency G4 is
chosen as G1 scaled up, such that an amplification of 26 dB is reached in
the pass-band.
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The following results are presented so that the influence of variations on
the constraints and the optimization parameters are understood.

Nominal stability constraints As the first step, the nominal stability con-
straint to be used during the rest of the optimizations is evaluated. For
this, the controller’s impulse response length is set to 256 coefficients. The
cost function in Eq. 3.61 with lower index kl = 0 and higher index kh = 170
are used, which yields a weighted sum over all positive frequencies below
2 kHz. The first impulse response is subject to the hyperbolic constraint
in Eq. 3.36, with foci at (−2, 0) and (2, 0), and intersection with the x-
axis at the point (−0.8, 0). According to Eq. 3.40 and Eq. 3.41 this yields
a GMH ≥ 1.25 and a PMH ≥ 33.36◦, respectively. The second impulse
response is subject to the vertical line constraint in Eq. 3.35, with x-axis
intersection at (−0.8, 0). According to Eq. 3.38 and Eq. 3.39 this yields a
GMVL ≥ 1.25 and a PMV L ≥ 36.87◦, respectively.
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Figure 3.13.: The Nyquist plot produced by the contour O(jΩ+
k ) = S0(jΩ+

k ) ·
Wm(jΩ+

k ), when subject to the (a) vertical line constraint and the (b) hyper-
bolic curve constraint. Both intersections are set to (−0.8, 0) and the foci to
(−2, 0) and (2, 0). Parameters: fs = 48 kHz, N = 4096, Lm = 256, fl = 0Hz,
fh = 2 kHz.

The obtained Nyquist plots presented in Fig. 3.13 show that the contour
of the open-loop follows the boundary imposed by the constraints very
closely. Thus, the hyperbolic curve offers its optimal impulse response ad-
ditional freedom at the cost of a small decrement in the PM. The sensitivity
functions presented in Fig. 3.14 corroborate the better results achievable
with the hyperbolic curve constraint. Furthermore, not only the attenu-
ation magnitude is higher, but also the achieved attenuation bandwidth.
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Figure 3.14.: Development of the optimal sensitivity function Hm(f ) when it
is subject to the the hyperbolic and vertical nominal stability constraints. Both
intersection are set to (−0.8, 0) and the foci to (−2, 0) and (2, 0). Parameters:
fs = 48 kHz, N = 4096, Lm = 256, fl = 0Hz, fh = 2 kHz.

Further design constraints As a second step, the development of the op-
timal controller subject to increasingly restrictive constraints is analyzed.
For this, the controller impulse response length is set to Lm = 256 and
the hyperbolic nominal stability constraint is used. As seen before in
Fig. 3.14, if the controller is only constrained to be nominally stable, an
important attenuation can be achieved within the bandwidth defined by
the cost function and G1. However, the optimal controller not only has a
high gain within the desired attenuation bandwidth, but also at very high
frequencies, where it is known that the secondary path varies substantially.
In order to avoid these high gains, the controller’s frequency response is

limited with G4(f) from Fig. 3.12. The restrictive effect of the constraint
on the controller’s gain can be seen from Wm(f)

∣∣G4 in Fig. 3.15. Between
5 kHz and 20 kHz the controller reaches the maximum gain given by G4.
Limiting the gain of the controller also limits the attenuation bandwidth
in its sensitivity function Hm(f)

∣∣G4 presented in Fig. 3.16. Nevertheless,
this also minimizes the gain of the resonances produced by the waterbed-
effect in the frequencies outside the attenuation bandwidth. An impor-
tant resonance of 13 dB at approx. 4 kHz remains. In order to achieve
a some control over the waterbed-effect, the nominal performance con-
straint together with G3(f) is used. Its effect on Hm(f)

∣∣G3G4 can be
seen in Fig. 3.16. Here, no amplification produced by the waterbed-effect
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exceeds the given limit of 3 dB. A negative effect of this is that the at-
tenuation magnitude and bandwidth decrease and that an amplification
appears between 40 and 50Hz.

102 103 104
−20

0

20

40

Frequency in Hz

M
ag

ni
tu

de
in

dB
Wm(f)

∣∣G4

Wm(f)
∣∣G3G4

Wm(f)
∣∣G2G3G4

Wm(f)
∣∣G2G3(2)G4

Figure 3.15.: Development of the optimal controller Wm(f ) when constraints
are enforced in increasingly restrictive order. The hyperbola intersection is
set to (−0.8, 0) and the foci to (−2, 0) and (2, 0). Parameters: fs = 48 kHz,
N = 4096, Lm = 256, fl = 0Hz, fh = 2 kHz.

If the robust stability constraint based on G2(f) is introduced, a change
in attenuation performance can be seen in Hm(f)

∣∣G2G3G4 from Fig. 3.16.
Thus, the increase in uncertainty thatG2(f) shows between 400 and 600Hz
in Fig. 3.12 imposes a limitation in the achieved attenuation. At the same
time, the smaller uncertainty between 700 and 3000Hz allows an improve-
ment in the achieved attenuation between 600 and 1500Hz. If the robust
performance constraint is enforced, the maximum amplification parameter
G3(f) is evaluated taking in consideration the uncertainty G2(f) following
the inequality in Eq. 3.56. The effect of the combined parameters is an
important loss in attenuation in Hm(f)

∣∣G2G3(2)G4. However, the max-
imal amplification produced by the sensitivity function also decreases to
approx. 1.5 dB. If both curves Wm(f)

∣∣G2G3G4 and Wm(f)
∣∣G2G3(2)G4

are compared in Fig. 3.15, it can be seen that the magnitude responses
are very similar and that the effect of the robust performance constraint
limits the gain of the controller in an almost homogeneous way throughout
frequency.

Controller’s impulse response length In a third step, the effect of the
impulse response’s length is analyzed. For these optimizations the solution
is subject to the nominal and robust stability constraints, together with
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Figure 3.16.: Development of the optimal sensitivity function Hm(f ) when
constraints are enforced in increasingly restrictive order. The hyperbola in-
tersection is set to (−0.8, 0) and the foci to (−2, 0) and (2, 0). Parameters:
fs = 48 kHz, N = 4096, Lm = 256, fl = 0Hz, fh = 2 kHz.

the maximum controller gain and nominal performance constraint. Thus,
equivalent to the case Hm(f)

∣∣G2G3G4. As can be seen from the results
presented in Fig. 3.17, even with a very short impulse response of Lm = 8,
a broad attenuation bandwidth of 2 kHz can be achieved. The attenuation
covers more critical bands, while its magnitude dominates over the small
amplifications produced in the mid- and high-frequencies. If the impulse
response is increased to Lm = 32, the attenuation bandwidth decreases
to 1.6 kHz, but the attenuation around 1 kHz is increased from 2.6 dB to
6.9 dB. With a further increase to Lm = 128 the attenuation levels around
10 dB can be reached. At the same time this implicates an almost flat
amplification of 3 dB in the frequency range between 1.4 and 8 kHz. With
a length of Lm = 512 an important attenuation between 100 and 200Hz is
produced, although with a overall smaller attenuation bandwidth and an
amplification between 30 and 40Hz. Thus, it could be seen that the longer
impulse response is, the smaller the attenuation bandwidth gets in favor of
a higher attenuation magnitude. In order to control this effect, G3(f) can
be used to fix the minimum attenuation bandwidth to the one achievable
by a shorter controller. Such that, the controller length is invested in the
increment of the attenuation magnitude.

Cost function bandwidth In a fourth step, the effect of the cost func-
tion bandwidth is analyzed. For this effect, the lowest frequency is set to
fl = 0 and the highest frequency fh, up to which the cost function is calcu-
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Figure 3.17.: Optimum sensitivity functions obtained with different impulse
response lengths. The hyperbola intersection is set to (−0.8, 0) and the foci to
(−2, 0) and (2, 0). Parameters: fs = 48 kHz, N = 4096, fl = 0Hz, fh = 2 kHz,
constraints combination G2G3G4.

lated, is incremented. For these optimizations the solution is subject to the
nominal and robust stability constraints, together with the maximum con-
troller gain and nominal performance constraint. Thus, equivalent to the
case Hm(f)

∣∣G2G3G4. In Fig. 3.18 the results for the four different band-
widths are presented. It can be seen that, if the bandwidth is limited to
100Hz, then a better attenuation in the low frequencies can be achieved.
However, a prominent ripple is produced outside that frequency range,
with amplifications that remain below the 3 dB constraint. The same is
also seen in the results for fh = 200, although the effect is less dominant.
This kind of behavior can be controlled, if a further constraint is used
to set the maximum attenuation outside the attenuation bandwidth. If
fh is further incremented to 500Hz, the attenuation in frequencies lower
than 160Hz decreases in favor of an improvement in the frequencies up to
850Hz. The ripple decreases to a minimum. If the bandwidth is incre-
mented up to 2 kHz, then neither further improvements in the attenuation
of higher frequencies nor a decrement in the ripple are perceived. Further
optimizations were performed with a bandwidth up to 3 kHz, but they
were omitted, because no visible difference with the 2 kHz could be seen.

3.5. Summary

In this chapter the minimum variance control scheme has been presented.
Its working principle allows the attenuation of a disturbance signal d(n)
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Figure 3.18.: Optimum sensitivity functions obtained with different cost func-
tion bandwidths. The hyperbola intersection is set to (−0.8, 0) and the foci to
(−2, 0) and (2, 0). Parameters: fs = 48 kHz, N = 4096, Lm = 512, fl = 0Hz,
constraints combination G2G3G4.

without the need for a time-advanced reference x(n), but instead by mea-
suring the residual error e(n). Because of its feedback working principle,
the system is not subject to the limitation of the FF control scheme due
to the loss in correlation between x(n) and d(n). However, because of the
feedback loop built by the controllerWm(z), the system is subject to stabil-
ity considerations instead. For taking these into account while designing
the controller, stability constraints based on the frequency responses of
the controller Wm(f) and the secondary path S(f) have been developed
in Sec. 3.2. These constraints are extended to provide stability even in
contexts where the secondary path varies over time and frequency. This is
achieved by measuring its uncertainty over frequency G2(f) for different
headphones’ wearing situations.
One of the downsides of the feedback controller is the waterbed-effect.

This basically produces for any attenuation of the disturbance in one fre-
quency region, an equivalent amplification in another frequency range. In
order to gain some control over this effect, performance constraints have
been developed in Sec. 3.3. These constraints limit the maximum ampli-
fication that the system may produce on d(n), given by the frequency-
dependent parameter G3(f). If the secondary path’s uncertainty over fre-
quency G2(f) is considered, a maximum amplification can be ensured for
all measured wearing situations.
In Sec. 3.4 the optimization of the controller’s finite impulse response

wm(n) has been formulated as a convex problem. Thus, an optimiza-
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tion routine based on the SQP algorithm ensures to find the optimum
controller that minimizes the given cost function, subject to the stability
and performance constraints. Based on this formulation optimization runs
were performed under different parameter constellations. From them it is
concluded that the impulse response length does not limit the attenua-
tion bandwidth, but instead the attenuation magnitude. The secondary
path’s uncertainty over frequency G2(f) shapes the attenuation magni-
tude within the achieved attenuation bandwidth. Thus, in frequency re-
gions where G2(f) is high, the attenuation magnitude gets smaller. On the
other hand, in frequency regions where G2(f) is low, the attenuation mag-
nitude gets higher. If the cost function’s bandwidth is limited to very low
frequencies, a better attenuation magnitude inside of its frequency range
can be achieved. However, a strong ripple effect is produced outside of
its bandwidth. The magnitude of the ripple decreases when a higher cost
function bandwidths are used. At the same time the attenuation band-
width is increased. However, after the attenuation bandwidth reaches a
maximum, further increments in the cost function bandwidth do not alter
the achieved result.
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CHAPTER 4

Internal Model Control

In order to partially overcome the bandwidth limitations of the Mini-
mum Variance Controller, and extend the attenuation capabilities of the
feedback control system to tonal components, the Internal Model Control
(IMC) [Morari and Zafiriou, 1989] can be used. Its block diagram is pre-
sented in Fig. 4.1. The system uses an estimated secondary path Ŝ(z) to
estimate d(n), by compensating the influence of the control signal y(n)
on the residual error e(n). The estimated disturbance d̂(n) is used as an
input for the controller Wi(z) to calculate the control signal y′(n). Thus,
by means of the secondary path estimate Ŝ(z), clipping effects suffered by
the control signal y(n) can also be modeled and compensated, before the
control signal is calculated [Pawełczyk, 2005].

Figure 4.1.: System block diagram of the Internal Model Control scheme
applied to headphones.
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From the system block diagram the equations

E(z) = D(z)− S(z) · Y ′(z) (4.1)

and

Y ′(z) = Wi(z)
(
Ŝ(z) · Y ′(z) + E(z)

)
(4.2)

→ Y ′(z) = Wi(z)
1− Ŝ(z) ·Wi(z)

E(z), (4.3)

are derived. Using Eq. 4.3 to replace Y ′(z) in Eq. 4.1

E(z) = D(z)− S(z) Wi(z)
1− Ŝ(z) ·Wi(z)

E(z) (4.4)

→ E(z)
(

1 + S(z) Wi(z)
1− Ŝ(z) ·Wi(z)

)
= D(z) (4.5)

→ E(z)
(

1 +
(
S(z)− Ŝ(z)

)
Wi(z)

1− Ŝ(z) ·Wi(z)

)
= D(z) (4.6)

the system’s sensitivity function

Hi(z) = E(z)
D(z) = 1− Ŝ(z) ·Wi(z)

1 +
(
S(z)− Ŝ(z)

)
·Wi(z)

(4.7)

can be derived. If this equation is compared to the one of the MVC system
in Eq. 3.2, it can be seen that the feedback produced by the controllerWi(z)
is being reduced by the factor S(z) − Ŝ(z). Furthermore, if Ŝ(z) = S(z)
holds and the equation

D(z) = P (z) ·X(z) (4.8)

is used to include the influence of the primary path in Eq. 4.7

E(z)
X(z) = P (z)

(
1− S(z) ·Wi(z)

)
, (4.9)

then the IMC finds its feedforward equivalent system (see Fig. 4.2). So
the condition Ŝ(z) = S(z) is a sufficient stability condition, given that
the controller itself is stable. The controller that minimizes the transfer
function

Ŵ opt
i (z) ≈ 1

S(z) (4.10)

is the inverse of the secondary path, which can only be estimated because
the system S(z) is non-minimum phase. The immediate advantage of this
approach is that the controller Wi(z) can be derived using the Wiener
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Figure 4.2.: System block diagram of the Internal Model Control feedforward
equivalent system when the condition Ŝ(z) = S(z) is fulfilled.

formulations presented in the Sec. 2.3 [Elliott, 2001b]. Moreover, by do-
ing some adaptations, the implementation of an adaptive controller using
the Filtered-x LMS algorithm is also possible. However, this equivalent
feedforward system is constantly under the comb filter effect depicted in
Fig. 2.4. The magnitude of this effect is in this case higher, because of the
absence of the primary path P (z) in the direct path to compensate for the
delays in the secondary path. Nevertheless, the causality limitations do
not limit the system’s capability to attenuate periodic noise.
In this chapter the H2/H∞ method proposed by Rafaely in [Rafaely,

1997] for the convex optimization of an FIR filter as IMC controller is used.
As shown by Rafaely, if the problem can be formulated as a convex opti-
mization task [Gill et al., 1981], then a solution based on SQP [Fletcher,
1987] yields a global optimum subject to the designed constraints. The sta-
bility analysis in this work is slightly different, though, because a further
analysis of the inner stability of the system and the constraints’ solution
space is done. Moreover, as already seen in Chapter 3, the stability and
disturbance enhancement constraints are derived directly in the discrete
Fourier transform.
The rest of this chapter is structured as follows: In the following section,

the robust stability and disturbance enhancement constraints for the case
of the IMC system are derived based on the multiplicative uncertainty
model described in Sec. 3.2.3. Afterwards in Sec. 4.5, the off-line opti-
mization of this controller is formulated as a convex optimization task.
Later on, in Sec. 4.6 the case of an adaptive controller based on the leaky
feedback FxLMS [Elliott et al., 1987] is presented an extended in the fre-
quency domain in order to incorporate the design constraints. Afterwards
in Sec. 4.6.1 off-line optimization results are presented to understand the
effects of its parameters and constraints. The chapter closes with summary
of the most important facts and findings related to this control scheme.

4.1. Controller Inner Stability

As can be seen in Fig. 4.1, the IMC produces an inner positive feedback
by means of the estimated secondary path Ŝ(z). This cancels the outer
negative feedback of the real secondary path S(z). The inner positive
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feedback can be encapsulated inside an equivalent MVC controller

W̃m(z) = Y ′(z)
E(z) = Wi(z)

1− Ŝ(z) ·Wi(z)
. (4.11)

Its stability can be ensured if the constraint

|Ŝ(jΩk) ·Wi(jΩk)| < 1 (4.12)

is enforced [Rafaely, 1997]. However, this constraint is too restrictive,
because it confines the inner open-loop contour inside a circle of radius
1 (see Fig. 4.3a), while only an encirclement of the point (1,0) should be
avoided. Consider in the case of a positive feedback the point (1, 0) as the
equivalent Nyquist point, as the characteristic function of the feedback
system is built on a subtraction. As an alternative to this, a vertical line

|Ŝ(jΩk) ·Wi(jΩk)| < |2 · ρ− Ŝ(jΩk) ·Wi(jΩk)| (4.13)

with the parameter 0 < ρ < 1 can be used, to place a vertical boundary
crossing the point (ρ, 0), as shown in Fig. 4.3b. As a further more relaxed
alternative, the left-hand half of a hyperbola

|%+O(jΩ+
k )| ≤ |%−O(jΩ+

k )|+ 2 · ρ, (4.14)

with foci at (−%, 0) and (%, 0) can be used, as shown in Fig. 4.3c. Here,
the parameter 0 < ρ < 1 determines the intersection of the hyperbola
with the x-axis at the point (−ρ, 0). It is worth to mention that it is not
recommended to take values for % and ρ too close to each other, because
this will create a horizontally-thin hyperbola. This could enable an en-
circlement, which may not be detected by evaluating the constraint on
sampled frequencies.

4.2. System Stability

Given the inner stability of the controller, the analysis of the overall system
follows similarly to the one of the MVC presented in Sec. 3.2. Hence, the
stability of the IMC system is determined by its characteristic equation

Ci(z) = 1 +
(
S(z)− Ŝ(z)

)
Wi(z). (4.15)

Thus, the number of unstable roots

ZCi,c = Ncw
Oi(jΩ) −Nccw

Oi(jΩ) (4.16)
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(a) (b) (c)

Figure 4.3.: Solution space (in gray) produced by the different controller
stability constraints in the Nyquist plot of the contour Ŝ(jΩk) ·Wi(jΩk).

equals the number of clockwise encirclements of the Nyquist point made
by the sub-contours of the IMC open-loop

Oi(jΩ) =
(
S(jΩ)− Ŝ(jΩ)

)
Wi(jΩ) (4.17)

evaluated on the unit circle Ncw
Oi(jΩ), minus the counter-clockwise ones

Nccw
Oi(jΩ). So, if the equality Ŝ(z) = S(z) holds, then the radius of the

contour has magnitude zero and therefore can not encircle the Nyquist
point. This implies that, given a stable controller Wi(z), the equality

Ŝ(z) = S(z). (4.18)

is the nominal stability constraint of the IMC feedback system.

It is known from the previous chapters, that the secondary path of an
ANC headphones application may vary substantially over time under dif-
ferent wearing situations. In order to account for this variability, the sec-
ondary path’s multiplicative uncertainty model of Eq. 3.44 is used to re-
place S(z) in Eq. 4.17. If S0(z) = Ŝ(z) is chosen, then the IMC open-loop
transfer function can be expressed in terms of the maximal normalized
magnitude deviation G2(Ωk) and the unbounded phase ∆(jΩk)

Oi(jΩ) = G2(Ωk) ·∆(jΩk) · S0(jΩ) ·Wi(jΩ). (4.19)

Thus the contour of the open-loop generates a set of discs centered in the
origin as presented in Fig. 4.4, which have frequency-dependent radii of
magnitude

G2(Ω)|Oi,0(jΩ)|, (4.20)
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Figure 4.4.: Nyquist plot of the IMC open-loop system O(jΩ+
k ) evaluated in

the positive frequencies 0 ≤ Ωk < π with uncertainty G2(Ω+
k ).

with
Oi,0(jΩ) = S0(jΩ) ·Wi(jΩ). (4.21)

Then the robust stability constraint

G2(Ω)|S0(jΩ) ·Wi(jΩ)| < 1 (4.22)

is used to avoid that the discs encircle the Nyquist point. Alternatively,
the inequality can be written as

|S0(jΩ) ·Wi(jΩ)| < 1
G2(Ω) (4.23)

to define a circular region of robust stable solutions.

4.3. Disturbance Enhancement

As already mentioned in Sec. 3.3, the performance achieved by a feedback
system is limited by the so-called waterbed effect. This means that, an
attenuation achieved in one frequency range produces an equivalent ampli-
fication in another region of the frequency domain. In order to limit this
amplification side-effect, the IMC sensitivity function can be constrained
during the design process of the controller Wi(z)

|Hi(jΩk)| ≤ G3(Ωk) (4.24)

to be smaller or equal to a frequency-dependent factor G3(Ωk). This in-
equality can be formulated as a nominal performance constraint

|1− S0(jΩ) ·Wi(jΩ)| ≤ G3(Ωk), (4.25)
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where the estimated and the nominal secondary paths are equal to the real
one S(z). This defines a region of possible solutions for Wi(z) that fulfill
the constraint. Graphically it can be interpreted as a circle centered at
(1, 0) with radius G3(Ωk) that confines the contour Oi,0(jΩ).
In order to take the variability of the secondary path into account, the

sensitivity function as defined in Eq. 4.7 is used instead
∣∣∣∣

1− Ŝ(jΩk) ·Wi(jΩk)
1 +

(
S(jΩk)− Ŝ(jΩk)

)
·Wi(jΩk)

∣∣∣∣ ≤ G3(Ωk), (4.26)

together with the secondary path’s multiplicative uncertainty model of
Eq. 3.44 and the condition Ŝ(jΩk) = S0(jΩk)

∣∣∣∣
1− S0(jΩ) ·Wi(jΩ)

1 +G2(Ωk) ·∆(jΩk) · S0(jΩ) ·Wi(jΩ)

∣∣∣∣ ≤ G3(Ωk). (4.27)

If both sides are multiplied by the denominator of the inequality’s left-hand
side
∣∣1− S0(jΩ) ·Wi(jΩ)

∣∣ ≤ G3(Ωk)
∣∣1 +G2(Ωk) ·∆(jΩk) · S0(jΩ) ·Wi(jΩ)

∣∣,
(4.28)

both sides are divided by the factor G3(Ωk)

1
G3(Ωk)

∣∣1− S0(jΩ) ·Wi(jΩ)
∣∣ ≤
∣∣1 +G2(Ωk) ·∆(jΩk) · S0(jΩ) ·Wi(jΩ)

∣∣,
(4.29)

and the worst case scenario for the right-hand side is taken

1
G3(Ωk)

∣∣1− S0(jΩ) ·Wi(jΩ)
∣∣ ≤ 1−G2(Ωk)

∣∣S0(jΩ) ·Wi(jΩ)
∣∣, (4.30)

then the robust performance constraint

1
G3(Ωk)

∣∣1− S0(jΩ) ·Wi(jΩ)
∣∣+G2(Ωk)

∣∣S0(jΩ) ·Wi(jΩ)
∣∣ ≤ 1 (4.31)

can be found [Rafaely, 1997]. From this equation the nominal sensitivity
function Hi,0(jΩ) = 1− S0(jΩ) ·Wi(jΩ) and the nominal complementary
sensitivity function Ti,0(jΩ) = S0(jΩ) ·Wi(jΩ) can be identified. Given
the direct dependency between these two functions, a robust performance
constraint parameter G3(Ωk) for a given G2(Ωk) may generate an empty
solution space.

Other constraints One consideration for the digital implementation is to
limit the gain of the controller. This is done not only for security purposes,
but also to avoid the amplification of the ADC’s noise floor to a level that
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can be heard. This can be done by comparing the magnitude response of
the equivalent MVC controller to the one of a maximum gain curve as in
the inequality ∣∣W̃m(jΩk)

∣∣ ≤ G4(Ωk), (4.32)
where G4(Ωk) can be chosen as an inverted noise weighting curve or as
a low-shelving filter frequency response. In order to use this constraint
during the optimization, the frequency response of W̃m(z) in Eq. 4.11

∣∣∣ Wi(jΩk)
1− Ŝ(jΩk) ·Wi(jΩk)

∣∣∣ ≤ G4(Ωk) (4.33)

is used. If W̃m(jΩk) is stable, then both sides can be multiplied by the
denominator of the left-hand side

∣∣Wi(jΩk)
∣∣ ≤ G4(Ωk)

∣∣1− Ŝ(jΩk) ·Wi(jΩk)
∣∣, (4.34)

to yield the constraint for maximum gain of the equivalent MVC controller.

4.4. The Solution Space

As seen in the previous sections, during the design of the IMC controller
several constraints have to be considered. These constraints limit the set
of values that the nominal open-loop S0(jΩ) ·Wi(jΩ) is allowed to take.
Thus, although the controller inner stability, the system stability and the
disturbance enhancement are presented individually, their parameters have
to be chosen together. Mainly because some parameter set may produce
an empty solution space in the Nyquist plot, which makes the search for
an optimum unfeasible.
As a first example, Fig. 4.5 is presented. Here a low secondary path

multiplicative uncertainty G2(jΩk) produces a circle radius bigger than
unity. The first controller inner stability constraint (Eq. 4.12) is chosen,
in order to prevent an encirclement of the point (1, 0). Additionally, the
system nominal performance constraint (Eq. 4.25) is used to prevent an
amplification of the disturbance. The parameter G3(jΩk) is chosen in
the range 0 < G3 < 1, which is equivalent to forcing the solution to
produce attenuation throughout all frequencies, thus, negating the well-
known feedback system limitation introduced by the waterbed-effect. A
further problem with this parameter combination is that the solution space
is restricted to the right-hand side of the Nyquist plot. Thus, the open-loop
is allowed to have a maximum delay of a half of a sample. As an implication
of this, the controller has to compensate for the delays of the secondary
path, and with it to be partially or completely non-causal. Because of this,
G3 should be chosen according to 1 < G3, such that the open-loop remains
unconstrained in phase and the controller is not forced to be non-causal.
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Figure 4.5.: Example of a solution space (marked in gray), when the con-
troller inner stability constraint (Eq. 4.12), the system robust stability con-
straint (Eq. 4.23), and system nominal performance constraint (Eq. 4.25) are
used together.

Figure 4.6.: Example of a solution space (marked in gray), when the con-
troller inner stability constraint (Eq. 4.13), the system robust stability con-
straint (Eq. 4.23), and system nominal performance constraint (Eq. 4.25) are
used together.
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Figure 4.7.: Restriction to the solution space produced by the IMC robust
performance constraint (Eq. 4.31) and the parameters G2 and G3. Please
note that for the case G2 = 1, G3 = 1, the solution space is the segment
0 ≤ Re{jΩ+

k } ≤ 1 of the line Im{jΩ+
k } = 0

As a further example, Fig. 4.6 is presented. Here the system nominal
performance constraint (Eq. 4.25) is parameterized respecting the feasibil-
ity consideration for non-minimum phase secondary paths, i.e. 1 < G3.
Thus, allowing the open-loop to have solutions with zero gain and arbitrary
phase. The uncertainty in the secondary path produces a G2(jΩk) with
a radius smaller than 1. Therefore, imposing a maximal attenuation of
20 · log10(1− 1/G2) dB. The controller inner stability constraint (Eq. 4.13)
is in this case smaller than the reciprocal of G2(jΩk), i.e. ρ < 1/G2(jΩk).
This imposes an inferior maximal attenuation of 20 · log10(1 − ρ) dB. Al-
though this seems to be counterproductive, it is required in order to ensure
that the controller remains stable during its optimization. Choosing ρ at
unity or too close to it may produce unstable controllers, if an encirclement
is hidden between the discrete contour evaluation points.

Until now only the nominal performance constraint (Eq. 4.25) has been
used. The incorporation of the robust performance constraint (Eq. 4.31)
in the design workflow can replace the robust system stability constraint
because of the following reason. The constraint can be considered as the
combination of the robust stability constraint

G2(Ωk)|S0(jΩk) ·Wi(jΩk)| < 1 (4.35)

and nominal performance constraints, written as

1
G3(Ωk) |1− S0(jΩk) ·Wi(jΩk)| ≤ 1, (4.36)
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into a single formulation

1
G3(Ωk)

∣∣1−S0(jΩk) ·Wi(jΩk)
∣∣+G2(Ωk)

∣∣S0(jΩk) ·Wi(jΩk)
∣∣ ≤ 1. (4.37)

Because both addends are real and strictly positive, if this constraint is
met, so are the single ones. In Fig. 4.7 some examples of the robust per-
formance constraint for different parameters G2 and G3 are presented. It
can be seen that for G2 = 1 and G3 = 1 the solution lies on the x-axis and
comprehends the segment 0 ≤ Re{jΩ+

k } ≤ 1 of the line Im{jΩ+
k } = 0. It

is also a subset of the solution space that the robust stability and nominal
performance constraint would impose together, as expected. Furthermore,
if the maximum amplification parameter G3 is incremented to 1.5 or 2.0,
the solution space takes the form of a water drop, incorporating the ori-
gin and the point (1, 0). Thus, the controller inner stability constraint
(Eq. 4.13) or (Eq. 4.14) would be required in order to limit the gain inside
the inner feedback loop. If the secondary path multiplicative uncertainty
is incremented to G2 = 2, then the solution space decreases to a small el-
lipse which does not encircles the point (1, 0). Thus, the incorporation of
the controller inner stability constraint would not be mandatory. Hence,
under certain parameter considerations the robust performance constraint
can be used to ensure controller inner stability, system robust stability and
robust performance.

4.5. Controller Optimization

In this section the design of the impulse response of the controller wi(n)
is presented. The design is formulated as a convex optimization problem.
This ensures that the local minima found by means of SQP corresponds
to the global one. The objective function presented here is based on the
weighted IMC nominal sensitivity function

Cc
i (jΩk) = G1(Ωk) ·

(
1− S0(jΩk) ·Wi(jΩk)

)
, (4.38)

where G1(jΩk) represents the disturbance signal’s energy content over
frequency. If the frequency-dependent sensitivity of the human hearing
system should be taken into account, then this can be weighted with a
noise weighting curve, e.g. A, C, or ITU-R 468 curve. The cost function is
based on the sum over squared magnitude values of the frequency response
of Ci(jΩk). The values are generated by evaluating Eq. 4.38 around the
upper-half of the unit-circle

Cimc(wi) = 2
N

N/2−1∑

k=0

∣∣∣Cc
i (jΩk)

∣∣∣
2
. (4.39)
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This cost function builds a quadratic dependency with respect to the con-
troller coefficients wm and is tightly related with the 2-norm of its DTFT
counterpart. Alternatively, the sum can be calculated within an attenua-
tion bandwidth of interest

C′imc(wi) = 2
kh − kl + 1

kh∑

k=kl

∣∣∣Cc
i (jΩk)

∣∣∣
2
, (4.40)

as suggested by Pawelczyk in [Pawełczyk, 2002]. Here kl is the FFT fre-
quency index related to the lowest frequency of interest fl and kh is the
one related to the highest frequency of interest fh.

Constraints In order to yield a convex problem, not only the cost func-
tions have to produce a quadratic dependency with respect to the pa-
rameters, but also the constraints. Because in this context a constraint
enforced on the positive frequencies is automatically fulfilled on the neg-
ative frequencies, their evaluation is limited to the former ones. For this
purpose, the controller inner stability constraints can be re-written as

|Ŝ(jΩ+
k )Wi(jΩ+

k )|2 < 1, (4.41)
|Ŝ(jΩ+

k )Wi(jΩ+
k )|2 < |2 · ρ− Ŝ(jΩ+

k )Wi(jΩ+
k )|2, (4.42)

and
|%+ ŜWi|2 < |%− ŜWi)|2 + 4ρ|%− ŜWi|+ 4ρ2. (4.43)

The robust stability constraint is re-written as

G2
2(Ω+

k )|S0(jΩ+
k )Wi(jΩ+

k )|2 < 1, (4.44)

the nominal performance constraint as

|1− S0(jΩ+
k )Wi(jΩ+

k )|2 ≤ G2
3(Ω+

k ), (4.45)

and, omitting the dependency on Ω+
k , the robust performance constraint

as
1
G2

3

∣∣1− S0 ·Wi
∣∣2 + 2G2

G3

∣∣1− S0 ·Wi
∣∣∣∣S0 ·Wi

∣∣+G2
2
∣∣S0 ·Wi

∣∣2 ≤ 1. (4.46)

Finally, the equivalent MVC maximum gain constraint is formulated as
∣∣Wi(jΩ+

k )
∣∣2 ≤ G2

4(jΩ+
k )
∣∣1− Ŝ(jΩ+

k ) ·Wi(jΩ+
k )
∣∣2. (4.47)
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4.6. The Adaptive Controller

As noticed by Rafaely in [Rafaely, 1997], if an equivalent leaky Filtered-x
LMS algorithm [Elliott et al., 1987] is derived for the IMC structure, then
the sensitivity function in Eq. 4.7 and the condition Ŝ(z) 6= S(z) would
yield a non-convex problem. So, under any change on the secondary path
S(z) the adaptive controller would not reach the optimum and it could
diverge into an unstable state. Therefore, the adaptive controller is derived
based on the IMC nominal sensitivity function, as also proposed for the
off-line controller optimization in Sec. 4.5. Thus, the gradient of the cost
function with respect to the IMC controller coefficients wi

∇fc(wi) = ∂E[eTe]
∂wi

≈ −2
Le
· (dzp−D ·S ·wi)T ·D ·S + 2 · β0

Le
·wT

i . (4.48)

is expressed based on its equivalent feedforward system. If this expression
is transposed

∇fT
c (wi) ≈ −2

Le
· ST ·DT · (dzp −D · S ·wi) + 2 · β0

Le
·wi, (4.49)

and the vectors in the round parenthesis are replaced by the one of the
estimated feedforward error signal

∇fT
c (wi) ≈ −2

Le
· ST ·DT · ef + 2 · β0

Le
·wf, (4.50)

the gradient averaged over Le samples can be found. Subsequently, the
filtered-disturbance’s Toeplitz matrix equivalently defined as in Eq. 2.58 is
used

∇fT
c (wi) ≈ −2

Le
·DT

s · ef + 2 · β0

Le
·wi. (4.51)

and the cheaper instantaneous estimate of the gradient is chosen instead

∇fT
c (wi(n)) ≈ −2 · dT

s · ef(n) + 2 · β0 ·wi. (4.52)

This equation is used to replace the gradient in Eq. 2.53

wi(n+ 1) = wi(n) + µ · dT
s · ef(n)− µ · β0 ·wi(n), (4.53)

which then formulates the coefficients update equation

wi(n+ 1) = wi(n)
(
1− µ · β0

)
+ µ · dT

s · ef(n). (4.54)

In order to implement the adaptive filter, the system diagram proposed
by Rafaely and depicted in Fig. 4.8 is used. Similarly to the Modified Nor-
malized Filtered-x LMS algorithm (see Sec. 2.4.2) the system is divided in
two sections: the upper section takes care of the calculation of the con-
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Figure 4.8.: The system diagram of the Modified Normalized Filtered-d LMS
adaptation algorithm applied to headphones [Rafaely, 1997].

trol signal; and the lower section adapts an isolated copy of the controller
coefficients using the LMS algorithm. An advantage of this is that the
controller converges faster, because the control signal calculated with its
current coefficients ds(n) ∗wi(n) does not go through the secondary path
(and through its delay) before generating the error ef(n). Therefore, this
instant error is directly correlated with the current coefficient set and not
with the past ones.

Robust Stability As proposed by Rafaely, the robust stability constraint
in Eq. 4.22 can be incorporated in the coefficients’ update equation

wi = DFT−1{Wi(k)− β0|S0(k)G2(k)|Wi(k) + µS∗0 (k)D∗(k)E(k)
}

+
(4.55)

of a frequency-domain Filtered-x LMS [Shynk, 1992] algorithm, with DFT−1 {·}+
as the causal part of the inverse Discrete Fourier Transform (DFT). By
doing so, a frequency selective leakage factor can be introduced. In this
work, however, this adaptive approach is only described for completeness
and will not be evaluated afterwards.

4.6.1. Optimization results

The optimizations results presented in this section are obtained using the
nonlinear programming solver fmincon() together with the SQP algo-
rithm from the MATLAB 2019a optimization toolbox. The parameters



4.6. The Adaptive Controller 83

−2 −1 0 1 2
−2
−1

0
1
2

(a)

−2 −1 0 1 2
−2
−1

0
1
2

(b)

−2 −1 0 1 2
−2
−1

0
1
2

(c)

Figure 4.9.: The Nyquist plot produced by the contour O(jΩ+
k ) = S0(jΩ+

k ) ·
Wi(jΩ+

k ), when subject to (a) the circular constraint, (b) the vertical line
constraint and (c) the hyperbolic curve constraint. The circle radius is set
to 0.9, the vertical line intersection is set to (0.9, 0), and the hyperbola’s
intersection is set to (0.9, 0) and the foci to (−2, 0) and (2, 0). Parameters:
fs = 48 kHz, N = 8192, Li = 128, fl = 0Hz, fh = 3 kHz.

MaxIterations and MaxFunctionEvaluations are set to max(400,Li) and
400 ·Li, respectively. Nevertheless, all the optimization runs found the op-
timal solution before reaching these iteration limits. The starting solution
for the coefficients optimization is set to zero. The sampling frequency
fs = 48 kHz and the FFT length N = 8192 are chosen. In Fig. 3.12 the
frequency-dependent parameters used during the optimization are pre-
sented, which are the same ones utilized during the optimization of the
MVC controller.

Nominal stability constraints As a first step, the three nominal stability
constraints are compared, in order to choose which one should be used for
the rest of the optimizations. For this, the impulse response length is set to
Li = 128, and the cost function is calculated with fl = 0 and fh = 3 kHz.
In order to make the results comparable, the circular constraint has a
radius of 0.9, the vertical constraint has intersects the x-axis at (0.9, 0),
and the hyperbolic constraint has its intersection with the x-axis at (0.9, 0)
and its foci at (−2, 0) and (2, 0). These parameters also help to set a
security gap between the contour and the Nyquist point.
In Fig. 4.9 the three Nyquist plots of the contours generated by the

constraints are presented. As can be seen, they effectively avoid the encir-
clement of the Nyquist point. However, they offer very different solution
spaces. As can be seen from the non-smooth contours, the security gaps are
indeed required to avoid encirclements hidden between consecutive evalu-
ation points. Moreover, for the hyperbolic constraint a bigger security gap
may be required to avoid evaluation points connecting over the curvature of
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the constraint. In Fig. 4.10 the sensitivity functions generated by the same
controllers is presented. For frequencies below 350Hz the constraints do
not show significant differences. However, for higher frequencies it is clear
that the circular constraint not only limits the highest reachable attenua-
tion, but also its bandwidth. Nevertheless, the limitation also maintains
the disturbance enhancement generated at 6 and 16.2 kHz under certain
boundaries. Near the same frequencies the other two constraints show im-
portant amplifications. From the three constraints, the one based on the
vertical line offers the best trade-off between the required security gap size
and the achievable attenuation performance.
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Figure 4.10.: Development of the optimal sensitivity function Hm(f ) when
using different nominal stability constraints. The circle radius is set to 0.9,
the vertical line intersection is set to (0.9, 0), and the hyperbola’s intersection
is set to (0.9, 0) and the foci to (−2, 0) and (2, 0). Parameters: fs = 48 kHz,
N = 8192, Li = 128, fl = 0Hz, fh = 3 kHz.

Further design constraints As a second step, the development of the op-
timal sensitivity function is evaluated under increasingly restrictive con-
straints. For this, the controller’s impulse response length is set to Li =
128, the vertical boundary constraint with intersection at (0.9, 0) is used,
and the cost function is accumulated over the lower fl = 0Hz and higher
fh = 3 kHz frequencies. In Fig. 4.11 and Fig. 4.12 the results are presented.
It can be seen from Wi(f)

∣∣G4 that the gain limitation on the equivalent
MVC controller does not imply a restriction on the IMC controller’s gain.
This is because of the more complex dependency between both given by
Eq. 4.11. Nevertheless, the attenuation and amplification produced in its
sensitivity functionHi(f)

∣∣G4 between 10 and 20 kHz are much less present.
As an effective measure against the remaining amplification peak at 6 kHz
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in the sensitivity function, the disturbance enhancement constraint pa-
rameterized with G3(f) from Fig. 3.12 is used. It can be seen that the
sensitivity function Hi(f)

∣∣G3G4 produces no amplification higher that the
given 3 dB. As a positive side-effect of this, the controller Wi(f)

∣∣G3G4
produces gains not higher than 4 dB. However, the constraint produces a
loss in attenuation starting from 340Hz onward, throughout a transition
band which ends in the plateau of 3 dB between 3 and 8 kHz.
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Figure 4.11.: Development of the optimal sensitivity function Hi(f ) when
constraints are enforced in increasingly restrictive order. The vertical boundary
intersection is set to (0.9, 0). Parameters: fs = 48 kHz, N = 8192, Li = 128,
fl = 0Hz, fh = 3 kHz.

The robust stability constraint built on the multiplicative uncertainty
over frequency G2(f) is used to ensure that the system remains stable
upon variations in the secondary path S(f). If the optimization is ad-
ditionally subject to this constraint, then very few changes can be seen
from comparing its sensitivity function Hi(f)

∣∣G2G3G4 with the one of the
previous case Hi(f)

∣∣G3G4. The same is the case when comparing its con-
troller Wi(f)

∣∣G2G3G4 with the previous one Wi(f)
∣∣G3G4. The small but

still visible differences concentrate in the range 5.5-8.5 kHz, where G2(f)
presents a increment in uncertainty. Therefore, the restriction imposed
by the robust stability constraint is comparable to the one generated by
the other two restrictions before. Moreover, this could offer a less com-
putationally expensive alternative for either off-line or on-line optimiza-
tions. However, if robust performance is required, then it can be seen from
Wi(f)

∣∣G2G3(2)G4 that the controller changes substantially. This produces
losses in attenuation magnitude and bandwidth in its related sensitivity
function Hi(f)

∣∣G2G3(2)G4. Nevertheless, this also comes with a lower dis-
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turbance enhancement, which approximately decreases to 1.5 dB.
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Figure 4.12.: Development of the optimal controller Wi(f ), when constraints
are enforced in increasingly restrictive order. The vertical boundary inter-
section is set to (0.9, 0). Parameters: fs = 48 kHz, N = 8192, Li = 128,
fl = 0Hz, fh = 3 kHz.

Controller’s impulse response length As a third step, the effect of the
impulse response length Li is evaluated. For this, the cost function is cal-
culated over the frequency range resulting from fl = 0Hz and fh = 3 kHz.
The optimization is subject to the constraint combinationG2G3G4, i.e. the
vertical nominal stability constraint, the maximum equivalent MVC con-
troller gain G4(f), the nominal performance limit G3(f) and the robust
stability constraint based on G2(f) are used. The results are presented
in Fig. 4.13. With an impulse response of Li = 4 the same attenuation
bandwidth can be achieved as with longer impulse responses, and this
combined with a moderate disturbance enhancement. However, the atten-
uation magnitude is significantly lower for frequencies higher than 100Hz.
With an impulse response of Li = 16 the attenuation magnitude achieved
in frequencies higher than 600Hz is comparable to the ones achieved with
longer impulse responses. With Li = 64 the attenuation magnitude in the
range 100 and 600Hz improves significantly. With Li = 256 it can be seen
that the increment in impulse response length decreases the ripple effect
in the attenuation and transition band of the sensitivity function, which
magnitude is higher in the lower-frequencies. If the sensitivity function
Hi(f)

∣∣Li = 256 is compared to the curve of |1 − z−5| in Fig. 2.4, one can
see that for frequencies higher than 300Hz the attenuation and amplifica-
tion regions of both curves resemble very much. Thus, it is to be expected
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that the longer the impulse response Li is, the closer the system gets to
the comb-filter imposed by the delays in the secondary path.
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Figure 4.13.: Optimum sensitivity functions obtained with different impulse
response lengths Li. The optimization is subject to the constraint combination
G2G3G4. The vertical boundary intersection is set to (0.9, 0). Parameters:
fs = 48 kHz, N = 8192, fl = 0Hz, fh = 3 kHz.

Cost function’s bandwidth As a fourth step, the effect of the cost func-
tion’s bandwidth is evaluated. For this purpose, the cost function’s lowest
frequency is set to fl = 0 and the highest one fh is incremented, in order to
generate four different cost function bandwidths. The optimization is sub-
ject to the constraint combination G2G3G4, with a vertical boundary in-
tersection set to (0.9, 0), and with an impulse response length of Li = 256.
The results are presented in Fig. 4.14. It can be seen that for fh = 200Hz
an attenuation bandwidth of 300Hz is achieved. Its magnitude is not over
all frequencies better than other settings in the same bandwidth. Hence,
by just decreasing fh the limitation given by the controller length Li can
not be completely circumvented. Moreover, a ripple effect in the pass-band
is very prominent, producing important variations of up to 10 dB between
4 and 5 kHz. With fh = 500Hz the attenuation bandwidth increases to
1.2 kHz and the ripple effect decreases significantly. Moreover, the atten-
uation within the range of frequencies above 200Hz and below 1 kHz is
better than with any other setting. With fh = 2000Hz the attenuation
between 200Hz and 1 kHz decreases in favor of the attenuation bandwidth,
which increases up to 2 kHz. At 2 kHz a jump up to the 3 dB pass-band is
seen. Thus, around these fh values, a trade-off between attenuation mag-
nitude and attenuation bandwidth can be observed. With fh = 3000 kHz
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neither the attenuation magnitude nor the attenuation bandwidth change.
Instead, the transition band is extended up to 3 kHz. Thus, the maxi-
mum amplification is not reached at 2 kHz, but rather at 3 kHz. A further
increment of the cost function bandwidth to 4 kHz did not produce any
improvements and is therefore excluded. Hence, from the results it can be
said that by changing fh the transition band can be shortened or extended.
A short transition band produces a strong ripple in the pass-band, while a
long transition band can reduce the bandwidth in which the disturbance
is amplified.
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Figure 4.14.: Optimum sensitivity functions obtained with different cost func-
tion bandwidths. The optimization is subject to the constraint combination
G2G3G4. The vertical boundary intersection is set to (0.9, 0). Parameters:
fs = 48 kHz, N = 8192, fl = 0Hz, Li = 256.

4.7. Summary

In the present chapter the internal model control scheme has been pre-
sented. Its feedback working principle based on an estimated secondary
path allows it to be analyzed as a feedforward equivalent system. Based on
this, the limitations imposed by the secondary path’s delays are estimated.
As result of this analysis, the minimum residual error e(n) is found to be
shaped by the comb-filter effect presented in Fig. 2.4.
In Sec. 4.1 the considerations regarding the stability of the digital feed-

back loop built by Wi(z) and the estimated secondary path Ŝ(z) inside
the IMC scheme are described. Thus, this inner loop works similarly to an
MVC controller built on a positive feedback loop. Based on these consid-
erations, less restrictive inner stability constraints than the ones found in
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the literature, based on vertical and hyperbolic boundaries, are described.
In Sec. 4.2 and Sec. 4.3 the stability and disturbance enhancement con-

straints are respectively presented. For the former, the secondary path’s
uncertainty over frequency G2(f) is used as parameter; while for the lat-
ter, the frequency-dependent maximum amplification parameter G3(f) is
used. In Sec. 4.4 the dependencies of the solution space with respect to
the constraints is graphically described. Based on these, practical consid-
erations when choosing the parameters G2(f) and G3(f) are discussed, in
order to ensure a feasible optimization of the controller Wi(z).
In Sec. 4.6 the search of an optimum controller impulse response wi is

formulated as a convex optimization problem subject to design constraints.
From the optimization results it is concluded that by choosing the less re-
strictive controller’s inner stability constraints, the solution space can be
extended before other constraints are enforced during the optimization. If
the maximum controller gain constraint G4 and the nominal performance
constraint G3 are already enforced, then the robust stability constraint G2
introduces almost no change in the optimum. If the controller length Li
is incremented, the attenuation and amplification regions in the sensitiv-
ity function Hi(f) get closer to the one of a comb-filter imposed by the
secondary path’s delays. By varying the cost function’s bandwidth the
transition band can be extended, but only up to the one imposed by the
comb-filter effect. Moreover, changes in the cost function’s bandwidth can
be used to slightly improve the results in the attenuation band.
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CHAPTER 5

Hybrid and Pseudo-Cascaded Control Structures

The control structures presented in this section aim to combine the atten-
uation capabilities of two classical control structures into a single system.
The increase in complexity is compensated by the design-flexibility and
higher attenuation levels they can achieve together. These combinations
are based on two combination strategies: The first one is the so-called
hybrid system principle, in which a feedforward and a feedback algorithm
are combined to generate a single improved control system; the second one
is the pseudo-cascading principle, in which two feedback systems use an
internal estimation of the residual error in order to emulate a cascaded
control system. In both combination strategies the combination has two
alternatives, i.e. one that produces independent optimal solutions for its
controllers or one that creates a dependency between them. Their system
transfer functions and the changes they introduce in the effective primary
and secondary paths are utilized to understand these behaviors. Their
derivations are presented in detail in AppendixA.

5.1. Minimum Variance Control combined with Internal
Model Control

The MVC-IMC pseudo-cascaded combination proposed in [Schumacher
et al., 2011] for a digital IMC and analog MVC implementation, got sim-
plified later on in [Rivera Benois et al., 2017] by a fully digital implemen-
tation of it. The resulting system diagram is presented in Fig. 5.1a. In the
bottom part the IMC structure can be seen. The estimated signal êm(n) is
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an estimation of the residual error left by the MVC. Thus, the MVC works
as first control stage, while the IMC as the second one. Both controllers,
Wi(z) and Wm(z), are connected in parallel for generating individual con-
trol signals, which are summed up and sing-inverted before they are fed to
the secondary path. The system’s transfer function

Hmi(z) = E(z)
D(z) = 1− Ŝ(z)Wi(z)

1 + S(z)Wm(z) +
(
S(z)− Ŝ(z)

)
Wi(z)

(5.1)

presents the numerator of Eq. 4.7 and a denominator that is almost an ad-
ditive combination of the ones of Eq. 3.2 and Eq. 4.7. If Ŝ(z) = S(z) holds,
then the denominator reduces to the one in Eq. 3.2, and both controllers
can be designed independently. However, no stability and performance
analysis can be found in the literature regarding what happens if this con-
dition is not met. Thus, a more reliable design method for these controllers
still has to be developed. The effective secondary path seen by the IMC
controller

Ŝmi
i (z) = − E(z)

Y ′i (z) = S(z)1 + Ŝ(z)Wm(z)
1 + S(z)Wm(z) (5.2)

can be calculated by considering d(n) = 0, y′i(n) as the input to the system,
and e(n) as its output. As can be seen, the effective secondary path shows
an asymptotic behavior between S(z) and Ŝ(z) regarding the magnitude
of Wm(z). Thus, it approximates Ŝ(z) in frequencies where |Wm(z)| � 1,
and on the other hand S(z), when |Wm(z)| � 1. By doing so, the magni-
tude of Wm(z) may partially help the adaptation algorithm to overcome
mismatches between S(z) and Ŝ(z).

5.1.1. Alternative structure with dependent internal model
control optimum

An alternative IMC-MVC combination can be found earlier in the liter-
ature [Tay and Moore, 1991, Elliott, 2001a, Pawełczyk, 2003, Song et al.,
2005]. Its block diagram is presented in Fig. 5.1b. Here the MVC uses
directly the error signal e(n) to calculate y′m(n), which alters the effective
secondary path seen from the IMC perspective

Smido
i (z) = − E(z)

Y ′i (z) = S(z)
1 + S(z)Wm(z) . (5.3)

This change is considered beneficial for the IMC, because under certain
conditions S(z)

1+S(z)Wm(z) is easier to control and model than S(z) [Elliott,
2001a]. Furthermore, if Ŝi(z) = Ŝ(z)

1+Ŝ(z)Wm(z) is chosen, then the system’s
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transfer function (omitting the argument z) yields

Hmido = 1 + Ŝ ·Wm − Ŝ ·Wi

1 + (S + Ŝ) ·Wm + S · Ŝ ·W 2m + (S − Ŝ) ·Wi
. (5.4)

The denominator can be interpreted as the approximation of a squared
binomial with a residual. The residual can be zero, under which circum-
stances Ŝ(z) = S(z) holds and the system’s transfer function simplifies
to

Ĥmido(z) =
1− S(z)

1+S(z)Wm(z)Wi(z)
1 + S(z)Wm(z) . (5.5)

As can be seen by comparing with Eq. 5.1, the change in the effective
secondary path alters mainly the influence of Wi(z). This influence of
the MVC over the control effort of the IMC is what is understood as
the dependent internal model control optimum. However, a stability and
performance analysis has to be carried out, in order to design controllers for
this specific structure, as in many applications Ŝ(z) deviates significantly
from S(z).

5.2. Minimum Variance Control combined with
Feedforward Control

In solutions where the electronics of an adaptive feedforward control are
available, an MVC controller can improve the attenuation performance,
without significantly incrementing the implementation effort. The block
diagram presented in Fig. 5.2a depicts the MVC-FF combination suggested
in [Bai and Lin, 1997, Carme, 1999, Rafaely and Jones, 2002, Håkansson
et al., 2002, Streeter et al., 2004]. The MVC and FF controllers (Wm(z)
and Wf(z), respectively) work independent from each other. The refer-
ence signal x(n) and error signal e(n) are used to calculate the control
signals y′f(n) and y′m(n) in parallel. The addition of both signals y′(n) is
sign-inverted and then fed to the secondary path. The system’s transfer
function

Hfm(z) = E(z)
X(z) = P (z)− S(z)Wf(z)

1 + S(z)Wm(z) (5.6)

reflects a combined passive and active attenuation effect, where the con-
trollers work independent from each other. Thus, a multiplicative combi-
nation of Eq. 2.1 and Eq. 3.2 can be seen. Due to the MVC control loop,
the effective secondary path

Sfm
f (z) = − E(z)

Y ′f (z) = S(z)
1 + S(z)Wm(z) (5.7)
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(a) MVC-IMC combination with independent op-
tima

(b) MVC-IMC combination with dependent optima

Figure 5.1.: Hybrid control structures involving the combination of the MVC
with the IMC approaches: (a) the structure with independent IMC optimal
controller, and (b) the structure with dependent IMC optimal controller.

seen between the feedforward control signal y′f(n) and the error signal e(n)
changes to the same expression found in Eq. 5.3. Thus, this structure may
profit from an effective secondary path that is easier to control and model.

5.2.1. Alternative structure with dependent feedforward
optimum

An alternative to the previous structure is found in the literature later
on in [Foudhaili, 2008,Rivera Benois et al., 2018b]. In Fig. 5.2b the block
diagram of the structure is presented. An approximation of the secondary
path Ŝ(z) is used to make an estimation of y′f(n) at the error microphone’s
position ŷf(n). This estimation is used to negate the effect of the FF
controller on the error signal e(n), before this is used by the MVC to
calculate y′m(n). By doing so, the effective secondary path seen from the
FF perspective

Sfmdo
f (z) = − E(z)

Y ′f (z) = S(z)1 + Ŝ(z)Wm(z)
1 + S(z)Wm(z) (5.8)
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changes to the one already seen in Eq. 5.2, and produces a change in the
system’s transfer function

Hfmdo(z) = P (z)
1 + S(z)Wm(z) − S(z)Wf(z)

1 + Ŝ(z)Wm(z)
1 + S(z)Wm(z) . (5.9)

The change can be interpreted as a change in the effective primary path
P (z) by the transfer function of the MVC. Furthermore, if the optimal
solution of Wf(z)

W opt
f (z) = P (z)

S(z) ·
1

1 + Ŝ(z)Wm(z)
, (5.10)

is derived from Hfmdo(z), then a decrease in the FF control effort can be
found in regions where the MVC is effective. Thus, the new FF optimum
may target a frequency region where the MVC attenuation is not dominant.
This effect is the cause for the dependent feedforward optimum.

(a) MVC-FF combination with independent optima

(b) MVC-FF combination with dependent optima

Figure 5.2.: Hybrid control structures involving the combination of the MVC
with the FF approaches: (a) the structure with independent FF optimal con-
troller, and (b) the structure with dependent FF optimal controller.
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5.3. Internal Model Control combined with Feedforward
Control

The IMC-FF combination [Kong et al., 1998,Hansen, 2001,Wu et al., 2015,
Rivera Benois et al., 2017] offers the possibility to design both feedforward
and feedback controllers based on Wiener filter formulations or on similar
adaptation algorithms. In Fig. 5.3a an illustration of its block diagram is
presented. On top, the FF controller Wf(z) is fed with the reference signal
x(n), and its output y′f(n) is added to the control signal y′i(n) generated
by the IMC controller Wi(z). The result of the sum y′(n) is fed to the
secondary path S(z). In parallel, y′i(n) is convolved with a model of the
secondary path Ŝ(z). The result of the convolution is used afterwards to
negate the influence of the IMC in the error signal e(n). By doing so, an
estimate of the error left by the FF êf(n) is calculated. This estimate is
used as input for Wi(z). Then the system’s transfer function

Hfi(z) = E(z)
X(z) =

(
P (z)− S(z)Wf(z)

)
·
(
1− Ŝ(z)Wi(z)

)

1 +
(
S(z)− Ŝ(z)

)
Wi(z)

(5.11)

yields the multiplicative combination of Eq. 2.1 and Eq. 4.7. So Wf(z) and
Wi(z) can be designed independently. Nevertheless, for an adaptive imple-
mentation of Wf(z), the effective secondary path seen from its perspective

Sfi
f (z) = − E(z)

Y ′f (z) = S(z) 1− Ŝ(z)Wi(z)
1 +

(
S(z)− Ŝ(z)

)
Wi(z)

(5.12)

has to be considered. As can be seen, now the effective secondary path
has to be continuously monitored upon changes of Wi(z) and mismatches
between S(z) and Ŝ(z).

5.3.1. Alternative structure with dependent feedforward
optimum

An alternative to the previous IMC-FF combination [Sen and Morgan,
1996, Johansson et al., 1997,Tseng et al., 1998,Chong et al., 2005,Wang
et al., 2012] partially circumvents the monitoring of Ŝlms

f (z), based on a
small change. The block diagram in Fig. 5.3b illustrates it. By adding first
y′f(n) and y′i(n) and using the resulting y′(n) for the convolution with Ŝ(z)
in the IMC, the effective secondary path of FF changes to

Sfido
f (z) = − E(z)

Y ′f (z) = S(z)
1 +

(
S(z)− Ŝ(z)

)
Wi(z)

. (5.13)
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As a direct effect of this change, the effective secondary path is almost
independent of Wi(z) and only the mismatch between S(z) and Ŝ(z) has
to be monitored. The change also alters the system’s transfer function

Hfido(z) =
P (z) ·

(
1− Ŝ(z)Wi(z)

)
− S(z)Wf(z)

1 +
(
S(z)− Ŝ(z)

)
Wi(z)

, (5.14)

which now shows a dependency between theWf(z) andWi(z). IfHfido(z) =
0 is set, the optimal solution for Wf(z)

W opt
f (z) = P (z)

S(z) ·
(
1− Ŝ(z)Wi(z)

)
(5.15)

can be derived. By comparing Eq. 5.15 with Eq. 2.32, one can see that the
control performance achieved by the feedback controllerWi(z) changes the
effective primary path, and with it the control effort of Wf(z). This influ-
ence may steer the FF optimum in the same way it was seen in Sec. 5.2.1.

(a) IMC-FF combination with independent optima

(b) IMC-FF combination with dependent optima

Figure 5.3.: Hybrid control structures involving the combination of the IMC
with the FF approaches: (a) the structure with independent FF optimal con-
troller, and (b) the structure with dependent FF optimal controller.
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5.4. Summary

In this chapter an overview of the six possible combinations of the classical
control structures for active noise control is presented. With MVC-IMC
combinations one can have a system which performance is more robust
to moving noise sources. Nevertheless, the stability analysis regarding de-
viations of the estimated secondary path from the real one is still to be
developed. With IMC-FF combinations one could profit from two adaptive
controllers working together. However, this requires a continuous moni-
toring of the effective secondary path, so that the adaptation of the FF
controller remains stable. Finally, with MVC-FF combinations the stabil-
ity and performance considerations rely on the analysis of the MVC only.
Moreover, the MVC-FF combination with FF dependent optimum may
steer the FF to find an optimal solution in frequency regions where this
feedback approach is not effective anymore.



CHAPTER 6

Novel Control Structures

In the previous chapter it has been shown how the three classical active
noise control structures can be combined in pairs into hybrid or pseudo-
cascaded control systems. The increase in implementation complexity is
compensated by the design-flexibility and higher attenuation levels they
can achieve together. Although the advantages of these combinations are
already well documented, more combination strategies are still not found
in the literature. In the present chapter the combination of all three control
structures into one system is described. The systems are based on two com-
bination strategies. The first one is the so-called hybrid system principle,
in which a feedforward and a feedback algorithm are combined to generate
a single improved control system. The second one is the pseudo-cascading
principle, in which feedback systems make a beforehand estimation of the
residual error and use this information to calculate an improved control
signal. The combination of all three control schemes offers at the same
time three alternatives, which allow the design of the controllers in differ-
ent dependency levels. A low dependency level allows the re-use of already
existent ANC know-how, while a high dependency level offers the collec-
tive optimization of all controllers. All in all, the systems’ flexibility and
attenuation performance is improved with no need for extra microphones
or loudspeakers.
In the following section, the pseudo-cascaded MVC-IMC feedback sys-

tem proposed by Schumacher in [Schumacher et al., 2011] in its fully digi-
tal implementation [Rivera Benois et al., 2017] is used as the basis for the
upcoming combination alternatives. Based on the analysis, stability and
performance constraints are derived for the correct design and optimiza-
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tion of its components. Afterwards, the block diagrams of the novel control
structures are presented. This is directly followed by a transfer function
derivation, which is going to be the base for establishing the dependency
level that the system offers. Finally, optimal solutions for the feedforward
controllers are derived and gradient estimations are calculated for its use
on an adaptive control strategy.

6.1. Feedback Controller Inner Stability

The stability analysis presented here considers only the feedback compo-
nents of the control structures that are presented in the following sections.
Hence, the analysis applies also to the MVC-IMC combination with inde-
pendent optima presented in Fig. 5.1a. Similarly to the case of the IMC,
the stability analysis of the new control structure starts by first establish-
ing the controller’s inner stability. For this, the transfer function of its
equivalent MVC controller W̃ (z) has to be derived. Considering an inac-
tive disturbance (x(n) = 0 and d(n) = 0) and an open-loop analysis (no
equation relating the error signal e(n) as a function of the control signal
y(n)) the equations

Y ′(z) = Y ′m(z) + Y ′i (z), (6.1)
Y ′m(z) = Wm(z)

(
Ŷi(z) + E(z)

)
, (6.2)

Y ′i (z) = Wi(z)
(
Ŷi(z) + E(z)

)
, (6.3)

and
Ŷi(z) = Ŝ(z)Y ′i (z) (6.4)

are derived. By using Eq. 6.4 to replace Ŷi(z) in Eq. 6.3

Y ′i (z) = Wi(z)
(
Ŝ(z)Y ′i (z) + E(z)

)
(6.5)

→ Y ′i (z) = Wi(z)
1− Ŝ(z)Wi(z)

E(z) (6.6)

the IMC control signal Y ′i (z) can be expressed as a function of the error
signal E(z). If this equation is used together with Eq. 6.4 to replace Ŷi(z)
in Eq. 6.2

Y ′m(z) = Wm(z)
(

Ŝ(z)Wi(z)
1− Ŝ(z)Wi(z)

E(z) + E(z)
)

(6.7)

→ Y ′m(z) = Wm(z)
1− Ŝ(z)Wi(z)

E(z), (6.8)
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then the same can be done for the MVC control signal Y ′m(z). Using this
equation together with Eq. 6.6 to replace the MVC and IMC control signals
in Eq. 6.1

Y ′(z) = Wm(z)
1− Ŝ(z)Wi(z)

E(z) + Wi(z)
1− Ŝ(z)Wi(z)

E(z) (6.9)

=
(
Wm(z) +Wi(z)
1− Ŝ(z)Wi(z)

)
E(z) (6.10)

the equivalent MVC controller transfer function

W̃m(z) = Y ′(z)
E(z) = Wm(z) +Wi(z)

1− Ŝ(z) ·Wi(z)
(6.11)

can be derived. As can be seen, the denominator of the equation is the
same as the one found for the IMC controller in Eq. 4.11. Hence, the
controller’s inner stability of the present structure can be ensured by using
an internally-stable IMC controller. For this, the same principles presented
in Sec. 4.1 can be used.

6.2. Feedback System Stability

The stability of the feedback system in its closed-loop operation can be
determined by the analysis of the system’s transfer function in Eq. 5.1. Its
denominator

Cmi(z) = 1 + S(z)Wm(z) +
(
S(z)− Ŝ(z)

)
Wi(z) (6.12)

forms the characteristic equation. This is analyzed for its nominal form

Ĉmi(z) = 1 + S0(z)Wm(z), (6.13)

under which the nominal secondary path S0(z) = S(z) and the estimated
secondary path Ŝ(z) = S(z) are equal to the real one. If this characteristic
equation is compared to the one of the MVC controller case in Eq. 3.16, it
can be seen that they are equal. Therefore, the system’s nominal stability
constraint can be fulfilled by using a nominally stable MVC controller. For
details about the MVC nominal stability refer to Sec. 3.2.
Given that the system is nominally stable, its robust stability can be

analyzed. For it, the multiplicative uncertainty model of the secondary
path in Eq. 3.44 is used. Replacing S(z) with Eq. 3.44 in Eq. 6.12, the
characteristic equation

Cmi = 1 + S0 ·Wm + S0 ·G2 ·∆ ·
(
Wm +Wi

)
(6.14)
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can be formulated. The argument jΩk is omitted in this and in further
equations. Thus, the number of unstable roots

ZCmi,c = Ncw
Omi −N

ccw
Omi (6.15)

equals the number of clockwise encirclement of the Nyquist point made by
the sub-contours of the open-loop

Omi = S0 ·Wm + S0 ·G2 ·∆ ·
(
Wm +Wi

)
(6.16)

evaluated on the unit circle Ncw
Omi(jΩk), minus the counter-clockwise ones

Nccw
Omi(jΩk). Under this consideration, the robust stability of the system

can be ensured by imposing the constraint
∣∣1 + S0 ·Wm

∣∣ > G2 ·
∣∣S0 ·

(
Wm +Wi

)∣∣. (6.17)

Its left-hand side corresponds to the distance from the nominal contour to
the point (−1, 0) and the right-hand side corresponds to the discs’ radii
weighted by the multiplicative uncertainty G2(Ωk). If Wm(jΩk) is set to
zero, then this robust stability constraint simplifies to the one of the IMC
controller in Eq. 4.23. If on the other hand Wi(jΩk) is set to zero, then
this robust stability constraint simplifies to the one of the MVC controller
in Eq. 3.50. Hence, for this constraint to be fulfilled it is necessary, but
it is not sufficient, that both the MVC and the IMC controller are robust
stable.

6.3. Feedback System Disturbance Enhancement

As part of the design of the combined controller, the disturbance amplifi-
cation that the waterbed-effect is allowed to produce has to be controlled.
As it has been stated before, since this is a feedback controller analysis, the
feedforward part of the combined controller is not considered here. Hence,
for the analysis the frequency response of the MVC-IMC combination with
independent controllers from Eq. 5.1 is used

∣∣∣∣
1− Ŝ ·Wi

1 + S ·Wm +
(
S − Ŝ

)
Wi

∣∣∣∣ ≤ G3, (6.18)

instead of the one of the whole Hfim(jΩk). In a first nominal analysis,
where S(jΩk) = S0(jΩk) and Ŝ(jΩk) = S0(jΩk) hold, this inequality
takes the form ∣∣∣∣

1− S0 ·Wi

1 + S0 ·Wm

∣∣∣∣ ≤ G3. (6.19)

Here, the nominal transfer functions of both subsystems can be seen. Given
that the system is nominally stable, both sides of the inequality are mul-



6.3. Feedback System Disturbance Enhancement 103

tiplied by the denominator of the left-hand side
∣∣1− S0 ·Wi

∣∣ ≤ G3
∣∣1 + S0 ·Wm

∣∣ (6.20)

so that the nominal performance constraint can be found. If Wm(jΩk) is
set to zero, then this nominal performance constraint simplifies to the one
of the IMC controller in Eq. 4.25. If on the other hand Wi(jΩk) is set to
zero, then this nominal performance constraint simplifies to the one of the
MVC controller in Eq. 3.54. Hence, for this constraint to be fulfilled it is
necessary but not sufficient, that both the MVC and the IMC controller
meet the amplification limit G3(Ωk) under nominal conditions.
In order to establish a constraint for the robust analysis, the multiplica-

tive uncertainty model of the secondary path in Eq. 3.44 is used in Eq. 6.18
and the estimated secondary path Ŝ(jΩk) is set to the nominal one S0(jΩ)

∣∣∣∣
1− S0 ·Wi

1 + S0 ·Wm + S0 ·G2 ·∆ ·
(
Wm +Wi

)
∣∣∣∣ ≤ G3. (6.21)

Both sides of the equation are divided by G3(Ωk) and, provided that the
system is robustly stable, multiplied by the denominator of the left-hand
side

1
G3

∣∣1− S0 ·Wi
∣∣ ≤
∣∣1 + S0 ·Wm + S0 ·G2 ·∆ ·

(
Wm +Wi

)∣∣. (6.22)

Then, the most restrictive case

1
G3

∣∣1− S0 ·Wi
∣∣ ≤
∣∣1 + S0 ·Wm

∣∣−G2 ·
∣∣S0 ·

(
Wm +Wi

)∣∣ (6.23)

is taken in order to find the robust performance constraint of the controller.
Once again it is found that, if Wi(jΩk) is set to zero, then the constraint
simplifies to the one of the MVC controller in Eq. 3.56. Equivalently, if
Wm(jΩk) is set to zero, then the constraint simplifies to the one of the
IMC controller in Eq. 4.31. Hence, for this constraint to be fulfilled it is
necessary but not sufficient, that both the MVC and the IMC controller
meet their individual robust performance constraints.

Other constraints One consideration for the digital implementation is to
limit the gain of the controller. This is done not only for security purposes,
but also to avoid the amplification of the ADC’s noise floor to a level that
is audible. This can be done by comparing the magnitude response of the
equivalent MVC controller W̃m(jΩk) to the one of a maximum gain curve

∣∣W̃m
∣∣ ≤ G4, (6.24)
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where G4(Ωk) can be chosen as an inverted noise weighting curve or as a
constant value. In order to use this constraint during the optimization of
the system’s parameters, Eq. 6.11 is used to replace W̃m(jΩk)

∣∣∣∣
Wm +Wi

1− Ŝ ·Wi

∣∣∣∣ ≤ G4. (6.25)

If the IMC controller is internally stable, then both sides can be multiplied
by the denominator of the left-hand side

∣∣Wm +Wi
∣∣ ≤ G4

∣∣1− Ŝ ·Wi
∣∣, (6.26)

to yield the constraint for maximum gain of the equivalent MVC controller.

6.4. Feedback Controller Optimization

In this section the design of the impulse responses wm(n) and wi(n) is
formulated as a cost function minimization subject to the constraints de-
scribed above. The cost function is based on the magnitude frequency
response of the nominal system

∣∣Ĥmi
∣∣ =
∣∣∣ 1− S0 ·Wi

1 + S0 ·Wm

∣∣∣ , (6.27)

from which the natural logarithm is calculated

log
∣∣Ĥmi

∣∣ = log
∣∣1− S0 ·Wi

∣∣− log
∣∣1 + S0 ·Wm

∣∣. (6.28)

A calculation of dB-values is also possible here, although it has no influ-
ence on the results obtained. Subsequently, the discrete frequencies are
weighted by means of G1(Ωk) and accumulated between the frequencies of
interest

Cmvc-imc(wm, wi) = 2
kh − kl + 1

kh∑

k=kl

G1(Ωk) log
∣∣Ĥmi(jΩk)

∣∣. (6.29)

Here, kl and kh are the FFT frequency indices related to the lowest fre-
quency fl and highest frequency fh of interest, respectively. In this way
both controllers can be optimized simultaneously. However, there is no
guarantee that a local optimum will yield the global one, because the
calculation of the logarithm in the cost function breaks the quadratic de-
pendency with respect to the parameters.

Constraints In order to help the optimization algorithm achieve its goal,
the constraints have to be formulated such that they build a squared de-
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pendency with respect to the optimization parameters. As it is already ex-
plained in the above sections, the inner controller stability depends solely
on the IMC’s inner stability (see Sec. 4.5). Furthermore, the feedback
system’s nominal stability depends on the MVC’s nominal stability (see
Sec. 3.4).
The system’s robust stability constraint in Eq. 6.17 is re-written as

∣∣1 + S0 ·Wm
∣∣2 > G2

2 ·
∣∣S0 ·

(
Wm +Wi

)∣∣2. (6.30)

The nominal performance constraint in Eq. 6.20 is re-formulated as
∣∣1− S0 ·Wi

∣∣2 ≤ G2
3
∣∣1 + S0 ·Wm

∣∣2, (6.31)

and the robust performance constraint in Eq. 6.23 as

1
G2

3

∣∣1− S0 ·Wi
∣∣2 ≤

∣∣1 + S0 ·Wm
∣∣2

−2 ·G2
∣∣S0 ·

(
Wm +Wi

)∣∣∣∣1 + S0 ·Wm
∣∣+G2

2
∣∣S0 ·

(
Wm +Wi

)∣∣2.
(6.32)

The maximum equivalent MVC gain constraint from Eq. 6.26 is written as
∣∣Wm +Wi

∣∣2 ≤ G2
4
∣∣1− Ŝ ·Wi

∣∣2. (6.33)

Similarly as with the optimizations of the single controller impulse re-
sponses, wi and wm, these constraints are evaluated only on the positive
frequencies of interest.

6.4.1. Optimization results

The optimization results presented in this section were obtained using
the nonlinear programming solver fmincon() together with the SQP al-
gorithm from the MATLAB 2019a optimization toolbox. The parameters
MaxIterations and MaxFunctionEvaluations were set to max(400,Lm +
Li) and 400 ·(Lm+Li), respectively. Although, all the optimizations found
the optimal solution before reaching these iteration limits. The starting
solution for the coefficients’ optimization is set to zero. The sampling
frequency fs = 48 kHz and the FFT length N = 8192 were chosen. In
Fig. 3.12 the frequency-dependent parameters used during the optimiza-
tion are presented, which are the same ones utilized during the optimiza-
tion of the MVC and IMC controllers. The MVC’s nominal stability con-
straint based on the hyperbolic boundary intersects the x-axis at the point
(−0.8, 0) and has its foci at (−2, 0) and (2, 0). The IMC’s inner stability
constraint based on the vertical boundary intersects the x-axis at the point
(0.9, 0). These constraints are already known to the reader from the past
chapters and therefore, are not further analyzed here.
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Design constraints The effect of the constraints over the optimal solution
is presented in Fig. 6.1 following an increasingly restrictive order. For this,
a constant cost function bandwidth (fl = 0Hz and fh = 3 kHz), and a
constant controller impulse response length (Lm = 64 and Li = 64) are
used. It can be seen from Hmi(f)

∣∣G4 that when the system is subject to
the equivalent MVC controller’s maximum gain limit G4(Ω) an attenuation
bandwidth of 1.7 kHz with attenuation levels between 20 dB and 40 dB can
be achieved. However, an amplification region between 1.7 kHz and 5 kHz
with a peak value of 23 dB is produced, too. If the disturbance enhance-
ment constraint based on G3(Ω) is imposed on the system’s sensitivity
function Hmi(f), then this amplification region falls under the threshold of
3 dB. However, it is seen in Hmi(f)

∣∣G3G4 that, because of the waterbed-
effect, the attenuation bandwidth decreases from 1.7 kHz to 900Hz and
that the the achieved attenuation drops by 7-20 dB. If the robust stability
constraint based on the secondary path multiplicative uncertainty G2(Ω)
is enforced, then less attenuation is achieved between 128 and 714Hz, most
probably because of the increase in uncertainty that G2(Ω) has between
300 and 700Hz. Nevertheless, the attenuation is improved outside this
frequency range, which extends the attenuation bandwidth to 1.2 kHz. At
last, if the robust performance constraint is imposed, then it can be seen
from Hmi(f)

∣∣G2G3(2)G4, that an important magnitude in attenuation is
lost together with a decrease in attenuation bandwidth from 1.2 kHz to
1 kHz. Nevertheless, the amplification in the mid- and high-frequencies
decreases to levels around the 1.5 dB.

Combination of sensitivity functions The multiplicative effect that the
connection strategy of this pseudo-cascaded control structure has over the
sensitivity function of its sub-structures is investigated. For this purpose,
the curve Hmi(f)

∣∣G2G3G4 from Fig. 6.1 is presented together with the sen-
sitivity functions of its MVC and IMC sub-control structures in Fig. 6.2.
Here, the combination of the sensitivity functions Hm(f) and Hi(f) can
be analyzed in three frequency ranges: first, the low-frequency range from
approx. 30 to 400Hz, where both sub-structures’ attenuation is combined
to achieved a higher one in Hmi(f); then, a mid-frequency range start-
ing approx. at 400Hz and ending at 1.2 kHz, where the MVC shows a
dominant attenuation performance, which is then shaped by the IMC’s in-
fluence; finally, a high-frequency range starting at 1.2 kHz and continuing
thereof, in which both sensitivity functions oscillate opposite to each other
around a level of 1.5 dB, from which the achieved collective amplification
of 3 dB is reached.

Controllers’ impulse response length The effect of the controllers’ im-
pulse response length is investigated. For this purpose, the system is
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Figure 6.1.: Development of the optimal sensitivity function Hmi(f ) when
constraints are enforced in increasingly restrictive order. The IMC vertical
boundary intersection is set to (0.9, 0) and the MVC hyperbolic boundary
intersection to (−0.8, 0) and foci to (−2, 0) and (2, 0). Parameters: fs =
48 kHz, N = 8192, Lm,i = 64, fl = 0Hz, fh = 3 kHz.

subject to the maximum gain, robust stability and nominal performance
constraints, and only the length of the controllers is varied. The results
achieved are presented in Fig. 6.3. From Hmi(f)

∣∣Lm,i=4 it can be seen
that with lengths as short as 4 coefficients each, an attenuation of around
10 dB can be achieved for frequencies below 200Hz, with an attenuation
bandwidth of up to approx. 1.9 kHz. This is achieved with a disturbance
enhancement that is inferior to the one of higher order controllers. If the
length of the controllers is incremented to 16 coefficients, then an improve-
ment in attenuation magnitude is seen between 100 Hz and 1.2 kHz. This
enables the controller to reach 15 dB of attenuation at 700Hz. The im-
provement comes with a loss in the attenuation bandwidth from 1.9 kHz
to 1.3 kHz. If the length of the controllers is incremented to 64 coeffi-
cients, then the attenuation bandwidth decreases to approx. 1.2 kHz and
the attenuation reached below 60Hz decreases as well. In exchange the
attenuation of around 10 dB is extended from 40Hz up to 1 kHz, reaching
peak values of approx. 25 dB. The disturbance enhancement produces a
relatively flat plateau starting at 1.4 kHz and ending at 8.6 kHz.

Pseudo-cascaded compared to single optimized systems In order to es-
tablish in which extent the pseudo-cascaded system may offer an advan-
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Figure 6.2.: Development of the optimal sensitivity function Hmi(f ) as a com-
bination of the sensitivity functions of its MVC and IMC controllers. The op-
timization is subject to the constraint combination G2G3G4. The IMC vertical
boundary intersection is set to (0.9, 0) and the MVC hyperbolic boundary inter-
section to (−0.8, 0) and foci to (−2, 0) and (2, 0). Parameters: fs = 48 kHz,
N = 8192, Lm,i = 64, fl = 0Hz, fh = 3 kHz.

tage over the MVC and the IMC formulations, the three systems are com-
pared using equivalent controller lengths. This means that, if the pseudo-
cascaded system uses two controllers with 4 coefficients each, then the
MVC and the IMC counterparts will use a controller of 8 coefficients. Of
course, this comparison is only fair when comparing the pseudo-cascaded
system with the IMC, because both make use of an estimated secondary
path. Nevertheless, an optimum MVC controller serves as a reference of
an efficient solution. As a first set of solutions for comparison, Fig. 6.4 is
presented. The pseudo-cascaded system uses two controllers with 4 coeffi-
cients each, whereas the IMC and the MVC a controller of length 8 each.
Here it can be seen that the important differences between the three ap-
proaches are concentrated in the frequencies below 200Hz, whereas beyond
this frequency, all three behave very similarly. Below 200Hz the MVC pro-
duces an attenuation that shows an increment towards the low-frequencies,
which allows it to achieve a higher attenuation at frequencies below 26Hz.
The IMC and the pseudo-cascaded solutions follow a very similar behavior,
producing strong attenuation at 50Hz and 100Hz. The pseudo-cascaded
system shows a constant higher attenuation of 2-3 dB when compared to
the IMC.
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Figure 6.3.: Optimum sensitivity functions obtained with different impulse
response lengths Li and Lm. The optimization is subject to the constraint
combination G2G3G4. The IMC vertical boundary intersection is set to (0.9, 0)
and the MVC hyperbolic boundary intersection to (−0.8, 0) and foci to (−2, 0)
and (2, 0). Parameters: fs = 48 kHz, N = 8192, fl = 0Hz, fh = 3 kHz.

As a second set of solutions for comparison, Fig. 6.5 is presented. For
the optimizations, the length of the impulse responses has been increased
by a factor 16. In the graph it can be seen, that in the low-frequencies
a stop-band is being produced, followed by a transition band around the
1 kHz, which finishes in a 3 dB pass-band that extends up to 8.6 kHz. In
the stop-band all three approaches show a ripple effect, with peaks and
notches located at (almost) the same frequencies. The deepest notches are
produced by the IMC and pseudo-cascaded systems, of which the latter
shows the highest attenuation magnitude. Only between 300 and 400Hz
there is an inversion, due to the IMC transition band. The MVC shows
a similar behavior to the pseudo-cascaded system, but an incapability to
produce attenuation levels higher than 15 dB. This is probably because the
pseudo-cascaded system still has a comparative advantage because of its
recursive nature through the use of the secondary path.

6.5. Novel Control Structure with Low Dependency Level

In this section a feedforward controllerWf(z) is combined with the pseudo-
cascaded feedback controller analyzed in the previous sections into the FF-
IMC-MVC structure, from now on called FIM. The goal of this structure
is to combine the nominal transfer functions of its sub-structures in a mul-
tiplicative way, i.e. Ĥfim(z) = Ĥf(z) · Ĥi(z) ·Hm(z). To achieve this, the
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Figure 6.4.: Comparison of the optimal sensitivity function of the pseudo-
cascaded system Hmi(f ) with the optimal sensitivity functions of an MVC
and an IMC controllers having the same combined impulse response lengths.
The optimization is subject to the constraint combination G2G3G4. The
IMC vertical boundary intersection is set to (0.9, 0) and the MVC hyperbolic
boundary intersection to (−0.8, 0) and foci to (−2, 0) and (2, 0). Parameters:
fs = 48 kHz, N = 8192, fl = 0Hz, fh = 3 kHz.

structure presented in Fig. 6.6 is proposed. As can be seen, the pseudo-
cascaded feedback system is based on the MVC-IMC combination with
independent optima from Fig. 5.1a. Moreover, if the MVC-IMC subsys-
tem is conceptually encapsulated into a single block, it can be seen from
Fig. 5.2a that the feedforward and feedback systems are combined follow-
ing the MVC-FF combination strategy with independent optima. Hence,
it is expected that the controllers are independent from each other. To cor-
roborate this hypothesis, a transfer function analysis has to be performed.
From Fig. 6.6, the equations

E(z) = D(z)− Y (z) (6.34)
D(z) = P (z)X(z) (6.35)
Y (z) = S(z)

(
Y ′f (z) + Y ′i (z) + Y ′m(z)

)
(6.36)

Y ′f (z) = Wf(z)X(z) (6.37)
Y ′m(z) = Wm(z)

(
Ŝ(z)Y ′i (z) + E(z)

)
(6.38)
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Figure 6.5.: Comparison of the optimal sensitivity function of the pseudo-
cascaded system Hmi(f ) with the optimal sensitivity functions of an MVC
and an IMC controllers having the same combined impulse response lengths.
The optimization is subject to the constraint combination G2G3G4. The
IMC vertical boundary intersection is set to (0.9, 0) and the MVC hyperbolic
boundary intersection to (−0.8, 0) and foci to (−2, 0) and (2, 0). Parameters:
fs = 48 kHz, N = 8192, fl = 0Hz, fh = 3 kHz.

and

Y ′i (z) = Wi(z)
(
Ŝ(z)Y ′i (z) + E(z)

)
(6.39)

→ Y ′i (z) = Wi(z)
1− Ŝ(z)Wi(z)

E(z) (6.40)

are derived. Using Eq. 6.40 to replace Y ′i in Eq. 6.38

Y ′m(z) = Wm(z)
(

Ŝ(z)Wi(z)
1− Ŝ(z)Wi(z)

E(z) + E(z)
)

, (6.41)

the MVC control signal

Y ′m(z) = Wm(z)
1− Ŝ(z)Wi(z)

E(z) (6.42)
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Figure 6.6.: Novel hybrid control structure with independent optima.

can be formulated as a function of the error signal E(z). Using Eq. 6.37,
Eq. 6.40, and Eq. 6.42 to replace the individual control signals in Eq. 6.36

Y (z) = S(z)
(
Wf(z)X(z) + Wi(z)

1− Ŝ(z)Wi(z)
E(z) + Wm(z)

1− Ŝ(z)Wi(z)
E(z)

)
,

(6.43)
the system’s control signal

Y (z) = S(z)
(
Wf(z)X(z) + Wi(z) +Wm(z)

1− Ŝ(z)Wi(z)
E(z)

)
(6.44)

can be formulated as a function of the reference signal X(z) and the resid-
ual error E(z). By using Eq. 6.44 and Eq. 6.35 in Eq. 6.34

E = P ·X − S
(
Wf ·X + Wi +Wm

1− Ŝ ·Wi
E

)
(6.45)

→ E =
(
P − S ·Wf

)
X − S

(
Wi +Wm

1− Ŝ ·Wi

)
E (6.46)

→
(
P − S ·Wf

)
X = E

(
1− Ŝ ·Wi + S ·Wi + S ·Wm

1− Ŝ ·Wi

)
(6.47)

→
(
P − S ·Wf

)
X = E

(
1 +

(
S − Ŝ

)
Wi + S ·Wm

1− Ŝ ·Wi

)
(6.48)

the system’s transfer function can be derived

Hfim(z) = E(z)
X(z) =

(
1− Ŝ(z)Wi(z)

)(
P (z)− S(z)Wf(z)

)

1 + S(z)Wm(z) +
(
S(z)− Ŝ(z)

)
Wi(z)

. (6.49)

It can be seen by comparing this equation with the transfer functions of
the MVC-IMC combination in Eq. 5.1 and of the FF system in Eq. 2.1,
that this structure yields the multiplicative combination of the transfer
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functions of all control schemes. In cases in which Ŝ(z) = S(z) holds, the
transfer function simplifies to its nominal form

Ĥfim(z) = 1− S(z)Wi(z)
1 + S(z)Wm(z)

(
P (z)− S(z)Wf(z)

)
. (6.50)

From the nominal transfer function one can see that in a context in which
the secondary path is perfectly known, each one of the controllers can be
designed independently. For example, the feedforward controller can be
derived based only on the primary and secondary path, thus, minimizing
only its own transfer function. The next section investigates to which ex-
tent the independent optimization of the feedforward controller is possible.

6.5.1. The optimal feedforward controller

Given that the feedback components of the system have been designed, the
optimal feedforward controller can be calculated. Its derivation is based
on the nominal transfer function of the system in Eq. 6.50, in which it is
assumed that the estimated and nominal secondary paths are equal to the
real one. The transfer function is used to express the error signal

E(z) = 1− S(z)Wi(z)
1 + S(z)Wm(z)

(
P (z)X(z)− S(z)Wf(z)X(z)

)
(6.51)

as a function of the reference signalX(z) and the controllersWi(z),Wm(z),
and Wf(z). The equality D(z) = P (z)X(z) is used

E(z) = 1− S(z)Wi(z)
1 + S(z)Wm(z)

(
D(z)− S(z)Wf(z)X(z)

)
, (6.52)

in order to include the disturbance signal D(z) in the stochastic excitation
analysis later on. It can be seen from Eq. 6.52 that the feedback subsystems
produce the same coloration in the disturbance signalD(z) as in the control
signal coming from the feedforward controllerWf(z). The nominal transfer
function of the IMC controller (re-written from Eq. 4.7)

Ĥi(z) = 1− S(z)Wi(z) (6.53)

and the transfer function of the MVC controller (re-written from Eq. 3.2)

Hm(z) = 1
1− S(z)Wm(z) (6.54)

are used to replace their contributions in Eq. 6.52

E(z) = Ĥi(z)Hm(z)
(
D(z)− S(z)Wf(z)X(z)

)
. (6.55)
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Now, as already discussed in Sec. 2.3, the search for an optimum controller
in the Z-domain may yield a controller Wf(z) that is non-causal or non-
stable, or both. Therefore, in order to find the finite impulse response
of the causal feedforward controller wf the notation and considerations
presented in Sec. 2.3.1 are used. As a first step, the equation is re-written

e = Hi ·Hm · dzp −Hi ·Hm · S ·Wf · x, (6.56)

in its equivalent vector-matrix form based on the signals’ vectors and sys-
tems’ impulse responses and Toeplitz matrices. Considering linearity and
time invariance, this is rearranged as

e = Dzp ·Hi · hm −X ·Hi ·Hm · S ·wf. (6.57)

Using this equation, the optimization’s cost function is defined as the ex-
pectation of the quadratic error E[eTe]. In order to find the controller’s
finite impulse response wf that minimizes this cost function, its gradient
with respect to the impulse response coefficients is calculated

∂E[eTe]
∂wf

= −2 ·E[(Dzp ·Hi ·hm−X ·Hi ·Hm ·S ·wf)TX ·Hi ·Hm ·S] (6.58)

and equated to zero. If the transpose of both sides is taken

ST ·HT
m ·HT

i ·E
[
XT ·X

]
·Hi ·Hm ·S·wopt

f = ST ·HT
m ·HT

i ·E
[
XT ·Dzp

]
·Hi ·hm
(6.59)

the equality fulfilled by the optimal controller’s finite impulse response
wopt

f can be formulated. Based on Eq. 2.46 and Eq. 2.47

ST ·HT
m ·HT

i ·Φxx ·Hi ·Hm ·S ·wopt
f = ST ·HT

m ·HT
i ·Φdx ·Hi ·hm (6.60)

the cross-correlation Φdx and auto-correlation Φxx functions are used to
replace E

[
XT ·X

]
and E

[
XT ·Dzp

]
, respectively. Additionally, the auto-

correlation of the reference signal x filtered by the transfer functions of
the MVC controller Hm(z) and of the IMC controller Ĥi(z) is defined as

Φim
xx = HT

m ·HT
i ·Φxx ·Hi ·Hm (6.61)

and the cross-correlation in an equivalent form

φim
dx = HT

m ·HT
i ·Φdx ·Hi · hm. (6.62)

Subsequently, these are used in the equation to yield

ST ·Φim
xx · S ·wopt

f = ST · φim
dx· (6.63)
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Provided that the matrix ST ·Φim
xx ·S is not singular, the optimal solution

for the finite impulse response of the feedforward controller

wopt
f =

(
ST ·Φim

xx · S
)−1 · ST · φim

dx (6.64)

can be found. As can be seen, the result is very similar to the one found
in Eq. 2.49. The difference is that the feedback controllers’ influence on
the optimum feedforward controller is focused on the spectral weighting
of the reference and disturbance signal. Although this is relevant for the
calculation, other more dominant influences on the feedforward optimum
are going to be seen with other combination strategies afterwards. Al-
ternatively, if the free-field excitation scenario is similarly analyzed, the
optimum solution takes the form

ŵopt
f =

(
ST ·Φim

xx · S
)−1 · ST ·Φim

xx · pzp. (6.65)

Here, the spectral-weighting imposed over Φim
xx by the feedback controllers

can be ignored, if only the information about the primary and secondary
path is known by the time of the calculation.

Optimization results

In this subsection the advantages of the FIM structure in comparison to the
classical feedforward scheme are evaluated. For this purpose, a free-field
excitation scenario with a flat power spectral density is considered. This
enables the use of a measured primary path impulse response (in this case
of length Lp = 8192) and at the same time simplifies the auto-correlation
matrix Φxx to the identity matrix I. The nominal secondary path impulse
response of length Ls = 2048 from the optimization of the pseudo-cascaded
system is further used. Using the secondary path and the parameters of the
pseudo-cascaded system, its impulse response is calculated for a length of
Lhmi = 2048. The feedforward controllers are derived following Eq. 2.50 for
the classical controller and Eq. 6.65 for the controller of the novel structure.
Then, the impulse responses with length 8192 of both systems hf(n) and
hfim(n) are calculated by means of a sample-by-sample simulation of the
system under control. The resulting impulse responses are used for the
evaluation.
In Fig. 6.7 the impulse responses of the primary path p(n) (equivalent

to the system under no control), the feedforward system hf(n), and the
FIM system hfim(n) are presented. In Fig. 6.7a the results achieved with
a controller length Lw equal to the primary path impulse response length
Lp are presented. Please note that the x-axis is in logarithmic scale. It
can be seen from the first four samples, that the delay of the secondary
path does not allow the two controllers to achieve any control, because of
the causality limitations. Therefore, the first samples of both systems are
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Figure 6.7.: System impulse response hfim(f ) compared to the system subject
to no control p(n) and subject to the classical feedforward controller hf(f ).
Please note that the x-axis is in logarithmic scale. Parameters: fs = 48 kHz,
Lhi = 2048, Lhm = 2048, Lhmi = 2048, Ls = 2048, Lp = 8192, Φxx = I.

equal to the ones of the primary path. It can be implied that the changes
produced by the pseudo-cascaded system on the secondary path do not
influence the causality limitations (at least in a visible way). From the
fifth sample onward the impulse responses remain positive and equal. In
both cases the impulse response decays to zero. Thus, the optimal impulse
response of the FIM system is very similar to the one of the FF system.
In Fig. 6.7b the results achieved with a controller length shorter than

the one of the primary path impulse response are presented. One can see
that from the fifth up to approx. the 40th sample, both impulse responses
have a similar transient as the one seen in Fig. 6.7a, with hfim(n) producing
a slightly higher amplitude than hf(n). From the 40th to approximately
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the 70th sample both controllers show a divergent oscillatory behavior.
However, one can see that the pseudo-cascaded system’s influence in the
FIM system is beneficial, because hfim(n) reaches lower amplitudes than
hf(n) and a relatively steady constant value until it decays to zero. Hence,
its impulse response approximates the impulse responses related to the
longer controllers in Fig. 6.7a.
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Figure 6.8.: System frequency response Hfim(f ) compared to the system sub-
ject to no control P(f ) and subject to the classical feedforward controller
Hf(f ). Parameters: fs = 48 kHz, Lw = 64, Lhi = 2048, Lhm = 2048,
Lhmi = 2048, Ls = 2048, Lp = 8192, Φxx = I.

In Fig. 6.8 the frequency responses of the impulse responses in Fig. 6.7
are presented. In Fig. 6.8a the results achieved with a controller length Lw
equal to the primary path impulse response length Lp are presented. One
can see that the frequency response achieved with both control approaches
is almost identical. Hence, in this free-field excitation scenario with opti-
mum controller length, the pseudo-cascaded system does not introduce any
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advantage for the FIM in comparison to the classical feedforward system.
However, if the controller length is shorter than the one of the primary
path, as the case presented in Fig. 6.8b, substantial advantages can be
seen. For all frequencies below 1 kHz one can see that Hfim(f) shows up
to 20 dB higher attenuation than Hf(f). Furthermore, Hfim(f) shows at
some frequencies (50, 400 and 800Hz) an attenuation even higher than the
one achievable with the optimum controller length. An attenuation can
be achieved even in the frequency range between 250 and 500Hz, where
Hf(f) shows a peak amplification of almost 10 dB. If the improvements
and the attenuation bandwidth are compared to the frequency response
of the pseudo-cascaded system Hmi(f) in Fig. 6.5, it can be seen that the
pseudo-cascaded system can be accounted for the additional achieved at-
tenuation. Furthermore, Hmi(f) introduces another visible improvement
in the attenuation performance in the frequency range around 10 kHz.

The frequency responses of the feedforward controllersWf(f) andWfim(f)
are presented in Fig. 6.9. Additionally, the magnitude response of the naive
optimum controller P (f)/S(f) is presented as reference for an ideal con-
troller. In Fig. 6.9a the results achieved with a controller impulse response
length Lw equal to the primary path length Lp are presented. It can be
seen that the feedforward controller Wf(f) is very close to the ideal con-
troller over the entirely frequency range. In contrast, the FIM controller
Wfim(f) shows deviations in the low-frequencies up to 1 kHz. Neverthe-
less, it is known from the results presented in Fig. 6.8a, that both systems
achieve the same attenuation performance. This frequency range coincides
with the attenuation bandwidth of the pseudo-cascaded system. There-
fore, the deviations must be compensated by the pseudo-cascaded system.

The results achieved with a controller length Lw shorter than the one
of the primary path Lp are presented in Fig. 6.9b. One can see that for
frequencies higher than 1 kHz both controllers Wf(f) and Wfim(f) show a
similar magnitude response. However, in the low frequencies it can be seen
thatWf(f) prioritizes the frequencies below 250Hz over the range between
250 and 700Hz. As a result, in the same range its system frequency
response Hf(f) (see Fig. 6.8b) shows an amplification with a magnitude
equal to the deviation from the ideal controller. In contrast, the FIM
controller shows a lower magnitude in the frequencies below 300Hz, but
a better approximation in the range between 300 and 700Hz. The better
result in this frequency range, combined with the attenuation that the
pseudo-cascaded system produces helps the FIM achieve a better result
in Fig. 6.8b. So basically Wfim(f) relies on the pseudo-cascaded system
for the frequencies below 300Hz and makes use of this to achieve a better
result at higher frequencies.
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Figure 6.9.: Controller frequency response Wfim(f ) compared to the one of the
classical feedforward controller Wf(f ). Parameters: fs = 48 kHz, Lhi = 2048,
Lhm = 2048, Lhmi = 2048, Ls = 2048, Lp = 8192, Φxx = I.

The equivalent filtered-x LMS

As shown in Sec. 2.4, an adaptive controller based on the steepest descent
method can be formulated. For the coefficients’ update equation

wf(n+ 1) = wf(n)− µ

2 · ∇f
T
c (wf(n)), (6.66)

the transposed gradient of the cost function has to be calculated. For this
purpose the gradient in Eq. 6.58 is approximated by

∇fc(wf) = ∂E[eTe]
∂wf

≈ − 2
Le

(Dzp ·Hi ·hm−X·Hi ·Hm ·S·wf)T ·X·Hi ·Hm ·S,
(6.67)
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the mean over Le samples. The vector within parenthesis is replaced by
the one of the error signal

∇fc(wf) = ∂E[eTe]
∂wf

≈ − 2
Le

eT ·X ·Hi ·Hm · S (6.68)

and then both sides of the equation are transposed

∇fTc (wf) ≈ − 2
Le

ST ·HT
m ·HT

i ·XT · e. (6.69)

Equivalently to the definition of the filtered-x signal, a filtered reference
over the secondary path, the IMC transfer function and the MVC transfer
function is defined as

xims = X ·Hi ·Hm · s. (6.70)

Simultaneously, the associated Toeplitz matrix is defined by

Xims = X ·Hi ·Hm · S. (6.71)

Using this in Eq. 6.69 the transposed gradient

∇fTc (wf) ≈ − 2
Le

XT
ims · e (6.72)

takes the form of the cross-correlation averaged over Le values, relative
to the positive lags between the new filtered-reference signal, xims(n), and
the error signal, e(n). As a less computationally expensive alternative, the
average over one sample

∇fTc (wf(n)) ≈ −2 · xT
ims · e(n) (6.73)

with the Lw samples long vector xT
ims is chosen. This is used to formulate

the coefficients’ update equation

wf(n+ 1) = wf(n) + µ · xT
ims · e(n) (6.74)

of the adaptive feedforward controller based on the Filtered-x LMS algo-
rithm (see Fig. 2.12).

The equivalent modified normalized filtered-x LMS

As discussed in Sec. 2.4, the use of the Modified Normalized Filtered-x
LMS algorithm simplifies the search for the step-size parameter µ and
shows a more reliable adaptation stability. In order to be able to use this
algorithm, though, the effective secondary path seen from the perspective
of the feedforward controller has to be calculated. For this purpose, the
reference and disturbance signals in Fig. 6.6 are set to zero x(n)=d(n)=0,
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and the feedforward control signal y′f(n) is considered the input and the
residual error e(n) the output of the system. Thus, the equations

E(z) = −S(z)
(
Y ′f (z) + Y ′i (z) + Y ′m(z)

)
, (6.75)

Y ′m(z) = Wm(z)
(
Ŝ(z)Y ′i (z) + E(z)

)
(6.76)

and

Y ′i (z) = Wi(z)
(
Ŝ(z)Y ′i (z) + E(z)

)
(6.77)

= Wi(z)
1− Ŝ(z)Wi(z)

E(z) (6.78)

are derived. If Eq. 6.78 is used to replace Y ′i (z) in Eq. 6.76

Y ′m(z) = Wm(z)
(

Ŝ(z)Wi(z)
1− Ŝ(z)Wi(z)

E(z) + E(z)
)

(6.79)

= Wm(z)
1− Ŝ(z)Wi(z)

E(z), (6.80)

then Y ′m(z) can be expressed as a function of E(z). This can be used
together with Eq. 6.78 in Eq. 6.75

E = −S
(
Y ′f + Wi

1− Ŝ ·Wi
E + Wm

1− Ŝ ·Wi
E

)
(6.81)

= −S · Y ′f − S ·
Wi +Wm

1− Ŝ ·Wi
E (6.82)

→ E

(
1 + S · Wi +Wm

1− Ŝ ·Wi

)
= −S · Y ′f (6.83)

→ E
1 + S ·Wm + (S − Ŝ)Wi

1− Ŝ ·Wi
= −S · Y ′f (6.84)

to derive the FF effective secondary path

Sfim
f (z) = − E

Y ′f
= S(z) 1− Ŝ(z) ·Wi(z)

1 + S(z) ·Wm(z) +
(
S(z)− Ŝ(z)

)
Wi(z)

. (6.85)

Thus, the secondary path is changed by the transfer function of the pseudo-
cascaded system in a multiplicative way. If Ŝ(z) = S(z) holds, then the
nominal effective secondary path

Ŝfim
f (z) = S(z) 1− S(z)Wi(z)

1 + S(z)Wm(z) (6.86)
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can be found. This result is the one used for replacing the two Ŝ(z) in
Fig. 2.13 used to derive the signals used during the controller adaptation.
It should be noted, that the estimated secondary path inside the pseudo-
cascaded system (see Fig. 6.6) remains unchanged by this effect.

Adaptation stability As discussed in Sec. 2.4.3, the stability of the adap-
tation algorithm can be assured by choosing a "small enough" step-size µ
for its coefficients’ update equation. In the case of the Filtered-x LMS
its maximal value is limited, among other parameters, by the magnitude
and phase error in the estimation of the secondary path used to filter the
reference signal. In the case of the Modified Filtered-x LMS it has been
calculated that only the magnitude mismatch introduces a limitation.
In the case of the present hybrid combination, the pseudo-cascaded sys-

tem has shown in Eq. 6.72 to influence the gradient of the adaptation
algorithm as well. Thus, where in the pure feedforward control structure
the gradient is partially calculated by filtering the reference signal with
the estimated secondary path Ŝ(z), now the same signal has to be filtered
by the nominal transfer functions of the MVC and IMC controllers’ con-
trol loops Hm(z) and Ĥi(z), respectively. This influence can also be seen
in Eq. 6.85, where the effective secondary path seen from the perspective
of the feedforward controller is presented. Because the real effective sec-
ondary path Sfim

f (z) is not at disposition (it can only be estimated), the
nominal effective secondary path Ŝfim

f (z) in Eq. 6.86 is used instead during
the adaptation. The relative deviation between these two

Ŝfim
f (z) = Ψfim

f (z)Sfim
f (z) (6.87)

is used to estimate the maximum step-size µ for the coefficients’ update
equation. If this is used to solve the relative deviation

Ψfim
f (z) = Ŝfim

f (z)
Sfim
f (z) , (6.88)

and Eq. 6.85 and Eq. 6.86 are used to replace the secondary paths

Ψfim
f (z) =

Ŝ(z)
(
1− Ŝ(z)Wi(z)

)

1 + Ŝ(z)Wm(z)
·

1 + S(z) ·Wm(z) +
(
S(z)− Ŝ(z)

)
Wi(z)

S(z)
(
1− Ŝ(z) ·Wi(z)

)

(6.89)

= Ŝ(z)
S(z) ·

1 + S(z) ·Wm(z) +
(
S(z)− Ŝ(z)

)
Wi(z)

1 + Ŝ(z)Wm(z)
, (6.90)

an expression for the deviation can be found. The relative deviation
Ŝ(z) = Ψ(z)S(z) between the estimated and the real secondary path (re-
written from Eq. 2.80) is used to replace the estimated secondary path in
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the equation

Ψfim
f (z) = Ψ(z)

(
1 + S(z)Wm(z)

1 + Ψ(z)S(z)Wm(z) +
(
1−Ψ(z)

)
S(z)Wi(z)

1 + Ψ(z)S(z)Wm(z)

)
. (6.91)

As a result, it can be seen that the deviation Ψ(z), originally used for the
simple case of a feedforward adaptive controller, is weighted over frequency
by the feedback controllersWm(z) andWi(z). The left-hand addend shows
an asymptotic behavior between unity, for the cases in which the condition
S(z)Wm(z)� 1 is fulfilled ; and 1/Ψ(z), when the relation S(z)Wm(z)� 1
is fulfilled. Thus, it would probably generate a smaller deviation than in
the case of a feedforward adaptive controller. The right-hand addend is of
small magnitude, because of the nominal MVC transfer function attenuat-
ing effect and the product S(z)Wi(z), which is known to lie between zero
and one when the IMC controller is optimized to minimize its nominal
transfer function. Thus, it also would generate a deviation smaller than
the one of a feedforward adaptive controller. However, the phase deviation
of the combined effect can not be estimated by such simple means, and it
is possible that in the case of the combined controllers the phase devia-
tion is increased. Hence, it is recommended to use the Modified Filtered-x
LMS algorithm instead of the Filtered-x LMS algorithm, to cope with this
limitation.

6.6. Novel Control Structure with Medium Dependency
Level

In this section the feedforward controller Wf(z) is combined with the
pseudo-cascaded MVC-IMC system to produce a partial dependency be-
tween the controllers. The approach taken is to move the MVC transfer
function inside the FF transfer function, i.e.

ĤFIMPDO(z) = Ĥi(z) · Ĥf (Hm(z), z) .

To achieve this, the structure presented in Fig. 6.10, named FIMPDO, is
proposed. By comparing it with the previous structure in Fig. 6.6, it can be
seen that an estimated secondary path Ŝ(z) is used to negate the influence
of the feedforward control signal ŷf(n) on the input of the MVC controller
Wm(z). The same connection strategy is used in the MVC-FF combination
dependent optima Fig. 5.2b. Hence, it is expected that this will produce
the desired effect in the optimum solution ofWf(z). In order to corroborate
this hypothesis, a transfer function analysis has to be carried out.
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Figure 6.10.: Novel hybrid control structure with partially dependent optima.

From Fig. 6.10, the equations

E(z) = D(z) + Y (z) (6.92)
D(z) = P (z)X(z) (6.93)
Y (z) = −S(z)

(
Y ′f (z) + Y ′i (z) + Y ′m(z)

)
(6.94)

Y ′f (z) = Wf(z)X(z) (6.95)
Y ′m(z) = Wm(z)

(
Ŝ(z)Y ′f (z) + Ŝ(z)Y ′i (z) + E(z)

)
(6.96)

and

Y ′i (z) = Wi(z)
(
Ŝ(z)Y ′i (z) + E(z)

)
(6.97)

= Wi(z)
1− Ŝ(z)Wi(z)

E(z) (6.98)

are derived. Using Eq. 6.98 and Eq. 6.95 to replace Y ′i (z) and Y ′f (z) in
Eq. 6.96

Y ′m(z) = Wm(z)
(
Ŝ(z)Wf(z)X(z) + Ŝ(z) Wi(z)

1− Ŝ(z)Wi(z)
E(z) + E(z)

)

(6.99)

= Wm(z)
(
Ŝ(z)Wf(z)X(z) + 1

1− Ŝ(z)Wi(z)
E(z)

)
(6.100)

the MVC control signal

Y ′m(z) = Wm(z)Ŝ(z)Wf(z)X(z) + Wm(z)
1− Ŝ(z)Wi(z)

E(z) (6.101)

can be expressed as a function of E(z) andX(z). Now, if Eq. 6.95, Eq. 6.98,
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and Eq. 6.101 are used to replace the control signals in Eq. 6.94

Y = −S
(
Wf ·X + Wi

1− Ŝ ·Wi
E +Wm · Ŝ ·Wf ·X + Wm

1− Ŝ ·Wi
E

)

(6.102)

= −S
((
Wf +Wm · Ŝ ·Wf

)
X + Wi +Wm

1− Ŝ ·Wi
E

)
, (6.103)

then the control signal

Y = −
(
S ·Wf + S ·Wm · Ŝ ·Wf

)
X − S ·Wi + S ·Wm

1− Ŝ ·Wi
E (6.104)

can be formulated as a function of E(z) and X(z). Using Eq. 6.93 and
Eq. 6.104 in Eq. 6.92

E = P ·X −
(
S ·Wf + S ·Wm · Ŝ ·Wf

)
X − S ·Wi + S ·Wm

1− Ŝ ·Wi
E (6.105)

→E
(

1 + S ·Wi + S ·Wm

1− Ŝ ·Wi

)
=
(
P − S ·Wf − S ·Wm · Ŝ ·Wf

)
X (6.106)

→E
(

1 + S ·Wm + (S − Ŝ)Wi

1− Ŝ ·Wi

)
=
(
P − S ·Wf(1 + Ŝ ·Wm)

)
X, (6.107)

the system’s transfer function can be derived

Hfimpdo(z)=E(z)
X(z)=

(
1−Ŝ(z)Wi(z)

) P (z)− S(z)Wf(z)
(
1 + Ŝ(z)Wm(z)

)

1 + S(z)Wm(z) +
(
S(z)− Ŝ(z)

)
Wi(z)

.

(6.108)
As can be seen by comparing it to the transfer function of the previous
system, both share the same characteristic function in the denominator
and the feedback system is the same. Hence, the stability and performance
constraint presented in the previous section apply in this case as well. In
cases in which Ŝ(z) = S(z) holds, the transfer function simplifies to its
nominal form

Ĥfimpdo(z) =
(
1− S(z)Wi(z)

)( P (z)
1 + S(z)Wm(z) − S(z)Wf(z)

)
. (6.109)

It can be seen that the primary path’s passive attenuation capability is
combined with the active attenuation produced by the transfer function
of the MVC control. This produces the expected change in the optimal
solution of the FF controller, as it now depends on the MVC controller
Wm(z) as well. It is expected that the control effort of the feedforward
controller is lower in the frequency region where the MVC control loop is
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active.

6.6.1. The optimal feedforward controller

Given that the feedback components of the system have been designed, the
optimal feedforward controller can be calculated. Its derivation is based
on the nominal transfer function of the system in Eq. 6.109, in which it is
assumed that the estimated and nominal secondary paths are equal to the
real one. The transfer function is used to express the error signal

E(z) =
(
1− S(z)Wi(z)

)( P (z)X(z)
1 + S(z)Wm(z) − S(z)Wf(z)X(z)

)
(6.110)

as a function of the reference signalX(z) and the controllersWi(z),Wm(z),
and Wf(z). The equality D(z) = P (z)X(z) is used

E(z) =
(
1− S(z)Wi(z)

)( D(z)
1 + S(z)Wm(z) − S(z)Wf(z)X(z)

)
, (6.111)

in order to include the disturbance signal D(z) in the stochastic excitation
analysis later on. It can be seen from Eq. 6.111 that MVC controllerWm(z)
attenuates the disturbance signal D(z), while the IMC controller Wi(z)
introduces a coloration in the residual error. The nominal transfer function
of the IMC controller (re-written from Eq. 4.7)

Ĥi(z) = 1− S(z)Wi(z) (6.112)

and the transfer function of the MVC controller (re-written from Eq. 3.2)

Hm(z) = 1
1− S(z)Wm(z) (6.113)

are used to replace their contributions in Eq. 6.111

E(z) = Ĥi(z)
(
Hm(z)D(z)− S(z)Wf(z)X(z)

)
. (6.114)

Now, as already discussed in Sec. 2.3, the search for an optimum controller
in the Z-domain may yield a controller Wf(z) that is non-causal or non-
stable, or both. Therefore, in order to find the finite impulse response
of the causal feedforward controller wf the notation and considerations
presented in Sec. 2.3.1 are used. As a first step, the equation is re-written

e = Hi ·Hm · dzp −Hi · S ·Wf · x, (6.115)

in its equivalent vector-matrix form based on the signals’ vectors and sys-
tems’ impulse responses and Toeplitz matrices. Considering linearity and
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time invariance, this is rearranged as

e = Dzp ·Hi · hm −X ·Hi · S ·wf. (6.116)

Using this equation, the cost function is defined as the expectation of the
quadratic error E[eTe]. In order to find the controller’s finite impulse
response wf that minimizes the cost function, its gradient with respect to
the impulse response coefficients is calculated

∂E[eTe]
∂wf

= −2 · E[(Dzp ·Hi · hm −X ·Hi · S ·wf)TX ·Hi · S] (6.117)

and equated to zero. If the transpose of both sides is taken

ST ·HT
i ·E

[
XT ·X

]
·Hi ·S ·wopt

f = ST ·HT
i ·E

[
XT ·Dzp

]
·Hi ·hm (6.118)

the equality fulfilled by the optimal controller’s finite impulse response
wopt

f can be formulated. Based on Eq. 2.46 and Eq. 2.47

ST ·HT
i ·Φxx ·Hi · S ·wopt

f = ST ·HT
i ·Φdx ·Hi · hm (6.119)

the cross-correlation Φdx and auto-correlation Φxx functions are used to
replace E

[
XT ·X

]
and E

[
XT ·Dzp

]
, respectively. Additionally, the auto-

correlation of the reference signal x filtered by the transfer functions of
the IMC controller Hi(z) is defined as

Φi
xx = HT

i ·Φxx ·Hi (6.120)

and the cross-correlation in an equivalent form

Φi
dx = HT

i ·Φdx ·Hi. (6.121)

Subsequently, these are used in the equation

ST ·Φi
xx · S ·wopt

f = ST ·Φi
dx · hm (6.122)

Provided that the matrix ST ·Φi
xx ·S is not singular, the optimal solution

for the finite impulse response of the feedforward controller

wopt
f =

(
ST ·Φi

xx · S
)−1 · ST ·Φi

dx · hm (6.123)

can be found. As can be seen, the result is very similar to the one found
in Eq. 2.49. The difference is that the auto- and cross-correlation func-
tions are weighted by the IMC transfer function and more importantly,
that the result is filtered by the impulse response of the MVC feedback
loop hm. This is what is understood as the partial dependency of the
feedforward controller with respect to the MVC controller’s parameters.
Alternatively, if the free-field excitation scenario is similarly analyzed, the



128 6. Novel Control Structures

optimum solution takes the form

ŵopt
f =

(
ST ·Φi

xx · S
)−1 · ST ·Φi

xx ·Hm · pzp. (6.124)

One can see that the primary path’s impulse response pzp is convolved
with the one of the MVC transfer function hm, thus, reaffirming the direct
dependency of the result with respect to the MVC controller’s parameters.

Optimization results

In this subsection the advantages of the FIMPDO structure in compari-
son to the classical feedforward scheme (FF) are evaluated. For this pur-
pose, the same simulation procedure and parameters described in Sec. 6.5.1
are used. For deriving the feedforward controller of the novel structure
Eq. 6.124 is used. Then, the impulse responses with length 8192 of both
systems hf(n) and hfimpdo(n) are calculated by means of a sample-by-
sample simulation of the system under control. The resulting impulse
responses are used for the evaluation.
In Fig. 6.11 the impulse responses of the primary path p(n) (equiva-

lent to the system under no control), the feedforward system hf(n), and
the FIMPDO system hfimpdo(n) are presented. In Fig. 6.11a the results
achieved with a controller length Lw equal to the primary path impulse
response length Lp are presented. It is clear that no differences between
both impulse responses can be seen. Hence, it can be implied that with
the FIMPDO no changes are produced on the secondary path’s influence
on the causality limitations. Thus, the same results seen from the FIM
structure in Fig. 6.7a are achieved.
In Fig. 6.11b the results achieved with a controller length shorter than

the one of the primary path impulse response are presented. One can see
that from the fifth up to approx. the 40th sample both impulse responses
have a very different behavior. While hf(n) remains constant and positive,
similar to the one seen in Fig. 6.11a, hfimpdo(n) oscillates between positive
and negative values. Near the 70th sample both impulse responses show
the transients produced by the controller’s finite impulse response length
Lw. The transient produced by hfimpdo(n) is comparable to the one from
hf(n) in amplitude, so in the high frequencies the pseudo-cascaded system
seems to not be effective. Nevertheless, after the 200th sample the tail of
hfimpdo(n) shows a behavior closer to the one seen in the longer controllers
in Fig. 6.11a. Therefore, some improvement in the low-frequency region is
still to be expected.
In Fig. 6.12 the frequency responses of the impulse responses in Fig. 6.11

are presented. In Fig. 6.12a the results achieved with a controller length
Lw equal to the primary path impulse response length Lp are presented.
One can see that the frequency response achieved with both control ap-
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Figure 6.11.: System impulse response hfimpdo(f ) compared to the system
subject to no control p(n) and subject to the classical feedforward controller
hf(f ). Please note that the x-axis is in logarithmic scale. Parameters: fs =
48 kHz, Lhi = 2048, Lhm = 2048, Lhmi = 2048, Ls = 2048, Lp = 8192,
Φxx = I.

proaches is comparable, although some differences between 90 and 200Hz
can be seen. Therefore, in this free-field excitation scenario with opti-
mum controller length, the pseudo-cascaded system does not introduce
any important advantage for the FIMPDO in comparison to the classical
FF system. However, if the controller length is shorter than the one of
the primary path, as the case presented in Fig. 6.12b, substantial differ-
ences can be seen. On the one hand, for all frequencies between 45Hz
and 1 kHz one can see that Hfimpdo(f) shows significant attenuation im-
provements when compared to Hf(f). Furthermore, Hfimpdo(f) shows at
some frequencies (50, 450 and 850Hz) an attenuation even higher than
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Figure 6.12.: System frequency response Hfimpdo(f ) compared to the system
subject to no control P(f ) and subject to the classical feedforward controller
Hf(f ). Parameters: fs = 48 kHz, Lhi = 2048, Lhm = 2048, Lhmi = 2048,
Ls = 2048, Lp = 8192, Φxx = I.

the one achievable with the optimum controller length. However, a loss in
attenuation between 1.8 and 3.5 kHz and around 6 kHz is also produced. It
can be stated, that the hybrid combination strategy used in FIMPDO in-
troduces attenuation improvements in the low-frequencies, but also worse
attenuation performance in other frequency regions.
The frequency responses of both controllers Wf(f) and Wfimpdo(f) are

presented in Fig. 6.13. Additionally, the magnitude response of the naive
optimum controller P (f)/S(f) is presented as reference for an ideal solu-
tion. In Fig. 6.13a the results achieved with a controller impulse response
length Lw equal to the primary path length Lp are presented. It can be
seen that Wf(f) is very close to the ideal controller over the entire fre-
quency range. In contrast, Wfimpdo(f) shows substantial deviations from
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Figure 6.13.: Controller frequency response Wfimpdo(f ) compared to the one
of the classical feedforward controller Wf(f ). Parameters: fs = 48 kHz, Lhi =
2048, Lhm = 2048, Lhmi = 2048, Ls = 2048, Lp = 8192, Φxx = I.

P (f)/S(f), which are very similar to the frequency response of the MVC
feedback system in Fig. 6.2. This can be explained by the direct influence
that the MVC sub-system has on the feedforward controller solution, when
it is calculated using Eq. 6.124. Nevertheless, it is known from the system
frequency response presented in Fig. 6.12a, that both systems Hf(f) and
Hfimpdo(f) achieve a comparable performance. Therefore, the deviations
from the optimum are compensated by the IMC controller, which enables
the complete system to achieve the same optimum performance. The re-
sults achieved with a controller length Lw shorter than the one of the
primary path Lp are presented in Fig. 6.13b. One can see that for fre-
quencies higher than 2 kHz both controllers Wf(f) and Wfimpdo(f) follow
the ideal controller with some small deviations produced by the compara-
tive lower filter-order they have. For frequencies below 2 kHz the classical
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feedforward controllerWf(f) follows the ideal solution’s frequency response
closer than Wfimpdo(f). In this frequency range Wfimpdo(f) has roughly
10 dB less gain than Wf(f), so its effect is minimum. This means, that to
achieve the attenuation presented in Fig. 6.12b, the FIMPDO relies on its
pseudo-cascaded system. Although the performance in the low-frequencies
is indeed better than the classical FF system, the attenuation performance
achieved in the mid-frequencies is worse than with the FIM system.

The equivalent filtered-x LMS

In this section the equivalent filtered-x LMS algorithm for the FIMPDO
structure is formulated. This algorithm can be used for approximating
in an iterative way the Wiener controller solution evaluated in the past
section. For the coefficients’ update equation the transposed gradient of
the cost function has to be calculated. For this purpose the gradient in
Eq. 6.117 is approximated by the mean over Le samples

∇fc(wf) = ∂E[eTe]
∂wf

≈ − 2
Le

(Dzp ·Hi ·hm−X·Hi ·S·wf)TX·Hi ·S (6.125)

The vector within parenthesis is replaced by the one of the error signal

∇fc(wf) = ∂E[eTe]
∂wf

≈ − 2
Le

eT ·X ·Hi · S (6.126)

and then both sides of the equation are transposed

∇fTc (wf) ≈ − 2
Le

ST ·HT
i ·XT · e. (6.127)

Equivalently to the definition of the filtered-x signal, a reference signal
filtered by the secondary path and the IMC transfer function is defined as

xis = X ·Hi · s. (6.128)

Simultaneously, the associated Toeplitz matrix is defined by

Xis = X ·Hi · S. (6.129)

Using this in Eq. 6.127 the transposed gradient

∇fTc (wf) ≈ − 2
Le

XT
is · e (6.130)

takes the form of the cross-correlation averaged over Le values, relative
to the positive lags between the new filtered-reference signal, xis(n), and
the error signal, e(n). As a less computationally expensive alternative, the
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average over one sample

∇fTc (wf(n)) ≈ −2 · xT
is · e(n) (6.131)

with the Lw samples long vector xT
is is chosen. This is used to formulate

the coefficients’ update equation

wf(n+ 1) = wf(n) + µ · xT
is · e(n) (6.132)

of the adaptive feedforward controller based on the Filtered-x LMS algo-
rithm (see Fig. 2.12).

The equivalent modified normalized filtered-x LMS

As already discussed before, the use of the Modified Normalized Filtered-
x LMS algorithm simplifies the search for the step-size parameter µ and
shows a more reliable adaptation stability. In order to be able to use this
algorithm with the FIMPDO structure, the effective secondary path seen
from the perspective of the feedforward controller has to be calculated. For
this purpose, the reference and disturbance signals in Fig. 6.10 are set to
zero x(n)=d(n)=0, and the feedforward control signal y′f(n) is considered
the input and the residual error e(n) the output of the system. Thus, the
equations

E(z) = −S
(
Y ′f (z) + Y ′i (z) + Y ′m(z)

)
(6.133)

Y ′m(z) = Wm(z)
(
Ŝ(z)Y ′f (z) + Ŝ(z)Y ′i (z) + E(z)

)
(6.134)

and

Y ′i (z) = Wi(z)
(
Ŝ(z)Y ′i (z) + E(z)

)
(6.135)

= Wi(z)
1− Ŝ(z)Wi(z)

E(z) (6.136)

are derived. If Eq. 6.136 is used to replace Y ′i in Eq. 6.134

Y ′m(z) = Wm(z)
(
Ŝ(z)Y ′f (z) + Ŝ(z)Wi(z)

1− Ŝ(z)Wi(z)
E(z) + E(z)

)
(6.137)

= Wm(z)Ŝ(z)Y ′f (z) + Wm(z)
1− Ŝ(z)Wi(z)

E(z), (6.138)
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then Y ′m(z) can be expressed as a function of E(z). This can be used
together with Eq. 6.136 in Eq. 6.133

E = −S
(
Y ′f +Wm · Ŝ · Y ′f + Wi

1− Ŝ ·Wi
E + Wm

1− Ŝ ·Wi
E

)
(6.139)

= −S · Y ′f (1 +Wm · Ŝ)− S · Wi +Wm

1− Ŝ ·Wi
E (6.140)

→ E

(
1 + S · Wi +Wm

1− Ŝ ·Wi

)
= −S · Y ′f (1 +Wm · Ŝ) (6.141)

→ E
1 + S ·Wm + (S − Ŝ)Wi

1− Ŝ ·Wi
= −S · Y ′f (1 +Wm · Ŝ) (6.142)

to derive the FF effective secondary path

Sfimpdo
f (z) = − E

Y ′f
= S(z)

(
1 + Ŝ(z) ·Wm(z)

)
·
(
1− Ŝ(z) ·Wi(z)

)

1 + S(z) ·Wm(z) +
(
S(z)− Ŝ(z)

)
Wi(z)

.

(6.143)
Thus, the secondary path is changed by the transfer function of the IMC
system in a multiplicative way. If Ŝ(z) = S(z) holds, then the nominal
effective secondary path

Ŝfimpdo
f (z) = S(z)

(
1− S(z)Wi(z)

)
(6.144)

can be found. This result is the one used to replace the two Ŝ(z) depicted in
Fig. 2.13. It should be noted, that the estimated secondary path inside the
pseudo-cascaded system (see Fig. 6.10) remains unchanged by this effect.

Adaptation stability In the case of the FIMPDO structure, the feedback
systems influence the gradient of the adaptation algorithm as well. Thus,
where in the pure feedforward control structure the gradient is partially
calculated by filtering the reference signal with the estimated secondary
path Ŝ(z), now the same signal has to be filtered by the estimated transfer
functions of the IMC system Ĥi(z). This influence can also be seen in
the effective secondary path seen from the perspective of the feedforward
controller (see Eq. 6.143). Because the real effective secondary path is not
at disposition, the estimated nominal effective secondary path Ŝfimpdo

f (z)
in Eq. 6.144 is used for the adaptation. The relative deviation between
these two

Ŝfimpdo
f (z) = Ψfimpdo

f (z)Sfimpdo
f (z) (6.145)
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is used to estimate the maximum step-size µ for the coefficients’ update
equation. If the equation is used to solve the relative deviation

Ψfimpdo
f (z) = Ŝfimpdo

f (z)
Sfimpdo
f (z)

, (6.146)

and Eq. 6.143 and Eq. 6.144 are used to replace the secondary paths

Ψfimpdo
f (z) = Ŝ(z)

(
1− Ŝ(z)Wi(z)

) 1 + S(z)Wm(z) +
(
S(z)− Ŝ(z)

)
Wi(z)

S(z)
(
1 + Ŝ(z)Wm(z)

)(
1− Ŝ(z)Wi(z)

)

(6.147)

= Ŝ(z)
S(z)

1 + S(z)Wm(z) +
(
S(z)− Ŝ(z)

)
Wi(z)

1 + Ŝ(z)Wm(z)
(6.148)

an expression for the relative deviation can be found. The relative devia-
tion Ŝ(z) = Ψ(z)S(z) between the estimated and the real secondary path
is used to replace the estimated secondary path in the equation

Ψfimpdo
f (z) = Ψ(z)

(
1 + S(z)Wm(z)

1 + Ψ(z)S(z)Wm(z) +
(
1−Ψ(z)

)
S(z)Wi(z)

1 + Ψ(z)S(z)Wm(z)

)
.

(6.149)
As result, it is found that the FIMPDO and the FIM have the same rel-
ative deviation. Hence, for the FIMPDO it is also recommended to use
the Modified Filtered-x LMS algorithm instead of the Filtered-x LMS al-
gorithm.

6.7. Novel Control Structure with High Dependency Level

In this section, the idea of introducing dependencies between the con-
trollers is further investigated. The approach taken is to move the IMC
and MVC transfer functions inside the FF transfer function, i.e.

ĤFIMDO(z) = Ĥf
(
Ĥi(z),Hm(z), z

)
.

In order to achieve this, the connection strategy presented in Fig. 6.14,
called FIMDO, is proposed. If only the feedback controller is analyzed, it
can be seen that its connections comprehend the ones of the MVC-IMC
combination with independent optima from Fig. 5.1a. Therefore, no de-
pendency between the MVC and IMC controllers is to be expected. If
the MVC controller Wm(z) is removed, the connection between the feed-
forward controller Wf(z) and the IMC controller Wi(z) follows the one
presented in Fig. 5.3b. Hence, a dependency between the two controllers
is expected. Furthermore, if the IMC controller Wi(z) is removed, then
the resulting structure yields the one in Fig. 5.2b of the MVC-FF with de-
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pendent optima. Thus, the feedforward controller’s optimum is expected
to also have a dependency with respect to the MVC controller Wm(z).
In order to corroborate these hypotheses, a transfer function analysis is
conducted. From Fig. 6.14, the equations

Figure 6.14.: Novel hybrid control structure with dependent optima.

E(z) = D(z) + Y (z) (6.150)
D(z) = P (z)X(z) (6.151)
Y (z) = −S(z)

(
Y ′f (z) + Y ′i (z) + Y ′m(z)

)
(6.152)

Y ′f (z) = Wf(z)X(z) (6.153)
Y ′m(z) = Wm(z)

(
Ŝ(z)Y ′f (z) + Ŝ(z)Y ′i (z) + E(z)

)
(6.154)

and

Y ′i (z) = Wi(z)
(
Ŝ(z)Y ′f (z) + Ŝ(z)Y ′i (z) + E(z)

)
(6.155)

=
Wi(z)

(
Ŝ(z)Y ′f (z) + E(z)

)

1− Ŝ(z)Wi(z)
(6.156)

are derived. If Eq. 6.153 is used to replace the control signal Y ′f (z) in
Eq. 6.156

Y ′i (z) =
Wi(z)

(
Ŝ(z)Wf(z)X(z) + E(z)

)

1− Ŝ(z)Wi(z)
, (6.157)
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then Y ′i (z) can be expressed as a function of the signals X(z) and E(z).
Using this equation plus Eq. 6.153 in Eq. 6.154

Y ′m = Wm

(
Ŝ ·Wf ·X + Ŝ ·Wi · Ŝ ·Wf

1− Ŝ ·Wi
X + Ŝ ·Wi

1− Ŝ ·Wi
E + E

)
(6.158)

= Wm

(
(1− Ŝ ·Wi)Ŝ ·Wf + Ŝ ·Wi · Ŝ ·Wf

1− Ŝ ·Wi
X + Ŝ ·Wi

1− Ŝ ·Wi
E + E

)

(6.159)

= Wm

(
Ŝ ·Wf

1− Ŝ ·Wi
X + Ŝ ·Wi + 1− Ŝ ·Wi

1− Ŝ ·Wi
E

)
(6.160)

= Wm(Ŝ ·Wf ·X + E)
1− Ŝ ·Wi

, (6.161)

the same can be done for the case of Y ′m. Using Eq. 6.153, Eq. 6.157, and
Eq. 6.161 to replace the control signals in Eq. 6.152

Y = −S (1− Ŝ ·Wi)Wf ·X +Wi(Ŝ ·Wf ·X + E) +Wm(Ŝ ·Wf ·X + E)
1− Ŝ ·Wi

(6.162)

= −SWf ·X +Wi · E +Wm · Ŝ ·Wf ·X +Wm · E
1− Ŝ ·Wi

(6.163)

= −S ·Wf + S ·Wm · Ŝ ·Wf

1− Ŝ ·Wi
X − S ·Wi + S ·Wm

1− Ŝ ·Wi
E, (6.164)

the combined control signal Y can be expressed as a function of X and E.
Finally, this equation is used together with Eq. 6.151 in Eq. 6.150

E = P ·X − S ·Wf + S ·Wm · Ŝ ·Wf

1− Ŝ ·Wi
X − S ·Wi + S ·Wm

1− Ŝ ·Wi
E (6.165)

E = P ·X − S ·Wf(1 + Ŝ ·Wm)
1− Ŝ ·Wi

X − S ·Wi + S ·Wm

1− Ŝ ·Wi
E (6.166)

→E

X

(
1 + S ·Wm + (S − Ŝ)Wi

)
=
(
P (1− Ŝ ·Wi)− S ·Wf(1 + Ŝ ·Wm)

)

(6.167)

to derive the system’s transfer function

Hfimdo(z) = E(z)
X(z) =

P (z)
(
1− Ŝ(z)Wi(z)

)
− S(z)Wf(z)

(
1 + Ŝ(z)Wm(z)

)

1 + S(z)Wm(z) +
(
S(z)− Ŝ(z)

)
Wi(z)

.

(6.168)
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As can be seen by comparing it to the transfer function of the previous
system, both share the same characteristic function in the denominator
and the feedback system is the same. Hence, the stability and performance
constraint presented in the previous section apply in this case as well. In
cases in which Ŝ(z) = S(z) holds, the transfer function simplifies to its
nominal form

Ĥfimdo(z) = P (z) 1− S(z)Wi(z)
1 + S(z)Wm(z) − S(z)Wf(z). (6.169)

It can be seen that both feedback stages are combined and a pre-attenuation
of the disturbance signal is performed by them. Equivalently, it can be said
that both feedback control schemes change the effective primary path. In
a frequency response analysis this means that the residual error contains
all frequencies that can not be attenuated by the feedback schemes. Thus,
with this structure the FF optimum solution basically aims to compensate
for the limitations of its feedback counterparts.

6.7.1. The optimal feedforward controller

Given that the feedback components of the system have been designed, the
optimal feedforward controller can be calculated. Its derivation is based
on the nominal transfer function of the system Ĥfimdo(z), in which it is
assumed that the estimated and nominal secondary paths are equal to the
real one. The transfer function is used to express the error signal

E(z) = P (z)X(z) 1− S(z)Wi(z)
1 + S(z)Wm(z) − S(z)Wf(z)X(z) (6.170)

as a function of the reference signalX(z) and the controllersWi(z),Wm(z),
and Wf(z). The equality D(z) = P (z)X(z) is used

E(z) = D(z) 1− S(z)Wi(z)
1 + S(z)Wm(z) − S(z)Wf(z)X(z), (6.171)

in order to include the disturbance signal D(z) in the stochastic excitation
analysis later on. It can be seen from Eq. 6.171 that not only the MVC
controllerWm(z) attenuates the disturbance signal D(z), but also the IMC
controller Wi(z). The nominal transfer function of the IMC controller (re-
written from Eq. 4.7)

Ĥi(z) = 1− S(z)Wi(z) (6.172)

and the transfer function of the MVC controller (re-written from Eq. 3.2)

Hm(z) = 1
1− S(z)Wm(z) (6.173)
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are used to replace their contributions in Eq. 6.111

E(z) = Ĥi(z)Hm(z)D(z)− S(z)Wf(z)X(z). (6.174)

Now, as already discussed in Sec. 2.3, the search for an optimum controller
in the Z-domain may yield a controller Wf(z) that is non-causal or non-
stable, or both. Therefore, in order to find the finite impulse response
of the causal feedforward controller wf the notation and considerations
presented in Sec. 2.3.1 are used. As a first step, the equation is re-written

e = Hi ·Hm · dzp − S ·Wf · x, (6.175)

in its equivalent vector-matrix form based on the signals’ vectors and sys-
tems’ impulse responses and Toeplitz matrices. Considering linearity and
time invariance, this is rearranged as

e = Dzp ·Hi · hm −X · S ·wf. (6.176)

Using this equation, the cost function is defined as the expectation of the
quadratic error E[eTe]. In order to find the controller’s finite impulse
response wf that minimizes the cost function, its gradient with respect to
the impulse response coefficients is calculated

∂E[eTe]
∂wf

= −2 · E[(Dzp ·Hi · hm −X · S ·wf)TX · S] (6.177)

and equated to zero. If the transpose of both sides is taken

ST · E
[
XT ·X

]
· S ·wopt

f = ST · E
[
XT ·Dzp

]
·Hi · hm (6.178)

the equality fulfilled by the optimal controller’s finite impulse response
wopt

f can be formulated. Using Eq. 2.46 and Eq. 2.47 the cross-correlation
E
[
XT ·Dzp

]
and auto-correlation E

[
XT ·X

]
functions are replaced

ST ·Φxx · S ·wopt
f = ST ·Φdx ·Hi · hm. (6.179)

Provided that the matrix ST ·Φxx ·S is not singular, the optimal solution
for the finite impulse response of the feedforward controller

wopt
f =

(
ST ·Φxx · S

)−1 · ST ·Φdx ·Hi · hm. (6.180)

can be found. As can be seen, the result is very similar to the one found
in Eq. 2.49. As a matter of fact, it corresponds to the optimal feedforward
controller when used alone, which is convolved by the impulse response of
the MVC and IMC systems. This is what is understood as the dependency
of the feedforward controller with respect to both feedback controllers.
Alternatively, if the free-field excitation scenario is similarly analyzed, the
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optimum solution takes the form

ŵopt
f =

(
ST ·Φxx · S

)−1 · ST ·Φxx ·Hi ·Hm · pzp. (6.181)

One can see that the primary path’s impulse response pzp is convolved
with the one of the MVC and IMC transfer functions. Thus, reaffirming
the direct dependency of the result with respect to the feedback controllers.

Optimization results

In this subsection the advantages of the FIMDO structure in comparison
to the classical feedforward scheme are evaluated. For this purpose, the
same simulation procedure and parameters described in Sec. 6.5.1 are used.
The feedforward controllers are derived following Eq. 2.50 for the classical
controller and Eq. 6.181 for the controller of the novel structure. After-
wards, the impulse responses with length 8192 of both systems hf(n) and
hfimdo(n) are calculated by means of a sample-by-sample simulation of the
system under control. The resulting impulse responses are used for the
evaluation.
In Fig. 6.15 the impulse responses of the primary path p(n), the feed-

forward system hf(n), and the FIMDO system hfimdo(n) are presented. In
Fig. 6.15a the results achieved with a controller length Lw equal to the
primary path impulse response length Lp are presented. It is clear, that
also with this novel control structure no differences can be seen when the
system is compared to one that is under the control of an optimally-long
feedforward controller. Hence, no improvement due to relaxations of the
limitations imposed by the secondary path can be seen.
In Fig. 6.15b the results achieved with a controller length shorter than

the one of the primary path impulse response are presented. One can
see that from the fifth up to approx. the 40th sample, both impulse re-
sponses have a similar transient, which are also similar to ones seen in
Fig. 6.7a. However, hfimdo(n) produces a slightly higher amplitude than
hf(n). Therefore, it is expected that in the frequencies near f = 0Hz the
FIMDO structure achieves worse results as the FF scheme. From the 40th
to approximately the 70th sample both controllers show a divergent oscil-
latory behavior. Until the 100th sample, both impulse responses reach a
similar amplitude. Nevertheless, after the 100th sample, it can be seen that
the pseudo-cascaded system favorably changes the response of the FIMDO
system. Thus, several similarities can be seen by comparing the impulse
response of FIMDO system and the equivalent one of the FIM system in
Fig. 6.7b. The differences concentrate in the transient between the 70th
and 100th samples, where the impulse response of the FIM system reaches
smaller amplitudes than the one of the FIMDO. Hence, comparable but
inferior results can be expected from FIMDO, when they are compared to
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Figure 6.15.: System impulse response hfimdo(f ) compared to the system sub-
ject to no control p(n) and subject to the classical feedforward controller hf(f ).
Please note that the x-axis is in logarithmic scale. Parameters: fs = 48 kHz,
Lhi = 2048, Lhm = 2048, Lhmi = 2048, Ls = 2048, Lp = 8192, Φxx = I.

the ones achievable with FIM.
In Fig. 6.16 the frequency responses of the impulse responses in Fig. 6.15

are presented. In Fig. 6.16a the results achieved with a controller length
Lw equal to the primary path impulse response length Lp are presented.
One can see that the frequency response achieved with both control ap-
proaches is very similar. However, if the controller length is shorter than
the one of the primary path, as the case presented in Fig. 6.16b, substantial
advantages can be seen. For all frequencies below 700Hz one can see that
Hfimdo(f) shows up to 20 dB more attenuation than Hf(f). Furthermore,
Hfimdo(f) shows at 450Hz an attenuation even higher than the one achiev-
able with the optimum controller length. Attenuation can be achieved
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Figure 6.16.: System frequency response Hfimdo(f ) compared to the system
subject to no control P(f ) and subject to the classical feedforward controller
Hf(f ). Parameters: fs = 48 kHz, Lhi = 2048, Lhm = 2048, Lhmi = 2048,
Ls = 2048, Lp = 8192, Φxx = I.

even in the frequency range between 250 and 500Hz, where Hf(f) shows a
peak amplification of almost 10 dB. If the improvements and its bandwidth
are compared with the frequency response of the pseudo-cascaded system
Hmi(f) in Fig. 6.5, it can be seen that the influence of the pseudo-cascaded
system can not be directly be accounted for the extra attenuation. This is
because the feedforward controller is able to find a new optimum subject
to the influences of the IMC and MVC controllers. In order to know in
which extend the new optimum differs from the one of the FF system, the
controller’s frequency response has to be analyzed.
The frequency responses of the feedforward controllersWf(f) andWfimdo(f)

are presented in Fig. 6.17. Together with them, the magnitude response
of the naive optimum controller P (f)/S(f) is presented as reference for



6.7. Novel Control Structure with High Dependency Level 143

102 103 104
−60

−40

−20

0

Frequency in Hz

M
ag

ni
tu

de
in

dB
P (f)/S(f)
Wf(f)
Wfimdo(f)

(a) Lw = 8192

102 103 104
−60

−40

−20

0

Frequency in Hz

M
ag

ni
tu

de
in

dB

P (f)/S(f)
Wf(f)
Wfimdo(f)

(b) Lw = 64

Figure 6.17.: Controller frequency response Wfimdo(f ) compared to the one
of the classical feedforward Wf(f ). Parameters: fs = 48 kHz, Lhi = 2048,
Lhm = 2048, Lhmi = 2048, Ls = 2048, Lp = 8192, Φxx = I.

an ideal controller. In Fig. 6.17a the results achieved with a controller
impulse response length Lw equal to the primary path length Lp are pre-
sented. It can be seen that the feedforward controller Wf(f) is over all
frequencies very close to the ideal controller. In contrast, the FIMDO con-
troller Wfimdo(f) shows less gain in the low-frequencies up to 1 kHz and
beyond this frequency, a small but homogeneous increase in gain can be
seen. This deviation in gain coincides with the frequency response of the
pseudo-cascaded system in Fig. 6.5. Nevertheless, it is known from the
results presented in Fig. 6.16a, that both systems achieve the same attenu-
ation performance. Therefore, the influence of the pseudo-cascaded system
does not impose any limitation for the FF system to achieve the optimum.
The results achieved with a controller length Lw shorter than the one of

the primary path Lp are presented in Fig. 6.17b. One can see that for fre-
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quencies higher than 1 kHz Wfimdo(f) shows a frequency response slightly
higher than the one ofWf(f). In contrast, in the low frequenciesWfimdo(f)
shows a magnitude that is 20 dB smaller than the one ofWf(f). The better
results shown in Fig. 6.16b are, therefore, achieved by the pseudo-cascaded
system and are not subject to deterioration because of limitations suffered
by the FF system.

The equivalent filtered-x LMS

In this section the coefficients’ update equation for iteratively approximat-
ing the FIMDO feedforward optimal controller is derived. For this purpose
the gradient in Eq. 6.177 is approximated by the mean over Le samples

∇fc(wf) = ∂E[eTe]
∂wf

≈ − 2
Le

(Dzp ·Hi · hm −X · S ·wf)TX · S. (6.182)

The vector within parenthesis is replaced by the one of the error signal

∇fc(wf) = ∂E[eTe]
∂wf

≈ − 2
Le

eT ·X · S (6.183)

and then both sides of the equation are transposed

∇fTc (wf) ≈ − 2
Le

ST ·XT · e. (6.184)

At this point is clear that the IMC and MVC systems do not influence the
estimated gradient. Moreover, just like with the classical Filtered-x LMS
algorithm, the reference signal is filtered only by the secondary path

xs = X · s. (6.185)

Therefore, the coefficients’ update equation needed for approximating the
feedforward controller of the FIMDO structure is the same as in the clas-
sical Filtered-x LMS algorithm

wf(n+ 1) = wf(n) + µ · xT
s · e(n) (6.186)

Moreover, if the FIMDO structure is implemented with such an adaptive
feedforward controller Wf(z), time-dependent feedback controllers can be
used, without additional changes in the adaptation algorithm.

The equivalent modified normalized filtered-x LMS

As discussed in Sec. 2.4, the use of the Modified Normalized Filtered-x
LMS algorithm simplifies the search for the step-size parameter µ and
shows a more reliable adaptation stability. In order to be able to use this
algorithm, though, the effective secondary path seen from the perspective
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of the feedforward controller has to be calculated. For this purpose, the
reference and disturbance signals in Fig. 6.14 are set to zero x(n)=d(n)=0,
and the feedforward control signal y′f(n) is considered the input and the
residual error e(n) the output of the system. Thus, the equations

E(z) = −S(z)
(
Y ′f (z) + Y ′i (z) + Y ′m(z)

)
, (6.187)

Y ′m(z) = Wm(z)
(
Ŝ(z)Y ′f (z) + Ŝ(z)Y ′i (z) + E(z)

)
, (6.188)

and

Y ′i (z) = Wi(z)
(
Ŝ(z)Y ′f (z) + Ŝ(z)Y ′i (z) + E(z)

)
(6.189)

=
Wi(z)

(
Ŝ(z)Y ′f (z) + E(z)

)

1− Ŝ(z)Wi(z)
(6.190)

are derived. If Eq. 6.190 is used to replace Y ′i (z) in Eq. 6.188

Y ′m = Wm

(
Ŝ · Y ′f + Ŝ ·Wi(Ŝ · Y ′f + E)

1− Ŝ ·Wi
+ E

)
(6.191)

= Wm

(
Ŝ · Y ′f + Ŝ ·Wi · Ŝ

1− Ŝ ·Wi
Y ′f + Ŝ ·Wi

1− Ŝ ·Wi
E + E

)
(6.192)

= Ŝ ·Wm

1− Ŝ ·Wi
Y ′f + Wm

1− Ŝ ·Wi
E (6.193)

= Wm(Ŝ · Y ′f + E)
1− Ŝ ·Wi

, (6.194)

then Y ′m can be expressed as a function of E. This can be used together
with Eq. 6.190 in Eq. 6.187

E = −S
(
Y ′f + Wm(Ŝ · Y ′f + E)

1− Ŝ ·Wi
+ Wi(Ŝ · Y ′f + E)

1− Ŝ ·Wi

)
(6.195)

= −S · Y ′f − S ·
Ŝ(Wm +Wi)

1− Ŝ ·Wi
Y ′f − S ·

Wm +Wi

1− Ŝ ·Wi
E (6.196)

→ E

(
1 + S

Wm +Wi

1− Ŝ ·Wi

)
= −S

(
1 + Ŝ

Wm +Wi

1− Ŝ ·Wi

)
Y ′f (6.197)

→ E
1 + S ·Wm + (S − Ŝ)Wi

1− Ŝ ·Wi
= −S · 1 + Ŝ ·Wm

1− Ŝ ·Wi
· Y ′f (6.198)
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to derive the FF effective secondary path

Sfimdo
f (z) = − E

Y ′f
= S(z) 1 + Ŝ(z) ·Wm(z)

1 + S(z) ·Wm(z) +
(
S(z)− Ŝ(z)

)
Wi(z)

.

(6.199)
It can be seen that the influence of the IMC controllerWi(z) is weighted by
the difference between estimated and real secondary paths

(
S(z)−Ŝ(z)

)
. It

is also seen that on top of this, the influence of the MVC controller Wm(z)
is govern by the quotient

(
1 + Ŝ(z) ·Wm(z)

)
/
(
1 +S(z) ·Wm(z)

)
. So under

certain circumstances their effect is minimum. Moreover, if Ŝ(z) = S(z)
holds, then this yields the nominal effective secondary path

Ŝfimdo
f (z) = S(z). (6.200)

Therefore, for implementing the MNFxLMS algorithm, no changes are
required for deriving the signals in Fig. 2.13.

Adaptation stability In the case of the FIMDO structure, the pseudo-
cascaded feedback system does not influence the gradient of the adapta-
tion algorithm under nominal conditions. Hence, the filtered-reference is
calculated by means of the estimated secondary path Ŝ(z) from Eq. 6.200.
However, the real secondary path from Eq. 6.199 shows a more complex
dependency with respect to the feedback controllers. In order to account
for any differences that the nominal and real secondary paths may have,
the relative deviation

Ŝfimdo
f (z) = Ψfimdo

f (z)Sfimdo
f (z) (6.201)

between these two is calculated. If the equation is used to solve the relative
deviation

Ψfimdo
f (z) = Ŝfimdo

f (z)
Sfimdo
f (z) , (6.202)

and Eq. 6.199 and Eq. 6.200 are used to replace the secondary paths

Ψfimdo
f (z) = Ŝ(z)1 + S(z)Wm(z) + (S(z)− Ŝ(z)Wi(z)

S(z)
(
1 + Ŝ(z)Wm(z)

) (6.203)

= Ŝ(z)
S(z)

1 + S(z)Wm(z) + (S(z)− Ŝ(z)Wi(z)
1 + Ŝ(z)Wm(z)

(6.204)

an expression for the relative deviation can be found. The relative devia-
tion Ŝ(z) = Ψ(z)S(z) between the estimated and the real secondary path
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is used to replace the estimated secondary path in the equation

Ψfimdo
f (z) = Ψ(z)

(
1 + S(z)Wm(z)

1 + Ψ(z)S(z)Wm(z) +
(
1−Ψ(z)

)
S(z)Wi(z)

1 + Ψ(z)S(z)Wm(z)

)
.

(6.205)
As result, it can be seen that the deviation Ψ(z), originally used for the
simple case of a feedforward adaptive controller, is weighted over frequency
by the feedback controllers Wm(z) and Wi(z). The same result has been
seen for the first two novel control structures. Hence, in this case it is also
recommended to use the Modified Filtered-x LMS algorithm instead of the
Filtered-x LMS algorithm for iteratively finding the optimal feedforward
controller.

6.8. Pseudo-Cascaded Controller Integration for Adaptive
Feedforward Control

A feedforward controller’s dependency on the primary path P (z) makes
it susceptible to performance loss upon moving noise sources. In order to
cope with this issue an iterative search for a optimum impulse response
wf can be implemented by means of adaptive filters. Between the adap-
tation algorithms analyzed in the present work, the Modified Normalized
Filtered-x LMS (MNFxLMS) offers the possibility to ensure adaptation
stability, provided that the maximum magnitude deviation between the
estimated secondary path Ŝ(z) and the real one S(z) can be estimated.
Each novel control structure has shown to change the effective secondary
path seen from its feedforward controller’s perspective in a unique way.
These changes also alter the way in which the MNFxLMS calculates the
signals required for adapting the feedforward controller Wf(z). However,
although the effective secondary path is indeed different, the relative de-
viation between estimated and real secondary path is the same. This
means that the step-size µ0 that yields a stable adaptation can be chosen
equal for all three novel structures. Moreover, despite the differences be-
tween the effective secondary paths, their similarities are enough to enable
their implementation in one macro-system, whose parameters can be set
to yield either one of these novel control structures. The block diagram
of such a macro-system is presented in Fig. 6.18. On the top, the three
controllers Wf(z), Wm(z), and Wi(z) and estimated secondary path Ŝ(z)
are connected in a way similar to the system presented in Fig. 6.6. On
the level below, an estimated secondary path is used together with two
switches to incorporate the feedforward controller signal at the right po-
sition in the pseudo-cascaded system. If both switches are off, the system
yields the FIM structure presented in Fig. 6.6. If only the left-hand side
switch is turned on, the connection yields the FIMPDO structure pre-
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sented in Fig. 6.10. If only the right-hand side switch is turned on, the
system is equivalent to the FIMDO structure presented in Fig. 6.14. In
series connection with the estimated secondary path a switch with three
connections is found. Depending on its position the secondary path is com-
bined either with the nominal transfer function of the IMC system Ĥi(z),
for the FIMPDO structure, or with the nominal transfer function of the
pseudo-cascaded system Ĥmi(z), for the FIM structure. In the case of the
FIMDO structure, it is known that the effective secondary path is not sub-
ject to changes due to the elements in the feedback controller. The output
of the switch is used together with the residual error e(n) to estimate the
disturbance signal d̂(n) required for the system adaptation (see Fig. 2.13).
One level below, the same series connection is used to provide the filtered
reference to the LMS algorithm. The adaptive controller coefficients in
this level are copied to the feedforward controller, in order to calculate the
feedforward control signal y′f(n).

Figure 6.18.: All three novel hybrid control structures implemented in a single
system using a Modified Normalized Filtered-x LMS algorithm for the adap-
tation of the feedforward controller.

As seen in the optimization results of all three structures, the FIMPDO
structure offers the worst attenuation performance and is, therefore, not as
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attractive as the other two alternatives. If its implementation is omitted,
then some simplifications in the macro-controller can be done. The simpli-
fied block diagram is presented in Fig. 6.19. On the top one can see that
the calculation of the control signals remains relatively unaltered. One
level below one can see that, since the FIMPDO switch is not present any-
more, there is no more need for keeping the estimated secondary path and
the influences of the pseudo-cascaded separated. Instead of switching be-
tween outputs, now the impulse responses of the effective secondary paths
are exchanged. Note that Ŝfimdo

f (z) = Ŝ(z) and Ŝfim
f (z) = Ŝ(z)Ĥmi(z).

In case that the controller should yield the FIMDO structure, a switch is
at disposition to incorporate the filtered feedforward control signal to the
pseudo-cascaded system. Here, the signal is connected outside the pseudo-
cascaded controller and not just before being used by the IMC controller
Wi(z). In the lowest level, the same principle of replacing the effective
secondary path with either Ŝfimdo

f (z) or Ŝfim
f (z) is followed.

Figure 6.19.: FIM and FIMDO hybrid control structures implemented in a sin-
gle system using a Modified Normalized Filtered-x LMS adaptation algorithm
for the feedforward controller.

Once the feedback controllers are optimized, there is the opportunity to
simplify the implementation by calculating the equivalent MVC controller
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W̃m(z). This gives the opportunity to avoid design decisions related to the
fixed-point implementation of recursive systems, like for example the sig-
nals’ bit-width required to achieve a minimum deviation from the original
frequency response. As a result, the impulse response of an otherwise infi-
nite response system is limited to a finite length. However, by optimizing
the shorter impulse responses of Wi(z) and Wm(z), a far longer optimum
finite impulse response can be estimated. Following this idea, the block
diagram presented in Fig. 6.20 is proposed. Here, the pseudo-cascaded sys-
tem and the optimum solutions for its parameters are used to calculate a
finite impulse response, which is loaded in a single equivalent MVC con-
troller W̃m(z). The output of this system is equivalent to the addition of
the outputs y′m(n) and y′i(n) of the MVC controller and IMC controller, re-
spectively. Hence, before the system is turned on, an estimated secondary
path Ŝ(z) and its related multiplicative uncertainty over frequency G2(f)
are used together with other parameters to optimize the feedback con-
trollers’ impulse responses wi(z) and wm(z). Subsequently, these are used
to estimate Ĥmi(z) and with it also the effective secondary paths Ŝfim

f (z)
and Ŝfimdo

f (z). In parallel to this, the equivalent MVC controller W̃m(z) is
calculated. Once the system is turned on, all parameters for the control
of the macro-controller are at disposition and the adaptation of wf(z) can
be started. By setting the parameters of this system correctly, all ANC
structures described in this work, except for the FIMPDO structure can
be implemented.

6.9. Summary

In the present chapter three novel control structures are presented. These
combine all three classical control structures, namely FF, MVC, and IMC
schemes, into one system. The combination of all three schemes results
from the use of the hybrid combination strategy and the pseudo-cascaded
combination principle. In the former a feedforward and a feedback system
are combined in order to calculate a control signal exploiting the informa-
tion contained in the reference signal x(n) and residual error e(n). In the
pseudo-cascaded combination principle an estimation of the residual error
produced by one feedback controller is performed to improve the control
signal before this is played through the headphones.
In order to optimize the impulse response of the pseudo-cascaded system,

the stability and performance principles presented in Chapter 3 and Chap-
ter 4 are extended to the application of this more complex system. Based
on the constraints derived from these principles, the co-optimization of the
impulse response of both controllers wi and wm is formulated as an op-
timization with a non-convex cost function subject to convex constraints.
Based on the optimization results it is found that the pseudo-cascaded sys-
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Figure 6.20.: FIM and FIMDO hybrid control structures implemented in a
single system using the equivalent MVC controller W̃m(z) and a Modified Nor-
malized Filtered-x LMS adaptation algorithm for the feedforward controller.

tem produces a higher attenuation magnitude in the low frequencies than
the IMC and MVC controllers. The better results come with a higher com-
putational cost during the optimization, because of the more constraints
that are required for this optimization. Nevertheless, because the pseudo-
cascaded system is of recursive nature, its optimization yields an optimal
infinite impulse response.

Based on three connection strategies a feedforward controller is com-
bined to form a hybrid system with the optimized pseudo-cascaded con-
troller. For each novel control structure an optimal Wiener controller is
derived to determine the impulse response of the feedforward controller
wf. It is found that this optimum solution is different for each one of
the connection strategies. To be more specific, the Wiener controller of
the FIM structure can be calculated without knowing the pseudo-cascaded
controller parameters exactly. This, because in its equation

wfim
f =

(
ST ·Φim

xx · S
)−1 · ST · φim

dx, (6.206)
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the effect of the pseudo-cascaded system is only the one of a spectrum-
weighting of the auto- and cross-correlation functions. The Wiener con-
troller of the FIMPDO structure

wfimpdo
f =

(
ST ·Φi

xx · S
)−1 · ST ·Φi

dx · hm (6.207)

shows an explicit dependency on to the parameters of IMC controller,
as it is convolved with the IMC system’s impulse response. The Wiener
controller of the FIMDO structure

wfimdo
f =

(
ST ·Φxx · S

)−1 · ST ·Φdx ·Hi · hm. (6.208)

shows an even greater dependency on the pseudo-cascaded controller. How-
ever, if these systems are implemented as adaptive controllers, these de-
pendencies towards the pseudo-cascaded system change. Hence, although
for the derivation of the FIM Wiener controller no explicit information re-
gardingWi(z) andWm(z) is required, through the FIM effective secondary
path

Ŝfim
f (z) = S(z) 1− S(z)Wi(z)

1 + S(z)Wm(z) (6.209)

a new dependency is found in the effective secondary path. Without this
information an estimation of the cost function gradient with respect to
the controller parameters is not feasible. In the case of the FIMPDO the
Wiener controller requires information about the MVC controller Wm(z),
but the effective secondary path

Ŝfimpdo
f (z) = S(z)

(
1− S(z)Wi(z)

)
(6.210)

depends only on the IMC controller’s Wi(z) parameters. In the case of the
FIMDO, its adaptive implementation requires an effective secondary path

Ŝfimdo
f (z) = S(z), (6.211)

which only depends on the real one. Therefore, FIMDO shows an impor-
tant advantage in comparison with the other two structures, when it is
implemented as an adaptive controller.



CHAPTER 7

Measurements

The overview of the experimental setup is presented in Fig. 7.1. A Neu-
mann KU100 dummy-head is placed inside a room designed for audio-
listening with dimensions 4.80m x 4.20m x 2.0m. At a 1m distance left
and right from the dummy-head two Genelec 8030B speakers are placed.
The speakers are connected to an RME Fireface UCX audio interface,
which is used to generate the excitation signals and to record by means
of the dummy-head at a sampling rate of 48 kHz. The ANC headphones
prototype from [Rivera Benois et al., 2019] based on a Beyerdynamic DT
770 PRO headset customized with inner and outer electret microphones
on its earcups is utilized as system under test. From this, only the earcup
covering the dummy-head’s right ear and the error microphone in the cen-
ter position will be considered. Microphone preamplifiers with a gain of
20 dB are used to better match the expected dynamic range of the mi-
crophones’ signal with the ±10V input range of the dSpace FPGA-based
real-time platform. Additional to that, a PreSonus HP4 headphones am-
plifier is used to connect the two-channel output of the dSpace platform to
the headphones. The excitation used is a uniformly distributed white noise
signal, amplitude modulated with a modulation frequency of 70Hz and a
modulation degree of 50%, in order to generate some degree of roughness.
The intensity of the signal measured at the right earcup, when played
from the ipsilateral loudspeaker is 88.7 dBSPL. During the measurements
the excitation signal is played either from the ipsilateral loudspeaker or
from the contralateral one.
The macro-controller based on the Modified Normalized Filtered-x LMS

presented in Fig. 6.20 is implemented on the FPGA-side of the dSpace
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Figure 7.1.: Overview of the experimental setup used for the evaluation.

platform. The processor-side of the platform enables the communica-
tion with the FPGA-side by means of registers and buffers. Through
this mechanism the adaptation, the effective secondary paths’ impulse re-
sponses, the switch, and the feedback controller impulse response can be
changed, without the need of a new FPGA hardware descriptor. The
macro-controller works at a sampling rate of fs = 48 kHz, with an internal
clock of fclk = 100MHz. The measured delay of the platform between
A/D and D/A converters is τad + τdsp + τda ≈ 2.03µs. An adaptive feed-
forward controller Wf(z) of length Lw = 512 is used, which is adapted us-
ing estimated effective secondary paths Ŝfimf (z) and Ŝfimdof (z) of lengths
Ls = 2048. The equivalent MVC controller W̃m(z) has an impulse response
length of Lw̃m=1024.
A measurement of the secondary path S(z) is performed off-line. Through

this measurement the nominal secondary path is estimated. Subsequently,
the impulse responses of an MVC, an IMC, and a pseudo-cascaded con-
troller with respective lengths Lm = 128, Li = 128, and Li,m = 64 are opti-
mized subject to the constraint combination G2G3G4 (G2: robust stability,
G3: nominal performance, G4: max. equiv. MVC gain). The obtained
controller parameters are used to calculate the equivalent MVC controller,
which impulse response is loaded and used for the measurements. In the
case of the MVC controller its impulse response is zero-padded. Addi-
tionally to this, the controller parameters and nominal secondary path
are used to calculate the impulse responses of length Ls = 2048 of the
effective secondary paths Ŝfimf (z) and Ŝfimdof (z). For this, the impulse
response of the pseudo-cascaded system hmi(n) is calculated for a length
Lhmi = 4096. Then the impulse response of the effective FIM secondary
path is calculated by the convolution ŝfimf (n) = ŝ(n) ∗ hmi(n) and cut to
the length Ls = 2048. As already mentioned, for the case of the FIMDO
system ŝfimdo

f (n) = ŝ(n) holds. Afterwards, a first run is performed with
the FF, FIM, and FIMDO systems in order to find a µ0 that yields the
best overall steady-state result. The resulting µ0=5 · 10−5 is used.
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7.1. Effects of finite impulse responses

The recursive control of the pseudo-cascaded system has an infinite im-
pulse response by nature. By calculating a finite impulse response of the
equivalent MVC controller an implicit approximation of the controller is
made. This approximation may be sufficiently accurate depending on the
length of this impulse response. In order to estimate the deviation from
the expected behavior, the performance of the system is simulated using
two lengths, i.e. the one used for the measurements and another one that
is considered too long for practical purposes. The results are presented
in Fig. 7.2. The magnitudes over frequency of the two systems show a
very similar performance. Only at 100Hz and near 150Hz deviations of
around 3 dB can be seen. Hence, the impulse response length Lw̃m = 1024
is considered as appropriate to approximate the pseudo-cascaded system.
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Figure 7.2.: Deviation in the transfer function Hmi(f ) produced when the
impulse response of the equivalent MVC controller is shortened to Lw̃m = 1024.
Derivation parameters: fs = 48 kHz, Ls = 2048, Li ,m = 64.

The effective secondary path’s impulse response has to be stored in
RAM-memory (together with the rest of the impulse responses of the
macro controller) and put at disposition in real-time for the FPGA. Due
to the platform’s memory limitations, a length for the effective secondary
paths of Ls = 2048 is planned. Although the length Ls = 2048 has
been used before with satisfactory results for storing the estimated sec-
ondary path Ŝ(z) (see for example [Rivera Benois et al., 2019]), it is not
clear whether the FIM effective secondary path Ŝfim

f (z) requires a longer
impulse response. In order to estimate the deviations from its correct
frequency response, an estimation of the FIM effective secondary path is
done. For this, the impulse response’s length of the equivalent MVC con-
troller Lw̃m = 1024 and of the estimated secondary path Ls = 2048 are
taken into account. With both impulse responses a finite FIM system’s
impulse response of length Lhmi = 4096 is calculated. Then this is used
with the estimated secondary path to calculate a first FIM effective sec-
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ondary path of length Lhmi + Ls − 1 = 6143. The frequency response of
this full-length effective secondary path and the short one are presented
in Fig. 7.3. In Fig. 7.3a their magnitude over frequency curves are pre-
sented together with the difference between the two ∆mag(f). It can be
seen that through the shortened impulse response the deviations go higher
than 1 dB in the frequencies below 900Hz. These go as high as 6 dB in the
100-200Hz frequency range. In Fig. 7.3b the phase over frequency of both
impulse responses are presented, together with the difference between the
two ∆phase(f) scaled-up by a factor 10. It can be seen that, through the
shortened impulse response deviations higher than 10◦ in the frequencies
below 300Hz are to be found. These go higher than 30◦ in the 100-200Hz
frequency range. Due to the combined effect of the magnitude and phase
deviation, it is assumed that the FIM system will not reach the perfor-
mance expected from the simulations in Fig. 6.8.

7.2. Systems under Ipsilateral Excitation

In these measurements the excitation signal is played from the ipsilat-
eral loudspeaker, this means, from the loudspeaker positioned at the same
side as the headphones’ right earcup. While the ANC system is turned
off, a 30 s recording by means of the dummy-head’s right ear is done. The
signal’s magnitude over frequency ROFF(f) is calculated and used as refer-
ence. Afterwards, the MVC controller parameters are set, and another 30 s
recording is done by means of the dummy-head’s right ear. The signal’s
magnitude over frequency RMVC(f) is calculated and used for the evalua-
tion. This procedure is repeated to obtain the respective magnitudes over
frequency RIMC(f) and RIM(f). The results are presented in Fig. 7.4. A
second measurement set is done including the adaptive feedforward con-
troller. For this, the feedforward controller adapts for 3 minutes under
an ipsilateral excitation and the feedback controller’s influence (not the
case for the FF system). After this, the adaptation is stopped and a 30 s
recording is done by means of the dummy head. The three respective mag-
nitudes over frequency RFF(f), RFIM(f), and RFIMDO(f) are presented in
Fig. 7.5.
In Fig. 7.4a, it can be seen from RMVC(f) that the MVC produces an at-

tenuation bandwidth that extends from 20Hz to approx. 1.1 kHz. The at-
tenuation magnitude is roughly 10 dB within this frequency range, with the
respective decrement when reaching the low and high limits of it. Starting
at 1.3 kHz and ending at 3.7 kHz a disturbance enhancement bandwidth is
produced, with a relatively constant amplification of 5 dB. Around 10 kHz
no attenuation is seen, which instead is replaced by an amplification of
10 dB at 11.3 kHz. This is probably introduced by variations in the sec-
ondary path produced between the day it was measured and the day of



7.2. Systems under Ipsilateral Excitation 157

102 103 104
−30

−20

−10

0

10

Frequency in Hz

M
ag

ni
tu

de
in

dB
Sfim
f (f)|Ls=2048

Sfim
f (f)|Ls=6143

∆mag(f)

(a)

102 103 104
−400

−200

0

200

400

Frequency in Hz

Ph
as

e
in

de
gr

ee
s Sfim

f (f)|Ls=2048
Sfim
f (f)|Ls=6143

10 ·∆phase(f)

(b)

Figure 7.3.: Error in (a) magnitude and (b) phase produced when the impulse
response of the FIM Effective secondary path is shortened to 2048. Derivation
parameters: fs = 48 kHz, Lw̃m = 1024, Ls = 2048, Lhmi = 4096, Li ,m = 64.

the recordings.
In Fig. 7.4b, it can be seen from RIMC(f) that the IMC produces a big-

ger attenuation bandwidth that extends from 35Hz to approx. 1.5 kHz.
However, the attenuation magnitude is, in comparison to RMVC(f), infe-
rior, although at some frequencies it also reaches 10 dB. Starting at 1.5 kHz
and ending at 5.1 kHz a disturbance enhancement bandwidth is produced,
with an amplification that only at its peak reaches 5 dB. Comparing the
RMVC(f) and the RIMC(f) in the frequency range 1-3 kHz, the lower am-
plification of the later shows an advantage over the former, as the inten-
sity of the resulting residual error is lower and more flat over frequency.



158 7. Measurements

Around 10 kHz no attenuation is seen, which instead is replaced by the
amplification of 10 dB at 11.3 kHz.
In Fig. 7.4c, it can be seen from RIM(f) that the pseudo-cascaded sys-

tem produces an attenuation bandwidth very similar to the one seen from
RMVC(f). This extends from 20Hz to approx. 1.1 kHz. The attenuation
magnitude is roughly 10 dB within this frequency range, with the respec-
tive decrement when reaching the low and high limits of it. Considering
the simulation results presented in Fig. 6.5, the improvements in the 40-
80Hz, 100-150Hz and 700-900Hz frequency ranges can be corroborated,
although in a smaller magnitude. The disturbance enhancement band-
width starting at 1.3 kHz and ending at 3.7 kHz is almost identical to the
one of the RMVC(f), corroborating once again the simulation results.

In Fig. 7.5a, it can be seen from RFF(f) that the FF produces an atten-
uation bandwidth that reaches approx. 3 kHz and extends to frequencies
below 20Hz. The attenuation magnitude varies strongly within this band-
width, with values as high as 20 dB. Further bandwidths of attenuation
are produced in the 4-5 kHz and 6-7 kHz frequency ranges. There, the
attenuation magnitude reaches values as high as 10 dB. Because of the
non-smooth energy distribution over frequency that RFF(f) has, it can be
said that the controller’s impulse response length is still shorter than the
one of the real primary path.
In Fig. 7.5b, it can be seen from RFIM(f) that the FIM produces an

attenuation bandwidth that starts approx. at 55Hz and extends up to
1.4 kHz. The attenuation magnitude varies strongly within this bandwidth,
with values as high as 20 dB. In comparison to RFF(f) a decrease in at-
tenuation bandwidth is clear, with some improvement around 150Hz and
in the band 300-1000Hz. Beyond 1.4 kHz the performance seems to suffer
from the amplification effect of the pseudo-cascaded system. Nevertheless,
between 6-8 kHz an improvement is seen when compared to RFF(f), with a
magnitude attenuation that can reach 15 dB. The amplification at 11.3 kHz
seen in the feedback systems shows the further side-effect of the pseudo-
cascaded system. The absence of further improvements in attenuation in
the frequencies below 55Hz and in general in the frequencies below 1 kHz
can be attributed to deviations in the effective secondary path produced
by the limited impulse response length.
In Fig. 7.5c, it can be seen from RFIMDO(f) that the FIMDO produces

an attenuation bandwidth that reaches approx. 1.4 kHz and extends to
frequencies below 20Hz. Within this frequency range, its performance is
overall better than the one seen from RFIM(f). This, because of its further
attenuation of the low-frequencies, which intensity makes them more rele-
vant. When compared to the FF, the FIMDO’s performance is comparable.
However, it is known from the simulation results presented in Fig. 6.17,
that the performance in the low-frequencies is achieved mainly by the
pseudo-cascaded system. Hence, the performance in the low-frequencies
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are not subject to deterioration due to changes in the direction of arrival of
the disturbance. Beyond 1.4 kHz the performance of FIMDO is similar to
the one of FIM, because its effective secondary path suffers less from the
limited impulse response side-effects. Moreover, an improvement in the
range of 6-8 kHz can be seen, with attenuation magnitudes up to 20 dB.

7.3. Systems under Contralateral Excitation

In this second set of measurements the excitation signal is played from the
contralateral loudspeaker. This is done in order to evaluate to which extent
the feedback systems can achieve the same attenuation performance as in
an ipsilateral excitation context. At the same time, the impact of such a
disadvantageous excitation is also evaluated for the feedforward systems.
Here, the pseudo-cascaded system is evaluated as a possible solution for
improving the overall system performance, thanks to its feedback working
principle.
In Fig. 7.6a, it can be seen from RMVC(f) that the MVC produces an

attenuation bandwidth that extends from 25Hz to approx. 1.1 kHz, hence,
approximately the same bandwidth achieved with an ipsilateral excitation.
The attenuation magnitude is roughly 10 dB within this frequency range,
with the respective decrement when reaching the low and high limits of it,
therefore, corroborating the fact that feedback systems are resilient against
loss of causality and changes of direction of arrival. Beyond 1.3 kHz some
degree of amplification can be seen, although it is not clear enough to know
the magnitude of the amplification. However, the resonance at 11.3 kHz
present in the other measurements can also be seen in this one.
In Fig. 7.6b, it can be seen from RIMC(f) that the IMC produces a

broader attenuation bandwidth that extends from 35Hz to approx. 1.4 kHz.
The attenuation magnitude is in comparison to RMVC(f) inferior, although
at some frequencies it also reaches 10 dB. Outside the attenuation band-
width, RIMC(f) shows the same behavior as RMVC(f). However, in the
150-200Hz frequency range the amplification magnitude of RIMC(f) is
about 5 dB lower than RMVC(f).
In Fig. 7.6c, it can be seen from RIM(f) that the pseudo-cascaded sys-

tem produces an attenuation bandwidth very similar to the one seen from
RMVC(f). This extends from 25Hz to approx. 1.1 kHz. The attenuation
magnitude is roughly 10 dB within this frequency range, with the respec-
tive decrement when reaching the low and high limits of it. Considering
the simulation results presented in Fig. 6.5, the improvements in the 40-
80Hz, 100-150Hz and 700-900Hz frequency ranges can be corroborated,
although in a much smaller magnitude. The amplification produced in
frequencies higher than 1.1 kHz is identical to the one of RMVC(f).
In all sub-figures presented in Fig. 7.7 it can be seen that upon a con-
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tralateral excitation a feedforward scheme achieves a limited performance.
Furthermore, the achieved attenuation does not go beyond the 450Hz, par-
tially because the power density spectrum decreases faster over frequency
than in Fig. 7.5. The effect of the pseudo-cascaded system is much less im-
portant than in Fig. 7.6c. Therefore, it can be said that the disadvantage
is due to a malfunctioning of the FF system, which creates a residual noise
that is more dominant than the pseudo-cascaded system. Nevertheless, it
can be seen that the pseudo-cascaded system influences the feedforward
controller in two different ways. Hence, it is seen from RFIM(f) that the
frequencies around 100Hz are attenuated with a higher magnitude, while
the frequencies below 57Hz are amplified. On the other hand RFIMDO(f)
shows a similar performance as RFF(f), but with higher attenuation levels
around 20Hz and at the frequencies where the minima of RFF(f) are lo-
cated. So, although the FIMDO does not achieve the same performance as
before, its attenuation of the very low-frequencies remains intact. A better
performance of the FIM system can be expected, if the limitations related
to the effective secondary path impulse response length can be solved.

7.4. Summary

In this chapter measurements done with an ANC headphones prototype by
means of a dummy-head are presented. The controller is programmed such
that two of the novel control structures, namely FIM and FIMDO, can be
directly compared under the same hardware limitations, excitation context
and within a relatively short time span. In order to understand their per-
formance, the classical FF, MVC, and IMC control schemes together with
the pseudo-cascaded feedback system (MVC-IMC with independent op-
tima) are included. Under ipsilateral excitation the FIMDO system shows
to effectively improve the performance when compared to the classical FF.
The FIM shows at some frequencies a better performance than FIMDO,
but the problems faced during its adaptation prevent it from achieving the
superior results seen in the simulations. This problem is foreseen before
the measurements, because the impulse response of its effective secondary
path requires a longer amount of samples in order to avoid deviations in
its frequency response. Under contralateral excitation the improvement
expected from the pseudo-cascaded system within the FIM and FIMDO
structure is not successfully achieved. Nevertheless, because of the perfor-
mance that the pseudo-cascaded system achieves when evaluated alone, a
limitation coming from its working principle or implementation could be
discarded. Instead, it is understood that the feedforward system problem
when excitated from the contralateral side appears to dominate over the
whole system, introducing a residual noise that can not be compensated
by the feedback controllers.
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Figure 7.4.: Measurements done under ipsilateral excitation at the dummy-
head’s right ear with feedback ANC algorithms. Macro-controller parameters:
fs = 48 kHz, Lw̃m = 1024. Internal parameters: Lm = 128, Li = 128,
Ls = 2048, Li ,m = 64.
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Figure 7.5.: Measurements done under ipsilateral excitation at the dummy-
head’s right ear with feedforward and hybrid ANC algorithms. Macro-
controller parameters: fs = 48 kHz, Lwf = 512, Lsf = 2048, Lw̃m = 1024.
Internal pseudo-cascaded controller parameters: Li ,m = 64, Ls = 2048.
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Figure 7.6.: Measurements done under contralateral excitation at the dummy-
head’s right ear with feedback and pseudo-cascaded ANC algorithms. Macro-
controller parameters: fs = 48 kHz, Lw̃m = 1024. Internal parameters: Lm =
128, Li = 128, Ls = 2048, Li ,m = 64.
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Figure 7.7.: Measurements done under contralateral excitation at the dummy-
head’s right ear with feedforward and hybrid ANC algorithms. Macro-
controller parameters: fs = 48 kHz, Lwf = 512, Lsf = 2048, Lw̃m = 1024.
Internal pseudo-cascaded controller parameters: Li ,m = 64, Ls = 2048.



CHAPTER 8

Conclusions

In this work the classical control schemes, namely the FF, MVC, and IMC
are presented. Their working principles are described and methods for
deriving their optimal controllers are explained. Thus, in Chapter 2 the
Wiener controller is presented as the optimal solution for the impulse re-
sponse of Wf(z). An iterative approximation of it based on the Modified
Normalized Filtered-x LMS algorithm is found to have the less restrictive
adaptation stability constraints. In Chapter 3 and Chapter 4 the opti-
mization of the impulse responses of Wm(z) and Wi(z) are formulated as
convex optimization problems subject to stability, performance, and con-
troller gain constraints. The achievable results with each control scheme
and its respective optimal controller are exemplified by simulations of an
ANC headphones prototype subject to an ipsilateral free-field excitation.
In Chapter 5 control structures used to combine two different control

schemes are studied. Their working principles are based on the hybrid
and pseudo-cascaded combination strategies. In the former a feedforward
and a feedback system are combined together, in order to exploit the in-
formation contained in the reference x(n) and residual error e(n) signals.
In the pseudo-cascaded combination strategy two feedback controllers are
connected together by means of an internal estimation of the error pro-
duced by one controller. The information contained in this estimated error
is used by the second controller to calculate a control signal that further
minimizes the real residual error e(n). Each combination of two control
schemes (MVC-IMC, MVC-FF and IMC-FF) has one control structure
that yields independent optimal controllers and a second one that intro-
duces a dependency of one controller with respect to the parameters of the
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other.
In Chapter 6 the hybrid and pseudo-cascaded combination strategies are

used together to combine all three control schemes into one system. The
connection variants seen in Chapter 5 that introduce dependencies of the
FF controller with respect to the MVC and IMC controllers are used to
produce three alternative control structures. The first variant, the FIM,
yields an optimal Wf(z) that is independent of Wm(z) and Wi(z). The
second variant, the FIMPDO, yields an optimal Wf(z) that is dependent
with respect to Wm(z) but not with respect to Wi(z). The third variant,
FIMDO, yields an optimal Wf(z) that is dependent with respect to Wm(z)
and Wi(z). Simultaneously, on all variants the optimal Wm(z) and Wi(z)
controllers are independent from each other. Because of this fact, the
feedback controllers are co-optimized first and, based on their parameters,
the optimal FF controller is calculated later.
In order to optimize the impulse responses ofWm(z) andWi(z), the sta-

bility, performance, and gain constraints derived in Chapter 3 and Chap-
ter 4 are extended for the application of these to the pseudo-cascaded sys-
tem. The new constraints are used together with an MVC-IMC combined
cost function to find the optimal parameters for the controllers. Sub-
sequently, the calculation of the respective optimal FF controller Wf(z)
follows three different Wiener controller formulations, depending on the
target controller structure. Together with them, three alternative formu-
lations of the Modified Normalized Filtered-x LMS adaptation algorithm
are derived, in order to find the respective optimal controller based on the
adaptive filter implementation of Wf(z).

The three Wiener controllers are evaluated by means of simulations of
an ANC headphones prototype subject to an ipsilateral free-field excita-
tion. From the results it is concluded that, if the impulse response of the
FF controller wf(n) is as long as the one of the primary path p(n), the
performance of the novel control structure is the same as the one of a
FF control scheme. Thus, limited only by the first samples of p(n), the
delays in the secondary path and the inversion of it. However, if the im-
pulse response of the FF controller is shorter than the one of the primary
path, then the MVC-IMC pseudo-cascaded system effectively extends its
impulse response, such that it approximates the one of a longer FF con-
troller. This is seen in the frequency domain as an improved attenuation
in the low frequencies. The best results are achieved with FIM, followed
by FIMDO. FIMPDO is discarded as an attractive solution because of its
inferior results.
In Chapter 7, measurements are performed with an ANC headphones

prototype implementing the Modified Normalized Filtered-x LMS algo-
rithm in its two new variants, regarding the changes required by FIM
and FIMDO. During the measurements not only an ipsilateral excitation
is considered, but also a contralateral one. Moreover, the room condi-
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tions are the ones of a normal room for audio listening, such that a nat-
ural sound-field (this means neither a pure free-field nor a diffuse-filed,
but rather a combination of both) is produced. It is found that if the
impulse response of the estimated secondary path is too short, the esti-
mation error hinders the adaptation algorithm from reaching the optimal
FF controller’s impulse response. Thus, under this circumstances the per-
formance of FIMDO is better than the one of FIM, because its effective
secondary path requires a shorter impulse response length to be stored.
Under a contralateral excitation both control structures showed to be sub-
ject to the dominant side-effect of the FF control scheme. Hence, they are
not capable of taking advantage of their pseudo-cascaded structure (IMC-
MVC), because of the additive noise that the FF controller introduces.
Nevertheless, when the IMC-MVC pseudo-cascaded structure is evaluated
alone, its performance shows to be resilient to the contralateral excitation.

8.1. Further Research

Based on the outcome of this work and observations done during its pre-
sentation, suggestions for further research are made. These are grouped
under three topics. The first topic is the use of IIR filters as controllers.
The optimization results on all chapters of this work showed a perfor-
mance dependency with respect to the controller length. Hence, if the
FIR structure is replaced by an IIR one, comparable or better results are
to be expected. One problem arises from the fact that, in order to ensure a
unique global optimum, the cost function has to have a convex dependency
with respect to the controller parameters. Therefore, an adequate param-
eterisation should be found that fulfills this constraint. Moreover, new
stability constraints have to be derived for this matter, in order to ensure
that the controller itself and the overall system remains stable between
consecutive optimization steps.
The second topic is the use of IIR filters for approximating the effec-

tive secondary paths used by the Modified Normalized Filtered-x LMS in
Fig. 6.20. It is shown by the measured results that the attenuation perfor-
mance of the adaptive controller depends considerably on the accuracy of
the estimation of these systems. Hence, by using IIR filters infinite impulse
responses can be achieved with relatively lower memory requirements.
The third topic considers possible solutions for the problems presented

by the FF system under contralateral excitation. For instance, extend-
ing the Filtered-x LMS as suggested by Foudhaili in [Foudhaili, 2008,
Section 3.1.3]. The proposed algorithm considers a multiple-input single-
output Filtered-x LMS algorithm. This integrates two reference signals,
xR(n) and xL(n), and the error signal of the corresponding earcup eR/L(n).
The errors on the right and left earcups find their respective expressions
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in

ER(z) = DR(z)− SR(z)
(
Wf,RR(z)XR(z) +Wf,LR(z)XL(z)

)
(8.1)

and

EL(z) = DL(z)− SL(z)
(
Wf,RL(z)XR(z) +Wf,LL(z)XL(z)

)
. (8.2)

One disadvantage arises from the fact that each reference is used as an
input for an independent controller. Hence, the system has twice the
memory and computational requirements of a classical Filtered-x LMS.
Nevertheless, as described by the author, the algorithm shows important
improvements in scenarios with contralateral excitation. However, it is ex-
pected that the loss in MSC between the left and right sides might severely
limit the achievable attenuation bandwidth, as explained in Sec. 2.2.



APPENDIX A

Hybrid and Pseudo-Cascaded Control Structures

In the present appendix the derivation of the transfer functions and impor-
tant effective secondary paths are described in detail. Due to the length of
some mathematical expressions, the dependency with respect to z is omit-
ted. However, all the derivations are performed in the Z-domain, hence, no
confusion should result from the omission. All three combinations MVC-
IMC, MVC-FF, and IMC-FF are divided in two sections each. One of
them regarding the combination with independent optima, and another
one regarding the combination with dependent optimum.

A.1. MVC-IMC Combination with Independent Optima

Here the derivations for the system presented in Sec. 5.1 are described.

A.1.1. System’s Transfer Function

From the Fig. 5.1a the equations

Y = −S(Y ′i + Y ′m), (A.1)
Y ′i = Wi · Em, (A.2)
Y ′m = Wm · Em, (A.3)
Em = E + Ŝ · Yi,′ (A.4)

and
E = D + Y (A.5)
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are derived. Using Eq.A.2 in Eq.A.4

Em = E

1− Ŝ ·Wi
(A.6)

Using Eq.A.2, Eq.A.3, and Eq.A.6 in Eq.A.1

Y = −S
(

Wi

1− Ŝ ·Wi
+ Wm

1− Ŝ ·Wi

)
E (A.7)

= −S
(
Wi +Wm

1− Ŝ ·Wi

)
E (A.8)

Using Eq.A.8 in Eq.A.5

E = D − S
(
Wi +Wm

1− Ŝ ·Wi

)
E (A.9)

→ D = E

(
1 + S

Wi +Wm

1− Ŝ ·Wi

)
(A.10)

→ D = E

(
1− Ŝ ·Wi + S ·Wi + S ·Wm

1− Ŝ ·Wi

)
(A.11)

→ D = E

(
1 + (S − Ŝ)Wi + S ·Wm

1− Ŝ ·Wi

)
(A.12)

to derive the system’s transfer function

Hmi(z) = E(z)
D(z) = 1− Ŝ(z)Wi(z)

1 +
(
S(z)− Ŝ(z)

)
Wi(z) + S(z)Wm(z)

. (A.13)

If the condition Ŝ(z) = S(z) is met, then the system’s transfer function
simplifies to

Ĥmi(z) = 1− S(z)Wi(z)
1 + S(z)Wm(z) . (A.14)

A.1.2. IMC effective secondary path

The controller Wi(z) is removed from the diagram and the disturbance is
set to zero, i.e. d(n) = 0. Now, given the resulting block diagram two
equations are derived

E = −S(Y ′m + Y ′i ) (A.15)
Y ′m = Wm(Ŝ · Y ′i + E). (A.16)
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Using Eq.A.16 to replace Y ′m in Eq.A.15

Y = −S
(
Wm(Ŝ · Y ′i + E) + Y ′i

)
(A.17)

→ E = −S ·Wm · Ŝ · Y ′i − S ·Wm · E − S · Y ′i (A.18)
→ E(1 + S ·Wm) = −S(Wm · Ŝ + 1)Y ′i , (A.19)

the transfer function can be derived

E(z)
Y ′i (z) = −S(z)1 + Ŝ(z)Wm(z)

1 + S(z)Wm(z) . (A.20)

This is further used to define the IMC effective secondary path

Smi
i (z) = − E(z)

Y ′i (z) = S(z)1 + Ŝ(z)Wm(z)
1 + S(z)Wm(z) . (A.21)

In cases in which the constraint Ŝ(z) = S(z) is fulfilled, this simplifies to

Ŝmi
i (z) = S(z). (A.22)

A.2. MVC-IMC Combination with Dependent Optima

Here the derivations for the system presented in Sec. 5.1.1 are described.

A.2.1. System’s Transfer Function

From the Fig. 5.1b the equations

Y = −S(Y ′i + Y ′m), (A.23)
Y ′i = Wi · Em, (A.24)
Y ′m = Wm · E, (A.25)
Em = E + Ŝi · Y ′i , (A.26)

and
E = D + Y (A.27)

are derived. Using Eq.A.26 in Eq.A.24

Y ′i = Wi(E + Ŝi · Y ′i ) (A.28)

→ Y ′i = Wi

1− Ŝi ·Wi
E (A.29)



172 A. Hybrid and Pseudo-Cascaded Control Structures

Using Eq.A.29 and Eq.A.25 in Eq.A.23

Y = −S
(

Wi

1− Ŝi ·Wi
+Wm

)
E (A.30)

= −S
(
Wi + (1− Ŝi ·Wi)Wm

1− Ŝi ·Wi

)
E (A.31)

Using Eq.A.31 in Eq.A.27

E = D − S
(
Wi + (1− Ŝi ·Wi)Wm

1− Ŝi ·Wi

)
E (A.32)

→ D = E

(
1 + S

Wi + (1− Ŝi ·Wi)Wm

1− Ŝi ·Wi

)
(A.33)

→ D = E
1− Ŝi ·Wi + S

(
Wi + (1− Ŝi ·Wi)Wm

)

1− Ŝi ·Wi
(A.34)

→ D = E
1− Ŝi(Wi + S ·Wi ·Wm) + S

(
Wi +Wm

)

1− Ŝi ·Wi
(A.35)

to derive a system’s transfer function

E(z)
D(z) = 1− Ŝi ·Wi

1− Ŝi(Wi + S ·Wi ·Wm) + S
(
Wi +Wm

) (A.36)

Using the substitution

Ŝi = Ŝ

1 + Ŝ ·Wm
, (A.37)

the system’s transfer function

Hmido(z) = E(z)
D(z) (A.38)

can be derived

Hmido(z) =
1− Ŝ

1+Ŝ·Wm
·Wi

1− Ŝ

1+Ŝ·Wm
(Wi + S ·Wi ·Wm) + S

(
Wi +Wm

) (A.39)

= 1 + Ŝ ·Wm − Ŝ ·Wi

(1 + S ·Wi + S ·Wm)(1 + Ŝ ·Wm)− Ŝ(Wi + S ·Wi ·Wm)
(A.40)

= 1 + Ŝ ·Wm − Ŝ ·Wi

1 + (S − Ŝ)Wi + (S + Ŝ)Wm + S · Ŝ ·W 2m
. (A.41)
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If the condition Ŝ(z) = S(z) is fulfilled, then the system’s transfer function
simplifies to

Ĥmido(z) =
1− S(z)

1+S(z)·Wm(z)Wi(z)
1 + S(z) ·Wm(z) . (A.42)

A.2.2. IMC effective secondary path

The controller Wi(z) is removed from the diagram and the disturbance is
set to zero, i.e. d(n) = 0. Now, given the resulting block diagram, two
equations are derived

E = −S(Y ′m + Y ′i ) (A.43)
Y ′m = Wm · E. (A.44)

Using Eq.A.44 to replace Y ′m in Eq.A.43

E = −S(Wm · E + Y ′i ) (A.45)
→ E(1 + S ·Wm) = −S · Y ′i (A.46)

the transfer function can be derived
E

Y ′i
= −S 1

1 + S ·Wm
. (A.47)

This is further used to define the IMC effective secondary path

Smido
i (z) = − E(z)

Y ′i (z) = S(z) 1
1 + S(z)Wm(z) . (A.48)

A.3. MVC-FF Combination with Independent Optima

Here the derivations for the system presented in Sec. 5.2 are described.

A.3.1. System’s Transfer Function

From the Fig. 5.2a, the equations

E = D + Y , (A.49)
D = P ·X, (A.50)
Y = −S(Y ′f + Y ′m), (A.51)
Y ′f = Wf ·X, (A.52)

and
Y ′m = Wm · E (A.53)
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are derived. By using Eq.A.52 and Eq.A.53 to replace the signals Y ′f and
Y ′m in the combined control signal Eq.A.51

Y = −S(Wf ·X +Wm · E) (A.54)
= −S ·Wf ·X +−S ·Wm · E. (A.55)

Using this together with Eq.A.50 in Eq.A.49

E = P ·X − S ·Wf ·X − S ·Wm · E (A.56)
→E(1 + S ·Wm) = (P − S ·Wf)X (A.57)

the system’s transfer function

Hfm(z) = E(z)
X(z) = P (z)− S(z)Wf(z)

1 + S(z)Wm(z) (A.58)

can be derived.

A.3.2. FF Effective Secondary Path

The controller Wf(z) is removed from the diagram and the disturbance is
set to zero, i.e. d(n) = 0. Now, taking this into account, Eq.A.53 can be
used in Eq.A.51

Y = −S(Y ′f +Wm · E) (A.59)
= −S · Y ′f − S ·Wm · E, (A.60)

which is then used in Eq.A.49

E = −S · Y ′f − S ·Wm · E (A.61)
→E(1 + S ·Wm) = −S · Y ′f . (A.62)

This is used to find the FF effective secondary path

Sfm
f (z) = − E(z)

Y ′f (z) = S(z)
1 + S(z)Wm(z) . (A.63)

A.4. MVC-FF Combination with Dependent Optima

Here the derivations for the system presented in Sec. 5.2.1 are described.
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A.4.1. System’s Transfer Function

From the Fig. 5.2b, the equations

E = D + Y , (A.64)
D = P ·X, (A.65)
Y = −S(Y ′f + Y ′m), (A.66)
Y ′f = Wf ·X, (A.67)

and
Y ′m = Wm(Ŝ · Y ′f + E) (A.68)

are derived. By using Eq.A.67 and Eq.A.68 to replace the signals Y ′f and
Y ′m in the combined control signal Eq.A.66

Y = −S
(
Wf ·X +Wm(Ŝ ·Wf ·X + E)

)
(A.69)

= −S ·Wf ·X − S ·Wm · Ŝ ·Wf ·X − S ·Wm · E (A.70)
= −S ·Wf(1 + Ŝ ·Wm)X − S ·Wm · E. (A.71)

Using this together with Eq.A.65 in Eq.A.64

E = P ·X − S ·Wf(1 + Ŝ ·Wm)X − S ·Wm · E (A.72)
→E(1 + S ·Wm) =

(
P − S ·Wf(1 + Ŝ ·Wm)

)
X (A.73)

the system’s transfer function can be derived

Hfmdo(z) = P (z)
1 + S(z)Wm(z) − S(z)Wf(z)

1 + Ŝ(z)Wm(z)
1 + S(z)Wm(z) . (A.74)

If the condition Ŝ(z) = S(z) is fulfilled, then the system’s transfer function
simplifies to

Ĥfmdo(z) = P (z)
1 + S(z)Wm(z) − S(z)Wf(z). (A.75)

A.4.2. FF Effective Secondary Path

The controller Wf(z) is removed from the diagram and the disturbance is
set to zero, i.e. d(n) = 0. Now, taking this into account, Eq.A.68 can be
used in Eq.A.66

Y = −S(Y ′f +Wm(Ŝ · Y ′f + E)) (A.76)
= −S · Y ′f − S ·Wm · Ŝ · Y ′f − S ·Wm · E, (A.77)
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which is then used in Eq.A.64 with d(n) = 0

E = −S · Y ′f − S ·Wm · Ŝ · Y ′f − S ·Wm · E (A.78)
→E(1 + S ·Wm) = −S(1 + Ŝ ·Wm) · Y ′f . (A.79)

This is used to find the FF effective secondary path

Sfmdo
f (z) = − E(z)

Y ′f (z) = S(z)1 + Ŝ(z)Wm(z)
1 + S(z)Wm(z) , (A.80)

which simplifies to
Ŝfmdo
f (z) = S(z) (A.81)

when Ŝ(z) = S(z) is fulfilled.

A.5. IMC-FF Combination with Independent Optima

Here the derivations for the system presented in Sec. 5.3 are described.

A.5.1. System’s Transfer Function

From the Fig. 5.3a, the equations

E = D + Y , (A.82)
D = P ·X, (A.83)
Y = −S(Y ′f + Y ′i ), (A.84)
Y ′f = Wf ·X, (A.85)

and

Y ′i = Wi(Ŝ · Yi + E) (A.86)
→ Y ′i (1− Ŝ ·Wi) = Wi · E (A.87)

→ Y ′i = Wi

1− Ŝ ·Wi
E (A.88)

are derived. By using Eq.A.85 and Eq.A.88 to replace the signals Y ′f and
Y ′i in the combined control signal Eq.A.84

Y = −S
(
Wf ·X + Wi

1− Ŝ ·Wi
E

)
(A.89)

= −S ·Wf ·X − S ·Wi

1− Ŝ ·Wi
E. (A.90)
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Using this together with Eq.A.83 in Eq.A.82

E = P ·X − S ·Wf ·X − S ·Wi

1− Ŝ ·Wi
E (A.91)

→E
(

1 + S ·Wi

1− Ŝ ·Wi

)
= (P − S ·Wf)X (A.92)

→E
(

1 + (S − Ŝ) ·Wi

1− Ŝ ·Wi

)
= (P − S ·Wf)X (A.93)

the system’s transfer function can be derived

Hfi(z) = E(z)
X(z) =

(
P (z)− S(z)Wf(z)

)
·
(
1− Ŝ(z)Wi(z)

)

1 +
(
S(z)− Ŝ(z)

)
Wi(z)

(A.94)

If the condition Ŝ(z) = S(z) is fulfilled, then the system’s transfer function
simplifies to

Ĥfi(z) =
(
P (z)− S(z)Wf(z)

)
·
(
1− S(z)Wi(z)

)
. (A.95)

A.5.2. FF Effective Secondary Path

The controller Wf(z) is removed from the diagram and the disturbance is
set to zero, i.e. d(n) = 0. Now, taking this into account, Eq.A.88 can be
used in Eq.A.84

Y = −S
(
Y ′f + Wi

1− Ŝ ·Wi
E

)
(A.96)

= −S · Y ′f −
S ·Wi

1− Ŝ ·Wi
E, (A.97)

which is then used in Eq.A.82 with d(n) = 0

E = −S · Y ′f −
S ·Wi

1− Ŝ ·Wi
E (A.98)

→E
(

1 + S ·Wi

1− Ŝ ·Wi

)
= −S · Y ′f (A.99)

→E 1 + (S − Ŝ)Wi

1− Ŝ ·Wi
= −S · Y ′f (A.100)

This is used to find the FF effective secondary path

Sfi
f (z) = − E(z)

Y ′f (z) = S(z) 1− Ŝ(z)Wi(z)
1 +

(
S(z)− Ŝ(z)

)
Wi(z)

, (A.101)
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which simplifies to

Ŝfi
f (z) = S(z)

(
1− S(z)Wi(z)

)
, (A.102)

if Ŝ(z) = S(z) holds.

A.6. IMC-FF Combination with Dependent Optima

Here the derivations for the system presented in Sec. 5.3.1 are described.

A.6.1. System’s Transfer Function

From the Fig. 5.3a, the equations

E = D + Y , (A.103)
D = P ·X, (A.104)
Y = −S(Y ′f + Y ′i ), (A.105)
Y ′f = Wf ·X, (A.106)

and

Y ′i = Wi(Ŝ · Y ′i + Ŝ · Y ′f + E) (A.107)
→ Y ′i (1− Ŝ ·Wi) = Wi · Ŝ · Y ′f +Wi · E (A.108)

→ Y ′i = Ŝ ·Wi

1− Ŝ ·Wi
Y ′f + Wi

1− Ŝ ·Wi
E (A.109)

are derived. By using Eq.A.106 and Eq.A.109 to replace the signals Y ′f
and Y ′i in the combined control signal Eq.A.105

Y = −S
(
Wf ·X + Ŝ ·Wi

1− Ŝ ·Wi
Wf ·X + Wi

1− Ŝ ·Wi
E

)
(A.110)

= − S ·Wf

1− Ŝ ·Wi
X − S ·Wi

1− Ŝ ·Wi
E. (A.111)

Using this together with Eq.A.104 in Eq.A.103

E = P ·X − S ·Wf

1− Ŝ ·Wi
X − S ·Wi

1− Ŝ ·Wi
E (A.112)

→E
(

1 + S ·Wi

1− Ŝ ·Wi

)
= P (1− Ŝ ·Wi)− S ·Wf

1− Ŝ ·Wi
X (A.113)

→E
(
1 + (S − Ŝ) ·Wi

)
=
(
P (1− Ŝ ·Wi)− S ·Wf

)
X (A.114)
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the system’s transfer function can be derived

Hfido(z) = E(z)
X(z) =

P (z) ·
(
1− Ŝ(z)Wi(z)

)
− S(z)Wf(z)

1 +
(
S(z)− Ŝ(z)

)
Wi(z)

. (A.115)

If the condition Ŝ(z) = S(z) is fulfilled, then the system’s transfer function
simplifies to

Ĥfido(z) = P (z) ·
(
1− S(z)Wi(z)

)
− S(z)Wf(z). (A.116)

A.6.2. FF Effective Secondary Path
The controller Wf(z) is removed from the diagram and the disturbance is
set to zero, i.e. d(n) = 0. Now, taking this into account, Eq.A.109 can be
used in Eq.A.105

Y = −S
(
Y ′f + Ŝ ·Wi

1− Ŝ ·Wi
Y ′f + Wi

1− Ŝ ·Wi
E

)
(A.117)

= − S

1− Ŝ ·Wi
Y ′f −

S ·Wi

1− Ŝ ·Wi
E, (A.118)

which is then used in Eq.A.103 with d(n) = 0

E = − S

1− Ŝ ·Wi
Y ′f −

S ·Wi

1− Ŝ ·Wi
E (A.119)

→E
(

1 + S ·Wi

1− Ŝ ·Wi

)
= − S

1− Ŝ ·Wi
Y ′f (A.120)

→E 1 + (S − Ŝ)Wi

1− Ŝ ·Wi
= − S

1− Ŝ ·Wi
Y ′f (A.121)

This is used to find the FF effective secondary path

Sfido
f (z) = − E(z)

Y ′f (z) = S(z) 1
1 +

(
S(z)− Ŝ(z)

)
Wi(z)

, (A.122)

which simplifies to
Ŝfido
f (z) = S(z), (A.123)

if Ŝ(z) = S(z) holds.
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